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1) AT A(x + 6x) = AT (b + 6b)
AT Az = AT

N 52 A N 151155 15211352
= [[6zll2 < [ AT 2[00z = g < AT 25y, = IAT 2l Al pRier = (A TaRbRE-

By the inequality ||Ax||s < ||A]|2||z||2 and the fact that cosf = IAzll2 o now get
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2 a) See text book or lecture notes.
2b) A= LDL", L lower triangular, D block diagonal with 1x1 or 2x2 diagonal blocks.
2 c) A= LDL" with D positive diagonal.

3) Normal equations of the second kind: AATy = b, where A € R™*" m < n and b € R™.
ming||z||2

The problem: { subje[t ‘io Axr=0b"’

If z( is a solution to Ax = b, then all x = xg + x5, where x;, € N(A), are solutions, since

Ax = Axy + Az, = Axg = b.

|lzl2 is minimized if x € N(A)t = R(AT) i.e. for z = ATy for some y € R™ and then

b= Az = AATy i.e. the problem is solved by

1) AATy =b, 2) x = ATy. The solution is unique if rank(A) = m.

10 0 O
4) Use a Givens rotation R(2,3,0) = 8 Z _CS 8 to zero-out the (3,1) element:
0 0 0 1
0 —1 1 0
4c—3s 2¢c—4s 0 c—s .
R(2,3,0)A = ls+3c 2544 0 ste | By s = —=3/5, ¢ = 4/5 we get the desired
0 3 —4 1
0 -1 1 0
s 4 0 75
R(2,3,0)A = 0 2 0 1/5 and then
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5a) A= UXV?T, U and V with orthonormal columns and ¥ diagonal r xr, where r = rank(A).
5b) AT = VXUT with ¥ and U "regular” matrices. Thus, Col(AT) = Col(V), so the columns
of V make up an orthonormal basis for Col(AT) = Row(A) and the projection is then by the
matrix VV7,

6) Assume p is not an eigenvalue of A, otherwise the result is trivial.

The matrix A + E — pl is then singular and so is the matrix

X YA+E—pul)X =D —pul + X 'EX.

Then there exists a z # 0 such that (D — ul)z = —X 1EXz.

Solving for z in this equation gives

z=—(D —pul) ' X 'EX~z and taking norms gives

2l = (D — pI) " XL EX2]), <

1D = 1) XU EI X 2l = (D = 1) lprin (X E 2 - (%)
But D — ul is diagonal so |[(D — pl)7Y|, = for any norm p. Recall that
D= dz'ag()\l, )\2, ceey )\n)

Divide the inequality (*) by ||z||, to obtain the result.

ming <;<n [Ai—p

2 1 1 1
0 1 —1 —1
7) For the construction of H wehave | 0 | — | =1 | =] 1 |=u=3%| 1 [,
0 1 —1 —1
0 0 0 0
2 4 0 3
0 2 -1 2
H =1 — 2uu”. Here u is orthogonal to columns 2-4 of A. Thus, HA=|[ 0 0 1 0
02 2 1
01 1 2
5 4 1 [1)
For Zwegetu=|0|—-]0]| = 0 :>u:\/%—0 e Z=1-2uu”
0 3 -3
-3
2 5 0 0
0 28 -1 —-04
and HA x Z can by computed row by row, HAZ = 0 0 1 0
0 22 2 0.4
0 2 1 —1

8) See text book or lecture notes.



