Questions for the course
Numerical Linear Algebra
TMA265/MMAG600

Date: 2013 October 24, Time: 14.00 - 18.00, Place: at CTH,
Maskinhuset

Question 1
e 1. Find eigenvalues for a matrix A such that

410
A=1(2 00
00 5
(1p)
e 2. Compute ||A||w,||A][1. Find conjugate transpose matrix A* to the matrix A.
(1p)

e 3. Find inverse matrix A™! to the matrix A via the matrix of cofactors. (2p)

Question 2

e 1. Write algorithm of LU factorization of the matrix A with pivoting using con-
ventional programming language notation. (1p)
2. Prove that following two statements are equivalent:

1. There exists a unique unit lower triangular matrix L and nonsingular upper
triangular U such that A = LU.

2. All leading principal submatrices of A are nonsingular.

(3p)

Question 3

1. Derive the condition number k(A) of the matrix A. (2p)
2. Derive practical error bounds

17 = 2l
17 oo

of Az = b in the terms of residual r and the approximate solution z of Ax = b.
(2p)

error =

Question 4

e 1. Derive normal equations AT Az = ATb in the method of normal equations. (2p)

e 2. Derive formula for z that minimizes the functional F(x) = ||Ax — b||3 using the
QR decomposition of the matrix A = QR. You can present any one of the three
derivations of this formula. (3p)

e 3. Let A will be m x n matrix with m > n. Define the SVD decomposition of a
matrix A. (1p)



Question 5
e Compute QR decomposition of the matrix A using Householder reflections:

4 4 3
A=10 3 1
347
(2p)
e Compute QR decomposition of the matrix A using Given’s rotations
4 4 3
A=13 3 1
0 47

(1p)

Question 6
e 1. Give definitions of the Schur canonical form and the Real Schur canonical form.

(1p)

e 2. Let the matrix A is diagonalizible such that S™'AS = A, where A = diag(\y, ..., \,)
are eigenvalues. Prove that the S = [z1,...,x,] be the nonsingular matrix of right
eigenvectors, and rows of S™! are conjugate transposes of the left eigenvectors ;.

(1p)

e 3. Let A be a simple eigenvalue of A with right eigenvector x and left eigenvector y,
normalized so that ||z||2 = ||y||2 = 1. Define condition number for the eigenvalue
A

(1p)

Question 7
e 1. Let A=UXVT be the SVD decomposition of the m-by-n matrix A with m > n.
Define the Moore-Penrose pseudoinverse matrix A1 of the matrix A.
(1p)
e 2. Let A=UXVT be the SVD decomposition of the m-by-n matrix A with m > n.
Using definitions of A and A" prove that AATA = A.

(2p)



Numerical Linear Algebra

TMA265/MMAG600
Solutions to the examination at 24 October 2013
Question 1
1. We should solve characteristic equation det(A — M) =0 :
4-Xx 1 0

det 2 - 0 =0.
0 0 5—2AX

Solving above equation for A we get three eigenvalues A\; = 5, \y = 4*@ ~ 4.4495, \3 =

%ﬂ ~ —0.4495 which are solutions to the equation (5 — \)(A\? — 4\ — 2) = 0.
3. We use definition of A*: o
AT = AT,

AT =

O o
S O N
o O O

||Al]oo = 5, [[All = 6.
4. By definition of an inverse matrix we have:

Afl — T y
detA<C >]
Thus,
0 —-10 O
C=|-5 20 0],
0 0 -2
[0 -5 0]
ct=1-10 20 0|,
0 0 -2
0 -5 0 0 05 O
and thus A~ ! = _%0 =10 20 Oo|=1]1 =2 O

0 0 -2 0 0 0.2

Question 2

1. See Lecture 3 and the course book.

1. See Theorem 2.4 of the course book.

Proof.

We first show that (1) implies (2). A = LU may also be written

An A _ [Lun 0 v Un Uwz| _ |LuUn L11Upo
Ag1 Ao Loy Lo 0 Us LoyUir  LogUia + LogUss
where Aj; is a j-by-j leading principal submatrix, as well as L;; and U;;. Therefore

detAyy = det(L11Uyy) = detLyydetUy; = 1 - Hi;:1<U11)kk’ # 0, since L is unit triangular
and U is triangular.



(2) implies (1) is proved by induction on n. It is easy for 1-by-1 matrices: a = 1-a. To
prove it for n-by-n matrices A, we need to find unique (n-1)-by-(n-1) triangular matrices
L and U, unique (n-1)-by-1 vectors [ and u, and unique nonzero scalar 7 such that

g A o] [z o] v W] _[LU  Lu
B e N P A | 0 n|  [{TU Tu+n

By induction unique L and U exist such that A = LU. Now let u = L='b, [T = cT'U~!, and
n =20 —1Tu, all of which are unique. The diagonal entries of U are nonzero by induction,
and 7 # 0 since 0 # detA = det(U) - 7.

Question 3

See Lectures 2,3 and the course book.
1.

e Consider linear system Ax =0,

e 7 such that & = dx + x is its computed solution.
e Suppose (A+ 6A)T = b+ db.

e Goal: to bound the norm of dx =2 — x .

e Subtract the equalities and solve them for dz

e Rearranging terms we get:

bx = A7 (—=5AZ + b)
Taking norms and triangle inequality leads us to
loz ] < AT (I8AI - 2] + llob]))
Rearranging inequality gives us

[0z ]

1]

oAl [lobl )
[AI Al

< AT 1AL - (
where k(A) = [|[A7Y| - ||A|| is the condition number of the matrix A

2.

|17l

[17]]oo”

error = Iz = lloe _ o < 1A Yoo -
171l

(2.13)

where r = AT — b is the residual. We estimate ||A™!||. by applying Algorithm 2.5 to
B = AT, estimating ||B||; = ||[A™T||; = ||A7||s (see parts 5 and 6 of Lemma 1.7).

Question 4

1. See Lecture 6 and the course book.

2. We will derive the formula for the z that minimizes ||Az — b||» using the decompo-
sition A = QR in three slightly different ways. First, we can always choose m — n more
orthonormal vectors Q so that [Q, Q] is a square orthogonal matrix (for example, we can
choose any m — n more independent vectors X that we want and then apply Algorithm



,X]). Then

3.1 to the n-by-n nonsingular matrix |@)
Q. Q" (Az — b)[3

1Az b3 = ]l
Q

= _Q;](QRﬂf—b) 2

i Jnxn QTb
= i O(m—n)xn :| Rx — |: QTb :|

B 'Rx—QTb] 2

2

2

2

—QTb

L 2
= |[Re — Q7b|[; + IQbII3
> QT3

We can solve Rz — QTb = 0 for x, since A and R have the same rank, n, and so R is
nonsinsular. Then z = R~'QTb, and the minimum value of ||Az — b||5 is [|Q7D|».

Here is a second, slightly different derivation that does not use the matrix Q Rewrite
Ax — b as

Ar—b = QRz—b=QRx— (QQT +1—-QQ")b
= Q(Rz— Q") — (I —QQ")b.
Note that the vectors Q(Rx — QTb) and (I — QQT)b are orthogonal, because (Q(Rz —
QT ((I = QQMD) = (Rx — Q)T (I — QQM)|b = (Rx — Q"0)"[0]b = 0. Therefore,
by the Pythagorean theorem,
[Az =03 = [Q(Rz —Q"D)|3+ [[(I — QQM)YI3
= [[Rz — Qb3 +[|(1 — QQ)0l[5.

where we have used part 4 of Lemma 1.7 in the form This sum of squares is minimized
when the first term is zero, i.e., z = R~1Q7b.

Finally, here is a third derivation that starts from the normal equations solution:

r = (ATA)71ATDH
— (RTQTQR)_lRTQTb — (RTR)—lRTQTb
= R'RTRTQTh = R71QT0.

3. See Lecture 7 and the course book.

Question 5
e 1. First, we need to find a reflection that transforms the first column of matrix A

A =

w O
INQEJCENN
- = w

We have:
u =X+ aeq,

where x = (4,0,3)7, a = —sign(4) - ||z||

u
vV=—.
[[ull
Here,
o= —H.
Therefore

u=(-1,0,3)T, |ju|| = V10.



and v = \/LTO(—L 0,3)7, and then
9 —1
P=1- 0 (-1 0 3
! VI0V10 ( )
1 1 0 -3
=]——1 0 0 O
S\=3 0 9
4/5 0 3/5
= 0 1 0
3/5 0 —4/5
Now observe:
5 5.6 6.6
pa=o0o 3 1 |,
0 —0.8 =38

so we already have almost a triangular matrix. We only need to zero the (3, 2)
entry.
Take the (1,1) minor, and then apply the process again to

! . 3 ].
A= My = (—0.8 —3.8) '

u=X-+ aeq,

where x = (3, -0.8)", a = —sign(3) - ||z|

We have:

. u
]
Here,
a = —3.1048
Therefore

u = (—0.1048, —0.8)",  ||u|| = 0.8068.
and v = 5ze==(—0.1048, —0.8)", and then
2 (-0.1048
0.651 \ —0.8
B 2 (0.011 0.0838)

; )(—0.1048 —0.8)
— T 0651 \0.0838  0.64

~(0.9662 —0.2575
- \0.2575 —0.9662 )

Then the second matrix of the Householder transformation is

1 0 0
P,=1(0 09662 —0.2575
0 —0.2575 —0.9662



Now, we find

5 5.6 6.6
R=PRPA= [0 31046 1.9447
0 0.0005 3.4141

The matrix P is orthogonal and R is upper triangular, so A = QR is the required

QR-decomposition with P = PLPI.
e 2. To obtain QR decomposition of the matrix A

A:

o w ok
INQEJCINN
g = w

using Given’s rotation we have to zero out (2,1) and (3,2) elements of the matrix
A.

1. First, we zero out element (2, 1) of the matrix A.

To do that we compute ¢, s from the known a =4 and b = 3 as

R RAN

r=va+b=v4e+32 =05
a

to get formulas:

c=—=03,
T
—b
s=—=-—0.6.
T
The first Given’s matrix will be
c —s 0
Gl = |S C 0
0 0 1
or
0.8 0.6 0]
G, =|-06 08 0
0 0 1_
Then
55 3]
Gi-A=1|0 0 -1
0 4 7 |

2. Next step is to construct second Given’s matrix G in order to zero out (3,2)
element of the matrix G, - A.
To do that we compute ¢, s from the known a =0 and b =4 as

RN



to get formulas:

r=+va2+b =v02+42 =4,

c:gzo,
r
—b
§=—=—1.
r

The second Given’s matrix will be

10 0
Go,= 1|0 ¢ —s
0 s ¢
or } i}
1 0 O
G,=1|0 0 1
0 —1 0
Then upper triangular matrix R in the QR decomposition will be
5 5 3
R=G;-G;-A=1|0 4 7
0 01

Then A = GT - GI - R = QR will be QR decomposition of the matrix A with
Q = GT . GT given by

08 0 06
Q= (06 0 —08
0 1 0

Question 6

e 1. Schur canonical form. Given A, there exists a unitary matrix () and an upper
triangular matrix T such that Q*AQ = T. The eigenvalues of A are the diagonal
entries of 7.

Real Schur canonical form. If A is real, there exists a real orthogonal matrix V/
such that VT AV = T is quasi-upper triangular. This means that 7" is block upper
triangular with 1-by-1 and 2-by-2 blocks on the diagonal. Its eigenvalues are the
eigenvalues of its diagonal blocks. The 1-by-1 blocks correspond to real eigenvalues,
and the 2-by-2 blocks to complex conjugate pairs of eigenvalues.

e 2. Let S = [z1,...,x,] the nonsingular matrix of right eigenvectors. and we know
that A is diagonalizible and thus AS = SA, where A = diag(\q, ..., \,), since the
columns z; of S are eigenvectors. This is equivalent to AS™! = S~!A, so the rows
of S~1 are conjugate transposes of the left eigenvectors v;.

e 3. The expression secO(y,z) = 1/|y*x| is the condition number of the eigenvalue
A

Question 7

e 1. Let A be the m-by-n matrix with m > n and has a full rank such that A = UXV7.
Then Moore-Penrose pseudoinverse of A is AT = (ATA)™LAT. If m < n then
At = AT(AAT) L,

o 2.

AATA =UxvVi(veutusvh)tvesutusv?

=Uuxvi(vix 2ty hH2 = uxv -t =Uuxvt = A



