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Preface

Problems of numerical linear algebra arise in all fields of modern science. Important
examples are computational fluid dynamics, solid mechanics, electrical networks,
signal analysis, and optimization. In our book we present extended basic theory of
linear algebra like matrix algebra, theory for linear systems of equations, spectral
theory, vector and matrix norms combined with main direct and iterative numeri-
cal methods for solution of linear systems of equations, least squares problems and
eigenproblems. In this book we wanted to combine a solid theoretical background
in linear algebra with practical algorithms for numerical solution of linear algebra
problems. Most numerical algorithms are illustrated by computer programs written
in MATLAB, which are given in the Appendix. These programs allow the reader to
get experience in implementation and evaluation of numerical algorithms for prob-
lems of linear algebra described in the book and apply them for the solution of com-
puter exercises of this book. They can also give the reader a better understanding of
professional numerical software for the solution of real-life problems of numerical
linear algebra.

This book is suitable for use as course material in a one or two-semester course
on numerical linear algebra, matrix computations, large sparse matrices at advanced
undergraduate or graduate level. We recommend to use the material of Chapters 1-7
for courses in theoretical aspects of linear algebra, or as the first part for a course in
numerical linear algebra. In addition to traditional content for courses in linear al-
gebra for students of physical and mathematical specializations we include in these
chapters some sections, which can be useful as course material for special courses on
various applications of linear algebra. We hope that this material can be interesting
also for scientists. We recommend Chapters 8-12 for courses related to numerical
linear algebra, or as the second part for course in numerical linear algebra. The ma-
terial of Chapters 8-12 follows the book of Demmel [23]. Compared with [23] we
present the numerical material of Chapters 8-12 in a more concise form, which is
appropriate to a one semester course in numerical linear algebra on the undergradu-
ate level. We also enrich our Chapters 8-12 with numerical examples, which can be
tested by the MATLAB and PETSc programs presented in the Appendix.

xi



xii Preface

In the first four chapters we introduce readers to the topic of linear algebra
and give main definitions of complex numbers and polynomials, systems of lin-
ear equations, matrices, determinants, vector and inner product spaces, subspaces,
linear operators, eigenvalues and eigenvectors of a linear operator. In Chapter 5
we present canonical forms and factorizations: the Singular Value Decomposition,
the Jordan canonical form, matrix pencils and Weierstrass canonical form, the Kro-
necker canonical form and their applications in the theory of ordinary differential
equations. Chapter 6 discusses vector and matrix norms and Chapter 7 presents
main elements of the perturbation theory for the basic problems of linear algebra.
Chapters 8-11 deal with numerical solution of systems of linear equations, linear
least squares problems and solution of eigenvalue problems. In Chapter 12 we give
a brief introduction to the main iterative methods for the solution of linear systems:
Jacobi, Gauss-Seidel, Successive overrelaxation. We also discuss Krylov subspace
methods, the conjugate gradient algorithm and the preconditioned conjugate gradi-
ent algorithm. Compared with other books on the same subject, this book presents a
combination of extended material on the rigorous theory of linear algebra together
with numerical aspects and implementation of algorithms of linear algebra in MAT-
LAB. The material of this book was developed from a number of courses which
the authors taught repeatedly for a long period at the Master’s program in Engineer-
ing Mathematics and Computational Science at Chalmers University of Technology
and Gothenburg University in Sweden and at Institute of Computer Mathematics
and Information Technologies of Kazan Federal University, Russia. Chapters 1-7
were written by Mikhail and Evgenii Karchevskii. Larisa Beilina wrote Chapters
8-12 with Appendix.

The authors want to thank the following colleagues and students for correc-
tions, proofreading and contributions to the material of this book: Yu.A. Al’pin,
V.B. Andreev, A. Bergqvist, E.V. Chizhonkov, R.Z. Dautov, H. Eklund, N. Eric-
sson, M. Hoppe, J. Jagers, J. Jansson, B. Galimullin, A.V. Goolin, R.N. Gumerov,
A.S. Tlinskii, A. Mutygullin, A. Repina, R.R. Shagidullin, Yu.G. Smirnov, E.L. Stolov,
S.I. Soloviov, M.R. Timerbaev, A. Vasilyeva, O. Wickius.

Goteborg, Sweden Larisa Beilina
Kazan, Russia Evgenii Karchevskii
February 2017 Mikhail Karchevskii



Chapter 1
Preliminaries

In this chapter we provide the necessary initial knowledge from the theory of com-
plex numbers. Then we describe the basic properties of polynomials and their roots.
We introduce the concept of determinants, set their properties, and present the basic
theory for systems of linear algebraic equations with nonsingular matrices. Main
types of rectangular matrices are described.

1.1 Complex Numbers and Polynomials

1.1.1 Complex Numbers: Basic Operations and Formulas

It is well known that not every quadratic equation has a real solution. For example,
a simple equation like
X+1=0 (1.1)

has no real solution, since the square of a real number is never negative. The situa-
tion is changed if we introduce a new number (more precisely, a new symbol). This
number is called the imaginary unit and is denoted by i. By definition, put

i2=—1.
Then a; =1 is a root of equation (1.1). It is natural that
(—i)? = (—1)%% = —1.

Then o, = —i is the second root of equation (1.1), i.e., this equation has two solu-
tions similarly to the equation
X —1=0.

Consider a quadratic equation
X +q=0,
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where g > 0. It is natural to decide that this equation has two roots:

o =iy/q and 0 =—i/q.

The numbers of the form ib, where b is real, are called imaginary numbers.
Let us now consider a general quadratic equation. For convenience we write it in
the reduced form:
X —2px+q=0. (1.2)

Using elementary calculations, we get
(x=p)+q-p*=0.

Suppose that ¢ — p*> > 0, i.e., the discriminant of equation (1.2) is negative. It is
natural to decide that equation (1.2) has two roots too:

o =p+ivg—p?, o=p—ivqg—p* (1.3)

The numbers «;, o in (1.3) have the new form a + ib, where a and b are real.
They are called complex numbers. In the particular case when b = 0 the complex
number a + 1b will be the same as the real number a. If @ = 0, then the complex
number will be the same as the imaginary number ib.

Usually we denote a complex number by the letter z:

Zz=Xx4+1y.

The real number x is called the real part of z and is denoted by Rez. The real
number y is called the imaginary part of z and is denoted by Imz. Therefore, we can
write

z=Rez+ilmz.

By definition, two complex numbers z; = xj +1iy; and 2o = xp + 1y, are equal if
and only if x; = x; and y; = y;.

Let us verify that the numbers «;, o, defined by (1.3) actually satisfy quadratic
equation (1.2). To do this we have to introduce the algebraic operations with com-
plex numbers.

The sum of the complex numbers z; = x; +1iy; and zp = x» +1iy; is the complex
number z = x + 1y, where x = x| +x2, y = y1 + 2, i.e.,

Re(z1 +22) =Rez; +Rez,

Im (z1 +22) = Imz; +Imzs.

The difference of the complex numbers z; and z, is the complex number
= (x1 —xz) +i(y1 —yz).

Clearly, if z is the difference of complex numbers z; and z;, then 2o +z = z3.
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For example, the sum of the complex numbers z; = 1+i2 and zp = 3414 is equal
to z = 4+ 16, their difference is z = —2 —1i2.

The complex number 0410 is called zero and is denoted by the symbol 0.

Multiplication of complex numbers is carried out in the same way as the multi-
plication of usual binomials using the relation i> = — 1. Therefore, we have

2122 = (x1 +iy1) (x2 +1iy2) = x1x0 —y1y2 +i(x1y2 +x231),
i.e., by definition,

Re(z122) =RezjRezp — ImziImzy, (1.4)
Im(z;2) = ReziImz; + RezpImz;. (1.5)

For example, the product of the complex numbers z; = 1 +1i2, zp =3 +1i4 is
calculated as follows:

2= (1412)(3+i4) = (1 x3—-2x4)+i(1 x4+3 x2) = —5+i10.

For any complex number z we have z x 0 =0 xz=0.

The reader can easily prove that the defined above operations of addition and
multiplication of complex numbers have the same properties as the corresponding
operations with real numbers.

1. Commutativity: 71 +z2 = 22 + 21, 2122 = 2221-
2. Associativity: (21 +22) + 3 =21+ (22 + 23), (2122)23 = 21(2223).-
3. Distributivity: (z1 +22)23 = 2123 + 2223-

Now using direct substitution the reader can check that the numbers o; and o
defined by (1.3) satisfy quadratic equation (1.2).

Division of the complex numbers z; and z; is defined by the following relation-
ship:

22 =11 (1.6)

Here the complex number z is the quotient of z; divided by z5.

If 7o # 0, then there exists a unique solution z of equation (1.6). Indeed, us-
ing (1.4), (1.5), we can write (1.6) in more detail:

xxy —yy2 +i(xy2 +x2y) = x1 +iy1. (1.7)
Equating the real and imaginary parts, we get

XXp — Yy2 = X1, (1.8)
Xy2 +yxa =yi. (1.9)

System of equations (1.8), (1.9) has the unique solution



4 1 Preliminaries

_Xx2+yiy2

x=—=—r= (1.10)
343
X2V1 —X1)2
= 272 (1.11)
YT

Formulas (1.10) and (1.11) define the rule of division of complex numbers.
For example, let us divide the complex number z; = 1 +i2 by zo =3 +14:

2 142 1x3+42x4  3x2-1x4 11 2

n a3t 3n+ae VT xmiae T t'es

For any natural number n, by definition, put 7" = zz---z, where the factor is
repeated 7 times, 20 = 1, 77" = (1/2)".

It is important to note that if the imaginary parts of complex operands are equal
to zero, then the operations with complex numbers defined above are identical to the
operations with real numbers (check it!). Therefore, we can accept that the field of
all complex numbers is an extension of the field of all real numbers.

For a complex number z = x + iy, the number 7 = x — iy is called the complex
conjugate of z. Evidently,

=z, utn=+2, AL2=UZ. (1.12)

Note also that
24+7=2x, z-7=12y, Z=x>+y*

The real nonnegative number |z| = 1/zZ = \/x2 +y? is called the absolute value
(or modulus) of z = x+1iy. Obviously,

if|zZ]=0, thenx=0, y=0, i.e.,z=0. (1.13)
For any complex numbers z;, z» by elementary calculations we get
|z1z2| = |z1]]22]- (1.14)
For any real numbers x, y the following inequality is well known:
2boy| < (6 +7).

Using it, the reader can easily prove that for any complex numbers z, z» the next
inequality holds:
lz1 + 22| < |21 + 22| (1.15)

Relationships (1.13), (1.14), (1.15) show that we can use the absolute values of
complex numbers in the same way as the absolute values of real numbers.

Note that |z1| = |21 — 22 + 22| < |21 — 22| + |22/, therefore, |z1] — [z2] < |21 — 22
Similarly, |z2| — |z1| < |z1 — z2]. Thus,

|lz2] = |z1]] < fz1 = za|. (1.16)
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Recall that every real number x is assumed to correspond to a point on the number
line. Analogously, the complex numbers may be thought of as a Cartesian plane
with “real axis” x and “imaginary axis” y. Thus, z = x + iy may be identified with
the point (x,y) in the complex plane. Then complex conjugation is reflection across
the real axis, and |z| is the Euclidean distance of z from the origin in the complex
plane (check it by drawing!).

Recall that the sum of two vectors (x1,y;) and (x3,y2) is the vector with coordi-
nates x; +xp and y; + y». Therefore the sum of two complex numbers z; = xj +1iy;
and z = xp +1y; corresponds to the sum of two vectors (make a drawing!). Hence
inequalities (1.15), (1.16) can be interpreted as the well known triangle inequalities
for vectors.

In the last two paragraphs we have described the complex plane in terms of rect-
angular coordinates. The complex plane may also be represented usefully in terms
of polar coordinates, in which the position of z in the plane is described in terms of
the modulus of z and the angle ¢, measured in the counterclockwise direction from
the positive real axis. The angle ¢ belongs to the interval [0,27) and is called the
argument of z. The following notation is often used:

Qo=argz, p=]|z|. (1.17)

Let us obtain an explicit representation of z using |z| and argz. We have
x .
7=z <+1y) .
2l ]

1:cos(p7 l:sinqx (1.18)
z z

Evidently (make a drawing!),

thus,
z=p(cos@+isin@). (1.19)

Relationships (1.17)—(1.19) give the so-called trigonometric form of a complex
number. This form enables us to take a fresh look at algebraic operations with com-
plex numbers and to obtain several useful formulas.

If z; = pi(cos @) +ising), zo = pa(cos @y +isin@,), then using well known
trigonometric formulas, we have

2122 = p1P2 (cos(@1 + @2) +isin(@Q1 + ¢2)), (1.20)

i.e., to multiply two complex numbers, we multiply their absolute values and add
their arguments.

For example, the product of the complex numbers z; = 3 (cos(7/2) +isin(7/2))
and zp = 2(cos(m/4) +isin(x/4)) is z1z0 = 6 (cos(37w/4) +isin(37w/4)).

Note that, using formula (1.20), we can obtain ¢; + ¢» > 2x. Naturally, because
of the periodicity of trigonometric functions the argument of a complex number is
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determined up to mod 27. Hence equalities like (1.20) involving arguments will
always be interpreted as congruence mod 27; i.e., we shall neglect differences of
integer multiples of 27.

Using the trigonometric form of complex numbers and formula (1.20), we can
write equation (1.6) as

pp2(cos(@ + @) +isin(@ + @2)) = pi(cos @y +isingy). (1.21)
Whence,
2= = Plicos(r — @) +isin(r — 92)), (1.22)
2 P2

i.e., to divide two complex numbers, we divide their absolute values and subtract
their arguments.
For example, using formula (1.22), for the numbers z; =3 (cos(7/2) +isin(7/2))
and zo = 2(cos(m/4) +isin(xw/4)), we get z1 /zo = (3/2) (cos(m/4) +isin(m/4)).
Let us obtain a formula expressing the powers of a complex number. If we
put z; = zo = z in (1.20), then we get

22 =zz=p?(cos2¢ +isin2¢),
and generally,
7" = p"(cosn@ +isinng) (1.23)

for any integer n (including zero and negative integers). Formula (1.23) is called
de Moivre’s formula.!

Let us now turn to the problem of calculation of an n-th root of a complex num-
ber z = p(cos @ +isin@). Here n > 1 is integer. This is the problem of calculation
of a number Z = p(cos @ +isin @) such that

7' =p"(cosn@ +isinn®) = p(cos @ +isin@). (1.24)
Evidently, equation (1.24) has the following solutions:

~ _ @ 2mk
= =—+—, k=0,1,....
p=¥p, o=_+——-, 1
Here {/p is the arithmetical value of the n-th root of a real nonnegative number p.
Hence we see that the n complex numbers

.. 27k
2= P (cosQptisingy), Q= b+ k=0.1,...n—1, (125

n n
are the n-th roots of a complex number z. For k > n — 1 the numbers z; are periodi-
cally repeated because of the periodicity of trigonometric functions.
For example, the four fourth roots of the complex number

' Abraham de Moivre (1667-1754) was a French mathematician.
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3(co 7t+, ‘nn>
= S — +1isin —
¢ 2 2

are calculated by the following formulas:
4 .. T T
zk:\/’g(cos(p;c4—1s1n(pk)7 (pk:§+k§, k=0,1,2,3.

Thus each complex number (except zero) has n pairwise different n-th roots. All
these roots belong to the circle of radius /p centered at the origin. They divide it
into n equal parts.

The question naturally arises: is it possible to find other roots of a complex num-
ber z? The answer is negative. To verify this, the reader can use the results of Sub-
sect. 1.1.3, p. 10, interpreting equation (1.24) as a problem of calculation of roots of
a polynomial of order .

Formula (1.25) is often written in a slightly different form. Let

21wk 2wk
qr =cos — +isin—, k=0,1,2,...,.n—1.
n n

Obviously, gy =1 for k=0,1,2,...,n—1, i.e., g are n-th roots of unity. It is easy
to see that
r=z0qx, k=0,1,2,....n—1.

Therefore, if we calculate the first root

20 = /p (cos@/n+ising/n),

then we obtain all other roots by successive shifts through the angle 27/n on the
unit circle.

1.1.2 Algebraic Operations with Polynomials

A polynomial is a function of the form
P(2) =ap+aiz+ a4 -+ a2 (1.26)

Here ag,ay,...,a, are fixed complex numbers. They are called the coefficients of
the polynomial. If a, # 0, then the integer number n > 0 is called the degree of the
polynomial, a,, is called the leading coefficient of the polynomial. The variable z can
take any complex value.

Two polynomials P, (z) and Q,(z) are equal if they have exactly the same coeffi-
cients.

If all coefficients of a polynomial are equal to zero, then the polynomial is equal
to zero for all z. This polynomial is called the zero polynomial and is denoted by 0.
The degree of the zero polynomial is undefined.
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The sum of two polynomials P, (z) + O (z) is a polynomial, and its degree is less
than or equal to the maximum of n and m, or it is the zero polynomial.

The product of two polynomials P,(z)0,,(z) is a polynomial of degree n + m.

The addition of the zero polynomial to any polynomial does not change this
polynomial. The product of two polynomials is equal to the zero polynomial if and
only if one of the factors is the zero polynomial (prove it!).

Let us introduce and investigate the operation of division of polynomials.

Theorem 1.1. For any polynomials P(z) and Q(z) there exist polynomials q(z) and
r(z) such that

P(z) = Q(2)q(2) +r(2), (1.27)

and either r = 0 or the degree of r(z) is less than the degree of Q(z). More-
over, the polynomials q(z) and r(z) are uniquely determined by the polynomi-
als P(z) and Q(z2).

Proof. First we suppose that either P = 0 or the degree of P(z) is less than the degree
of Q(z). Then the unique solution of equation (1.27) is ¢ = 0 and r(z) = P(z).

Assume now that P(z) is a polynomial of degree n, Q(z) has degree m, and n > m.
To simplify the notation we suppose that the leading coefficient of the polyno-
mial Q(z) is equal to one. If we suppose that the leading coefficient is an arbitrary
nonzero number, then the formulas written below should be modified in an obvious
way. Thus we take

P(2) = an?* +ay_12" "'+ +ao,

0(z)=7" +bm_1zm_] + -+ by,

Q(Z) — CnfmZ”_m—FCnfmlen_m_l +---+co,
1(2) = dp12" ' +dp_2?" 2+ +dy.

The coefficients of polynomials P(z) and Q(z) are known. Let us calculate the coef-
ficients of ¢(z) and r(z). Collecting all coefficients with the same power of z on the
right hand side of (1.27) and equating them with the corresponding coefficients of
the polynomial P(z), we get

an = Cpn—m,

An—1 = Cn—m—1+Cn—mbm—1,

An—2 = Cn—m—2 + Cn—m—1bm—1 + Cp—mbm—2,

......... 128
am:CO“i’Clbmfl+62bm72+"'+cmb07 ( )
-1 = dp—1 + Cobm—1+c1bp_2 + -+ cm—_1bo,

ag = do + coby.

The obtained relationships form a system of linear equations for the coefficients of
polynomials g(z) and r(z). This system is easily solved and uniquely defines the
coefficients of these polynomials. First the coefficients c; are calculated in the order
of descending of indexes:
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Cn—m = Qn,

Cn—m—1= Ap—1 — Cp—mbm—1,

Cn—m—2 = An—2 — Cn—m—1bpm—1 — Cn—mbm—2, (1.29)
o=ty —C1bp—1 —C2by_2 — -+ — cmbyp.

Then, using calculated values of ¢}, the coefficients d; are calculated by the follow-
ing formulas:

dn—1 = am—1— Cobm—1—c1bp_2 — - — cm—1bo,
dn—2 = ap—2 — cobp—2 —c1byy_3 — - — cu—_2bo, (1.30)

do =ap— Cobo.

Note that ¢,,—, # 0, since a, # 0, but the coefficients of r(z) generally speaking can
be equal to zero.

We suppose here that 2m < n. If 2m > n, then formulas (1.28)—(1.30) should be
modified in an obvious way. 0!

The method of calculation of the coefficients of polynomials g(z) and r(z), which
is described in the proof, is called Horner’s rule.> It is commonly used for algebraic
calculations.

Formula (1.27) defines the operation of division of a polynomial P(z) by a poly-
nomial Q(z). The polynomials ¢(z) and r(z) are called the guotient and the remain-
der of division, respectively. If r = 0, then we say that Q(z) divides P(z), or Q(z)
is a factor of P(z).

Remark 1.1. Tt follows from (1.29) and (1.30) that if P(z) and Q(z) are polynomials
with real coefficients, then the coefficients of polynomials ¢(z) and r(z) are real
numbers.

As an example of application of Horner’s rule let us divide
Py(z) =22* =323 +422 —5z+6 by 0a(z) =2 —3z+1,
i.e., let us calculate polynomials
@(z) = +eiztey and r(z) =diz+dy

such that
Py(z) = 02(2)q2(2) +7(2).

In this example we have n = 4 and m = 2. First, using (1.29), we calculate the
coefficients ¢, ¢y, and c¢p:

! Here and below the symbol [J indicates the end of the proof.
2 William George Horner (1786-1837) was a British mathematician.
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cr=aq4 =2,
C1 :a3—c2b1 = —3—2(—3) 23,
C()Zaz—C1b1—62b0=4—3(—3)—2X1=11.

Then, using (1.30), we calculate the coefficients d; and dj:

d1Zal—CObl—Clboz—5—11(—3)—3)(1225,
d()za()—CUb()=6—11><1=—5.

Thus,
¢ (z) =222 432+ 11, r(z) =25z7—5.

The question naturally arises: are the corresponding coefficients of polynomi-
als P,(z) and Q,(z) equal if the values of these polynomials are equal for all z? In
other words, are all coefficients of a polynomial equal to zero if this polynomial
is identically zero? The answer is yes, but we will prove it somewhat later. Oddly
enough: a simple proof is based on some results of the theory of systems of linear
algebraic equations (see. Subsect. 1.2.3, p. 26).

1.1.3 Roots of Polynomials and their Properties

A root of a polynomial P,(z) is a complex number ¢ such that P,(a) = 0.

Theorem 1.2 (Bezout! theorem). Let o be a complex number, n > 1. Then z — o
divides the polynomial P,(z) — P,(t).

Proof. Using theorem 1.1, p. 8, we get P,(z) — P,(@) = gy,—1(z)(z— &) + r, where r
is either a number (a polynomial of degree zero) or the zero polynomial. If in the
last equality we take z = @, then r =0, i.e., P,(z) — By(®) = ¢u—1(2)(z— ). O

The next corollary immediately follows from Bezout’s theorem.

Corollary 1.1. A complex number o is a root of a polynomial P,(z) if and only
if z— a divides P,(z).

A complex number « is called a root of multiplicity k > 1 of a polynomial P,(z)
if (z— a)* divides P, (z):

Po(z) = (z— o) qur(2),

but z — a does not divide g,—(z), i.e., the number o is not a root of the polyno-
mial g, 4(2).

A root of multiplicity one is called simple.

A polynomial is called normalized if the original polynomial was divided by the
leading coefficient. Evidently, each root of the original polynomial is a root of the

! Etienne Bezout (1730—1783) was a French mathematician.
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normalized polynomial, and, conversely, each root of the normalized polynomial is
a root of the original polynomial. To simplify the notation, properties of roots of
polynomials are usually investigated for polynomials in normalized form.

Theorem 1.3 (The Fundamental Theorem of Algebra). Each polynomial
Pu(z) =17" tap 1" ag, n>1,

has at least one root.

Proof. As usual we denote by xp,x; the Cartesian coordinates of points in the
plane R?. Let x = (x1,x2) € R? and z = x; + ix, be the corresponding complex
number. The equality f(x) = |P,(z)| determines the function f of two real variables.
This function is nonnegative for all x € R?. If there exists a point y = (y;,y2) such
that f(y) = 0, then the complex number o = y; +iy; is a root of the polynomial P,.
To prove the existence of such point y, first of all, we check that the function f is
continuous on R?.
From (1.16), p. 4, it follows that

f () = f)] = [[Pa(D)] = [P (I < [Pa(2) = Pa(2)]
for any two points x and X. Here 7 = ¥| 4 iX,. Put 1 = Z — z. Then
P(Z) =Piz+h) = (z+h)" +an_1(z+h)""+--+ai(z+h)+ap. (1.31)
Using the binomial formula, we see that
+hf =+ T T R

for each integer k > 1. Further, we group like terms on the right hand side of (1.31)
and get
Pi(z+h) = Py(2) +cth+cah® + -+ co 1B 41", (1.32)

where the coefficients cy,...,c,—1 depend only on z and on the coefficients of the
polynomial B,. Using (1.14), (1.15), p. 4, it is easy to verify that

[f() = FX)] < [Pu(z+h) = Pa(2)] < L(h| + [ + -+ |A["), (1.33)

where L depends only on |z| and on the modulus of the coefficients of the polyno-
mial P,. The right hand side of inequality (1.33) is less than any preassigned positive
number if the distance || between points & and x is small enough. This means that
the function f is continuous.

Suppose that f(0) = |agp| > 0. Otherwise zero is a root of the polynomial. Let Bg
be the open disk of radius R centered at the origin. Denote by Sk the circle that
constitutes the boundary of Bg. Take x € Sg. Write f(x) in the form

fO) =" = (—an12"™" = —ap)].

Using (1.16), p. 4, we get
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F) 2 2" = lan—1||zl"~" =+~ lao| = R" — an—1[R"~" —--- — o]

=R"(1—|ay_1|R™" —---—|ag|lR™").

The right hand side of the last inequality tends to infinity as R — oo. Therefore, if R
is big enough, then
f(x)>2f(0) for all xe& Sg. (1.34)

As we have seen, the function f is continuous on the whole plane. Hence, by the ex-
treme value theorem, in the closure of Bg there exists a point y where the function f
attains its minimum. Evidently, f(y) < f(0), and using (1.34), we see that y ¢ Sg,
i.e., y is an interior point of Bg. We assume that f(y) > 0. Otherwise & = y; +1iy; is
a root of the polynomial B,.

Let h = hy +ihy. If |h| is small enough, then § = (y; + hy,y2 +h2) € Bg. By
definition, f(¥) = |P,(a+ h)|. Using (1.32), we get

Py(0+h) = Py(@) +cth+coh® + -+ 1",

where the coefficients cy,...,c,—1 depend only on o and on the coefficients of the
polynomial P,. Since by assumption P,(a) # 0, we can write:

P.(oc+h
(7+) =14dih+---+d,h".
P (o)
Among the numbers dj,...,d, at least the number d, is not equal to zero. Suppose

thatdy #0andd; =0, j=1,...,k— 1. Then for any ¢ # 0 we have

P,(o+h) dy

d d
. 4k k k+1 k+1 . Yn n
o) TR (R () (139)

Choose the number ¢ such that 8 = —d, (see p- 6) and put v = ch. Then

FO) Bk )

0 |P(a)]
where 4 4
_ Gk+1 n_ n—k
b(v)——ck+1v+--~+c—nv .

Choose now the number £ such that 0 < v < 1 and |b(v)| < 1/2. For this v, evidently,

< k

f(5) <1-Y

) 2
but it is impossible, since in the closure of Bg the function f attains the minimum
value at the point y. Thus we have a contradiction. Therefore, f(y) = 0, i.e., the
number o = y; + 1y is a root of the polynomial P,. 0O

Theorem 1.4. Each polynomial of degree n > 1 has n roots (considering their mul-
tiplicities).
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Proof. Let Py(z) = 2" +a,_12"~ ' +---+ap, n > 1. By the Fundamental Theorem
of Algebra, the polynomial P, has a root. Denote this root by ¢, and suppose that
its multiplicity is equal to k; > 1. Then

Pu(z) = (z— )" gus, (2)-

If k| = n, then, evidently, g,_, = 1. Otherwise the polynomial g,_, (z) has a root.
Denote it by a,. Clearly, the number o is a root of the polynomial B,, and by
construction, o # «;. Suppose that the multiplicity of a, as a root of the polyno-
mial g,_g, is equal to k>. Then

Gn—t (2) = (2= )Gk, —1, (2),

hence,
P(z) = (z— )" (z— 02) 2 Gt —k, (2).

Obviously, the number k is the multiplicity of o as the root of the polynomial P,.
Continuing this process, we get

Pu(2) = (z— 00)"1 (2 — o)+ (2 — 0m)*", (1.36)
where the integers ki, ka,...,k, are more than or equal to one, and

ki+ky+---+ky=n.

Theorem 1.5. No polynomial P, of degree n > 1 can have more than n roots.

Proof. Indeed, let P,(ct) = 0, and suppose that the root @ is not equal to any roots
a1, 00,...,0,, which were defined in the proof of the previous theorem. By the
corollary of Bezout’s theorem, we have P,(z) = (z — o)g,—1(z). Therefore, us-
ing (1.36), we get

(z—a)" (z— o) (2= o)™ = (z— a)gn-1(2).

For z = o the right hand side of the last equality is equal to zero, but the left hand
side is not equal to zero. This contradiction means that the polynomial P, has only
the roots a1, 0p,...,0,,. O

1.1.4 Vieta’s Formulas

Let P,(z) =ao + a1z + axz> + - -- 4+ a,Z" be a polynomial of degree 1> 1. Suppose
that the polynomial P, has roots oy, (,..., o, of multiplicities ki, ks, ...,k re-
spectively, and kj + ky + - - - + k;, = n. Using the results of Subsect. 1.1.3, we can
write the polynomial P, in the form
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P(2) =A(z— o)1 (z— o) 2 - (z— o),

where A is a constant.

Let now P, be a normalized polynomial of degree n > 1. Let us numerate the
roots of P, by integers 1, 2, ..., n, repeating each root according to its multiplicity,
and write (1.36) in the form

P(2)=(z—a)(z—) - (z—ay).

Removing brackets, collecting all coefficients with the same power of z on the right
hand side of the last equality, and equating them with the corresponding coefficients
of the polynomial P,, we get the following formulas that relate the coefficients of P,
to sums and products of its roots:

a1 =—(o+m+--+0op),

ap—2 = 010 + 0103 + -+ 4 Olp—1 Oy,
ag = (—1)"0!1062--%)6,,.

The rule of construction of these formulas is obvious: the number of factors in-
creases by one per line, then all the possible products of different factors are added
up in each line. They are called Vieta’s formulas.'

1.1.5 Polynomials with Real Coefficients

Suppose that all coefficients of a polynomial P,(z) = 2" +a,_12"~' +--- +ag of
degree n > 1 are real, and « is a root of P,. Then the complex conjugate number @
is also a root of P,. Indeed, if P,(a) =0, then P,(ct) =0. Further, using (1.12), p. 4,
we see that P, (o) = 0" +ap,_ 10" ' +---+ag = P,().

Assume now that o, oo, ..., & are the all real roots of the polynomial P,.
Denote by ki, ko, ..., k their multiplicities and put

r=kitk+-+ ky 0:(2)=(z— Otl)k' (z— Otz)k2 ce(z— Ots)kf.
Then
Py(z) = Or(2)Ru—r(2). (1.37)

Evidently, all coefficients of the polynomial Q, are real, therefore all coefficients of
the polynomial R,_, are also real (see the remark at page 9). By construction, the
polynomial R,_, can have only complex roots. Note that for any z and o we have

(z—a)(z—0) = 2>+ pz+q,

! Francois Viete (Latin: Franciscus Vieta; 1540—1603) was a French mathematician.
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where p = —0 — @ = —2Re, ¢ = Q@ = |«|? are real numbers. Hence if « is a
complex root of the polynomial P,, and so it is a root of R,,_,, then, using (1.37), we
get

Py(2) = 0r(2)(2° + pz+ q)Ru—r—2(2).

Since the numbers p and g are real, the polynomial R,,_,_» has only real coefficients.
Continuing this process, we see that

Pi(z) = (Z_O‘l)k1 (Z_O‘Z)kz e (Z_aS)kS(ZZ‘FPlZ‘HIl) o (ZZ+PtZ+C]t)- (1.38)

Here s is the number of distinct real roots of the polynomial P, and ¢ is the number
of all pairs of complex conjugate roots of P,.

From (1.38) it follows immediately that each polynomial with real coefficients
of odd degree has at least one real root.

Assuming that z in equality (1.38) is real, we see that each polynomial with real
coefficients can be written in the form of a product of linear and quadratic real
factors.

For example, it is easy to see that the number & = —3 is a root of the polynomial

P3(2) = a3 + aoz’ + a1z +ag = 22 — 62+9.
Let us divide P3(z) by Q(z) = z+bo = z+ 3, i.e., let us calculate a polynomial
02(2) = 2 +c1z+co

such that P3(z) = Q1(z)q2(z). We perform calculations by Horner’s rule and see
that ¢»(z) = 7> — 3z + 3. The remainder is equal to zero, since z+ 3 divides the
polynomial P3(z):

Pi(z) = (z+3) (2 = 3z+3).

Clearly, the number @ = —3 is not a root of the polynomial ¢»(z). Hence o is a
simple root of the polynomial P3(z). To find the two other roots we have to solve the
quadratic equation z> —3z+4 3 = 0. The discriminant of this equation is equal to —3,
therefore it does not have real roots. Thus we have written the polynomial P3(z) with
real coefficients of order three in the form of a product of its linear and quadratic
real factors.

1.2 Systems of Linear Equations, Matrices, Determinants

1.2.1 Permutations

Let us consider the set of n integers: M,, = {1,2,3,...,n}. We can arrange these
integers in different orders. Each arrangement of M,, in some definite order is called
a permutation. For example, the following permutations exist:



16 1 Preliminaries
1,2,3,...,n (1.39)

and
2,1,3,...,n. (1.40)

In general, a permutation of M,, can be written in the form
ny,ny,...,nNy, (1.41)

where ny,ny,...,n, are the integers 1,2,3,...,n in some order.

The number of all permutations of the set M, is usually denoted by P,. Let us
prove by induction that P, is equal to the product of the first n integers: 1 X2 x3---n,
which is written as n! and referred to as “n factorial”. We obviously have P; = 1! and
P, =2!. Suppose that P,_| = (n— 1)!. Take a permutation of M,,_ and unite it with
the element n. We can put n at the first place, at the second place, and so on. The
last place for the element 7 is n-th. Hence, using each permutation of M,,_, we can
construct n permutations of M,,. Since by the induction hypothesis P,_; = (n— 1)!,
we see that

P,=n!. (1.42)

We say that two elements 7; and n; in permutation (1.41) construct an inversion
if i < j but n; > n;. For example, permutation (1.39) has no inversions, and permu-
tation (1.40) involves a single inversion. The elements n; and n, construct it.

The number of all inversions in a given permutation is called the signature of the
permutation and is denoted by o (ny,n2,...,n,).

A permutation is called even or odd according to whether the signature of the
permutation is even or odd, respectively (as usual we suppose that zero is even).
For example, permutation (1.39) is even, and permutation (1.40) is odd.

If any two elements in a permutation are interchanged, we say that in the per-
mutation a transposition is made. Each transposition is uniquely determined by the
serial numbers of the two interchanged elements. For example, permutation (1.40)
is transformed from permutation (1.39) by the transposition (1,2).

Theorem 1.6. Any transposition changes the parity of each permutation.

Proof. Tt is enough to check that the numbers of inversions in the permutations
M2y 1 R e 1,y Ry ey Py, (1.43)
NN, .o s Ni— 1,0 M 1y 1, 1y ]y 5 (144)
differ by an odd number. Let us introduce the sets
Bl = {n],nz,...,l’l,’,]}, Bz = {niH,...,nj,l}, B3 = {nj+1,...,nn},

and denote by B} (B;,) the number of elements in the set By that are greater
(less) than ng, s =i, j. Clearly, B,j; + B, = card(By) forany k = 1,2,3 and s = i, /.
Here card(By) is the number of elements in the set By. The transposition (i, j) de-
scribed in (1.43), (1.44) changes only the pairs that include n; or n;. Hance, it is
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enough to calculate only the numbers of inversions in the permutations (1.43), (1.44)
corresponding to the pairs that include »; or n;. Evidently, the number of inversions
of such kind in the permutation (1.43) is equal to

By = B, + By, +B3; +B); + By, + B3 +1(nj,n;),
where I(n;,n;) is the number of inversions in the pair n;,n;, and for the permuta-
tion (1.44) this number is equal to

By = BTj +B,; +B;; + B}, +Bj,+ B, +1(nj,n;).
Obviously,

By — By = By, — By, + By, — By +1(ni,nj) — 1(nj,n;)
=By —By;+B,;—By; =1 =By — By, +B,;—By; +2(By;+B;;) £ 1
=By, +By;+B;;+ By, —2(By; +By;) £ 1
= 2card(By) —2(By; +B;;) £ 1.
Thus the number By — Bj;isodd. O

Theorem 1.7. For each natural number n the number of all even permutations is
equal to the number of all odd permutations.

Proof. Tt follows from Theorem 1.6 that by the operation of transposition each even
permutation is transformed to an odd permutation. The converse is also true. There-
fore there is an one-to-one correspondence between the set of all even permutations
and the set of all odd permutations of M,,. These two sets are finite, thus the numbers
of even and odd permutations are equal. 0O

1.2.2 Determinants and their Basic Properties

A square matrix of order n is a square array consisting of n rows and n columns:

ap ap ... aip

e e e (1.45)

Here a;;,1,j=1,2,...,n, are (generally speaking) complex numbers.
The determinant of the matrix A is the number

|A| = Z (_1)0(”17112,4.,"7:)(/11"1aznz - Qppy, - (146)

niny...np

We also use the following notations:
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ayil a2 ... dip

A| = det(A) = A = | P21 422 o G| (1.47)

Observe that the determinant of the matrix A of order n is the sum of n! summands.
The summands are all possible products of n elements of the matrix A such that
each term in (1.46) contains one element from each row and one element from each
column of the matrix A. Each product enters into the determinant with a + sign if
the permutation ny,ny,...,n, is even or a — sign if it is odd.

Using Theorem 1.7 we see that the number of terms in (1.46) with a + sign is
equal to the number of terms with a — sign.

We say that elements ay,,,a2,, ... ,du, construct the diagonal of the matrix A.
The diagonal is called even if the permutation ny,n;,...,n, is even or odd if this
permutation is odd.

It is useful to note that

apy ap
= ajax —apnas, (1.48)
azy an
apy ap ap3
az) A a3 | = a11ax2asz +apaas) +agza1as
asy az asjz

—aj3d2d3) —dajg2d21d33 —a11d3as;.

The reader can prove the following equality by himself, using only the definition
of the determinant:

1 0...0 ar) arz ... dy,
azy axp ... dzp |  |A32 433 ... 43, (1 49)
Aapl Ap2 - .. App ap2 Ap3 ... dpp

Note that the left hand side of (1.49) contains a determinant of order n and the right
hand side contains a determinant of order n — 1.

Denote by a; the k-th row of the matrix A, i.e., @y = (dx1,ak2, - - - ,dky)- The sum
of two rows f = (f1, f2,...,/n) and g = (g1,82,- - -,&n), by definition, is the row

fre=(fit+g.at+82 - futgn)
The product of a number & and a row f is the row
af =(afi,afs,....0f).

If all elements of a row are equal to zero, then we say that this row is zero and
write 0 = (0,0,...,0).
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Often it is useful to consider the determinant as the function of its rows, i.e
write A = A(ay,as,...,a,). Similarly, we can consider the determinant as the func-
tion of its columns.

Let us formulate and prove the basic properties of determinants.

1. If all elements of a row (or a column) of a determinant |A| is equal to zero,
then the determinant is equal to zero. The proof immediately follows from the fact
that in this case each diagonal of the matrix A contains a zero element.

2. The determinant is a linear function of each row (or column) separately with
the others fixed, namely,

A(a17a27'"7ak+bk7"'?al’l)

=A(ay,az,...,ax,...,an) +Aay,az,...,by,...,a),
Alay,az,...,0ay, ... a,) = 0A(ay,az,. .. ag,...,a,),
where o is a number. This statement immediately follows from formula (1.46).

3. If two rows (or two columns) of a determinant |A| are identical, then the deter-
minant vanishes. Suppose that row ¢; is equal to row a;, i < j. We can represent the
set of all diagonals of the matrix A as the union of all pairs of the form

alnl75121127~~~aain,-7~~'»ajn_/7~~'7ann,l7 (150)

Alny s @onys -5 linjs -« Ajngs - -, Anny - (1.51)

The diagonals (1.50), (1.51) have opposite parity, since the corresponding permuta-
tions have form (1.43), (1.44), and each of them is transformed from the other by
the transposition (i, j). The product of all elements in diagonal (1.50) is equal to the
product for diagonal (1.51), since, by assumption, a;,; = ajy,, QAin; = Ajn;. Therefore
in (1.46) the sum of each pair of terms corresponding to diagonals (1.50) and (1.51)
is equal to zero, thus, |A| = 0. In the same way we can prove that if two columns of
a determinant are identical, then the determinant is equal to zero.

4. If two rows (or columns) of a determinant A are interchanged, then the result-
ing determinant has the value —A. To simplify the notation, we prove the statement
for the rows a; and a,. The proof for any other rows is analogous. By Property 3 we
have A(a; +az,a1 +az,a3,...,a,) = 0. On the other hand, using Properties 2 and 3,
we see that

0=A(a) +az,a; +az,as,...,a,)
=A(ar,a1 +az,a3,...,ay) +Alaz,a1 + az,az,...,a,)
= Aay,a1,as,...,a,) +Alay,az,as, ... ,a,)
+Alay,ay,as,...,a,) +Aay,az,as, . ..,a,)
=Alay,az,as,...,a,) +Aay,ay,a3,...,a,),
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ie, Alay,az,a3,...,a,) = —A(az,ar,as,...,a,).

5. The value of a determinant remains unchanged if to any row is added the
product of any number and another row. The same is true for columns. Let us prove
as above the statement for the first two rows. Then by Properties 2 and 3 we have

Ala) + aaz,az,as, ... ,a,)
:A(a17a27a37"'7al’l>+aA(a27a27a3a"'7an)
:A(al,az,a3,...,an).

6. Now we prove the formulas of expansion of determinants in terms of rows and
columns, which is often used in calculations. Let us introduce the unit row:

i =(0,...,0,1,0,...,0).
~——

——
k—1 n—k
Using Property 2, we easily get

n
Alar,az,a3,....a,) = Y apAlix, a2,a3,...,a,). (1.52)

k=1
The determinant A(ig,az,as,...,a,) is called the cofactor of the element ay; in
the determinant A(aj,as,as,...,a,) and is denoted by A;;. Using this notation we

write (1.52) in the form
n
Alar,az,as,....a,) = Y ayAi.
k=1
For the same reason,
n
Aar,az,a3,....a,) = Y aghi, i=12,....n. (1.53)

k=1

Here A;; is the cofactor of ay, i.e., the determinant obtained when the row a; in

the determinant A(ay,a;,as,...,a,) is replaced by the unit row i;. Formula (1.53)
is known as the expansion of the determinant A(a;,az,as,...,a,) in terms of the
TOW a;.

n
Note that Y aj A = 0 for [ # i. Indeed, the left hand side of the last equality is
k=1

the expansion of the determinant with a; = a;, but we know that such determinant is
equal to zero. Combining this equality with (1.53), we get

n
Y apAn=1A18;, i 1=1.2,...n, (1.54)
k=1

where
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C(0,i#£1,
6,,_{1’1.21, (1.55)

is the Kronecker delta.!

Often it is more convenient to write the determinant Ay, in another form. The
reader can easily prove that Ay, = (—l)k”Mlk, where Aj; is the cofactor and M,
is the determinant obtained from the determinant |A| by deleting of /-th row and
k-th column (hint: rearranging rows and columns, write Ay in the form of the deter-
minant on the left hand side of equation (1.49)). The determinant M is called the
minor of the element ayy.

Note that the following formula for the expansion of the determinant in terms of
its columns holds:

n
Y @A = A&y, i 1=12,....n. (1.56)
k=1

As an example, let us calculate the fifth-order determinant

-2 5 0-1 3
1 0 3 7-2
A=| 3-1 0 5-5]|.
2 64 1 2
0-3-1 2 3

First we zero out the third column except for the last entry. To do this we multiply
the last row by three and add to the second row, after that we multiply the last row
by four and subtract from the fourth row. As a result we get

-2 5 0-1 3
1-9 013 7
A=| 3-1 0 5 -=5|.
218 0-7 —10
0-3-1 2 3

Expanding this determinant in terms of the third column, we obtain

-2 5-1 3

1-913 7
_(_1\3+5/_

218 =7 —-10

Now we zero out the first column except for the second element. To do this we
multiply the second row by two and add to the first row, after that we multiply the
second row by three and subtract from the third row, and finally we multiply the
second row by two and subtract from the last row. As a result we get

1 Leopold Kronecker (1823—-1891) was a German mathematician.
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0-13 25 17
A _|1-9 137
0 2634 26|
0 36-33-24

Expanding this determinant in terms of the first column, we obtain

—13 25 17| |-13 25 17
A=—(=1)>*1] 26 —34 —26|=| 26 —34 —26|.
36 —33 —24 36 —33 —24

Let us calculate the third-order determinant, expanding it in terms of the third row:

A:%‘ 25 17 —13 17 —13 25‘

34 —26‘ - (_33)‘ 26 26 26 34
= 36(—72) — (~33)(— 104) + (—24)(—208) = —1032.

e

7. The matrix

AT — a2 az ... dp2 (157)

Alp A2p - Apn

is called the transpose of a matrix A. Observe that in (1.57) we write the columns
of A as the rows of A .

The determinants of matrices A and A” are equal.

Let us prove this statement by induction over the order of the determinant. For the
second-order determinant the statement is evidently true. Suppose that this equality
holds for each determinant of order n— 1 and prove it for an arbitrary determinant |A|
of order n. Expanding |A| in terms of the first row, we get

Al = anMy —apMp+ -+ (1) ay,My,. (1.58)
Expanding the determinant |[A” | along the first column, we obtain
AT = anMi, —anpM3) + -+ (=1)"ar My, (1.59)

Here MZS is the minor of the element in the position i, j in the determinant |[A”|. By
the inductive assumption, M£ = Mj;, thus, |AT| = |A].

8. We say that the rows of the matrix A are linearly dependent if there exist scalars
Qap, 0, ..., 0y, not all zero, such that

ajay + oar + -+ oga, = 0. (1.60)

In the contrary case, i.e., when (1.60) implies o = --- = oy, = 0, the rows are called
linearly independent. Evidently, if the rows of the matrix are linearly independent,
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then each of them is not equal to zero. The concept of linear dependence of the
columns of the matrix is introduced similarly.

The determinant of a matrix A is equal to zero if and only if the rows of the
matrix A are linearly dependent. Let us prove this statement.

Suppose that the rows of A are linearly dependent, and for definiteness suppose
that equality (1.60) holds for o # 0. Using the property of linearity of the determi-
nant in the first row, and then using Properties 5 and 1, we get

OtlA(al,az, . ,an) = A(Otlal,az, - ,a,,)
= A((X]d] +oay+-- ~+Oc,,a,,,a2,...,an) =0.

Thus, A(ay,ay,...,a,) =0, since o # 0.

Let us prove the converse statement, namely, if the rows of a matrix are lin-
early independent, then the determinant of the matrix is not equal to zero. Suppose
that |A| = 0. Let us consider all determinants of order n — 1 obtained from the deter-
minant |A| by deleting of a row and a column. If each of them is equal to zero, then
we consider the determinants of order n — 2 and so on. Finally, either all elements
of the matrix A are equal to zero (then the assertion is obviously true) or there is a
nonzero determinant of order k > 1 obtained from the determinant |A| by deleting
of some n — k rows and some n — k columns, and all determinants of order greater
than k are equal to zero. Denote this determinant by d. Since after interchanging of
rows and columns of a determinant only its sign is changed, we can assume with-
out loss of generality that dj consists of elements of the first k rows and the first k
columns of the matrix A.

Consider the determinant dj., which consists of the elements of the first £+ 1
rows and the first K+ 1 columns of the matrix A. By assumption, dj; = 0. Expand-
ing di in terms of the last column, we get

a1+ 0a 1 + -+ + Ol + diagy k1 = 0. (1.61)

We emphasize that d; # 0, and the numbers @, @, ..., 0y are cofactors of corre-
sponding elements of the last column of the determinant dy 1.

By interchanging of columns in the determinant |A| we can construct the last
column of the determinant dy_ | using the following elements:

aij, A2j, -y Akjy Qi1 j=k+2, k+3, ..., n

By assumption, each of the constructed determinants dj | is equal to zero. Expand-
ing each of them in terms of its last column, we get

alalj+a2a2j+"'+akakj+dkak+lj:O? ]:k+2,k+3,,l’l (162)

Finally, if we put on the place of the k + 1-th column of the determinant |A|
its column with number j < k, then we obtain the zero determinant (since the two
columns of this determinant are equal). For the same reason we have dy.| = 0.
Expanding again each constructed dy | in terms of its last column, we get
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oarj+oagj+- -+ ogag +diag 1, =0, j=1,2,... k (1.63)
Thus,
oqayj+oazj+ -+ ogagj + diagy1; +0 X aggp;+ - +0 X a,; =0,
where j=1,2, ..., n;dy # 0, i.e., the rows of the matrix A are linearly dependent.

Remark 1.2. Since |[AT| = |A], it is clear that the determinant of a matrix A is equal
to zero if and only if the columns of the matrix A are linearly dependent.

Below are two examples of calculation of determinants, which are often used in
applications.

1. The determinant of a triangular matrix. A matrix A is called upper triangular
if a;; =0 fori > j. A matrix A is called lower triangular if a;; = 0 for i < j.
If a matrix A is triangular, then

|A|=a11a22---a,m. (1.64)

Let us prove this statement for an upper triangular matrix. Then (1.64) holds also
for each lower triangular matrix A, since |A| = |AT| and AT is an upper triangular
matrix.

For determinants of order one and two equality (1.64) is evidently true. Let us
check (1.64) by induction over the order of the determinant. Suppose that (1.64)
holds for each determinant of order n — 1 and consider the following determinant:

ap ap a3 ... A
0 axn axy ... ay
|A| = 0 0 asz ... dazp
0 O 0 ... au

Expanding |A| in terms of the first column, we get

axp axs ... axp

0 aszy ... az
Al = an "
0 0 ... amy

The determinant on the right hand side in the last equality has order n — 1, and by
the inductive assumption it is equal to ax>asz;3 - - - aup, thus (1.64) holds.

2. The Vandermonde' determinant of order n is the determinant defined as fol-
lows:

1 Alexandre-Theophile Vandermonde (1735-1796) was a French musician and mathematician.



1.2 Systems of Linear Equations, Matrices, Determinants 25

1 1 1 1

aq an as ay

2 2 2 2

d=| aj a; a ... a
n—1 n—1 n—1 n—1

a a, a; ... ay

Let us prove that for any n > 2 the Vandermonde determinant is equal to the product
of all possible differences a; —aj, where 1 < j <i < n, namely,

d= H (ai—aj).
1<j<i<n

The assertion is obviously true for n = 2. Let us use the method of mathematical
induction. Suppose that the assertion is true for the Vandermonde determinant of
ordern—1,1i.e.,

1 1 ... 1
an asy ... dp H (
= a,-—aj).
2<j<i<n
n—2 n—2 n—2 =/ =
a, as Lo ay

Consider the determinant d. Multiply the penultimate row by a; and subtract from
the last row, then multiply the (n — 2)-th row by a; and subtract from the (n— 1)-th
row, and so on. As a result we get

1 1 1 1
0 ar —aj as —aj a, —aj
2 2 2
0 a; —ayay az—aiaz ... a;—ayay,
n—1 n—2 n—1 n—2 —1 -2
0 ay  —aiay “dy —aiay T ...oa —aiay,

Expanding d in terms of the first column, we obtain the following determinant of
order n — 1:

a) —dap a3 —daj a, —dap
2 2 2
d— as —aja as—dapaz a, —daiday
n—1 n—2 n—1 n—2 n—1 n—2
a, —apa, as —aias Lo ay —aa,

Note that ay — a; is a common multiple of all elements of the first column, a3 — a;
is a common multiple of all elements of the second column, and so on. Therefore,

1 1 ... 1

an azy ... a
d=(@-a)(a-a).. (@a-a)] ~ 7 7"

atdit L a?

where the last multiplier is the Vandermonde determinant of order n — 1. Thus,
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d=(ay—a1)(az—ay)...(ay—a1) H (ai—aj)= H (ai—aj).

2<j<i<n 1<j<i<n

1.2.3 Cramer’s Rule

In this section we consider systems of linear algebraic equations in which the num-
ber of unknowns is equal to the number of equations:

anxi+apxa+ - +apx, = by,
ax1xy +axnxy + -+ axyx, = b,

(1.65)
an1 X1 +apxy + -+ -+ appXy, = by,
The square matrix
apy apz ... dy
A= | 21 @2 an (1.66)

Aapl Ap2 - .. dpp

which consists of the coefficients of these equations, is called the matrix of sys-
tem (1.65). In this section we assume that |A| # 0. In this case the matrix A is called
nonsingular (if |A| = 0, then the matrix A is called singular). The array of num-
bers by,bs,...,b, is called the column of the right-hand side of system (1.65). If

the right-hand side of the system is zero, i.e., b; =0 for all i =1, 2, ..., n, then
system (1.65) is called homogeneous. A homogeneous system of equations always
has a solution. For example, we can take x1, x2, ..., x, = 0. This solution is called
trivial.

Theorem 1.8. Every homogeneous system of linear algebraic equations with a
square nonsingular matrix has only the trivial solution.

Proof. Assume the contrary. Then there exist scalars xi, x2, ..., X, not all zero,
such that
ayxy +apnxy + - +apx, =0,
ar1xy +anxy +---+axyx, =0

a1 X1 + QX2+ -+ appXp = 0.

This means that the columns of the matrix A are linearly dependent, hence we
get |A| = 0, which is impossible for the nonsingular matrix A. Therefore our as-
sumption on the existence of a nontrivial solution of system (1.67) with a nonsingu-
lar matrix is incorrect. [

Remark 1.3. System (1.67) has a nontrivial solution if and only if |[A| = 0. This
statement immediately follows from Remark 1.2.
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Theorem 1.9. For any right-hand side system (1.65) with a nonsingular matrix A
cannot have two different solutions.

Proof. Assume the contrary, and let x1,x2,...,x, and y;,y2,...,y, be two different
solutions of system (1.65), i.e.,

ayxy +apxy + - +apx, = by,
a21x1 +anxy + -+ axx, = by,

(1.68)
a1 X1 4 apaXxo + -+ -+ Appxn = by
and
ayyr +anys+ -+ anyn = b,
az1y1 +axnys + - +anyn = ba, (1.69)
a1 Y1+ ap2y2+ -+ appyn = b,.
Put 7y =x1 —y1, 2 =x2— Y2, ..., Zn = X, — Yp. Subtracting term by term the
corresponding equations in (1.68) and (1.69), we see that zj, 22, ..., 2z, is the
solution of homogeneous system (1.67). Then by Theorem 1.8, it follows that
71 =2 =+ =7z, = 0, i.e., the assumption on the existence of two different so-

lutions of system (1.65) is incorrect. O

Theorem 1.10. For any right-hand side system (1.65) with a nonsingular matrix A
has a solution.

Proof. Let us construct the solution of system (1.65) in the form
xi =cipby+cpby+---+cipb,, i=1,2,...,n. (1.70)

Here cj, i,k=1,2,...,n are unknown coefficients. Substituting (1.70) into the equa-
tions of system (1.65) and collecting on the left hand side of these equations all
coefficients of the same b;, we get

b; (ailcll “+apcy +--- +aincnl)
+b2(ailcl2+ai2022+ . "+aincn2)
. +bi(61ilcli +apcri+--- +aincni)
+ -t byancin+ancuy + -+ aimen) = bi,  (1.71)

where i =1, 2, ..., n. Clearly, if we can find coefficients c;; such that the following
conditions hold:

aiiCik +apcop + -+ aincni = S, Lk=1,2,....n, (1.72)

where &y is the Kronecker delta, then formulas (1.70) gives us a solution of sys-
tem (1.65). Comparing (1.72) and (1.54), p. 20, we see that equations (1.72) hold if
we put
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Al”

Substituting (1.73) into (1.70), we get the following formulas for the solution of
system (1.65):

ik=12...n. (1.73)

Cik

x; = (Ayby +Agiby + -+ Auby)/|A|, i=1,2,...,n. (1.74)

Using the expansion of a determinant in terms of a column, we can write (1.74) in
more compact form:
i=1,2,...,n. (1.75)

Here A = |A|, A; is the determinant obtained when the i-th column of |A| is replaced
by the right-hand side of system (1.65). O

Formulas (1.75) are called Cramer’s' formulas (or Cramer’s rule). As an exam-
ple, we now solve the following system of equations using Cramer’s rule:

X1 +x+x3=-2,
X1+ 3x — 2x4 = —4,
2x1+x3 —x4 = —1,
2)C2—X3—3X4 =—-3.

Let us calculate the corresponding determinants:

111 0 21 1 0 1-2 1 0
13 0-2 43 0-2 1 -4 0-2
A=bho 1-1|=% M=|10 19|=H M=) 14T 7H
02—-1-3 —32-1-3 0-3-1-3
11-2 0 11 1-2
13-4-2 13 0-4
A=log_1-1|= 8 M=y | 4|=%
02-3-3 02-1-3

By Cramer’s rule, we get x; = Aj/A=1,x = Ap/A = —1,x3 = A3/A = -2,
andx4 =A4/A= 1.

For numerical computations Cramer’s formulas are used very rarely. Systems of
linear equations are usually solved numerically by different variants of Gaussian
elimination or by iterative methods (see p. 39 in this chapter and Chapters 8, 12).

As an example of application of Cramer’s rule let us construct the so-called La-
grange? interpolation formula.

! Gabriel Cramer (1704—1752) was a Swiss mathematician.
2 Joseph-Louis Lagrange (1736-1813) was a French mathematician.
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Theorem 1.11. Let 29,71, .. .,2,4 be distinct numbers, and ho,hy, ..., h, be arbitrary
numbers. Then there exists one and only one polynomial

P.(2) = ap+a1z+arz® + -+ ap?"

such that

Proof. Conditions (1.76) is the system of linear equations for the coefficients of the
polynomial P,. The determinant of this system is the Vandermonde determinant (see
p- 24). Obviously, it is not equal to zero, hence system (1.76) has a unique solution
for every right-hand side. O

It is clear now that if a polynomial of order n for at least n+ 1 points is equal to
zero, then all its coefficients are equal to zero.

It is not hard to construct the polynomial, satisfying conditions (1.76), in an ex-
plicit form. Namely, the Lagrange interpolation formula gives the solution of this
problem:

Py(z) = ho®o(z) + M P1(z) + - + hy Py (2), (1.77)

where @; is a polynomial of order n, satisfying the following conditions:
Pi(zx) =0, k=0,1,....j—1,j+1,....n, (1.78)

(z;) =1, (1.79)

for j=0,1,2...,n.
As we have seen in Subsect. 1.1.3, p. 10, each polynomial is uniquely determined
up to a constant factor by all its roots, therefore,

Di(z) =Aj(z—z0)(z—21) - (z—zj—1)(z—zj41) - (2— zn)-

Using (1.79), we see that

1
A= (zj—z20)(zj—z1) - (zj—zj—1)(zj —zj41) - (zj—2n)’
1.e., (Pj(z) _ (ZiZO)(Zle)"'(Z*ijl)(Z*ZjJrl)"'(Z*Zn)

(zj—20)(z—a1) - (zj=2j-1)(zj = zjs1) -+ (gj =)
where j=0,1,2,...,n.
1.2.4 Matrices: Basic Operations and Transformations

We have introduced the concept of a square matrix (see p. 17). A rectangular m-by-n
matrix is a rectangular array consisting of m rows and n columns:
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ayp adip ... Ay

A= az) ayy ... Ay ) (1.80)

Here a;j,i=1,2,...,m, j=1,2,...,n, are (generally speaking) complex numbers.
Sometimes the dimensions of the matrix A are indicated explicitly and we use the
following notations: A(m,n) or A™*".

In the particular case of m = n we have a square matrix of order n. The set of all
rectangular m-by-n matrices we denote by M,, ,. The set of all square matrices of
order n we denote by M,,.

There are two more special cases. If m = 1 and n is arbitrary we have the row
matrix

X = (X1,%2,...,Xy)- (1.81)

The row matrix is often called the row, and we say that this row has lengthn. If n =1
and m is arbitrary we have the column matrix

x=| 1. (1.82)

This matrix is also called the column of length m. Note that the second subscript
in the notations of elements of rows and columns usually is not used. Rows and
columns we often call vectors.

Let us describe some special types of square matrices.

The elements ay1,a22,...,a,, of a square matrix A of order n constitute its main
diagonal. A diagonal matrix is a square matrix all of whose elements outside the
main diagonal are equal to zero:

dip 0 ... 0
D— 0 dp... 0 (1.83)
0 0 ...dm

We also denote this matrix by
D = diag(d1,da, .. du)-

Ifd;i=1fori=1,2,...,n, then the diagonal matrix is called the identity matrix,
and is denoted by I:

I= . (1.84)
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A permutation matrix is a matrix obtained from the identity matrix by interchang-
ing the i-th and the k-th columns, it is denoted by Py. For example, the following
three matrices are the permutation matrices of order 3:

P =

S = O

10 0
0 0|, Ps=|[0
0 1 1

S = O

1 1
0], P3=|{0
0 0

=]
O = O

Let us recall that a lower triangular matrix L is a square matrix all of whose
elements above the main diagonal are equal to zero:

L1 0 ... 0
L 121 122 ... 0 7 (1.85)
lnl 1112 lnn

and an upper triangular matrix U is a square matrix all of whose elements below
the main diagonal are equal to zero:

U= (1.86)
0 0 ...up
The triangular matrix
1 0 0---0
L= 0 b 0+ 0 (1.87)

is called the elementary lower triangular matrix. Note that this matrix differs from
the identity matrix only by the elements of the k-th column.

Let us introduce the operations of matrix addition and multiplication of matrices
by scalars.

The product of an m-by-n matrix A by a scalar « is the matrix

oayp Capp ... cayy
aary O&az ... 0a
QA — 21 22 2n

Each element of the matrix oA is the product of the corresponding element of the
matrix A by the number «.

The sum of two m-by-n matrices A and B is the m-by-n matrix C with the ele-
ments ¢;; = a;j + b;;. In matrix notation we write this as C = A+ B.
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The zero matrix is the matrix all of whose elements are equal to zero, it is denoted
by 0.

The reader can easily verify the following properties of the two operations, which
have been introduced:

1. A+0=A,

2. A+B)+C=A+(B+C),
3. A+ B=B+A,

4. (o+B)A = aA + BA.

Note that the sum of two upper (lower) triangular matrices is an upper (lower)
triangular matrix.

By definition, the product of a row x and a column y of the same length n is the
number

Y1
y2 1
(xlaXZa"'vxn) . - Zxkyk' (188)
: k=1
Yn

In other words, this product is obtained by multiplying together corresponding ele-
ments in the row x and the column y and then adding the products.
For example,

1
7§ =5x(=1)4+(-1)x(=2)+3x3+1x4=10.

4

The product of an m-by-n matrix A by a vector x of length n is the vector y of
length m with the elements
n
yi:Zaijxj, i:1,2,...,m.
j=1

In matrix notation it is written as follows:

y = Ax.
We can write the same in detail:
Vi ayl aip ... dip X1
»2 o az1 azp ... dAyp X2
Vi aAml Am2 --- Amp Xp

Observe that the i-th element of the column y is the product of the i-th row of the
matrix A and the column x.
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For example,

0-3 1 3 8
2 1 5 21| = 14
—4 0-2 2 —16

It immediately follows from the definition, that for any scalars o, 8 and for any
vectors x, y (of suitable length) we have

A(ax+ By) = aAx+ BAy. (1.89)

Therefore we say that the operation of matrix-vector multiplication is linear.
The product of a row x of length m by an m-by-n matrix A is the row y of length n
with the elements "
yj:Za,-jx,-, j:1,2,...,n.
i=1

In matrix notation it is written as follows:
y=xA.

We can write the same in detail:

(y17y27' . 'ayn) = (X],Xz,. . 'axm)

The j-th element of the row y is the product of the row x and the j-th column of the
matrix A.
For example,

(510-3)

0
*‘1‘ = (11 -1).
-1

2
1
3
0

It immediately follows from the definition, that for any scalars o, B and for any
rows x, y (of suitable length) we have

(ax+ By)A = axA+ ByA. (1.90)

This means that the operation of multiplication of a row by a matrix is linear.
Using the operations, which we have introduced, we can write system (1.65) of n
linear equations with n unknowns either in the form

Ax =D, (1.91)

where A is a given square matrix, b is a given vector, x is an unknown vector, or in
the form
xAT = b, (1.92)
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where b is a given row, and x is an unknown row. Form (1.91) is used more often.
Suppose that A is an m-by-n matrix, and B is an n-by-p matrix. Then the m-by-p
matrix C with the elements

n
cij=Y aighgj, i=12,....m, j=12,.p,
g=1

is called the product of the matrices A and B, which is written as C = AB, or in detail
as follows:

C11 €12 --- C1p ayl aip ... dip b11 b12 blp
€21 €22 ... C2p _ ary azp ... Ay b21 b22 bzp
Cml Cm2 -+ Cmp aml Am2 - - - Amn bui by ... bnp

It is useful to observe that each column in the matrix C is calculated as the product
of the matrix A by the corresponding column of the matrix B. Similarly, each row in
the matrix C is calculated as the product of the corresponding row of the matrix A
by the matrix B. Note also that each element ¢;; is the product of the i-th row of the
matrix A and the j-th column of the matrix B.

For instance,

-13 0
5-1 31 -21 1| _ (1015 =5
2 0-14 30-2| \111010)"
The matrix product depends on the order of the factors. For example,
12\ /12 (34
32/\11) \58)’
12\ (12\ (76
11)\32) \44)°
Two matrices A, B commute (with each other), or are commuting matrices if
AB = BA.
Commuting matrices exist. For example,
7—12\ (2645\ (2645 7-12\ (23
-4 7)\1526)  \1526)\—-4 7) \12)°
For any square matrix A we have

Al =1A=A.
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Let us verify the following properties of the operation of matrix multiplication:

1. (A+B)C =AC+BC,
2. C(A+B)=CA+CB,
3. A(BC) = (AB)C.

Clearly, the dimensions of these matrices are matched such that all operations here
make sense.

It is easy to see that Properties 1, 2 follows from (1.90), (1.89), respectively. To
prove Property 3 note that each element of the matrix D = A(BC) is a number of
the form d;; = a;(Bcj), where q; is the i-th row of the matrix A, and c; is the j-
th column of the matrix C. The elements of the matrix F = (AB)C are the num-
bers fi; = (a;B)c;. Therefore it is enough to prove that x(By) = (xB)y for any row x
and any column y (obviously, their lengths have to correspond to the dimensions of
the matrix B). Suppose that the matrix B has m rows and n columns. By elementary
calculations we get

m n m n
x(By)=Y xi Y bijyi=Y Y bijxiyj, (1.93)
=1 j=1 i=1j=1
similarly,
n m n m
(xB)yz Z}’jzbijxi: ZZbijxiyj. (1.94)
j=1 =l j=li=1

Sums (1.93), (1.94) differ only in the order of their summands, and hence equal.

The proof of the following statements is left to the reader.

1. Let Py, be a permutation matrix. Then the vector Pyx is obtained from the vector x
by interchanging the elements x; and xy.

2. The matrix PyA is obtained from the matrix A by interchanging the i-th and the
k-th rows. Hint: this is a consequence of the previous statement.

3. If matrices L, M are lower triangular, then the matrix LM is lower triangular, and
the same is true for upper triangular matrices.

4. Each lower triangular matrix L can be represented in the form of the product of
the elementary lower triangular matrices Ly, namely,

L=LLy---Ly_1Lp. (1.95)
Hint: make calculations according to the following placement of parentheses:
L=Li(Ly- (Ly—2(Ln—1Ln)-+),
i.e., firstly premultiply L, by L,_;, then premultiply the product by L,_» and
SO on.

5. For each square matrix A the following equalities hold:

det(PyA) = det Py detA = — detA. (1.96)
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Let us prove that for each square matrix A and the elementary lower triangular
matrix Ly the following equality holds:

det(LyA) = [y detA. 1.97)
Indeed, let a = (ay,as,...,a,) be a vector. By elementary calculations we get
ai
a»
Ak—1
Lka = lk,kak

Lkt @y + agy
livakar + agy2

ln,kak +ay

Each column of the matrix L;A has this form. Therefore we can factor out from
the k-th row of det(L;A) the common factor [;;. Then we can see that the obtained
determinant is equal to detA if we multiply the k-th row in it by /;; and subtract
from the j-th row for j =k+1,k+2, ..., n. As aresult we get (1.97).

Now using (1.97), (1.95), and (1.64), the reader can easily verify the equality

det(LA) = det L detA (1.98)

for any square matrix A and any lower triangular matrix L, and also the analogous
equality for any upper triangular matrix R:

det(RA) = detR detA. (1.99)

Let us discuss the concept of transpose of a rectangular matrix, whose definition
is analogous to the definition of transpose of a square matrix (see p. 22).

Clearly, the transpose of an m-by-n matrix is an n-by-m matrix. For instance, the
transpose of a row matrix is a column matrix, and conversely.

The basic properties of the operation of transposition of rectangular matrices are
the following.

1. For any matrix A we have (A7)T = A.

2. For any numbers o, 3 and any matrices A, B of the same dimensions we have
(A + BB)T = aAT + BBT. This means that the operation of transposition is
linear.

3. If the product AB is defined, then the product BT AT is also defined and

(AB)T =BTAT.

All properties except 3 (b) immediately follow from the definition (prove them!).
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Let us prove Property 3 (b). The (i, j)-th element of the matrix (AB)7 is the
product of the j-th row of the matrix A and the i-th column of the matrix B. The
(i, j)-th element of the matrix BT A7 is the product of the i-th row of the matrix B
and the j-th column of the matrix A”. The i-th row of the matrix B is equal to the
i-th column of the matrix B, and the j-th column of the matrix AT is equal to the
Jj-th row of the matrix A. Thus Property 3 (b) is true.

We shall next investigate the operation of inversion of square matrices using re-
sults of Subsect. 1.2.3, p. 26. Let us recall that if |A| # 0, then the matrix A is called
nonsingular; and if |A| = 0, then the matrix A is called singular. The two following
statements we prove using Remark 1.3.

If both the square matrices A, B are nonsingular, then the matrix C = AB is non-
singular. To prove this, it is enough to show that the homogeneous system of linear
equations

ABx =0 (1.100)

has only the trivial solution. Indeed, Bx = 0, since A is nonsingular, and hence x =0,
since B is nonsingular.

If one of the square matrices A, B is singular, then the matrix C = AB is also
singular. Indeed, in this case it is enough to show that system (1.100) has a nontrivial
solution. Suppose that the matrix B is singular. Then there exists a vector x # 0 such
that Bx = 0, therefore, ABx = 0.

Let now the matrix A be singular, but the matrix B be nonsingular. Then there
exists a vector y # 0 such that Ay = 0. Since B is nonsingular, the system Bx =y
has a unique solution x. The vector x is not equal to zero since y # 0. Again we get
ABx =0 for x # 0.

A matrix X is called a right inverse of the matrix A if

AX =1 (1.101)
A matrix Y is called a left inverse of the matrix A if
YA=1I. (1.102)

If the matrix A is singular, then it does not have a right inverse. Indeed, if there
exists a right inverse X, then

det(AX) = det(I) = 1.

On the other hand, det(AX) = 0, since A is singular. It is proved similarly, that the
singular matrix does not have a left inverse.

If det(A) # 0, then there exists one and only one right inverse of the matrix A.
Indeed, let us denote by x; the k-th column of the matrix X, and by i; the k-th column
of the matrix /. Using (1.101), we get the following systems of linear equations:

Axk:ik, k:l,Z,...,n. (1103)
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Each of these n systems has a unique solution xi, since the matrix A is nonsingu-
lar. The proof of the existence and uniqueness of a left inverse of the nonsingular
matrix A is similar.

In fact, the left inverse and the right inverse of a nonsingular matrix A are equal
to each other. Indeed, if YA = I, then YAX = X, but AX =1, hence, Y = X.

Thus, if (1.101) holds, then the matrix X is called the inverse of A. The inverse
matrix of the matrix A is denoted by A~! and by definition,

AAT =1

Let us write the inverse matrix in an explicit form. To do this we introduce the
so-called the adjugate matrix. The adjugate matrix A of A is the transpose of the
matrix of cofactors of the elements of the matrix A. Namely,

A“ Ary ... A
A: A|2A22...An2 :
Aln A2n Ann

where A;; denotes the cofactor of the element a;; in A.
Now we can write formulas (1.54), p. 20, in matrix form

AA = Al (1.104)
Therefore, if |A| # 0, then the matrix
A~ =|AI71A (1.105)

is the inverse of the matrix A.
For example, let us calculate the inverse of the matrix

3-10
A=1|-2 11
2-14

Expanding the determinant of A in terms of the first row, we get |A| = 5. The cofac-
tors of the elements of the matrix A are calculated in the following way:

11 -21 -2 1
A]l: _14 = 57A12:_ 24 :103 A]3: 2_1 :07
—-10 30 3 -1
A =—|_ 4= 4An= ha| =12 An=—1 5 I=1
—-10 30 3 -1

Using (1.105), we obtain
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A1 Azl Az 1 4/5-1/5
A7l = o ApApAn | =|212/5 -3/5
A13 A23 A33 0 1/5 1/5

Below are some properties of the operation of inversion of matrices.

1. The matrix A~! is nonsingular and (A~!)~! = A. This statement is an evident
consequence of the equality AA~! =1.

2. If the matrices A, B are nonsingular, then (AB)*1 =B 1AL Indeed, the follow-
ing equalities are true: AB(B~'A™!) =A(BB~ A~ =AA~! =L

3. If the matrix A is nonsingular, then A” is nonsingular and (A7)~! = (A=")T.
The matrix A7 is nonsingular, since the equality |A” | = |A| holds. Using Prop-
erty 3 (b), p. 36, we see that (AT)(A~)T = (A='A)T =17 =1, i.e., the ma-
trix (A~")T is the inverse of AT .

The proof of the following statements is left to the reader.
1. If matrices Ay, A3...., A, are nonsingular, then
(A1Ay---A,) ! :A;IA;_llmAl_l. (1.106)
2. If Py is a permutation matrix, then
Pl =ry. (1.107)

3. If Ly is an elementary lower triangular matrix such that [y, # 0, then

0... 1/Lx 0...0
0... —hprx/ligl...0

L)'= (1.108)

4. If L is a lower triangular matrix such that all elements of its main diagonal are
nonzero, then the inverse L~ exists and is a lower triangular matrix. The analo-
gous statement is true for upper triangular matrices.

1.2.5 Gaussian Elimination

In this section we consider an algorithm for solving the system of linear equations

Ax=Db (1.109)
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with a square nonsingular matrix A. This algorithm is called Gaussian elimination.!
As many other methods it is based on the following statement.
Let B be a given nonsingular matrix. Then the system of linear equations

BAx = Bb (1.110)

is equivalent to system (1.109), namely, each solution of system (1.110) is a solution
of (1.109), and conversely, each solution of system (1.109) is a solution of (1.110).
Indeed, if x is a solution of system (1.110), then

B(Ax—0) =0,

but the matrix B is nonsingular, hence, Ax — b = 0. The converse is obvious.

Usually the matrix B is chosen such that the matrix BA is “easier” than A and the
solution of system (1.110) is easier to calculate than the solution of system (1.109).
In Gaussian elimination the matrix B is the product of special lower triangular ma-
trices such that the matrix BA is upper triangular. In this case problem (1.110) is
trivial.

Let us describe the Gaussian elimination algorithm. In the first step we take in
the first column of the matrix A the element with the largest absolute value. Suppose
that this element is a;;. It is not equal to zero. Indeed, if @;; = 0, then all elements in
the first column of A are equal to zero, and |A| = 0, but we assume that the matrix A
is nonsingular.

Then we multiply both sides of system (1.109) by the permutation matrix P;;. We
denote this matrix by P; (note that P; = [ if in the first column of A the element with
the largest absolute value is a;;) and get

Ax = by, (1.111)

where A| = PA, by = P;b. Observe that the matrix A; is obtained from the matrix A
by interchanging the first and the i-th rows, and the column b; is obtained from the
column b by interchanging the first and the i-th elements. We denote by a,E;) the

elements of the matrix A, and by b,((l) the elements of the column b;. By construc-

tion, agll) #0.
After that we multiply both sides of system (1.111) by the elementary lower
triangular matrix

iy 00...00
Ly 10...00

Li= ... , (1.112)
l,-1100...10
ly 00...01

where [1] = l/agll), b = —agll)/a(lll), ol = —aill)/a(lll), and get

! Johann Carl Friedrich Gauss (1777-1855) was a German mathematician.
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Ao — by, (1.113)
where by = L1 b, 2 (2 (2)
A 0ay ayy ... ay, | (1.114)

The multiplication of the matrices L; and A; is equivalent to the following trans-
formation of the matrix A;: all elements of the first row of the matrix A; are di-
vided by al!), after that for all i = 2,...,n the first row is multiplied by a'|’ and
is subtracted from the i-th row of A;. Similarly, the elements of the column b;
are calculated by the following formulas: bgz) = bgl) /agll), bl(z) = bl(l) — bgz)agll),
where i =2,...,n.

Note that all elements of the first column of the matrix A, except the first element
are equal to zero. Now we take the element with the largest absolute value among

the elements a(zzz), ag, . afé). Suppose that this element is ag ) Tt is not equal to

zero. Indeed, if ag ) — 0, then all the numbers aézz), agzz)’ e, aflzz) are equal to zero,

and expanding the determinant of A; in terms of the first column, we get detA; = 0.
On the other hand, we see that

dety = Iy det(PA) = det(PiA) /af}] = +det(4) af}) 0,

since L is an elementary lower triangular matrix and P either is the identity matrix
or a permutation matrix.

Then we multiply both sides of system (1.113) by the permutation matrix P> = P»;
(in other words we interchange the second row and the i-th row of the matrix A,)
and get

Asx = P,LPb, (1.115)
where @ @
1 a(lzz) a%g) a(lﬁ’)
Ay = PA; = 0ay, dyy ... dy,

Multiplying both sides of (1.115) by the elementary lower triangular matrix

1 0 00...00
0 Ly 00...00

L= |0 B2 10000
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where [r) = 1/&;22), I3 = —dgzz)/dézz), - —51(122)/(}&22), we get
Asx=L,P, L\ P\,

where A3 = [,A, = L,P, L PA. Tt is easy to see that

2) (2
1 agz) a<13> aé

01 a(z? e Gy,

As=10 0 af) ...a})

It is important to note that all elements of the second column of the matrix Az except
the first two elements are equal to zero.
Continuing this process, we finally get the system of linear equations

Ux=f (1.116)
(which obviously is equivalent to the original system), where
U=LPLy1B—1---L1PA, (1.117)

f:LnPnLnflpnfl "‘L]P]b,

and what is important

n
3 3 (3)
0 1 ay .a%il)_l a%}f)
=100 1 ...a3 , a, (1.118)
00 0. 1 ailrﬂln
00 0. 0 1

is a triangular matrix with ones on the main diagonal.
Problem (1.116) is not difficult. From the last equation of system (1.116) we see
that x,, = f,. Using the penultimate equation, we get

et = fa1 —al o, (1.119)
and so on. Finally, using the first equation, we obtain
x1=f1— afz)xz — a(1?3)x3 — = a(@xn. (1.120)

Thus the Gaussian elimination algorithm can be divided into two parts. In the
first part (sometimes called forward elimination) we reduce a given system to a
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system with a triangular matrix U. In the second part (sometimes called backward
substitution) we solve this system with the triangular matrix.

Remark 1.4. We choose the elements with the largest absolute values for forward
elimination to improve the numerical stability. These elements are called the pivor
elements and the corresponding interchanging of rows is called pivoting (see Sect. 8.1,
p- 235 for a detailed description). If we do not worry about roundoff errors of nu-
merical computations, then we can use as a pivot element any nonzero element of
the column in each step of forward elimination.

Gaussian elimination also allows to compute the determinant of a square matrix.
Using (1.117), (1.106), and (1.107), we get

A=PL'PL " RLU. (1.121)

From (1.121), (1.96), and (1.98) it follows that
n n
detA =det(P Ly 'BLy -+ PL 'U) =[] det, [ ] detL; ™!
i=1 i=1

n
=+[Jdetr; !, (1.122)
i=1

1

Here we have taken into account that detU = 1. Using (1.108), it is easy to see that
detr; ' =a,

hence,
detA = +a\Val) - aly). (1.123)

Thus the determinant of the matrix A is equal to the product of all pivot elements up
to sign. The sign is determined by the number of interchanging of rows in forward
elimination. If this number is even, then the sign is plus; if this number is odd, then
the sign is minus.

Let us estimate the number of arithmetic operations required to solve a system of
linear equations by Gaussian elimination. In the first step of forward elimination the
matrix L; is constructed. This requires n operations. Then the matrix L; is multiplied
by the matrix A;. It is easy to verify that the multiplication of the matrix L; by a
column requires 2(n — 1) + 1 = 2n — 1 operations. The total number of columns
is . Therefore the multiplication of the matrix L; by the matrix A; requires 2n*> —n
operations. After that the matrix L; is multiplied by the column P;b. Thus the first
step of forward elimination requires 2n* +n — 1 operations.

It is easy to see that in the second step of forward elimination the product L,A,
is calculated by the multiplication of matrices of order n — 1. Hence the second
step requires 2(n — 1)? + (n — 2) operations, and all steps of forward elimination
requires 2(12 422+ - +n?) + (14+2+---+ (n— 1)) operations. It is well-known
that 1424 4+n—1=n(n—1)/2, 12422 +---+n* =n(n+1)(2n+1)/6. Thus
the forward elimination requires
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n(n+1)2n+1)/3+n(n—1)/2 20 /3

arithmetic operations. Note that we neglect the terms of order n?, assuming that n
is big enough. It is easy to see that the calculations by formulas (1.119), (1.120)
require 2(n—1)+2(n—2)+---+2=2(1+---+n—1) =n(n— 1) ~ n? operations,
and finally, we can conclude that to solve a system of n equations for n unknowns
the Gaussian elimination algorithm requires approximately 213 /3 operations.

Note that Cramer’s formulas require, as it is easy to calculate, n’n! arithmetic
operations, which is much bigger. For example, if n = 20, then n’n! ~ 9,7 x 10?9
and 2n° /3 ~ 5,3 x 10°.

For example, let us solve the following system of linear equations by Gaussian
elimination:

3x1 + 6x2 + 15x3 = 60,
3x1+2x0+ 9x3 =34,
Oxy +6xp — 3x3 =12.

First of all we write down the matrix and the column of the right-hand side of the
system:

3615 60
A=(32 9|, b=|34
96 -3 12

The element with the largest absolute value in the first column of the matrix A
is a31 = 9. In accordance with the algorithm described above the matrix A; and
the column b; look as follows

96 -3 12
Ar=(32 9|, b=|[34
36 15 60

(we have interchanged the first row of the matrix A with its third row and the first
element of the column b with its third element).

Now we divide the first row of the matrix A; by 9, multiply it by 3, and subtract
it from the second and the third rows; also we divide the first element of the column
by by 9, multiply it by 3, and subtract it from the second and the third elements of
bi. As aresult we get

12/3-1/3 4/3
Ay=[00 10, b=|30
04 16 56

The element with the largest absolute value among the elements a(222)7 agzz) is agzz)'

Therefore we interchange the second and the third rows of the matrix A, and also
the second and the third elements of the column b,, and obtain
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12/3 -1/3 ) 4/3
A=104 16|, bh=|56
00 10 30

We divide the second row of the matrix A, and the second element of the column by
by 4, and get

12/3 -1/3 _ 4/3
A=[01 4|, bh=|14
00 10 30

Finally, we divide the last row of jz and the last element of 1292 by 10, and get

12/3 -1/3 4/3
As=(0 1 4], b3=| 14
00 I 3

The forward elimination is done.

Using the back substitution algorithm, we consequentially calculate x3 = 3, after
that x; = 14 —3 x4 =2, and finally, x; =4/3— (2/3) x 2+ (1/3) x3 =1.

As we have seen above the determinant of the matrix A is equal to the product of
all the pivot elements up to sign. In this example the pivot elements are 9, 4, and 10.
The number of interchanging of rows in forward elimination was two. Therefore the
determinant is equal to the product of the pivot elements: det(A) = 360.

1.2.6 The Determinant of the Product of Matrices

Theorem 1.12. The determinant of the product of arbitrary square matrices A and B
is equal to the product of their determinants:

det(AB) = detA det B. (1.124)

Proof. If the matrix A is singular, then the matrix AB is also singular (see p. 37),
and in this case equality (1.124) obviously holds.
If the matrix A is nonsingular, then, using (1.121), we get

AB=PL;'PL;" - PL,;'UB.
In this product each factor except B either is a permutation matrix or a triangular

matrix, hence,

n
detP, [ [ detL; ' detB,

n n
det(AB) = [JdetP [ detL; ' det(U)detB =
i=1 i=1 1 i=1

n
=

but we have (see (1.122))
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n n
[Tdetp]]detL; " = detA.
i=1 i=1

Thus equality (1.124) holds. O

From (1.124) it follows immediately that if the matrix A is nonsingular, then
det(A~") = 1/detA.

1.2.7 Basic Matrix Types

In this section we describe some types of matrices that are often used in different
problems of linear algebra. Here we consider some basic properties of these matri-
ces. A more detailed study will be done in the next chapters.

Let A be a rectangular matrix. The Hermitian'adjoint A* of A is defined by
A* = (A)T, where A is the component-wise conjugate. Another name for the Hermi-
tian adjoint of a matrix is the conjugate transpose. It is easy to see that (A*)* = A,
(aA)* = aA*, (A+B)* =A*+B*, (AB)* = B*A™.

A square matrix A is called Hermitian if A = A", it is called skew-Hermitian
if A= —A*. The determinant of any Hermitian matrix is a real number. Indeed,
since det(A*) = det((A)T) = det(A) = det(A), we see that det(A) = det(A) if the
matrix A is Hermitian.

Each square matrix A can be represented in the form

A=H +iH,, (1.125)

where H, H, are Hermitian matrices, i is the imaginary unit. The matrices H;, H;
are uniquely determined by the matrix A. Indeed, representation (1.125) follows
from the obvious identity

1 1
A= (A+A")+i

—(A—A"
2 2i( )

and the following easily verifiable equalities:
(A+A")*=A+A", (i(A —A*)> ' = %(A —A").
If we assume that in addition to (1.125) the exists one more representation
A =H, +iH,
with Hermitian matrices H 1, I-12, then

(H, — Hy) +i(H, — Hy) = 0. (1.126)

! Charles Hermite (1822-1901) was a French mathematician.



1.2 Systems of Linear Equations, Matrices, Determinants 47
Hermitian adjoint of the left part of equality (1.126) also is equal to zero:
(Hy —Hy) —i(Hy — Hy) = 0. (1.127)

Adding together the corresponding terms in (1.126) and (1.127), we get H; = H 1,
hence, H> = H>. Thus representation (1.125) is unique.

A real matrix is a matrix whose elements consist entirely of real numbers.

A real Hermitian matrix is called symmetric. For each symmetric matrix we
have A = AT A real square matrix is called skew-symmetric if A = —AT .

For each real square matrix the following representation holds:

A=A, +As, (1.128)

where A is a symmetric matrix and A; is skew-symmetric. Arguing as above, we
see that this representation is unique and

1 1
A= 5(A +AT), Ay = 5(A—AT).

*

A square matrix A is called unitary if AA* = I, in other words if A=! = A*.
It follows from the definition that the absolute value of the determinant of each
unitary matrix is equal to one. The product of two unitary matrices is a unitary
matrix (prove it!).

An important example of a unitary matrix is the diagonal matrix with diagonal
elements g1, g2, ..., q, such that the absolute value of each element is equal to one.
The reader can easily prove that this matrix is unitary.

Let A be a unitary matrix of order n. Sometimes we call unitary the rectangu-
lar matrix B that consists of m, m < n, columns of the square unitary matrix A.
Clearly, B*B = I,, where I, is the identity matrix of order m.

A real unitary matrix is called orthogonal. The determinant of each orthogonal
matrix is either plus one or minus one. Two examples of orthogonal matrices are
following: the permutation matrix Py, the second-order matrix

0:(¢) = (cos(p —sin(p) 7

sin@  cosQ

where ¢ is a real number.

A square matrix A is called normal if AA* = A*A, that is, if A commutes with
its Hermitian adjoint. It is easy to see that Hermitian, skew-Hermitian, and unitary
matrices are normal.

For example, the matrix A = ( i i) is normal, but it belongs to none of men-

tioned above matrix types.
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1.2.8 Block Matrices and Basic Operations with Block Matrices

It is useful in many cases to interpret a matrix as having been broken into sections
called blocks or submatrices, that is, to represent it in the form

Ayp A .. Ay
A Az Az o Ao , (1.129)
Aml Am2 Amn

where the elements A;; are themselves matrices. Note that all blocks in (1.129) be-
longing to one row have the same number of rows and all blocks in one column
have the same number of columns. Any matrix may be interpreted as a block matrix
in different ways, with each interpretation defined by how its rows and columns are
partitioned. For example,

1 8 7/ 6 1 8 7 6 1 8 7 6
3502}, 350 21, 35[0 2
1 4 93 1 49 3 1 49 3

It is easy to see that with block matrices we can operate by the same formal rules
as with ordinary matrices. If in addition to matrix (1.129) we introduce the matrix

By Bia ... Bin
B— By By ... By, (1.130)
Bml BmZ an

such that for each pair of indexes i, j the dimensions of blocks A;;, B;; coincide,
then the matrix C = A + B can be represented as the block matrix with the blocks
Cij=A;j+B;,i=1,...,m, j=1,...,n Suppose that

By Bys ... Blp
p= | Bn Bz By (1.131)
Bui By .. By
Then the matrix C = AB can be represented as the block matrix with blocks
n
Cij=Y AiBg;, i=12,...m j=12..p. (1.132)
g=1

This, of course, requires that each product A;,B,; exists, i.e., the horizontal dimen-
sion of each block A;, coincides with the vertical dimension of the corresponding
block By;.
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Let us obtain some useful formulas for calculation of determinants of block ma-
trices. We start with the simplest case. Suppose that

(T Ap
A= (0 Azz) (1.133)

is a 2-by-2 block matrix, / is the identity matrix, A, is a square matrix, and A1y is
a (generally speaking) rectangular matrix. Then, expanding |A| and obtained deter-
minants along their first columns, we get

|A] = [Ax|. (1.134)
Similarly, if
A= (AO” AI‘2> , (1.135)
where Ay is a square matrix, then
Al = A1 ]. (1.136)
Theorem 1.13. Suppose that
A= <A61 2‘2) , (1.137)

where A11, Ay are square matrices. Then
Al = |A11]|Az]. (1.138)

Proof. First we prove that if the matrix A;; is singular, then |A| = 0. By n; denote
the order of the matrix A, by ny denote the order of Ay. If [A1;| = 0, then there
exists a vector x; # 0 of length n; such that Ajjx; = 0. Then for the nonzero vector
x = (x1,0,...,0) of length n; + ny we obviously have Ax = 0, therefore, |A| = 0.
Thus we have proved that if |[A;| = 0, then equality (1.138) trivially holds. Let
now |Aq;| # 0. It is easy to see that

A11 A A1 0\ (T A}'An
= 1.1
<0A22) <01>(0 An)’ (139
hence,
4| = A O [A1_11A12
0 I1j0  Axp|

Combining the last equality, (1.134), and (1.136), finally, we obtain (1.138). O
The proof of the following statements is left to the reader.

1. Suppose that
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Ay Ap Az .o Ay,
0 Ay Ay ... Ay

A= 0 0 Az ... Az, (1.140)
0 0 0 .. A,

is a block triangular matrix, where A;;, i = 1,2, ...,n, are arbitrary square matri-
ces. Then |A| = |A11]|A22]| - |Annl.

2. Suppose that
An A
A =
(AZI Azz)

is a block matrix, A1, Ay are square matrices, and |A1;| # 0. Then
A = |A11]|A2 — AniAT Al (1.141)

Hint: calculate the product

A AR (1 -Ay A
Az An ) \O I '
Relationship (1.141) can be considered as a generalization of formula (1.48) for
calculation of a second-order determinant.

A matrix A of form (1.140) is called block upper triangular, a block lower trian-
gular matrix can be defined similarly. A matrix A of the form

Air O o ... 0
0 Ap O ... O
A= 0 0 Aszz ... O ,
0 0 0 ... A,
where Aj;, i = 1,2,...,n, are arbitrary square matrices, is called block diagonal. In

this case we use also the following notation: A = diag(A;1,422,...,Am).



Chapter 2
Vector Spaces

In courses of analytical geometry basic operations with vectors in three-dimensional
Euclidean space are studied. If some basis in the space is fixed, then the one-to-one
correspondence between the geometrical vectors and the ordered triples of real num-
bers (the coordinates of vectors in the basis) is determined, and algebraic operations
with the coordinates can be substituted for geometrical operations with vectors .

Similar situations arise in many other areas of mathematics and its applications,
when investigated objects are described by tfuples (finite ordered lists) of real (or
complex) numbers. Then the concept of a multi-dimensional coordinate space as a
set of all tuples with algebraic operations on tuples naturally arises.

In this chapter we will systematically construct and investigate spaces of such
kind. First of all we will introduce the space R” of all n-tuples of real numbers
and the space C" of all n-tuples of complex numbers. We will start with definitions
and basic properties of these spaces, since later we will introduce and study more
general vector spaces. All results, which we will obtain for general spaces, hold for
the vector spaces R” and C". We will provide also a variety of useful examples of
specific bases in finite-dimensional spaces.

2.1 The Vector Spaces R" and C"

2.1.1 The Vector Space R"

The vector space R" is the set of all n-tuples x = (x1,x2,...,x,) of real numbers,
where n > 1 is a given integer. Elements of the space R" are called vectors or points;
the numbers x;, k = 1,2, ..., n, are called the components of the vector x.

Two vectors x,y € R" are equal if and only if x; = y; for all k = 1,2,...,n. The
vector all of whose components are zero is called the zero vector and is denoted
by 0. The vector of the form

51
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where the k-th component is equal to one and all other components are zero, is
called the standard unit vector. In the space R" there are exactly n standard unit
vectors: iy, i2, ..., iy.

The following linear operations are introduced on the space R”": scalar multipli-
cation (the multiplication of a vector by a scalar) and vector addition. Namely, for
any real number ¢ and any x, y € R", by definition, put

ox = (0xy, 00, . .., 00Xy ),

X+y=(X1+y1,X2+Y2, - X0+ Yn)-

The following properties of the introduced linear operations hold. In the list be-
low, x, v, z are arbitrary vectors in R”, and ¢, 3 are arbitrary real numbers.

. Commutativity of vector addition: x+y =y +x.

. Associativity of vector addition: (x+y)+z=x+ (y+z).

. The zero vector is the identity element of vector addition: x +0 = x.

. For every vector x there exists the unique inverse element such that x4 (—x) = 0,
where, by definition, —x = (—1)x.

5. Distributivity of scalar multiplication with respect to vector addition:

AW N~

o(x+y) = ax+ ay.
6. Distributivity of scalar multiplication with respect to scalar addition:
(o +B)x=ax+ Px.

7. Associativity of scalar multiplication: (o3 )x = ot(Bx).
8. The number 1 is the identity element of scalar multiplication: 1x = x.

Properties 1-8 are called the vector space axioms. They follow immediately from
the definition of linear operations with elements of the space R”. It is easy to see that
Axioms 1-8 correspond exactly to the properties of linear operations with vectors
in three-dimensional Euclidean space.

It is important to note that R! is a vector space, but at the same time it is the set
of all real numbers. As usual we denote R! by R.

2.1.2 The Vector Space C"

The vector space C" is the set of all n-tuples x = (x,x2, . ..,X,) of complex numbers,
where n > 1 is a given integer. Elements of the space C" are called vectors or points;
the numbers x;, k = 1, 2, ..., n, are called the components of the vector x.
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Two vectors x,y € C" are equal if and only if x; =y, for all k =1,2,...,n. The
vector all of whose components are zero is called the zero vector and is denoted by 0.
The vector iy whose k-th component is equal to one and all other components are
equal to zero is called the standard unit vector. In the space C" there are exactly n
standard unit vectors: iy, i, ..., i,.

The linear operations of scalar multiplication and vector addition are introduced
on the space C" in the usual way: for any complex number ¢ and any x,y € C", by
definition, put

ox = (0xy, 00, ..., 00Xy,

x+y=(x14+y1,02+y2,..., X0+ V).

Note that, actually, we have already met with this linear space. We can interpret
the set of all m-by-n matrices with operations of matrix addition and multiplication
of matrices by scalars (see p. 31) as the space C™ of all vectors of length mn. The
vectors were written in the form of rectangular arrays, but from the point of view of
linear operations with vectors this fact does not matter.

Properties 1-8, p. 52, hold also for the linear operations on the space C".

Note that C! is the vector space, but at the same time it is the set of all complex
numbers. As usual we denote C! by C.

2.2 Abstract Vector Spaces

2.2.1 Definitions and Examples

Two more general concepts than the spaces R” and C" are widely used in many areas
of mathematics. These generalizations are abstract vector spaces: real and complex.
A real vector space X is a set that is closed under the operations of vector addition
and scalar multiplication that satisfy the axioms listed below. Elements of X are
called vectors. The operation of vector addition takes any two elements x,y € X
and assigns to them a third element z = x+y € X, which is called the sum of the
vectors x and y. The operation of scalar multiplication takes any real number ¢ and
any element x € X and gives another element ax € X, which is called the product
of o and x.

In order for X to be a real vector space, the following vector space axioms, which
are analogous to Properties 1-8 of the space R" (see p. 52), must hold for any
elements x,y,z € X and any real numbers ¢, f3.

1. Commutativity of vector addition: x +y =y +x.

2. Associativity of vector addition: (x+y)+z=x+ (y+2).

3. There exists a unique element 0 € X, called the zero element of the space X, such
that x+0 = x for all x € X.
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. For every element x € X there exists a unique element x’ € X, called the additive

inverse of x, such that x +x' = 0.!

. Distributivity of scalar multiplication with respect to vector addition:

o(x+y) = ax+ ay.

. Distributivity of scalar multiplication with respect to scalar addition:

(a+B)x= ax+Px.

. Associativity of scalar multiplication: (otf8)x = ot(Bx).
. The number 1 is the identity element of scalar multiplication: 1x = x.

If in the definition of the space X multiplication by complex numbers is allowed,

then X is called a complex vector space. It is assumed that Axioms 1-8, where
o, B € C, hold.

The proof of the following statements is left to the reader (here X is an arbitrary

vector space):

R

—0 = 0 (here 0 is the zero element of X);
a0 = 0 for any number o;
Ox = O for any vector x € X

. if ax =0, x € X, then at least one of the factors is zero;

—x = (—1)x for any x € X;

. y+ (x—y) =xfor any x,y € X, where, by definition, x —y = x+ (—y).

In the remaining part of the book we denote vector spaces by the capital letters X,

Y, Z. Unless otherwise stated, the vector spaces are complex. Mostly, the definitions
and the results are true for real spaces too. The cases when some distinctions arise
during the interpretations of results for real spaces are specially considered.

The proof that the following sets are vector spaces is left to the reader.

. The set V3 of all geometrical vectors of three-dimensional Euclidean space with

the usual definitions of operations of multiplication of a vector by a real scalar
and vector addition is a real vector space.

. The set of all real-valued functions of a real variable is a real vector space if the

sum of two functions and the product of a function and a real number are defined
as usual.

. The set of all real-valued functions that are defined and continuous on the closed

segment [a,b] of the real axis is a real vector space. This space is denoted by
Cla,b]. Hint: recall that the sum of two continuous functions is a continuous
function, the product of a continuous function and a real number is a continuous
function.

. The set of all functions in the space Cla, ] that are equal to zero at a fixed point

¢ € la,b] is a real vector space.

! Usually the vector x’ is denoted by —x.
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5.

The set of all polynomials with complex coefficients with the usual definitions
of the sum of two polynomials and the product of a polynomial and a complex
number is a complex vector space.

The set Q, of all polynomials of order no more than n, where n > 0 is a given
integer, joined with the zero polynomial, is a complex vector space. Hint: as
we have seen in Subsect. 1.1.2, p. 7, the sum of two polynomials is either a
polynomial of degree no more than the maximum degree of the summands, or
the zero polynomial.

The reader can answer by himself the next two questions.

. Consider the set of all positive functions defined on the real axis and introduce on

this set the operation of vector addition as the multiplication of two functions f- g
and the operation of scalar multiplication as the calculation of the power func-
tion f*. Is this set a vector space?

Consider the set of all even functions defined on the segment [—1,1] and in-
troduce on this set the operation of vector addition as the multiplication of two
functions and the operation of scalar multiplication as usual multiplication of a
function by a scalar. Is this set a vector space?

2.2.2 Linearly Dependent Vectors

Two vectors a and b in a vector space X are said to be linearly dependent (propor-
tional) if there exist numbers & and 3, not both zero, such that

oa+Bb=0.

Clearly, in this case we have either a = yb or b = §a, where 7, 0 are some numbers.

For example, if k # [, then the standard unit vectors iy, i; € C" are non-proportional

(prove it!).

Vectors x; = (1+1,3,2—1,5), x2 = (2,3 —3i, 1 —3i,5—5i) € C* are proportional,

since 2/(1+1) = (3—3i)/3 = (1-3i)/(2—i) = (5—5i)/5 = 1 —i.

Let us generalize the concept of linear dependence of two vectors. A set of vec-

tors {a;}", = {ai, a2, ....am}, m > 1, in a vector space X is said to be linearly
dependent if there exist numbers x1, x2,. . ., X, not all zero, such that
xiaj +xxap + - -+ xpa, = 0. 2.1)

For instance, the set of vectors

5 —1 9 3
a) = 2 , dady = 3 , adz = 7 , a4 = 8
1 3 5 7
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in the space R3 is linearly dependent, since for x| =4,x; = —1,x3 = =3, x4 =2 we
have
5 —1 9 3 0
xjai +xxap +x3a3 +xga4 =4 2 | — 31-3171+2(8)]=10]=0.
1 3 5 7 0

It is useful to note that there are many other sets of coefficients x1, xp, x3, x4 such
that the linear combination xja; + x2as + x3a3 + x4a4 is equal to zero. For example,

5 —1 9
a1 +ary—a3=2| 2 | + 31—-171]=0,
1 3 5
—1 9 3
3ar + a3 —2a4 =3 314+17]1—-2(8]|=0.
3 5 7

It is useful to write the definition of linear dependence of vectors in a matrix
form. We use the following notation. Let A,, = {a1,a2,...,an} be a finite ordered
list of vectors in the space X. For x € C™, by definition, we put

Apx = x1a1 +x0a2 + - + Xy

Then we can say that the vectors ay, as.. .., a,, are linearly dependent if there exists
a nonzero vector x € C™ such that

Ax=0.
A vector a € X is a linear combination of vectors by, by, ..., by, p > 1, if there
exists a vector x € CP such that
a=x1by +x2b2+ - +xpbp. 2.2)

The same we can write in matrix form:
a=B,x.

A linear combination of vectors is called nontrivial if at least one of the numbers xj,
X2, ...Xp in (2.2) is not equal to zero.

The proof of the two following theorems is left to the reader.

Theorem 2.1. A set of vectors is linearly dependent if it contains a linear dependent
subset, particularly, if it contains the zero vector.

Theorem 2.2. A set of vectors {a;}" | is linearly dependent if and only if it con-
tains a vector ay that can be represented as a linear combination of other vectors of
the set {a;}"" ;.
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Suppose that each vector of the set {a;}?" | is a linear combination of the vec-
tors {b;}7_, i.e.,
P
ap =Y xpbj, k=12, m (2.3)
j=1

We can write (2.3) in matrix form:
Am = BPX(pa m)a (2.4)

where the k-th column of the matrix X consists of the coefficients x . of the k-th
linear combination in (2.3).

The following property of transitivity holds. If each vector of the set {a;}" , is a
linear combination of the vectors {b; }7_,, and each vector of {b;}/_, is a linear com-
bination of the vectors {¢;}7_,, then each vector of {a;} is a linear combination
of {ci}?: |- Indeed, using the matrix notation, we can write

A =B,X(p,m), B,=CgY(q,p).
Substituting C,Y (¢, p) for B), in the first equality, we get
A = qu(%m)a

where
Z(q,m) =Y (q,p)X(p,m).

We say that the two sets of vectors {a;}7, and {b;}_, are equivalent if there
exist matrices X (p,m) and Y (m, p) such that

A :BPX(pvm)7 Bp :-AmY(mvp)7 (2.5)

i.e., each vector of the set A4, is a linear combination of the vectors of the set B,
and conversely.

Using the property of transitivity, the reader can easily prove the next statement.
Suppose that the sets {a;}", and {b;}!" | are equivalent and the vector x € X is
a linear combination of the vectors {a;}!" . Then x can be represented as a linear
combination of the vectors {b;}7_,.

2.2.3 Linearly Independent Sets of Vectors

A set of vectors A,, = {a;}" | in a vector space X is said to be linearly independent

when A4,,x = 0 implies x = 0.

Linearly independent sets exist. Let us give some simple examples.

1. Each vector a # 0 forms a linearly independent set, which consists of one vector.
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2. If m < n, then the standard unit vectors iy, i3, ..., i, € C" are linearly indepen-
dent. Indeed, for any x € C™ the vector

X1i1 +x200 + -+ Xl € C*

has the form (x1,x2,...,%,,0,...,0) and is equal to zero if and only if x = 0.

3. The set of vectors @o(z) = 1, @1(z) =z, ..., @(z) = Z¥, where z is a complex
number, k > 0 is a given integer, is linearly independent in the vector space of
polynomials (see p. 55). This statement immediately follows from the fact that if
a polynomial is equal to zero, then all its coefficients are equal to zero (see p. 29).

The next theorem is an evident consequence of Theorem 2.1.

Theorem 2.3. Any subset of a linearly independent set {a;}}", is linearly indepen-
dent.

Theorem 2.4. Any set of n+ 1 vectors ay, ay, ..., a, b in the space C" is linearly
dependent.

Proof. 1f the set of vectors {a;}"_, is linearly dependent, then the assertion is true.
Suppose that the set of vectors {g;}_, is linearly independent. Denote by A the
matrix whose columns are the vectors a;, i = 1,2, ..., n. Clearly, detA # 0, and the
system of linear equations Ax = b has a solution x. Therefore,

xiay+ - +xpan = b,
i.e., the set of vectors ay, as, ..., a,, b is linearly dependent. [

It follows immediately from Theorem 2.4 that any set {ai};”: L €C', m>n,is
linearly dependent.

Theorem 2.5. Suppose that the set of vectors A, = {a;}I", in the space X is lin-
early independent and each vector of the set A,, is a linear combination of the
vectors By, = {b;}!"_,. Then m < p.

Proof. Assume the contrary, i.e., let m > p. By definition, there exists a p-by-m
matrix X such that A,, = B,X. Therefore for any y € C" we have A,y = B,Xy.
The columns of the matrix X forms the set of vectors in the space C?. The number
of vectors in this set is m > p, hence it is linearly dependent. Thus there exists
a vector y € C™ that is not equal to zero and Xy = 0, but then A4,,y = 0, which
means contrary to the assumption that the set of vectors ay, as, ..., a,, is linearly
dependent. 0O

Corollary 2.1. Any two linearly independent equivalent sets of vectors have the
same number of vectors.

The next theorem the reader can prove by himself (hint: use the reasoning of the
proof of Theorem 2.5).
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Theorem 2.6. Suppose that the set {ay}}'_, is linearly independent and each vector
of the set {b}}"_, is a linear combination of the vectors {a;}}'_,, i.e., there exists a
square m-order matrix X such that B, = A, X. The set {b;}]_, is linearly indepen-
dent if and only if the matrix X is nonsingular.

It is important to note that in Theorem 2.6 the matrix X is uniquely determined
by the sets A, and~Bm. Indeed,Nif we assume thgt there exists one more matrix X
such that B,, = A, X, then A,,(X —X) =0, and X = X, since the set A, is linearly
independent.

2.2.4 The Rank of a Set of Vectors

Let {a;}!", be a given set of vectors in the space X. Suppose that not all vec-
tors {a;}", are equal to zero. Then this set necessarily contains a linearly indepen-
dent subset of vectors. Particularly, the set {a;}" , itself can be linearly independent.
A linearly independent subset {a;, };_, C {a;}}", is called maximal if including
any other vector of the set {a;} ; would make it linearly dependent.
For example, let us consider the following set of vectors:

2 1 -2 3
ag=\| -2, aa=|(9|, a3=|—-4], aa= 7 (2.6)
—4 3 1 —1

in the space R3. Evidently, the vectors aj, a; are linearly independent and form a
maximal linearly independent subset, since the determinants

2 1-2 2 1 3
—2 94|, [-2 9 7|,
—4 3 1] |-4 3-1

which consist of the components of the vectors a;,a,a3 and ay,a;,aq, respectively,
are equal to zero. Therefore the sets of vectors aj,a»,as and aj,a», a4 are linearly
dependent.

Generally speaking, the set {a;}”" | can contain several maximal linearly inde-
pendent subsets, but the following result is true.

Theorem 2.7. Any two maximal linearly independent subsets of the set {a;}" | con-
tain the same number of vectors.

Proof. 1t follows from the definition of a maximal linearly independent subset that
each vector of the set {g;}" | is a linear combination of vectors of a maximal linearly
independent subset {a;, };_,. Obviously,

m
ai, =aj,+ Y, Oa;
i=1Lii
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hence the converse is also true. Therefore the set {a;}"" , and any of its maximal
linearly independent subsets are equivalent. Thus, using Corollary 2.1, we claim
that any two maximal linearly independent subsets of the set {g;}!", contain the
same number of vectors. O

The obtained result allows us to introduce the following concept. The rank of a
set of vectors in the space X is the number of vectors in any of its maximal linearly
independent subsets.

For example, the rank of the set of vectors (2.6) is equal to two.

The number of linearly independent vectors in the space C" is no more than n.
Therefore the rank of any set of vectors in C” is less than or equal to n.

Clearly, a set of vectors {;}}", in any vector space X is linearly independent if
and only if its rank is equal to m.

2.3 Finite-Dimensional Vector Spaces. Bases

2.3.1 Bases in the Space C"

Any linearly independent set {e; }}_, (which consists of n vectors) is called a basis
in the space C". The standard unit vectors {i; }}_, form the standard (or the natural)
basis in the space C".

It follows from Property 8, p.22, of determinants that a set {e;}}_, C C" is a
basis if and only if the matrix &,, the columns of which are formed by the vec-
tors ey, €2, ..., e,, is nonsingular.

In the proof of Theorem 2.4, p. 58, we have established that if {e;}}_, is a basis
in the space C”, then each vector x € C" can be represented as the linear combination

x=C&re1 +&er+---+Epen. (2.7

The coefficients in linear combination (2.7) are uniquely determined by the vector x
and satisfy the following system of linear algebraic equations with the nonsingular
matrix &,:

&€ =x. (2.8)

Here & = (§1,&,,...,&,) is the column of coefficients of the expansion of x with
respect to the basis {e; }}_.
2.3.2 Finite-Dimensional Spaces. Examples

A vector space X is called finite-dimensional if there exist vectors

gn:{elve%'“aen}v 2.9
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which form a linearly independent set in the space X and such that each vector x € X
can be represented as a linear combination

X = igkek:gnéa é eC". (2.10)
k=1

The vectors {ex}}_, are called a basis in the space X. The number 7 is called the
dimension of X, and we denote by X, this n-dimensional vector space. The coeffi-
cients &1, &, ..., &, in expansion (2.10) are called the coordinates of x with respect
to the basis {e}}_;.

The coordinates of each vector x € X,, are uniquely determined by the ba-
sis {ex}]_,. Indeed, suppose that in addition to (2.10) there exists an expansion
x=&&, then &,(& — &) = 0. Therefore, & = &, since the set of vectors {ex}i, is
linearly independent.

Theorem 2.8. In an n-dimensional vector space X, each system &, = {&}1_,,
which consists of n linearly independent vectors, is a basis.

Proof. 1t is enough to show that each vector x € X, can be represented as a linear
combination

x=&E. (2.11)
By the definition of an n-dimensional vector space, a basis &, exists in X;,. Therefore
each vector of the set £, can be represented as a linear combination of the vectors of
&,., in other words, there exists a square n-order matrix 7' such that £, = &,T. The
matrix 7" is nonsingular (see p. 59). Since &, is a basis, there exists a vector é eC”
such that x = &,&. Since the matrix 7 is nonsingular, there exists a vector § € C"
such that & = TE. Thus we get the relationship x = &£,T& = &, of form (2.11). O

If a vector space is not finite-dimensional, then this space is called infinite-
dimensional.

Let us give some examples of finite-dimensional and infinite-dimensional vector
spaces.

1. Three arbitrary non-coplanar vectors form a basis in the space V3. The space V3
is three-dimensional.

2. Evidently, the spaces C", R" are n-dimensional.

3. The set Q, of all polynomials of order no more than # is finite-dimensional. Its
dimension is equal to n+ 1. For example, the set of vectors {1,z,...,7"}, where z
is a complex variable, is a basis in Q,,.

4. The vector space of all polynomials is infinite-dimensional. Indeed, for an arbi-
trarily large integer k the set of vectors {1,z,...,7*} is linearly independent in
this space.

5. The space Cla, b] is infinite-dimensional, since it contains polynomials with real
coefficients of arbitrary order.
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2.3.3 Change of Basis

Let & ={ex}1_,, & = {&}_, be bases in a vector space X,,. As we have shown the
sets &, and &, are equivalent, and there exist square n-order matrices 7' and T such
that .

En=6T, & =ET. (2.12)
The matrix T is called the change of basis matrix from &, to 5 The matrices T

and T are mutually inverse. Indeed, substituting &,T for &, in the first equality
in (2.12), we obtain &, = &,TT. Thus we get

TT =1, (2.13)

since the vectors of the basis &, are linearly independent (see the remark after The-
orem 2.6, p. 59).

Suppose that we know the vector & of coordinates of an element x € X, with
respect to the basis &y, and we also know the change of basis matrix 7" from &, to
the basis &,. Let us construct a formula for calculation of the vector & of coordinates
of the same element x with respect to the basis 5 Using (2 10), we see that x = &,&,
but &, = E,T = E,T " (see (2.12), (2.13)), therefore, x = &, T~ &, which means that

E=T"'¢. (2.14)

For example, suppose that vectors ey, e3,e3 form a basis in a three-dimensional
space X3. Let us consider the vectors

e = 581 —62—263,
&)= 2e1+3ey,
e3 = —2e1 +ep+es.

Writing these equalities in matrix form, we get £ = T, where
5 2-2
51{51,52,53}’ 5:{61762763}7 T = —1 3 1
-2 0 1

It is easy to see that det7 = 1, hence the matrix 7 is nonsingular. Therefore the
vectors é1,é,é3 also form a basis in the space X3. Let us consider the vector
a = e +4ey — e3. The coordinates of the vector a with respect to the basis £ are
the numbers & = 1,8 =4,& = —1, i.e., a = EE, where & = (§1,&,&3). Now we
calculate the coordinates of the same vector, but with respect to the basis &. Calcu-
lating the matrix 7!, we get
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and therefore,

~ 3-2 8 1 —13
E=T7'¢=|-1 1-3 4] = 6],
6 —4 17 —1 27
i.e.,a=—13é; +6&, —27¢5. Thus we have calculated the coordinate representation

of the vector a with respect to the basis £.

Note that infinitely many bases exist in the space X,,. Indeed, if &, is a basis, then
the set of vectors &, = &,T, where T is an arbitrary nonsingular matrix, also is a
basis (see Theorem 2.6, p. 59).

Below are some examples of bases in the space of polynomials of order no more
than n with complex coefficients, which are often used in applications.

1. The natural basis for this space is the set of vectors {1,z,...,7"}, where z is a
complex variable.
2. The polynomials

(z—z20)(z—z1) - (z—zj—1)(2—2j1) - (2— zn)
(zj—20)(zj—a1) -+ (zj=2j-1)(zj = zjs1) -+ (gj =)

D)(z) =

j=0,1,2,...,n, where z9, z1, ..., 2, are arbitrary distinct complex numbers,
also form a basis in the space of polynomials (see p. 28). This basis is called the
Lagrange basis.

3. Let us prove that the polynomials

P(2) =1, 91(2) = (z—20), P2(2) = (2= 20)(z—21)s---,
on(z) = (z—20)(z—21) - (2= 2p—1), (2.15)
where zo, z1, . . ., Zo—1 are arbitrary distinct complex numbers, form a basis. As in
the case of Lagrange basis it is enough to check that for the numbers zo, zy, ...,

Zn—1, and a number z,, that does not coincide with any of the numbers zg, z1, ...,
Zn—1 the system of equations

co@o(zj) +c19i(zj) + - +caPulzj) =hj, j=0,1,2,...,n, (2.16)

has a unique solution for any hg, hy, ...h,. This fact is evident, since sys-
tem (2.16) is triangular:

co = ho,
co+ci(zi —z0) =hy,
co+ci(z2—z0) +c2(z20 —20)(z2 —21) = ho, (2.17)
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and all diagonal coefficients are different from zero. The basis defined in (2.15)
is called the Newton basis.!

! Sir Isaac Newton (1642-1727) was an English physicist and mathematician.



Chapter 3
Inner Product Spaces

As we told in the previous chapter, vector spaces are analogous to three-dimensional
Euclidean space V3 of geometrical vectors (directed line segments). However, such
important concepts as the length of a vector and the angle between two vectors were
not introduced for abstract spaces. In three-dimensional Euclidean space, using the
lengths of two vectors and the angle between them, we can calculate the inner prod-
uct (the dot product) of these vectors. Many geometrical problems in the space V3
are solved with help of the dot product.

The concept of an inner product on an abstract space will be introduced axiomat-
ically in this chapter. After that the concepts of the length of a vector and the angle
between two vectors will be introduced based on the concept of the inner product.
Then we will investigate the concept of orthogonal bases. Some important examples
of orthogonal bases in finite-dimensional spaces, particularly, in polynomial spaces
will be constructed. The basic properties of subspaces of unitary spaces will be de-
scribed. We start our considerations with inner products on the spaces R” and C".

3.1 Inner products on R" and C"

An inner product on the space R” is a function that assigns to each pair of vec-
tors x,y € R" a real number (x,y) and satisfies the following axioms (which cor-
respond to the properties of the inner product of vectors in three-dimensional Eu-
clidean space):
1. (x,x) >0 for all x € R"; (x,x) = 0 if and only if x = 0;
2. (x,y) = (y,x) for all x,y € R";
3. (ax+By,z) = ot(x,z) + B(y,2) forall x,y,z € R" and for all o, € R.

Clearly, the next property follows from Axioms 2 and 3:
4. (x,oy+ Bz) = o(x,y) + B(x,z) forall x,y,z € R" and for all o, € R.

The inner product on the space R" can be specified in infinitely many ways. For
example, we can put

65
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n
(x,y) = Zxkyk-
k=1

This inner product on the space R" is called standard. We can construct a variety of
inner products if we put

n
(%) =Y Py, 3.1)
k=1
where p1,p2,..., P, are positive numbers. Varying these numbers, we get different

inner products. The verification of Axioms 1-3 is trivial for both examples.

By the length of a vector x € R"” we mean the nonnegative number |x| = +/(x,x).
It can be shown that the length of vectors in R” satisfies the following properties
(which correspond to the properties of the length of vectors in three-dimensional
Euclidean space):

1. |x| > 0forall x € R"; |x| = 0 if and only if x = 0;
2. |ax| = |o|x| for all x € R" and for all @ € R;
3. |x+y| < |x|+|y| for all x,y € R™.

Inequality 3 is called the triangle inequality (or Minkowski? inequality).

The vector space R", together with a specified inner product on it, is often called
the Euclidean space R". It is important to note that, specifying the inner product
on the space R" by different ways, we get different Euclidean spaces. The space
R" together with the standard inner product is called the real coordinate space. This
space plays an important role in many areas of mathematics and its applications. For
instance, it is systematically used in calculus for the study of functions of several
real variables.

An inner product on the space C" is a function that assigns to each pair of vec-
tors x,y € C" a (generally speaking) complex number (x,y) and satisfies the follow-
ing axioms:

1. (x,x) >0 forall x € C"; (x,x) = 0 if and only if x = 0;

2. (x,y) = (,x) for all x,y € C", recall that the over-line means the complex con-
jugate, and the inner product on the complex vector space is not commutative,
unlike the inner product on the real space;

3. (ax+By,z) = ot(x,z) + B(y,2) forall x,y,z € C" and for all o, € C.

Clearly, the next property follows from Axioms 2 and 3:
4. (x,ay+ Bz) =a(x,y) + B(x,z) for all x,y,z € C" and for all o, B € C.

The vector space C", together with a specified inner product on it, is often called
the unitary space C".

The inner product on the space C” can be specified in infinitely many ways. For
example, we can put

! The verification of inequality 3 will be done in Subsect. 3.2.2, p. 69.
2 Hermann Minkowski (1864—1909) was a German mathematician.
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n
(x,y) = Z xkyk-
k=1

This inner product on the space C" is called standard. The verification of Axioms
1-3 is trivial. Inner products on C” can also be specified similarly to (3.1).

The length of a vector x € C" is defined by the relationship |x| = 1/ (x,x). The
properties of form 1-3, p. 66, hold.

3.2 Abstract Inner Product Spaces

3.2.1 Definitions and Examples

An inner product on the abstract real vector space X is a function that assigns to
each pair of vectors x,y € X a real number (x,y) and satisfies the axioms of form
1-3, p. 65 (which are called the inner product axioms for a real vector space). An
inner product space is a vector space, together with a specified inner product on that
space. A real inner product space is often called a Euclidean space.

An inner product on the complex vector space X is a function that assigns to each
pair of vectors x,y € X a (generally speaking) complex number (x,y) and satisfies
the axioms of form 1-3, p. 66 (which are called the inner product axioms for a
complex vector space). A complex inner product space is often referred to as a
unitary space.

The reader can verify the inner product axioms for the following examples.

1. The space V3 together with the usual inner product (the dot product) is a real
inner product space.

2. Let p be an integrable and positive function on an interval (a, b) of the real axis.
Let us specify an inner product on the space Cla, b] by the formula

b
(1.9)= [ p)f0ex)dx, £ € Clab (32

The space Cla, b] together with inner product (3.2) is a Euclidean space.
3. Let us specify an inner product on the space Q,,. We assign to each pair of ele-
ments

Pi(z) =ao+aiz+---+a,?", On(z) =bo+biz+--+b,7"

of the space Q,, the complex number

(P, On) = Z PjajB/"
Jj=0
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where po, 1, . .., Pn are given positive numbers. Together with this inner product
the space Q, is a unitary space.

An inner product can be specified on each ﬁnite dimensional vector space X,.

Indeed, let {ex}]_, be a basis in X, and x = Z Erew, y = Z Nrex be elements of

the space X,,. We can take as an inner product on X, the functlon
y)=Y &, xyeX,. (3.3)
k=1

It is easy to see that function (3.3) satisfies the inner product axioms.

3.2.2 The Cauchy-Schwarz Inequality

Suppose that a and b are vectors in three-dimensional Euclidean space V3, and the
vectors a — b and b are orthogonal, i.e., (a — b,b) = 0.' Then, by the Pythagorean’
theorem,

jaf* = la—bJ* +[b]. (3:4)

Now suppose that @ and b are vectors in an abstract inner product space X such
that (a —b,b) = 0. If we put |v| = /(v,v) for all vectors v € X, then the Pythagorean
identity of form (3.4) holds for vectors in X. Indeed, using elementary calculations,
we get

la)* = (a,a) = (a—b+b,a—b+Db)
:(a*baafb) ( ) )+(afb’b)+(baa b)
:(a—b,a—b)+(b,b)+(a—b,b)+(a b,b)
= (a—b,a—b)+ (b,b) = |a—b|* +|b*.

Theorem 3.1 (Cauchy-Schwarz’ inequality). Let X be an inner product space.
For all vectors x,y € X the next inequality holds:

|9 < () (0,9)- (3.5)
The two sides in (3.5) are equal if and only if x and y are proportional.

Proof. If y = 0, then inequality (3.5) transforms to a trivial equality, and for each
vector x € X the vectors x and y are proportional, since Ox +y = 0. For this reason,

' We can say, that the vector b is the projection of the vector a on the line that is parallel to the
vector b.

2 Pythagoras of Samos (570-495 BC) was an Ionian Greek philosopher and mathematician.

3 Augustin-Louis Cauchy (1789-1857) was a French mathematician, Karl Hermann Amandus
Schwarz (1843-1921) was a German mathematician.
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we suppose that y # 0, and put e = [y|~'y. Clearly, (e,e) = 1 and

(xf (xve)ev (xae)e) =0,
hence in identity (3.4) we can take a = x, b = (x,e)e and get
1 = lx = (x,e)ef” + | (x,e) .

Therefore, |x|?> > |(x,e)|?. The last inequality is equivalent to (3.5). Now, we suppose
that |x|*> = |(x,e)|?, i.e., the two sides in (3.5) are equal. Then |x — (x,e)e|> = 0,
therefore, x = (x,e)e, i.e., x= ((x,y)/|y|*)y. thus the vectors x and y are proportional.
Conversely, if the vectors x and y are proportional, then it is easy to see that the two
sides in (3.5) are equal. O

The number |x| = 4/ (x,x) is called the length of a vector x € X. Inequality (3.5)
often is written in the form

|, 9)| < [x|ly| forall x,yeX. (3.6)

The length of vectors in an abstract inner space satisfies properties, which are
analogous to the properties of the length of vectors in three-dimensional Euclidean
space, namely:

1. |x| >0 forall x € X; |x| = 0 if and only if x = 0;
2. |ox| = |o|x| for all x € X and for all o € C;
3. Jx+y| < |x[+[y| forall x,y € X.

Inequality 3 is called the triangle inequality (or the Minkowski inequality).
It is evident that Properties 1 and 2 hold. Let us prove that the triangle inequality
follows from the Cauchy-Schwarz inequality. Indeed,

x+y* = (x+y,x+y) = [x]* +2Re(x,y) + [y|*.

Using (3.6), we see that [Re(x,y)| < |x||y

, therefore,
2 2 2 2
Pe+ 17 < [xl =+ 2|xly| + [y[= = (Ix[ + [y])"

The last inequality is equivalent to inequality 3.

By analogy with three-dimensional Euclidean space V3, we say that two vec-
tors x, y € X are orthogonal if (x,y) = 0.

For example, if k # [, then the vectors i and i; € C" are orthogonal with respect
to the standard inner product.

It follows from inequality (3.6) that if X is a real inner product space, then

(xe,3)/Ixllyl € [=1,1]

for all nonzero vectors x,y € X. This fact leads us to introduce the concept of angle
between two vectors in X. Namely, we assume that the cosine of the angle between
x,y € Xis equal to (x,y)/|x||y|.
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3.2.3 The Gram Matrix

Let {a;}"" | be a set of vectors in an inner product space X. The Gram" matrix of the
set {a;}!" , is the m-order square matrix of the form

(a1,a1) (az,a1) ... (am,ar)
G (a1,a2) (a2,a2) ... (am,a2) ' 3.7)

Note that since (ay,a;) = (a;,ax), the Gram matrix of any set of vectors is Hermitian
(see p. 46).

Theorem 3.2. A set of vectors {a;}!" | is linearly independent if and only if its Gram
matrix is nonsingular.

Proof. Suppose that the Gram matrix G of a set of vectors {a;}"" | is nonsingular.
Then the set {a;}" | is linearly independent. Indeed, if

xiay +xoar + -+ xpa, =0,

then
(x1a1 +x0a2 + -+ Xmam,a) =0, k=1,2,...,m.

Hence,
xl(alaak)+x2(a2aak)+"'+xm(am7ak):07 k:1727"'7m’ (3.8)

System (3.8) is a homogeneous system of linear algebraic equations for the un-
knowns xp, x2, ..., X, with the matrix G. Since the Gram matrix G is nonsingular,
system (3.8) has the trivial solution only. Thus, x; = --- = x,,, = 0. Conversely, sup-
pose that a set of vectors {a;}”"  is linearly independent. Let us construct a linear
combination of the columns of the matrix G with some coefficients xi, x2, ..., X;.
Equating this linear combination to zero, we get

xi(ay,ar) +x2(az,ar) + -+ + xp(am,ar) =0, k=1,...,m. (3.9)

Multiplying both sides of the k-th equality in (3.9) by X, and after that adding term
by term all obtained equalities, we get

m m
Y xar, ) xar | =0,
k=1 k=1

therefore,
x1ay +x2a3 + -+ Xpay = 0. (3.10)

1 Jgrgen Pedersen Gram (1850-1916) was a Danish mathematician.
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Since the set of vectors {a;}"" , is linearly independent, it follows from (3.10)
that x; = --- = x,, = 0. Thus we see that if a linear combination of the columns
of the matrix G is equal to zero, then all the coefficients in this linear combination
are equal to zero. This means that the columns of the matrix G are linearly indepen-
dent, i.e., the matrix G is nonsingular. 0O

Let us examine for linear dependence the vectors
x;=(1,3,3,1,-2), x=(3,3,1,-3,2), x3=(1,3,—-1,1,3)

in the space R>. For this purpose we introduce the standard inner product on R> and

calculate the third-order Gram matrix G = {(x;,x;)}; j—1- By elementary calcula-
tions we get

24 8 2

G=| 83214

21421

. det(G) =2%650,

i.e., the vectors x1,x;,x3 are linearly independent.

3.2.4 Orthogonal Sets of Vectors. Gram-Schmidt
Orthogonalization Process

A set of vectors {a;}7" is called orthogonal if all the vectors a;, i = 1,2,...,m,
are nonzero and (a;,a;) = 0 for i # k. The Gram matrix of every orthogonal set is
diagonal and nonsingular. Evidently, each orthogonal set is linearly independent. A
set of vectors {a;}"" | is called orthonormal if (a;,a;) = & for i,k =1,2,... m.
The Gram matrix of every orthonormal set is the identity matrix. The length of each
vector in any orthonormal set is equal to one.

The change of basis matrix from one orthonormal basis {e}]_, to another or-
thonormal basis {é;}7_, in an inner product space is unitary. Indeed, writing the
equality

En=E,T @3.11)

n
in detail, we get &, = Y. tjre;j, k= 1,2,...,n. Therefore,
j=1

n n
<thk€jvztjlej> Z(ék,é[):5k[, k,1=1,2,...,n,
= A

since the basis &, is orthonormal. Now we transform the left hand side of the last
equality using the orthonormality of the set &£, and obtain

n
tjkfﬂ:é'kl, k,l=1,2,...,n.
=1

J



72 3 Inner Product Spaces

This means that the matrix 7 is unitary (see p. 47).

It is important to note that, arguing as above, we see that the inverse statement
is also true. Namely, if the basis &, is orthonormal and the matrix 7 is unitary, then
the basis &, = &, T is also orthonormal.

Theorem 3.3 (Gram-Schmidt' orthogonalization). Each linearly independent
set {a;}I", is equivalent to an orthonormal set {b;}"" |, and the vector by may be
chosen proportional to the vector a;.

Proof. Put hy = aj and hy = x 1h1 +a>. The vector hy is not equal to zero, since the
vector ap is not equal to zero, as an element of a linearly independent set. For any
coefficient x; | the vector A is not equal to zero, since h; is a linear combination of
linearly independent vectors, and one of the coefficients in this linear combination
is not equal to zero (it is equal to one). Now we define the number x; ; such that
the vector &y is orthogonal to the vector &;. Writing this condition, we get 0 =
x2.1(h1,h1) + (az,hy), hence, x21 = —(az,h1)/(hi,hy). Thus we have constructed
the vectors iy and hy such that (hy,hy) =0 and hy, hy # 0. Suppose that we have
constructed the vectors Ay, ho, ..., hy such that iy, hy, ..., b # 0 and (h;,hj) =0
fori## j,i,j=1,...,k. We are looking for a vector A in the form

Rip1 = X1, 1M + X120 + -+ X1 ki + argr - (3.12)

For any coefficients xgy1,1, ..., Xx4+1, the vector i1 is not equal to zero. Indeed,
by construction, each vector hy, hy, ..., hy is the linear combination of the vec-
tors {a;}7 |, and the linear combination /; consists of the vectors of the set {a;}}"
whose indices i are less than or equal to j. Therefore the vector 4 is the linear
combination of the linearly independent vectors ay, a, ..., aiy1, and the vector
ay+1 is included in this linear combination with the coefficient that is equal to one.

We define the numbers Xii1 1, X412, ..., X416 such that the vector iy is
orthogonal to the vectors Ay, ho, ..., h;. Consistently fulfilling these conditions, we
get

X110 = — (@1, h) /(b hy),

xk+l,2 = _(ak+l 7h2)/(h27h2)5 ceey
Xy 1k = —(ars1, ) / (b, ).

Continuing this process, we construct the orthogonal set of nonzero vectors {/;}/" ;.
If we take
bi=(h)) " hi, i=1,....m, (3.13)

then we get the orthonormal set of vectors {b;}" ;.

As we have established, each vector of the set {/;}}” | is the linear combination
of the vectors {¢;} . Formula (3.12) shows that each vector of the set {a;}" | is the
linear combination of the vectors {;}" ;. Formula (3.13) shows that the sets {b; }"
and {h;}"" | are equivalent. Thus all three considered sets are pairwise equivalent.

! Erhard Schmidt (1876-1959) was a German mathematician.
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Finally, we note that the vectors a; and b; are proportional, since, by construc-
tion, b = (|a1|)*la1. O

Remark 3.1. The proof of Theorem 3.3 is constructive. It includes the description
of the algorithm for construction of the orthonormal set of vectors that is equivalent
to a given linearly independent set of vectors. This algorithm is called the Gram-
Schmidt orthogonalization process. Note that for numerical realizations the Gram-
Schmidt orthogonalization process is used very rarely, since it is strongly influenced
by roundoff errors.

We assume, for example, that the polynomials Qo (x) = 1, Q1 (x) = x, Q2 (x) = x*
of a real variable x are given. Using the Gram-Schmidt orthogonalization process,
we construct polynomials Fy, P, P» of zero order, first order, and second order,
respectively, that is orthonormal with respect to the inner product that is defined by

the formula
1

(1.9)= [ F@eto)dr
-1

Calculating according to the Gram-Schmidt orthogonalization process, we get
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In the same way, we can construct the polynomials P3(x), ..., P,(x) of order
greater than two, applying the Gram-Schmidt orthogonalization process to the poly-
nomials 1,x,x%,...,x" for a given positive integer n. The polynomials

Po(x), Pi(x),...,Py(x),...

are called the Legendre' polynomials. The following so-called Rodrigues’s formula®

is true:
kvl 1 d°, ,

Using Rodrigues’ formula and the formula of integration by parts, the reader can

prove that
1

/Pk(x)Pl(x)dxzo KA1, k1=0,1,2,... (3.15)
—1
Remark 3.2. Let f| be a given nonzero vector in an inner product space X, n > 1.
Clearly, there exists a vector f> that is not proportional to fi, then we can take a
vector f3 such that the vectors fi, f>, f3 are linearly independent. Continuing this
process, we get a basis in the space X, that includes the vector f;. Applying after

that the Gram-Schmidt orthogonalization process, we can construct an orthonormal
basis that includes a vector that is proportional to the vector fj.

3.2.5 The Expansion of a Vector with Respect to the Basis in an
Inner Product Space

Let X,, be an inner product space and {e;}}_, be a basis in X,,. The coefficients of
the expansion of a vector x € X,, with respect to the basis {e;}}_, can be computed
as the solution of a system of linear equations with a Hermitian nonsingular matrix.
Indeed, successively calculating the inner product of both sides of the equality

Clei1+&er+- -+ Epen =x
with the vectors ey, e, ..., e,, we get the system of linear equations:
(e1,e1)E1+ (e2,e1)&0+ -+ (en e1)6n = (x,e1),

(e1,€2)81 + (e2,€2) 80+ + (en, €2) 8 = (x,€2),

(el7en)§l + (62,€n)§2+ R (emen)én = (x7en)-

! Adrien-Marie Legendre (1752-1833) was a French mathematician.
2 Benjamin Olinde Rodrigues (1794-1851) was a French mathematician.
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The matrix of this system is the Gram matrix of the basis {e;}}_,. If the basis is
orthogonal, then the matrix is diagonal, and the solution of the system can be easily
calculated:
_ (xvek)
- 3
(ex,ex)

k=1.2,...,n. (3.16)

Coefficients (3.16) are called the Fourier ' coefficients of the vector x with respect to
the orthogonal set of vectors {e;}}_,. Note that if the basis {e; }}_, is orthonormal,
then for any vector x € X, we have the following expansion:

X =
k

y (x,ex)ex. 3.17)
=1

3.2.6 The Calculation of an Inner Product

Let x and y be vectors in an inner product space X,,. Suppose that we know the
vectors £,1m € C" of the coefficients of the expansions of x and y with respect to a
basis &,,1.e., x = £,€ and y = &,1. Then

(x,y) = (an Erer, Zn: ﬂkek) = Zn: &ny(ex,er) = (GE,m), (3.18)
k=1 k=1

ki=1

where G is the Gram matrix of the basis &,, and the brackets on the right hand side
of equality (3.18) denote the standard inner product on the space C". Therefore for
the calculation of the inner product (x,y) it is enough to know the coefficients of the
expansions of the vectors x and y with respect to a basis and the Gram matrix of this
basis.

If the basis is orthonormal, then

() =Y, &My (3.19)
k=1

Thus the inner product of vectors can be computed as the standard inner product of
the coefficients of the expansions of these vectors with respect to any orthonormal
basis.

3.2.7 Reciprocal Basis Vectors

Let £,={e;}}_, be a basis in an inner product space X,. It is easy to see that the
equations

! Jean Baptiste Joseph Fourier (1768—1830) was a French mathematician and physicist.
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(¢he)) =8, i,j=1.2,....n, (3.20)

uniquely define the linearly independent vectors e', €%, ..., ¢". The basis £"={e}_,
is reciprocal to the original one. Clearly, the original and the reciprocal bases co-
incide if and only if the basis &, is orthonormal. Let G be the Gram matrix of the
basis &,, and G be the GramNmatrix of therasis &". Using elementary calculations,
we get &, = "G, &" = &,G, therefore, G = G~ !. The coefficients of the expan-
sions x = £,&, y = £'n are the following: £¥ = (x,eX), nx = (v,er), k=1,2,...,n,
and

(x,y) = i ékﬁ/@
k=1

The numbers E1, E2, ..., E" are called the contravariant components of the vector x,
the numbers 1y, 1o, ..., N, are called the covariant components of the vector y.

3.2.8 Examples of Orthogonal Bases

Let us start with examples of orthogonal bases in the space C".

1. The standard basis {i}}_, is orthonormal with respect to the standard inner
product on C" (prove it!).

2. The Fourier basis. It is convenient now to number the basis vectors and their
components from 0 to n — 1. Recall that the complex numbers

2wk 2wk
qr =cos— +isin—, k=0,1,...,n—1,
n n

are the n-th roots of unity (see p. 7). As usual, by i is denoted the imaginary unit.
Let us introduce the set of vectors {(pk}z;o1 whose components are calculated by the
following formula:

(@)j=ql, j=01,....on—1,k=0,1,....n—1. (3.21)

The set of vectors {(pk}z;ol is orthogonal with respect to the standard inner product
on the space C". Indeed, first of all we note that g; = q’f , G = ql_k. Therefore,
calculating the inner product (@, ¢;), we get

n—1 .
(e 0) = Y ¢ =14 (@) + (@) -+ (@), (3.22)
=0

where p =k —1. For k =1, i.e., for p =0, we have (¢, @) = n. If p # 0, then the
sum on the right hand side of (3.22) is the geometric progression with ratio q’f , and
since |p| = |k — | < n, we see that ¢} # 1. Using the formula for the sum of the
first n terms of a geometric progression, we obtain
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n—1 ) P\n __ 1
Y ()= 9L (3.23)
j=0 q; -1

but (¢})? = ¢{" =1, hence, (@x,¢;) = 0 for k # I.
Using (3.16), we see that the Fourier coefficients & of any vector x € C" with
respect to basis (3.21) are calculated by the formulas

.X (Pk 1= 1
=~ = q, 7, =0,1,....n—1. (3.24)
5 (¢k7‘Pk Z’ Ik

The components of the vector x are calculated as follows:
n—1 .
xj=Y &q, j=01,...n—1 (3.25)
k=0

The basis {(pk}z;% is usually called the Fourier basis. It is widely used in digital
(audio and video) signal processing.

In real-life applications the number n (the length of the processed signal) is very
large, therefore special algorithms for calculation of sums of form (3.25) and (3.24)
are used, they are called the fast Fourier transform (FFT).

Below are examples of orthogonal bases in the space P, of polynomials with real
coefficients. Let us consider the set of all polynomials of the form

Pn(x) = anxn‘f'an—lxnil + -+ +ao,

where the coefficients ag, ay, ..., a, are real numbers, x is a real variable, n > 0 is a
given integer. Evidently, this set joined with the zero polynomial is the real vector
space with the usual definitions of the operations of the addition of two polynomials
and the multiplication of a polynomial by a real number.

1. The Legendre polynomials. If we specify the inner product on the space P, by

the formula
1

(f.0)= [ fWglx)ds for all figeP,, (3.26)

1

then the Legendre polynomials Py, Py, ..., P, (see (3.14), (3.15), p.74) form the
orthogonal basis in the space P,,.

2. The Chebyshev' polynomials. Now we specify the inner product on the
space P, using the relationship

1

(f.9)= [ f@s()

1
V1—x2

dx for all f,geP,. (3.27)

! Pafnuty Lvovich Chebyshev (1821-1894) was a Russian mathematician.



78 3 Inner Product Spaces
The Chebyshev polynomials are defined by the recurrence relation
T(x) =1, Ti(x) =x, (3.28)

Tk+1(x) :2ka(x)—Tk,1(x), k= 1,2,... (329)

Here k is the degree of the polynomial Tj(x).

Let us construct an explicit formula for the Chebyshev polynomials. We look for
the value of the polynomial 7j(x) in the form Ty (x) = A*. Substituting A* for T; (x)
in recurrence relation (3.29), we get

)“k-ﬁ-l _ 2)(}1,]( _ }Lk_l
therefore, if A # 0, then A satisfies the quadratic equation
A*—2xA+1=0.

This equation has the following roots: A; » = x=+ v/x2 — 1. Hence the functions
R0 =t V-1 R = - Va1,
and, as a consequence, the functions
Ti(x) =TV (%) + TP (x), k=0,1,...,

satisfy (3.29). Here c; and c; are arbitrary real numbers. The numbers ¢ and ¢; are
defined by conditions (3.28):
ci+c=1,

(ci+e)x+(ci—e)Var—1=x.

Therefore, ¢; = ¢, = 1/2, i.e., the polynomials

1 ko1 k
Ti(x) = 5 (x—l— x2—1) +5 (x— x2—1) . k=0,1,2,...
satisfy (3.29) and (3.28). For |x| < I the Chebyshev polynomials can be written in a
more compact form. In this case we can put x = cos ¢. Then

Ti(x) = = (cos @ +isin )" + % (cos @ —isin @)~

N =

and, using de Moivre’s formula (see (1.23), p. 6), we get T;(x) = cosk@, and hence,
Ty (x) = cos(karccosx). (3.30)

The Chebyshev polynomials are orthogonal with respect to inner product (3.27).
Indeed, using (3.30), we can write
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1
(T T)) = / cos(karccosx) cos(l arccosx) dx

V1—x2
-1

If we put x = cos ¢, then using elementary calculations, we get

T

(Th, Th) :/cosk(pcosl(pd(p:O, k#1
0

Thus the Chebyshev polynomials Ty, 77, ..., T, form the orthogonal basis with
respect to inner product (3.27) on the space P,, of polynomials with real coefficients.

3.3 Subspaces

3.3.1 The Sum and the Intersection of Subspaces

A set L of elements in a vector space X is a subspace of X if ax+ By € L for all
x,y € L and for all complex numbers o, 3. Trivial examples of subspaces are the
following: the space X itself is a subspace, the set consisting only of the zero vector
is a subspace. Each subspace L includes the zero vector, since, by definition, for
any x € L the vector Ox belongs to L.

The proof of the two following theorems is left to the reader.

Theorem 3.4. Let ay, ay, ..., ay,, m > 1, be given vectors in a vector space X. The
set of all linear combinations xi1a; + x2az + - - - + Xpay, is the subspace of X. This
subspace is called the span of ay, ay, ..., ay and is denoted by span{ay,ay,...,ay}.

Theorem 3.5. Let a1, ap be given vectors in a vector space X, and ap # 0. The set L
of all vectors of the form a; + aaa, where a € C, is called the line passing through
the point a; and parallel to the vector ay. The set L is the subspace if and only if the
vectors ay, ay are linearly dependent.

Let Ly, L, be subspaces of a vector space X. The set L of all vectors of the
form a; + ay, where a; € Ly, ay € Ly, is called the sum of the subspaces Ly and Lo,
and is denoted by L = L; 4 L,. The set L is a subspace. Indeed, let x, y € L. This
means that there exist vectors ay, by € Ly,a, by € Lr such thatx =a;+ap and y =
by + by. Let «, B be arbitrary complex numbers. Then

ax+ By = a(a) +ax) + B (b1 +b2) = (aar + Bb1) + (az + Bba).

Since L; is a subspace, the vector oa; + Bb; belongs to Li. Similarly, the vec-
tor acap + B by belongs to L. Therefore the vector ox + By belongs to L.

The intersection of the subspaces Ly and L, i.e., the set L1 N L, of all vectors that
are elements of both L and L, is also a subspace of X. Indeed, let vectors x,y €
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L N Ly. For any complex number o the vector owx belongs to both L and L, i.e.,
ox € Ly N Ly. Similarly, for any f the vector By € L; N L,, hence, evidently, ox +
By € Ly NLy. A set of vectors {ex}}" | C L is a basis of a subspace L, if these
vectors are linearly independent and each vector x € L can be represented as a linear
combination of the vectors {e;}}" ;. The number m is called the dimension of the
subspace L and is denoted by dim L.

The subspace consisting only of the zero vector is called the zero subspace and
is denoted by {0}. As usual, we assume that dim{0} = 0.

Now the reader can describe by himself all possible subspaces of the space V3.

A subspace L of a finite-dimensional space X, coincides with X,, if and only
if dimL = n. This statement immediately follows from the fact that any » linearly
independent vectors in the space X,, form a basis in this space (see Theorem 2.8,
p. 61).

Evidently, any given basis {e;}}" ; of any subspace L C X,, can be joined with
some vectors to complete a basis {e;}}_, of the space X,,. Similarly, if L; and L,
are subspaces, and L; C Ly, then dimL; < dimL,, and any basis of | can be joined
with some elements of L, to complete the basis in the subspace L,.

The sum of the subspaces L; and L, is called direct if the components x| € L;
and x, € L, of each vector x = x| +xy € (L} + Lp) are uniquely determined. The
direct sum of subspaces L and L, is denoted by L & L.

Theorem 3.6. The sum of two subspaces Ly and L, is direct if and only if it follows
from the equality
x1+x =0, x1 €L, x€ly, 3.31)

that x1 =0, x, = 0.

Proof. Suppose that x; = 0, x, = 0 follow from (3.31). Let us prove that the com-
ponents x; € L; and x; € Ly of each vector x = x| +x € (L + L) are uniquely
determined. Suppose that there exists one more expansion of the vector x, i.e.,
we have x = X| + %, X| € L1, X2 € Ly. Then, evidently, (X] —)Zl) + (X2 —)Zz) =0.
Since x; — X| € Ly, xp — X € Ly, we see that x; — X = 0, xop — %, = 0, there-
fore, x; = X1, xp = %,. Conversely, suppose that the components x; € L and xp € L
of each vector x = x; +x3 € (L; + L) are uniquely determined, and let x; +x, =0
for some x| € Ly, xp € L. Since 0+0=0, we have x; =x, =0. O

Theorem 3.7. The sum of two subspaces Ly and L, is direct if and only if
LiNL, ={0}.

Proof. Let Ly NLy = {0}, x; +x2 =0, x; € Ly, x2 € L. Since x; = —x, we have
x1 € Lp. Hence, x1 € L1 N L. Therefore, x; = 0, and, evidently, x, = 0. Conversely,
letx € L;NL,. Thenx € Ly, x € Ly, besides that, obviously, x+ (—x) = 0. Since the
sum of L; and L, is direct, using Theorem 3.6, we get x = 0, thus, L; N L, = {0}.
(]

The reader can prove by himself the next theorem.
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Theorem 3.8. Let L be a subspace of a finite-dimensional vector space X,. Then
there exists a subspace M C X,, such that X,, = L& M.

Let L; and L, be subspaces in an inner product space. If (x,y) = 0 for all
x € Ly and y € L, then we say that the subspaces L and L, are orthogonal and
write L L L,. The sum of the orthogonal subspaces is called orthogonal.

Each orthogonal sum is direct. Indeed, let Ly L Ly, x1 € L, x € Ly, x1 +x = 0.
Since the vectors x| and x, are orthogonal, using the Pythagorean identity, we see
that |x; +x2|> = |x1|? +|x2|%. Hence, |x;|> + |x2|> = 0, and x; = x, = 0.

The concepts of the direct sum and the orthogonal sum are applied in a natu-
ral way to the case of any finite number of subspaces. Namely, the sum of sub-
spaces Ly, L, ..., Ly in an inner product space is called orthogonal if it is the set
of all elements of the form x =x; +xo +---+x3, x; €L, j=1,2,...,k,and L; L L;
fori+# j,i,j=1,2,...,k. Theorem 3.6 is easily generalized to the case of any finite
number of subspaces.

The reader can prove that each orthogonal sum of any finite number of subspaces
is direct, i.e., the components x; € L;, j = 1,2,...,k, are uniquely determined by
each vector x.

The reader can also answer by himself the next question. Is this statement true:
the sum of subspaces L + Ly + - -- + L, k > 2, is direct if their intersection is the
zero subspace?

3.3.2 The Dimension of the Sum of Subspaces

Theorem 3.9. If L=L{ B Ly & - -- & Ly, is the direct sum of finite-dimensional sub-
spaces Ly, Ly,. .., Ly of a vector space X, then

dimL =dimL;+dimL;+---+dim/Ly. (3.32)

Proof. Let us prove the theorem for the case k = 2. For an arbitrary k the proof is
analogous. Let

fl7f2a"'7fp; 81,825---,8¢q (333)

be bases in the subspaces L; and Lo, respectively. Then the union of these two sets
is a basis of the subspace L & L,. Indeed, for any x € L & L, we have x = x| + x»,
where

xp=aifi+ofa+--+o,f €L, x2=Pig1+Pgr+ -+ Bygq € Lo,

and if x = 0, then x; = x, = 0, since the sum L; & L, is direct. Hence all the
numbers 0, 0, ..., &, B, B2, - .., By are equal to zero, since {fi }r_,, {gx}7_, are
bases. Thus the set of vectors (3.33) is linearly independent. It is clear now that
dim(Li®Ly)= p+q. O
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Theorem 3.10. If L and L, are arbitrary finite-dimensional subspaces of a vector
space X, then

dim(L; 4+ Lp) = dimL; +dim L, — dim(L; N L,). (3.34)

Proof. Obviously, the space G = L; N Ly is finite-dimensional. Suppose that a
set G = {gi}'_, is a basis in G, the union of G, and vectors Fy = {f;}¥_, is a basis
in the subspace L;, and the union of G; and vectors H,, = {h;}, is a basis in the
subspace L. Let F be the span of F; and let H be the span of #,,. We shall prove
that

Li+L,=F+G+H. (3.35)

Indeed, if x € L + Ly, then x = x| +x», where x| € Ly, xp € L. Clearly, x; = f+g_,
xp =h+gy, where f € F, h€ H, g,g— € G, therefore, x = f + g + h, where
g=g8++g- €G.Thus,x € F+ G+ H. It is easier to prove that if x € F + G+ H,
then x € L; + L. The sum on the right hand side of (3.35) is direct. In fact, suppose
that f+g+h =0, where f € F, g€ G, h € H. Let us show that f,g,h = 0. We have
f+g= —h.Clearly, —h € L,, and f + g € L, therefore, f +g € G, h € G. If we
put h+g =g, then f+g =0, and g € G. Since the set of vectors F; UG is linearly
independent, we obtain f =0, g = 0. Similarly, 2 =0, g = 0. Using Theorem 3.9, we
getdim(L; +Lp) =dim(F&G®H) =k+[+m,butdimL; =k+1,dimL, = +m,
and dim(L; NLy) = [. Finally, let us note that k+7/+m = (k+1)+({+m)—1. O

Corollary 3.1. Suppose that Ly, Ly are subspaces of an n-dimensional space X,,,
and dimL; +dimLy > n. Then Ly N Ly # {0}.

Proof. Since Lj + L, is a subspace of X,,, we get dim(L; +Ly) < n, and using (3.34),
we see that dim(L; NLp) = dimL; +dimL, —dim(L; + L) > 1. O

3.3.3 The Orthogonal Projection of a Vector onto a Subspace

Let L be a subspace of an inner product space X and let x be a vector in X. A vec-
tor y € L is the best approximation of x if

[x—y| <|x—z| forall ze€lL. (3.36)

Theorem 3.11. Let L be a finite-dimensional subspace of X. Then for every x € X
there exists a unique best approximation of x in L.

Proof. If L = {0}, then the unique best approximation of x is the zero vector. There-
fore we assume that L # {0}. Let y,z € L. If we write z in the form z = y+ h, where
h € L, then

(x—zx—z)=(x—y—hx—y—h)
= (x_y’x_y) - (x_y7h) - (h’x_y)+(hvh)'



3.3 Subspaces 83

Hence if (x—y,h) = 0 for all i € L, then condition (3.36) holds. Conversely, if (3.36)
holds, then

—(x—y,h)— (h,x—y)+ (h,h) >0 forall helL.

Substituting hy = ((x — y,k)/|h|*)h for h, we get —|(x —y,h)|*/|h|*> > 0, there-
fore, (x —y,h) = 0. Thus, y € L is the best approximation of x € X if and only if

(x—y,h)=0 forall heL. (3.37)

In other words, the vector x —y is orthogonal to the subspace L. Geometrically,
this conclusion is quite obvious (make a drawing!). If a vector y satisfying condi-
tion (3.37) exists, then it is uniquely determined by the vector x. Indeed, let there
exist one more vector § € L such that (x—¥,h) =0 forall 4 € L. Then (y—¥,h) =0
for all h € L. If we take h =y — ¥, then we gety = 3.

We shall prove now that a vector y € L satisfying condition (3.37) exists.
Let {ex};", be a basis in the subspace L. Condition (3.37) is equivalent to the fol-
lowing one:

(x=y,er)=0, k=12,....m. (3.38)

m
We seek the vector y in the form y = Y n;e;. It follows from (3.38) that
i=1

m
(Zniehek) = (x,er), k=1,2,....,m.
i=1

The last condition gives the system of linear equations with unknowns 1y, m2, ..., M-
m
Zn,-(ei,ek) =(x,e), k=1,2,....m. (3.39)
i=1

The matrix of this system is the Gram matrix of the basis {e;}{" ;. This matrix is
nonsingular (see Theorem 3.2, p. 70). Therefore system (3.39) has a unique solution
for each x € X, i.e., condition (3.37) uniquely determines the vector y. 0O

Remark 3.3. 1f the basis {e; }] , of the subspace L is orthonormal, then the vector y

m
can be easily calculated, namely, in this case we gety = Y (x,ex)ex.

It is natural that the vector y satisfying condition (3.37) is called the orthogonal
projection of the vector x onto the subspace L and the vector z = x —y is called the
perpendicular dropped from the point x to the subspace L.

Note that (x—y,y) = 0, since y € L, therefore the Pythagorean identity (see Sub-
sect. 3.2.2, p. 68) is true:

x| =[x —y* +[y)> (3.40)
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It follows from (3.40) that |y|> < |x|2. This is the so-called Bessel’s' inequality,
which shows that the length of the projection of a vector is less than or equal to the
length of the vector.

If the set of vectors {e;}}" , is orthonormal, then Bessel’s inequality has the form

m
Y l(xe))* < |x|* forall xeX. (3.41)
k=1

m
The two sides in (3.41) are equal if and only if x € L, i.e., if x = ¥ (x,ex)es.
k=1

Note that Cauchy-Schwarz inequality (3.5), p. 68, can be interpreted as a special
case of Bessel’s inequality (3.41) where the orthonormal set of vectors consists of
only one vector e; = [y| !y, y # 0.

For example, let L be the subspace of the space R* spanned by the vectors
a; = (-3,0,7,6), a, = (1,4,3,2), and a3 = (2,2,—2,—2). Let us calculate the or-
thogonal projection of the vector x = (14, —3,—6,—7) onto the subspace L and the
perpendicular dropped from the point x to the subspace L.

The vectors a; and a; are linearly independent, the vector a3 is the linear com-
bination of a; and a,, namely, a3 = (—1/2)a; + (1/2)a,. Hence the vectors aj, az
form a basis in the subspace L. The components 1y, 1> of the vector y (which is
the projection of x onto L) with respect to the basis a;, a> can be computed as the
solution of the system of equations

ni(ar,ar) +m(az,ar) = (x,a1), (3.42)
Ni(ar,a2) +n2(az,az) = (x,a2). (3.43)

Computing the inner products, we get (a1,a1) = 9+49 436 = 94, (az,a;) = 30,
(az,az) =30, (x,a1) = —126, (x,az) = —30. Solving system (3.42), (3.43), we ob-
tain n; = —3/2, = 1/2,ie,y=(-3/2)a; + (1/2)ar = (5,2,—9,—8) is the or-
thogonal projection of the vector x onto the subspace L and z=x—y = (9,-5,3,1)
is the perpendicular dropped from the point x to the subspace L.

A bad choice of the basis in the subspace L can cause great computational diffi-
culties in the practical calculation of the element of best approximation. Here is an
appropriate example. Let us specify the inner product in the space C[0, 1] of contin-
uous functions, using the formula

1

(1.9 = [ fweax. fgecp.1l (3.44)

0

We shall consider the five-dimensional subspace of C[0, 1] spanned by the basis that
consists of the functions @y(x) = 1, @ (x) = x, ¢2(x) = x%, @3(x) = x>, P4(x) = x*
and calculate the best approximation of the function @(x) = x°.

The Gram matrix in this case is easily calculated:

! Friedrich Wilhelm Bessel (1784—1846) was a German mathematician and astronomer.
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B

Fig. 3.1 For the example of the almost linearly dependent basis. The plot of the function ¢ is indi-
cated by the solid line, the plots of the approximating polynomial are indicated by the symbols “+”
(fore =5-10~%) and “x” (for e =2-10~%)

1

/(pk(x)(pl(x)dx =1/(k+1+1), k1=0,1,....4. (3.45)
0

Evidently, the right-hand side column of system of linear equations (3.39) is equal
to (1/6,1/7,1/8,1/9,1/10)7. We assume that the last element of the right-hand
side column was calculated with a computational error, and substitute the num-
ber (1/10) + & for 1/10.

Fig. 3.1 shows the plot of the function ¢(x) and the plots of the approximating
polynomial Py(x) = o + N1x 4 Mox® + n3x> + nax* for different €. We see that sig-
nificant errors of the approximation of the function ¢ correspond to small errors of
the computation of the right-hand side (which are inevitable in practice). The reason
for this effect is that the selected basis is almost linearly dependent. To verify this,
just look at the plots of the functions x”, p = 1,2,..., on the interval [0, 1]. These
plots are similar even if the numbers p are not very large. Therefore the matrix of
system (3.39) is almost singular (it is also said to be ill-conditioned).

The matrix with the elements (3.45), i.e., the matrix of the form

] n
H, = 3.46
" {H‘j—l}i,jl (340

is called the Hilbert' matrix. It is often applied in various areas of mathematics.
Even for n > 10 this matrix is so ill-conditioned that the corresponding system prac-
tically is not solvable by a computer.

Remark 3.4. Usually, orthogonal bases (for example, the Legendre polynomials or
the Chebyshev polynomials, see pp. 74, 77) are used for approximations of functions
by polynomials. In this case system (3.39) is diagonal.

! David Hilbert (1862—1943) was a German mathematician.
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3.3.4 The Orthogonal Decomposition of an Inner Product Space

Let L be a subspace of an inner product space X. The set of all vectors in X that
are orthogonal to L is called the orthogonal complement of the subspace L and is
denoted by L1 The reader can easily prove that L1 is a subspace of the space X.

Theorem 3.12 (orthogonal decomposition). Let L be a finite-dimensional sub-
space of an inner-product space X and let L+ be the orthogonal complement of the
subspace L. Then the space X is the orthogonal sum of the subspaces L and L, i.e.,

X=L@pL"-. (3.47)

Proof. Using Theorem 3.11, we see that for each x € X there exists y € L such
that (x—y, h) = 0 for all & € L, therefore, z = x —y € L and x = y+ z, which means
(see Subsect. 3.3.1, p. 81) that decomposition (3.47) is true. O

Let e € X, e # 0. Denote by 7, the set of all vectors in the space X that are
orthogonal to e. It is easy to see that 7, is the subspace of X. This subspace is called
the hyperplane orthogonal to the vector e.

Theorem 3.13. Let x be an arbitrary vector and e be a nonzero vector in an inner
product space X,,. Then there exist a vector'y € m, and a number U such that

x=e+y. (3.48)
The number W and the vector y are uniquely determined by the vector x. Moreover,
|x—y| <|x—z| forall ze€m,, (3.49)

i.e., y is the element of best approximation of x in the subspace T,.

The reader can prove Theorem 3.13 by himself (hint: use the idea of the proof of
Theorem 3.12).



Chapter 4
Linear Operators

In this chapter we introduce the concept of a linear operator defined on a linear
space. We study basic properties of linear operators acting in finite-dimensional
linear spaces. We give a detailed investigation of their spectral properties. Special
attention is paid to the study of the structure of the main classes of linear operators
in finite-dimensional Euclidean and unitary spaces.

4.1 Linear Operators and their Basic Properties

4.1.1 Basic Definitions. Operations with Operators

Let X, Y be linear spaces. We say that ¢ is a map from X to Y and write ¢ : X — Y if
for any x € X there exists a unique vector ¢(x) € Y. We also say in this case that the
function @ with values in the space Y is defined on the space X and write x — ¢(x).
We note that at the same time not every vector in Y should be the result of the
mapping ¢ of some vector x € X.

We say that a map @ is linear if for any x, y € X and for any scalars a, 3 we have

o(ax+By) = apx)+Be(y). (4.1)

In linear algebra almost all mappings are linear and they are called linear operators,
or in some contexts operators. Usually operators are denoted by capital letters. For
example, relationship (4.1) for a linear operator A will be written as

A(ox+ By) = o Ax+ B Ay.

Using the definition of a linear mapping, we see that .40 = 0 for any operator .A.
If an operator maps a space X into the same space X, then we say that it acts in
the space X or this operator is a transformation of the space X.

87
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If some basis {e;}"_, is fixed in a finite-dimensional space X, then to define a

linear operator A on X, it is enough to describe the action of this operator on all the
n n
basis vectors, since for any vector x = Y. §je; we have Ax= Y. &;Ae;.
j=1 J=1

Operations with operators.

We define the linear combination of two operators A: X — Yand B: X — Y as
the mapping oA+ BB : X — Y given by

(aA+BB)x=o(Ax)+B(Bx) forall xeX, 4.2)

where o and 3 are scalars. We define the product of two operators A : X — Y
and B : Y — Z as the mapping B.A : X — Z given by

BAx = B(Ax) forall xeX. 4.3)

The reader can easily prove that .4+ B3 and B.A are linear operators.

The product of a finite number of operators is defined in the same way. The reader
will have no difficulty in showing that if the product of operators C, BB, A is defined,
then CBA =C(BA) = (CB)A.

Examples of linear operators.

1. The null operator 0 : X — Y is defined by Ox = O for all x € X. This operator
transforms every vector of the space X into the zero vector of the space Y.

2. The identity operator I : X — X is defined by Ix = x for all x € X. This operator
transforms every vector of the space X into itself.

3. The projection operator. Let the linear space X be a direct sum of subspaces L
and M. Then every vector x € X can be written in the form x = x; 4+x», where x| € L,
X2 € M, and the vectors xj, xp are uniquely defined by the vector x. Let us define
the operator P : X — L such that Px = x;. The operator P is called the projection
operator onto the subspace L (in parallel with the subspace M). If X is an inner
product space and can be represented as an orthogonal sum of subspaces L and M,
then the operator P is called the operator of the orthogonal projection.

Let us prove that the operator P is linear. Suppose x = Px+x; and y = Py +ya,
where x, y € X, x2, yo € M. Then for all scalars a, 8 we have

ox+ By = aPx+ BPy+ ax,+ By.

Since L and M are subspaces, we have aPx+ Py € L, ax, + By, € M, and
thus, P(ox+ By) = aPx+ BPy.

In the same manner we can introduce the linear operator Q that projects the
space X onto the subspace M. We can easily get the following equalities: P+ Q =1,
PQ =0, QP =0, P> =P, Q> = Q. Generally, if the space X is a direct sum of
several subspaces

X=Li®Ld - D,

and P; is the projection operator onto the subspace L;, i =1, 2,. .., k, then
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Pt Pyt Pe=1, P} =Py PP;=0fori], (4.4)

where i, j=1,2,..., k.

4. The matrix—vector multiplication. Let A(m,n) be a rectangular matrix. Define
the map A : C" — C™ by the rule

y=Ax. 4.5)

The matrix—vector multiplication is the linear operation (see Subsect. 1.2.4, p. 32).
Therefore the operator A : C" — C™ defined by (4.5) is linear.

4.1.2 The Inverse Operator

A linear operator A:X —Y is called invertible if there exists a map 5: Y — X such
that
BAx=x forall xeX, (4.6)

ABy=y forall yeY. 4.7)

A map B:Y — X satisfying (4.6) and (4.7) is called an inverse of the map A.

Let us check that if an inverse 53 of the map A exists, then 5 is a linear opera-
tor. Let y;, 2 €Y, @, ﬁ € C. Take x; = Byl, Xy = Byz. Then Ax; = AByl =Yy
and Ax; = ABy; = y;. Therefore,

B(ayi + By2) = B(aAx; + Axz)
= B.A(Otxl —l—ﬁ)@) = ax) + Bx, = aBy; + BBys.

We claim that if a linear operator A : X — Y is invertible, then this operator is
a bijective map acting from the space X to the space Y. In fact, first let x1, x> be
two vectors in X such that x; # x. Then Ax; # Ax;. Indeed, if we assume that
Ax) = Axp, then BAx; = BAx, hence, x; = x;. Second, if y € Y, then for x = By
we have Ax = ABy =y, i.e., any vector y € Y is the result of the mapping A of
some vector x € X.

It is easy to see that if a linear operator A is invertible, then it has a unique
inverse (check it!). The inverse operator to the operator A is denoted by A~!. By
definition, if the operator A~ exists, then (A=)~ = A.

Examples.

. The identity operator is invertible with /="' =1.

. Obviously, the null operator is the noninvertible operator.

. If L # X, then the projection operator P : X — L is the noninvertible operator.

. Any square matrix A of order n defines the linear operator acting in the space C".
If the matrix A is nonsingular, then this operator is invertible. The inverse opera-
tor is defined by the inverse matrix A~! (see p. 38).

AW N~



90 4 Linear Operators

Let A: X — Y, B:Y — Z be invertible operators. The reader can easily show
that the operator BA is invertible and (BA)~! = A~!B~1.

4.1.3 The Coordinate Representation Operator

Let X,, be an n-dimensional linear space, and let £, = {ek}Z:] be a basis for X,,.
Define an operator that maps the space C" onto the space X,, by the rule

x=EE, EecCn (4.8)

Evidently, this operator is linear and we denote it by &.
n
If x € X,, is a given vector, then there exists the unique representationx = Y &rey
k=1
because &, is the basis. The scalars &, k =1, 2, ..., n, are the coordinates of x with
respect to the basis &,, and the vector & € C" is the unique coordinate representation
of x. Given the basis &,, the linear mapping from X,, to C" is well defined:

x— &, where x=E,&.

We call this map the coordinate representation operator and denote it by £~1.
Using the definitions of the operators € and £, we get

ETIEE=E forall EeC", E€ 'x=x forall xeX,,

i.e., the operators £ and £~! are mutually inverse.

Usually to calculate a coordinate representation of x it is necessary to solve a
system of linear algebraic equations with a square nonsingular matrix (see pp. 60,
63, 74). If X,, is an inner product space and &, is an orthonormal basis, then the
coordinate representation of x can be calculated more easily (see (3.17), p. 75, and
the examples on pp. 76, 77).

4.1.4 Isomorphism of Finite-Dimensional Linear Spaces

We say that two linear spaces X, Y are isomorphic if there exists an invertible linear
operator such that A : X — Y. In other words, linear spaces X and Y are isomorphic
if a linear bijective correspondence between X and Y can be set up. We also say
in this case that the mapping A of X onto Y is called the isomorphism between X
and Y.

Obviously, isomorphisms between linear spaces have the property of transitivity,
i.e., if X, Z are isomorphic and Y, Z are isomorphic, then X, Y are also isomorphic.

Theorem 4.1. Any two finite-dimensional complex linear spaces of the same dimen-
sion are isomorphic.
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Proof. Due to the transitivity it is sufficient to prove that every n-dimensional com-
plex linear space X,, is isomorphic to the space C". Let &, be any basis of X,,. Then
the coordinate representation operator £ ! realizes an isomorphism between X,
and C" (see Subsect. 4.1.3). O

For the same reason all n-dimensional real linear spaces are isomorphic to the
space R".

Theorem 4.2. If two finite-dimensional linear spaces X, Y are isomorphic, then they
have the same dimension.

Proof. Let {e;}}_, be a basis of X. Suppose that a linear operator A is a bi-

jective map from the space X to the space Y. Writing Y og.Ae, = 0, we ob-
k=1
n
tain A ¥ oger = 0. Acting on both sides of the last equality by the operator .A~",
k=1

n
we get ). ogey = 0. Therefore, o, 0, ..., @, =0, i.e., the vectors {.Ae; }}_, are the
k=1

linearly ;ndependent elements of the space Y. Hence the dimension of the space X
is more than or equal to n. Exchanging the roles of the spaces X and Y, we get that
they have the same dimension. O

Consequently we have the following result.

Theorem 4.3. Two finite-dimensional complex (or real) linear spaces are isomor-
phic if and only if they have the same dimension.

If linear spaces X, Y are isomorphic, then there exists a biunique correspondence
between the linear operations with elements in X and the linear operations with ele-
ments in Y. Particularly, if a complex (or real) linear space X is finite-dimensional,
then by introducing a basis for X the linear operations with elements in X can be
replaced by the linear operations with vectors in the space C" (or R").

4.1.5 The Matrix of a Linear Operator

Let A: X, — Y, be alinear operator. Suppose that £, = {ek}zzl is a basis of X, and
Qm = {qk}}, is a basis of Y,,. For each i = 1, 2, ..., n the vector Ae; is uniquely
expanded in terms of the basis Q,,:

Aei=Y d"q;, i=1,2,..n. (4.9)
j=1

Consider the matrix
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(eq) (eq) (eq)

a(ll ) a(12) (l%n)

eq) (eq eq

Aeg = dyp Gy --- gy (4.10)
a gD . ald)

(the i-th column of A,, consists of the coordinates of .Ae; with respect to the ba-
sis Q,,). The matrix A, is called the matrix of the operator A. This matrix is
uniquely determined by the operator A and by the bases &,, Q,,. We denote an
operator and the corresponding matrix by the same letter in different typefaces.
Subscripts in the notation of the matrix of an operator indicate which bases were
used to construct the matrix.

Note that we can write relations (4.9) more concisely:

A&, = OpAey. “.11)

Suppose that x = £,& € X,,, & € C". We can expand the vector Ax in terms of the
basis Q,,: Ax = Q,,m, N € C™. Then, using (4.11), we get

an =Ax= Agng = QmAquv

therefore,
N =AqE. (4.12)

Relationship (4.12) shows the dependence between the coordinates of the vectors x
and Ax with respect to the bases of the linear spaces X,, and Y,,, respectively.

It follows from (4.12) that if the matrix A, of the operator A is known, then we
can construct the vector Ax€Y,, corresponding to the vector x € X,, in the following
way.

1. Calculate the coordinates £ € C" of x with respect to the basis &,. Using the
coordinate representation operator £ !, we can write £ = £~ !x (see Subsect. 4.1.3).

2. Using (4.12) calculate the coordinates 1 € C" of y = Ax € Y,,, with respect to
the basis Q,,.

3. Calculate the vector y by the formula y = On. Here Q is the operator defined
by the rule analogous to (4.8).

The above implies that, using the operators £ and Q constructed by the bases &,
and Q,,, we can write (4.11) in the following equivalent forms:

Ayg=0Q 'AE or A=0A4,E7" (4.13)
To be precise, equalities (4.13) mean that

Ayl = Q7 TAEE forall &cC”, Ax= QA,E 'x forall xe€X,.
(4.14)
Equalities (4.13), (4.14) are illustrated by the following diagrams:
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A A

X, — Y, Xy —— Yu

N L A L

(Cn Cm C}’l A s Cm
eq eq

Therefore, if some bases &, and Q,, were chosen for the spaces X, and Y,
then to each linear operator A : X,, — Y,, uniquely corresponds the linear opera-
tor Agq : C* — C™. This is the matrix—vector multiplication operator defined by the
rule (4.12), where A, is the matrix of the operator A with respect to the bases &,
and Q,,. Conversely, the linear operator A : X,, — Y,, that is defined by the equal-
ity A = QAE~! uniquely corresponds to each m-by-n matrix A.

If A:X, — X, then

A&, = EA, (4.15)

or
A, =ETAE, (4.16)

where A, is the matrix of the operator .4 with respect to the basis &,.

We note that there are two obvious cases when the matrix of the linear opera-
tor A : X, — Y, does not depend on the choice of the bases for X, and Y.

1. The matrix of the null operator for any choice of the bases for X, and Y,, is
the null matrix.

2. The matrix of the identity operator with respect to any basis of the space X,, is
the identity matrix.

By definition of the matrix of a linear operator we have

(aA+BB)eq = aAeq+ﬁBeq “4.17)

for any linear operators A, B : X, — Y,, and for any «, 8 € C, i.e., the linear oper-
ations with their matrices correspond to the linear operations with operators.

A similar statement under certain conditions is true for the product of two op-
erators. Let A: X, =Y, B:Y, — Z, be linear operators. Suppose that {ek}Z:l,
{ac}{ . and {rc};_, are the bases for the spaces X, Y,,, and Z,, respectively. Let
A,y be the matrix of the operator A, B, be the matrix of the operator B, (BA),, be
the matrix of the operator BA : X, — Z,. Let us show that

(BA)Er = quAeq7 (4.18)

i.e., the matrix of the product of two operators is equal to the product of the matrices
of these operators. Indeed, using (4.13), we get

(BA)er = R™'BAE = R™'RB; Q' QALE ™' E = ByAe.

It is important to note that the same basis {gx }}" ; C Y,, was used for the definition
of the matrices of the operators A and 3. Usually we assume that the matching
condition for these bases is satisfied.
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Let us consider two examples.

1. We define the linear operator A : C* — C* by the rule Ax = (x2,X1,x3 +x4,%4),
where x = (x1,x,x3,x4) € C*. Our goal is to calculate the matrix of the oper-
ator A with respect to the natural basis (see p. 60) of the space C*. It is easy
to see that Ai; = (0,1,0,0) =i, Aih = (1,0,0,0) =1, Ais = (0,0,1,0) = i3,
and Aiq = (0,0, 1, 1) = i3 + is, hence the matrix of the operator A looks as

0
0
1
1

SO = O
SO o=
o= O O

2. Let us denote by Q- the linear space of all polynomials with complex coef-
ficients and with degree at most 2. Let us define the linear operator 7 : Q2 — Q>
by the rule T¢2(z) = g2(z+ h), where g2 € Qa. Here & is a fixed complex number
(a shift). Our goal is to calculate the matrix of the operator 7 with respect to the
basis of the space Q; that consists of the polynomials ¢y(z) = 1, ¢;(z) = z, and
¢2(z) = 2. We see that Ty = @y, T Q1 = ho + @1, T @2 = K> Qo + 2h@) + ¢a,
hence the matrix of the operator 7 is equal to

h h?
1 2h
0 1

S O =

Therefore, if g2(z) = ao + a1z + axz?, then Tqa(z) = by + b1z + byz?, where

by 1 h K ap ao+ hay +hay
bi| =101 2h a | = ay +2hay
by 00 1 ap ap

The matrix A,, of the linear operator A : X, — Y, is determined by the
bases {e;}}_, and {gx}};", of the spaces X, and Y,,. Suppose now that we take
new bases {&;}}_, and {gx};", in X,, and Y,,. The linear operator A will be rep-
resented by a new matrix with respect to these bases. Let us check what relations
exist between different matrices representing the same operator. Denote by Az; the
matrix of the operator .4 with respect to the bases {&;}7_, and {gi}{" . Suppose
that we know the matrices of the bases change (see Subsect. 2.3.3, p. 62), i.e.,

gn = 5nT7 Qm = QmR- (419)
Using (4.13), we obtain A = QAqu_l, Azg = O~ AE, therefore,
A= O ' 0AE7IE.

Taking into account (4.19), we get £,E = &,T& for any & € C". Hence, £ = £T.
This implies that £ —1& =T. Likewise, 0~ 'Q =R Consequently,
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Asg=R7'A,,T. (4.20)

Two matrices A and B are called equivalent if A = CBD for some nonsingular ma-
trices C and D.
Consider an important special case. If the linear operator .4 maps the space X,
into the same space X,,, then
A; =T 'A,T. (4.21)

Square matrices B and C are called similar matrices if there exists a nonsingular
matrix D such that
B=D"'CD. (4.22)

We also say that the matrix C is transformed into the matrix B by a similarity trans-
formation. Relation (4.21) shows that the matrices of the same operator A : X,, — X,
are similar with respect to the different bases.

4.1.6 The Matrix of the Inverse Operator

For any nonsingular matrix D we have det(D~') = 1/det(D), hence the similar
matrices have the same determinant. Because of that we say that the determinant of
the matrix of a linear operator A : X,, — X,, is the determinant of this operator and
write det(.A). The determinant is an invariant of the linear operator, i.e., it is the
same for any basis in X,.

We say that a linear operator A : X,, — X, is nonsingular if det(.4) # 0. Any
nonsingular operator A is invertible. Indeed, let {¢; }}_, be a basis in X,,. Define an
operator B by the relationship

B=¢&a;le !

Since A = EA.£7!, we have BA = AB = £IE~" = I. Therefore the operator 3 is
the inverse operator to the operator A.

The above implies that for any basis of the space X,, the matrix of the inverse
operator A~ ! is the inverse matrix to the matrix of the operator .A.

Theorem 4.4. If a linear operator A : X,, — X, is invertible, then it is nonsingular.

Theorem 4.5. A linear operator A : X,, — X, is invertible if and only if the equa-
tion Ax = 0 has the trivial solution x = 0 only.

The proof of Theorems 4.4 and 4.5 is left to the reader.
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4.1.7 The Linear Space of Linear Operators

Consider the set of all linear operators from X,, to Y,,. The definitions of the ad-
dition of linear operators and they multiplication by scalars were introduced in
Subsect. 4.1.1. It is easy to prove that these operations satisfy the linear space ax-
ioms. Thus the set of all linear operators from X, to Y, is a linear space.

Using results of Subsect. 4.1.5, we can conclude that this linear space is isomor-
phic to the linear space of all m-by-n matrices. The isomorphism can be defined by
relationship (4.11). The dimension of the linear space of all linear operators from X,
to Y, is equal to mn.

We obtain the real linear space of operators if the linear spaces X,, andY,, are
real and linear operators can be multiplied only by real scalars.

4.1.8 The Image and the Kernel of a Linear Operator

Let A be a linear operator acting from a linear space X into a linear space Y. The
image of A denoted by Im(.A) is the subset of Y consisting of all those vectors that
can be represented in the form y = Ax for some x € X. The kernel of A denoted by
Ker(A) is the subset of X consisting of all vectors x such that Ax = 0.

Theorem 4.6. The set Im(.A) is a linear subspace of the space Y.

Proof. 1f yi,y> € Im(A), then there exist vectors xj,x, € X such that y; = Ax;
and y; = Ax,. Therefore for any o, 8 € C we have oty; + Byz = o Ax; + BAx,.
Since the operator A is linear, we have ay; + By, = A(ax; 4 Bxz). This means that
oy + By, € Im(A). O

The proof of the following theorem is left to the reader.
Theorem 4.7. The set Ker(A) is a linear subspace of the space X.

The dimension of the subspace Im(.A) C Y, is called the rank of the operator .A
and is denoted by rank(.A). The dimension of the kernel of A is called the defect of
the operator A and is denoted by def(.A).

Theorem 4.8. For any linear operator A : X, — Y, the following equality holds:
rank(.A) 4 def(A) = n. (4.23)

Proof. Denote by M the subspace of X,, such that X,, = Ker(A) & M (see. Theo-
rem 3.8, p. 81). Using Theorem 3.9, p. 81, we get n = def(A) + dim(M). Taking
into account theorem 4.3, p. 91, it is enough to prove that the spaces M and Im(A)
are isomorphic. Let us check for this purpose that the operator A is a bijective map
acting from M to Im(.A). In fact, any x € X,, can be written in the form x = xo + x1,
where xo € Ker(A), x; € M. Hence, Ax = Ax;. Therefore any element of Im(.A)
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is the image of some element of M. It remains to prove that if Ax; = Ax, for
X1,x2 € M, then x; = x,. Equality A(x; — x2) = 0 means that x; — x, € Ker(.A).
From other side, M is a linear subspace, and thus, x; —x» € M. By theorem 3.7,
p- 80, this implies that x; —x, =0. O

4.1.9 The Rank of a Matrix

Let A(m,n) be an m-by-n matrix. Let us interpret the set of the matrix columns as a
subset of the space C". We say that the rank of this set (see Subsect. 2.2.4, p. 59) is
the rank of the matrix A(m,n) and denote it by rank(A).

Theorem 4.9. Suppose A : X, — Y,, is a linear operator, &, is a basis for X,;, Q.
is a basis for Y, Aeq is the matrix of the operator A with respect to these bases.
Then rank(A.,) = rank(A).

Proof. Let x = &,& € X,,. Then Ax = Q,,1, where 1 = A.,§ (see Subsect. 4.1.5).
Obviously, the vector 1 belongs to the span of the set of the matrix A,, columns.
The rank of this span is equal to rank(A,,). Since the linear operator Q is invertible,
this span is isomorphic to Im(.A), therefore, by theorem 4.3, p. 91, the dimension of
Im(A) is equal to rank(A.,). O

Consequently the rank of the matrix of the linear operator A : X,, — Y,, is an
invariant of this operator, i.e., it is the same for any bases in X, and Y,,. Hence we
could equivalently define the rank of the linear operator as the rank of its matrix.

We can interpret the set of raws of the matrix A(m,n) as a subset of the space C".
Denote the rank of this set by r;. The following result, which is unexpected at first
glance, holds.

Theorem 4.10. For any matrix A(m,n) the equality ry = rank(A(m,n)) is true.

Proof. We can assume without loss of generality that the first 7, rows of the matrix
A(m,n) are linearly independent, and each of all other rows is a linear combination
of these rows. Denote by A(ry,n) the matrix that consists of the first ry rows of
the matrix A(m,n). Let us transform the matrix A(ry,n) by an algorithm, which is
coincide in fact with Gaussian elimination.

Take a nonzero entry in the first row of the matrix A(rs,n). It is possible because
none row of the matrix A(ry,n) can not be equal to zero. Interchange the columns
of the matrix A(ry,n) such that the column that contains this nonzero entry takes the
first place. Denote this transformed matrix in the same way. Multiply the first row
by —ap1/ay; and add to the second row. Then do the analogous transformations of
all other rows of the matrix A(ry,n). As a result we obtain a matrix with zeros in the
first column below a;; # 0.

The second row of the transformed matrix is the nontrivial linear combination
of the first two rows, therefore, it is not equal to zero. Interchanging the second
column of the transformed matrix with one of the following columns as needed, we
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obtain a matrix that has the entry az; # 0. Multiply the second row by —ass/az
and add to the third row. Do the analogous transformations of all following rows of
the matrix A(ry,n). Continuing these transformations, finally we get a matrix of the
block form:

(A(rg,1y),B(rssn—rs)), (4.24)

where A(ry, ry) is an upper triangular matrix that has nonzero main diagonal entries.

At each step of the described transformation process we get the row that is a non-
trivial linear combination of the previous rows of the matrix A(ry,n). Therefore this
row is not equal to zero, and the transformations are valid. Clearly, we can assume
without loss of generality that the original matrix A(ry,n) has such first r; columns
that doing the described transformations without interchanging of any columns, we
get a matrix of the form (4.24).

Evidently, det(A(r,ry)) # 0, hence the first r; columns of the original ma-
trix A(ry,n) are linearly independent. Thus the first ry columns of the matrix A(m,n)
are linearly independent too. Let us check that by uniting this set of columns with
any other column of the matrix A(m,n), we get a linearly dependent set.

Let A,, be a leading principal minor' of degree ry of the matrix A(m,n). By the
previous argumentation, A, # 0, therefore, the system of linear equations

Zaijxj:aikv i:l,2,...7r5, (425)
=1
has the solution for any k = 1,2, ...,n. Since each row of the matrix A(m,n) with

a number grater than ry is a linear combination of the first r; rows of this matrix,
we see that, if a vector (x1,x2,...,x,, ) is the solution of linear system (4.25), then it
satisfies the following relations:

I's
Za,-jxj =aj, i=r+1,...,m.
j=1

Consequently, each column of the matrix A(m,n) is a linear combination of the
first r; columns, hence rank(A(m,n)) =r;. O

It follows immediately from the definition that rank(A) < min(m,n) for any ma-
trix A(m,n). A matrix A(m,n) is said to have full rank if rank(A) = min(m,n).

An n-by-n matrix is nonsingular if and only if its rank is equal to n. Any inter-
changing of the matrix rows or columns, evidently, does not change the rank of the
matrix. Moreover, the following result is true.

Theorem 4.11. Let A(m,n) be an m-by-n matrix. Let B(m,m) and C(n,n) be square
nonsingular matrices, then

rank(A) = rank(BA), (4.26)

! The leading principal minor of degree r is the determinant of the submatrix lying in the same set
of the first 7 rows and columns.
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rank(A) = rank(AC). (4.27)

Proof. For the justification of equality (4.26) it is enough to check the following
statement. If the matrix B is nonsingular, then a necessary and sufficient condition
for the linear independence of the columns Ba', ..., Ba” is the linear independence
of the columns a', ..., a” (check it!). If equality (4.26) holds, then equality (4.27)
is proved by taking the matrix transpose. [

The reader can easily prove that for any matrices A and B that permit the matrix
multiplication the following inequality holds: rank(AB) < min{rank(A),rank(B)}.

Let us consider two examples.

1. The following matrix

3 4 1
A=|-2-3 1
5 70

has rank 2. Indeed, since the first two rows are linearly independent, the rank is at
least 2. However, all three rows are linearly dependent, since the first is equal to the
sum of the second and third. Thus the rank must be less than 3.

2. The matrix
A 3 3 0 2
T |-3-3 0-2

has rank 1: there are nonzero columns, so the rank is positive, but any pair of
columns are linearly dependent. Similarly, the transpose of a matrix A

AT =

N O W W
N O W W

has rank 1. As we have proved above, the rank of a matrix is equal to the rank of its
transpose, i.e., rank(A) = rank(A7).

4.1.10 Calculating the Rank of a Matrix Using Determinants

It follows from the proof of Theorem 4.10 that if rank(A) = r, then we can inter-
change the rows and the columns of the matrix A such that the leading principal
minor A, of the transformed matrix will not vanish. This minor is called basic.

Let us formulate and prove the converse statement. Namely, let A be a rectangular
matrix. The leading principal minor A, of order r < min(m,n) of the matrix A is
bordered by the leading principal minor A,; ;. We can construct different minors
bordering A, by interchanging the rows and the columns of the matrix A whose
numbers are greater than r.

Lemma 4.1. If the leading principal minor A, is nonzero and all minors of order
r+ 1 that border A, are equal to zero, then rank(A) = r.
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Proof. Since A, # 0, the first r columns of the matrix A are linearly independent.
Let us show that each column of A whose number is greater than r is a linear combi-
nation of the first r its columns. This means that rank(A) = r. Assume the contrary.
Then there exists a column of A such that the rank of the matrix that consists of this
column and the first » columns of A is equal to r+ 1. Therefore this matrix has r+ 1
linearly independent rows. The first » rows of this matrix are linearly independent,
since A, # 0. Hence there exists a row whose number is greater than r that is not
a linear combination of the first r rows. If we turn this row into the (r + 1)-th row
of the matrix A, then we get A, # 0, but this contradicts the assumption of the
lemma. O

Lemma 4.1 gives the next method of calculation of the rank of a matrix A.!

1. We check all elements of A. If all elements are zero, then rank(A) = 0.

2. If an element of A is not equal to zero, then we interchange the rows and the
columns of the matrix A to put this element in the place of ay;.

3. We calculate all minors of order two that border A| = |ay|. If all these minors
are equal to zero, then rank(A) = 1.

4. If a minor of order two is not equal to zero, then we interchange the rows and
the columns to put this minor in the place of A, i.e., to put it in the top left corner
of the matrix A.

5. We calculate all minors of order three that border A, until we find a nonzero
minor, and so on. If at a step of this algorithm we see that the leading principal
minor A, is nonzero and all minors of order r+ 1 that border A, are equal to zero,
then rank(A) = r.

Clearly, it is not necessary to interchange the rows and the columns of the matrix
at each step of this algorithm. It is enough to calculate all minors of order r+ 1 that
border an arbitrary nonzero minor of order r.

For example, let us calculate the rank of the matrix

2—-4 3 1 0
1-2 1-4 2
A= 0O 1-1 3 1
4 -7 4-4 5
Note that A includes the nonzero minor
—43
d- ‘2 1‘ .
The minor of order three
2—-4 3
d'=1-2 1
0 1-1

borders d and is not equal to zero, but both of the forth-order minors

! Usually, the algorithm, which is described in Subsect. 5.1.1, p. 155, is used for numerical real-
izations.
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2-4 3 1 2—-4 30
1-2 14 1-2 12
0O 1—-1 3" |0 1-11f
4 -7 4-4 4 -7 45

bordering d’, evidently, vanish. Thus, rank(A) = 3.

4.1.11 The General Solution of a Linear Equation

Let A be a linear operator mapping a linear space X,, into a linear space Y,,. Con-
sider the linear equation

Ax =y, (4.28)

where y is a given element of Y,, and x € X,, is an unknown. In this section we
suppose that equation (4.28) is solvable and describe the form of all its possible
solutions. In other words we describe the form of the general solution of equa-
tion (4.28).

Suppose x; and x, are two solutions of equation (4.28) for the same right-hand
side y. Then, evidently, A(x; —x2) =0, i.e., x; — x5 € Ker(.A). This yields that if sys-
tem (4.28) possesses a solution xq (it is called the particular solution of the inhomo-
geneous equation), then any other solution of equation (4.28) has the form x = xo + %,
where ¥ € Ker(A).

Let @1, @2, ..., @), be a basis for Ker(A). Then

4
X=X0+ Y k@ (4.29)
k=1

Therefore the general solution of equation (4.28) has the form (4.29). We can obtain
any solution of equation (4.28) by changing the coefficients in (4.29). The vec-

tors @1, ¢, ..., @, are called the fundamental set of solutions of the homogeneous
equation
Ax =0, (4.30)
the vector
p
=Y o
k=1

is called the general solution of the homogeneous equation. Thus the general solu-
tion of equation (4.28) is the sum of any particular solution of (4.28) and the general
solution of homogeneous equation (4.30).



102 4 Linear Operators

4.1.12 Systems of Linear Algebraic Equations. Solvability
Conditions

For practical construction of the solution of linear equation (4.28) it is needed to
introduce some bases &, = {ex}}_;, Qm = {qr}]_, for the spaces X, Y,, and to
reduce equation (4.28) to the system of linear algebraic equations

Aué =1, 4.31)

The unknown vector £ € C" is the coordinate representation of x with respect to the

basis &,. The vector n € C™ is the coordinate representation of y with respect to the

basis Q,,. The matrix A, is the matrix of the linear operator A (see Subsect. 4.1.5).
Let us write system (4.31) in the components of & and 7:

=

al(;i‘ﬂgj: ni, i=1.2,...,m. (4.32)
1

J
Here agjq) (the entries of the matrix A, of the linear operator .A) and 7; are given
numbers, & ;j are unknowns.

In contrast to the systems of linear algebraic equations, which were discussed in
Subsect. 1.2.3, p. 26, system (4.32) has, generally speaking, different numbers of
equations and unknowns.

Problems (4.28) and (4.31) are equivalent to each other in the sense that if & is
a solution of (4.31), then x = £,& is the solution of equation (4.28) with y = Q,,1;
conversely, if x is a solution of equation (4.28), then the coordinate representa-
tions of x and y with respect to the corresponding bases are connected by relation-
ship (4.31).

Let us obtain the necessary and sufficient conditions for solvability of the system
of linear algebraic equations

Ax=0b, (4.33)

where A is a given m-by-n matrix with complex (generally speaking) entries, b € C"
is a given vector. Let us attach the column b to the matrix A and denote this resulting
m-by-(n+ 1) matrix by (A,b). The matrix (A,b) is called the augmented matrix of
system (4.33).

Theorem 4.12 (Kronecker-Capelli' theorem). A system of linear algebraic equa-
tions has a solution if and only if the matrix A has the same rank as the matrix (A,b).

Proof. Evidently, the rank of the augmented matrix (A,b) is more than or equal
to the rank of the matrix A, and rank(A) = rank(A,b) if and only if b is a linear
combination of the columns of the matrix A. The last condition is equivalent to the
statement that there exists a vector x € C" that is a solution of (4.33). O

! Leopold Kronecker (1823-1891) was a German mathematician. Alfredo Capelli (1858-1916)
was an Italian mathematician.
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Theorem 4.13 (matrix Fredholm' theorem). A system of linear algebraic equa-
tions has a solution if and only if for each solution of the homogeneous system of
equations zA = 0 the equality zb = 0 holds.

Note here that b is a column and z is a row.

Proof. Sufficiency. Let r=rank(A). We can assume without loss of generality that
the first » rows of the matrix A are linearly independent. Clearly, this implies that the
first r rows of the matrix (A,b) are linearly independent too. If the k-th row of the
matrix A is a linear combination of the first » rows of A, then there exists a nonzero
vector z such that zA = 0. Under hypothesis of theorem zb = 0. This implies that
the k-th row of the matrix (A, b) is a linear combination of the first r rows of (A, D).
Thus, rank(A) = rank(A, b), and by Kronecker-Capelli theorem system (4.33) has a
solution.

Necessity. Suppose that system (4.33) has a solution, i.e., there exists x € C" such
that Ax = b. Then for any z € C™ the equality zAx = zb is true. Clearly, if zA = 0,
thenzb =0. 0O

Let us give an example how to apply the matrix Fredholm theorem. Consider the
symmetric n-by-n matrix

T =1 Qcev cee vnn 0
1 210 - --- 0

A= 0 -1 2 —1 0
0 «ov ven 0 -1 2-—1

O 0eee ven 0-1 1

We have to calculate rank(A) and describe necessary and sufficient solvability con-
ditions for the system of linear algebraic equations

Ax = b. (4.34)

Let us interpret the matrix A as the linear operator acting in the space R"” and de-
scribe its kernel. Consider the homogeneous system of linear algebraic equations

Ax = 0. (4.35)

The i-th equation of this system for i =2,3,... ,n— 1 can be written in the following
form: —x;_1 +2x; —x;+1 =0, or x; — x;—1 = x;11 — X;. Therefore, if x is a solution
of system (4.35), then

X| =Xy =" =Xy,

i.e., the kernel of the operator A is the one-dimensional subspace of the space R”;
each vector x of this subspace has the form x = ¢(1,..., 1), where c is a real number.
Hence, using theorem 4.8, p. 96, we see that rank(A) =n — 1.

1 Erik Ivar Fredholm (1866—1927) was a Swedish mathematician.
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Further, since the matrix A is symmetric, using matrix Fredholm theorem, we see
that the necessary and sufficient solvability condition for system (4.34) is z'b = 0,
where z is any solution of equation (4.35). Consequently, a solution of system (4.34)
exists if and only if by + by +---+ b, = 0.

4.1.13 The General Solution of a System of Linear Algebraic
Equations

Let us describe an elementary method of calculation of the general solution of the
system of linear algebraic equations!

Ax=Db. (4.36)

Our consideration is based on the results of Sect. 4.1.11. Now we suppose that sys-
tem (4.36) has a solution, and denote by r the rank of the augmented matrix of
system (4.36).

Let us start with calculation of a particular solution of system (4.36). Using the
method of calculation of the rank of a matrix described in Subsect. 4.1.10, we trans-
form the matrix (A,b) such that the leading principal minor of order r of the trans-
formed matrix is not equal to zero and each row starting from the (r+ 1)-th row is
a linear combination of the first r rows.

Clearly, the transformed system of linear equations is equivalent to the original
one, i.e., each solution of system (4.36) is the solution of the transformed system,
and conversely, each solution of the transformed system is the solution of (4.36).

Since the last m — r equations of the transformed system follow from the first r
equations of this system, we delete the last m — r equations. In the first r equa-
tions we move to the right hand side all summands with the variables starting from
the (r+ 1)-th variable. These variables are called free.

After that we assign some values to the free variables (usually, there is no reason
why we cannot take x| = - - - = x,, = 0). As aresult we get a system of  linear equa-
tions for » unknowns. The matrix of this system is nonsingular, and we find the val-
ues of the variables x1, x2, ..., x;, as the unique solution of this system. Thus we have
the solution of original system (4.36) of the form x = (X1,X2, ..., X;, Xyt1,---,%n)-

For example, let us calculate a particular solution of the following system:

X1 —Xx2+x3—x4 =4, 4.37)
X1 +x+2x3+3x4 =8, (4.38)
2x1 +4x2 + 5x3 + 10x4 = 20. (4.39)

The determinant

1 Usually, methods based on the singular value decomposition (see Subsect. 5.1.1, p. 155) are used
for numerical approximations of general solutions of systems of linear algebraic equations.
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1-1

M=l

)

which is located in the top left corner of the matrix A of this system, is nonzero. All
determinants, bordering A,, are equal to zero:

o = —
QN
(O, I N
Il
o

Hence, rank(A) = 2, and the rank of the augmented matrix is also two. System
(4.37)—(4.39) is solvable, and the last equation follows from the first two equations
of this system. Thus, to find a particular solution of system (4.37)—(4.39) it is enough
to solve the system of two equations (4.37), (4.38), equating x3, x4 to some numbers.
If we take x3 = x4 = 0 in (4.37), (4.38), then we get x; = 6, xo = 2. Therefore the
vector x = (6,2,0,0) is the particular solution of (4.37)—(4.39).

Now we construct the fundamental set of solutions of the homogenous system of
linear equations
Ax=0 (4.40)

with an m-by-n matrix. Let rank(A) = r. Using Theorem 4.8, we see that it is
enough to construct n — r arbitrary linearly independent solutions of system (4.40).
Of course, we assume that n > r.
Arguing as in the first part of this subsection, we transform system (4.40) to the
following form:
A(r,r)x(r,1)+B(r,n—r)y(n—r,1) =0. (4.41)

Here A(r,r) is the nonsingular matrix, the column y((n— r), 1) corresponds to the
free variables. We take the vectors

((n=r), 1), ya((n—r),1), ...,yu—r((n—r),1) (4.42)

such that they are linearly independent (the simplest way is to equal them to the
vectors of the standard basis in the space C"~"). Using vectors (4.42), we calculate
vectors

xi1(n1), xa(n 1), .., x0—p(r, 1)
as the solutions of the following systems:
Arr)xi(n)+B(r,(n—r))ye((n—r),1)=0, k=1,2,....,n—r.

Writing together the components of the vectors x;(r, 1) and y,((n—r), 1), we con-
struct the following vectors:

z(n, 1) = (xe(r, D)y (n—7), 1)), k=1,2,....n—r.

By construction, Azy =0fork=1,..., n—r. Clearly, the vectors zz, k=1,..., n—r,
are linearly independent, since vectors (4.42) are linearly independent. Thus the vec-
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tors zx, k =1,2,..., n—r, form the fundamental set of solutions of the homogenous
system of linear equations (4.40).

For example, let us calculate the fundamental set of solutions of the system of
linear equations

X1 —X24+x3—x4 =0, (4.43)
X1 +x042x3+3x4 =0, (4.44)
2x1 +4x2 + 5x3+ 10x4 = 0, (4.45)

which corresponds to system (4.37)—(4.39). As we know from the previous example,
the rank of the matrix of this system is equal to two. Therefore we have to calculate
two linearly independent solutions of system (4.43)—(4.45). As we have seen, the
last equation in this system follows from the first two equations. If we put x3 =1
and x4 = 0 in equations (4.43), (4.44), we get

x1—x+1=0, (4.46)
x1+x+2=0, (4.47)

hence, x; = —=3/2, x, = —1/2. If we put x3 = 0, x4 = 1 in (4.43), (4.44), then we
obtain x; = —1, x, = —2. Hence, x; = (—3/2,—1/2,1,0) and x, = (—1,-2,0,1)
form the fundamental set of solutions of the homogenous system of linear equa-
tions (4.43)—(4.45). Each vector of the form

x=c1(=3/2,—1/2,1,0)+c2(—1,-2,0,1), (4.48)

where ¢y, c, are arbitrary numbers, is the solution of system (4.43)—(4.45), and con-
versely, each solution of system (4.43)—(4.45) can be represented in form (4.48) for
some c1,c>. Thus the general solution of system (4.37)—(4.39) can be represented in
the form x = (6,2,0,0) +¢1(—3/2,—1/2,1,0) +c2(—1,—2,0,1), where ¢;,c; are
arbitrary numbers.

4.2 Eigenvalues and Eigenvectors of a Linear Operator

4.2.1 Invariant Subspaces

Let.A: X — X be a linear operator. A subspace L C X is said to be invariant under A
if Ax € L for all x € L. The subspaces L = {0} and L = X are invariant for every
A X — X. We refer to these as trivial invariant subspaces.

Let the linear space X be a direct sum of subspaces L and M. Let P: X — L
be the projection operator onto the subspace L in parallel with the subspace M.
Then Px = x for any x € L and Px = 0 for any x € M, i.e., the subspaces L and M
are invariant under P.
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Let us give an example of operator that does not have any nontrivial invari-
ant subspaces. Let X, be a two-dimensional real Euclidean space. It is easy to
see that if L C X, is a nontrivial subspace, then L is the set of all vectors hav-
ing the form x = ae, where e # 0 is a given vector, o € R. In other words L is
a straight line containing the origin on the plane. Denote by e, e, an orthonor-
mal basis of the space X;. Let Q : X5 — X, be the linear operator that maps each
vector x = ey + &ep into the vector y = —&yey + Ejep. The vectors x and y are
orthogonal. Hence if L is a nontrivial subspace of X5, then Qx € L for any x € L.
Therefore, Qx ¢ L for any x # 0, i.e., the operator Q does not have any nontrivial
invariant subspaces.

If a basis of the invariant subspace is known, then the form of the matrix of
the linear operator becomes simpler. Namely, let {e;}}_, be a basis of the linear
space X, and let L C X, be an m-dimensional invariant subspace under the opera-
tor A : X,, — X,. Suppose that the vectors {¢;}}"_; belong to L. Then {e;}}"  is a
basis for L (prove it!) and

Aej = Zaﬁ)eb k=1,....m, Ae = Zaﬁ)eb k=m+1,....n.
J=1 j=1

These equalities show that the entries of the matrix A, that are located in the inter-
section of the first m columns and the last (n — m) rows are equal to zero. Therefore
the matrix A, can be written as the 2-by-2 block triangular matrix

(A1 A
A, = ( 0 A22)7 (4.49)

where A1 is a square m-by-m matrix, Ay is a square (n —m)-by-(n —m) matrix, O
is the null (n — m)-by-m matrix, and Aj is an m-by-(n — m) matrix.

We get a more simpler matrix A, if the space X, is decomposed into a direct sum
of invariant subspaces L and M of the operator A, i.e., X, = L& M and the basis
{ex};_, of the space X, is chosen in such way that the vectors {e;}};" , form the
basis of the subspace L. Then, as it is easy to see, the matrix A, in (4.49) is the null
matrix, i.e., the matrix A, has block diagonal form:

(A O
A, = ( 0 A22>' (4.50)

Obviously, the inverse statement is also true. Exactly, if the matrix of an operator
with respect to a basis {e;}]_, has the form (4.50), then the space X, is the direct
sum of two subspaces. The vectors of the set {¢; }}_, whose numbers are equal to the
numbers of the rows of the corresponding blocks form the bases of these subspaces.

If the subspaces L and M are decomposed into direct sums of invariant subspaces
of smaller dimensions, then the number of diagonal blocks of the matrix A, increase
and their dimensions decrease.
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The most simplest is the case when the space X,, can be represented as a direct
sum of n one-dimensional invariant subspaces of the operator A. Then the matrix A,
is diagonal. However, it is possible only for some special classes of operators.

Lemma 4.2. Let A :X,, — X,, be a nonsingular operator. Let L C X,, be an invariant
subspace of the operator A. Then for any x € L there exists a unique vector 'y € L
such that Ay = x.!

Proof. The subspace L is invariant under the operator A. So we can introduce the
operator Ay : L — L assuming A;x = Ax for x € L. The operator .A;, is nonsingular,
because if Apx = Ax = 0, then x = 0, since A is nonsingular (see Theorem 4.5,
p. 95). This implies that the equation .4,y = x has a unique solution y € L for any
vectorx € L. O

The operator A, defined in the proof of Lemma 4.2 is called the restriction of
the operator A on its invariant subspace L.

4.2.2 Basic Properties of Eigenvalues and Eigenvectors

A special role of one-dimensional invariant subspaces of operators was shown in
the previous section. The concept of one-dimensional invariant subspaces is closely
related to the concept of eigenvectors of operators.

A vector x € X is called an eigenvector of the operator A : X — X if x is nonzero
and there exists a number A such that

Ax = Ax. 4.51)

The number A is called the eigenvalue of the operator A. We say that the vector x
corresponds to (is associated with) the eigenvalue A. The pair of the eigenvalue and
the eigenvector associated with it is also called the eigenpair of the operator A.

Let (x,A) be an eigenpair of the operator .A. Then Aox= Ao for each o € C,
i.e., the one-dimensional subspace of the space X spanned by a single eigenvector
of the operator A is invariant under A.

Let A be an eigenvalue of the operator A. The kernel of the operator A — A is
called the eigenspace of A corresponding to the eigenvalue A and is denoted by L; .
It is clear that L, # {0}. Every nonzero element of L, is an eigenvector of the
operator A corresponding to the eigenvalue A.

Let us give some examples of operators that have eigenvectors.

1. Every nonzero element of the space X, is an eigenvector corresponding to the
eigenvalue A = 0 of the null operator.

! Therefore we can say that a nonsingular operator generates the one-to-one mapping of any of its
invariant subspaces onto this subspace.
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2. Consider the operator o, where o € C. Every nonzero element of X, is an eigen-
vector of this operator corresponding to the eigenvalue A = a.

3. Let the space X be a direct sum of subspaces L and M. As usual we denote
by P : X — L the projection operator onto the subspace L in parallel with the
subspace M. Then the following relations hold: Px = x for any x € L and Px =0
for any x € M, i.e., all nonzero elements of L are eigenvectors of the operator P
corresponding to the eigenvalue A = 1, and all nonzero elements of M are eigen-
vectors of P corresponding to the eigenvalue A = 0.

If the linear space X, is real, then there exist linear operators A : X,, — X, that do
not have any eigenvectors. For example, the linear operator Q (see Subsect. 4.2.1)
does not have any eigenvectors in the real space X,. It follows immediately from
the fact that the operator Q does not have any nontrivial invariant subspaces.

Theorem 4.14. Each operator A acting in the complex space X, has eigenvectors.

Proof. Tt is enough to prove that there exists a complex number A such that the
linear equation

(A—ADx=0 (4.52)

has a nontrivial solution. Let A, be the matrix of the operator A with respect to a
basis &, in the space X,,. Consider the equation

det(A, — AI) =0. (4.53)

It is easy to see that det(A, — Al) is a polynomial of A of order n. Thus equa-
tion (4.53) has n roots. Any root A of equation (4.53) is an eigenvalue of the opera-
tor A. Indeed,

(Ac—ADE=0 (4.54)

is the homogeneous system of linear equations with the singular matrix. Hence this
system has a nontrivial solution &. Then the vector x = &,& is evidently nonzero and
it is a solution of equation (4.52). O

The proof of the next corollary is left to the reader.

Corollary 4.1. Suppose that a linear operator A acts in the complex space X,
and L # {0} is an invariant subspace of A. Then the operator A has an eigen-
vector x € L.

The linear operators A and B acting in the linear space X, are called permutable
if AB=BA.

Lemma 4.3. Suppose that A, I3 are permutable transformations of the linear space X
and L), C X is an eigenspace of the operator A. Then L, is an invariant subspace
of the operator B.

Proof. Suppose that x € L, , then Ax = Ax. Hence, BAx = A Bx. By assumption, we
have BA = AB, therefore, ABx = ABx. It means that Bx € L. 0O
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The polynomial det(A — Al) is called the characteristic polynomial of the ma-
trix A. The equation det(A — AT) = 0 is called the characteristic equation of the ma-
trix A. The roots of the characteristic polynomial are called the characteristic values
(eigenvalues) of the matrix A. The set of all characteristic values of the matrix A is
called the spectrum of this matrix and is denoted by ¢ (A).

As it was established in the proof of Theorem 4.14 for any A € 6(A) there exists
a nonzero vector x € C" such that

Ax = Ax.

The vector x is called the eigenvector of the matrix A corresponding to the charac-
teristic value A of this matrix.

Theorem 4.15. Similar matrices have the same characteristic polynomials and
therefore the same characteristic values.

Proof. Let T be a nonsingular matrix. By definition of a matrix similarity, the ma-
trix B = T~ 'AT is similar to a matrix A. Then for any A € C we have

B—AI=T 'AT —AI=T"Y(A—AIT.
Since det(T ') = 1/det(T), we see that det(B— AI) = det(A — AI). O

The matrices of the same operator A : X,, — X, are similar with respect to the
different bases (see Subsect. 4.1.5, p. 95), hence the characteristic polynomial and
its roots do not depend on the choice of the basis in X,,. Thus the characteristic
polynomial of the matrix of a linear operator is called the characteristic polynomi-
al of the operator and equation (4.53) is called the characteristic equation of the
operator A.

The characteristic values of the matrix of the operator is called the characteristic
values of the operator. Therefore they are the invariants of the operator. The set of
all characteristic values of the operator A is called the spectrum of this operator and
is denoted by 6 (A).

As it follows from the proof of Theorem 4.14 for any operator acting in the
complex space X, the concepts of characteristic values and eigenvalues, in fact, are
not different, and for such operators corresponding terms are used as synonyms.

Any operator acting in the space X, has no more than n distinct eigenvalues.

Theorem 4.16 (Cayley-Hamilton' theorem). Let
P(A)=A"+ a1 A"+ +ag (4.55)
be the characteristic polynomial of an operator A acting in the space X,,. Then

P(A) =A"+a, (A" 4 fagl =0. (4.56)

! Arthur Cayley (1821-1895) was a British mathematician, William Rowan Hamilton (1805-1865)
was an Irish physicist and mathematician.
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Proof. Let A be the matrix of the operator A with respect to a basis. Using formula
(1.104), p. 38, we get (A — AI)(A— AI) = B,(A)I for all A € C. Obviously, each

element of the matrix (A — A[) is a polynomial of A of order no more than n — 1.
Therefore we can write

(A=Al = 7L"_1Cn,1 —|—/ﬁL”_2Cn72 + -4 Co,
where Cy, Cy, ..., C,—1 are some square matrices of order n, i.e.,

P =(A-ANA"'Cooy +A2Cpp + -+ +Cp) forall A€C. (4.57)

Equating all coefficients with the same power of A in both sides of equality (4.57),
we obtain

ACy = apl,
AC1 —C() zall,
ACz—Cl :azl,

(4.58)
—C—1= L

Now we multiply the first equality in (4.58) by I, premultiply the second equality
by A, premultiply the third equality by A%, and so on. The last equality in (4.58)
we premultiply by A”. After that we add together all obtained equalities and get
P,(A) =0, which is equivalent to B,(A) =0. O

The next corollary follows from the Cayley-Hamilton theorem. This corollary
plays an important role in applications, for instance, in mechanics.

Corollary 4.2. If the operator A : X, — X, is invertible, then there exists a polyno-
mial Q,_1 of order no more than n— 1 such that A~ = Q,_1(A).

The proof of Corollary 4.2 is left to the reader.
Theorem 4.17. Let A1, Ay, ..., A, be eigenvalues of the operator A : X, — X,.

Suppose that they all are pairwise different. Denote by x1, xa, ..., X, the eigen-
vectors of the operator A such that Axy = My, k = 1,2,...,p. Then the vec-
tors x1, X2, ..., Xp are linearly independent.

Proof. Suppose contrary to the assertion of the theorem that the set of the vec-
tors x1, X2, ..., X, is linearly dependent. Without loss of generality it can be assumed
that the vectors x1, x3, . .., X, ¥ < p, form the maximal linearly independent subset of
this set. Denote by L, the subspace of the linear space X,, spanned by xp, x2, ..., X;.
The subspace L, is invariant under .A and has dimension r. Let .4, be the restriction
of the operator A on L,. Then A, A,,. .., A, are the eigenvalues of the operator Ay, .
They all are pairwise different. The nonzero vector x,4; belongs to L, and we see
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also that Ay x,11 = Ax,41 = Aep1xp41, €., A1) is the eigenvalue of the opera-
tor Ay, but the operator A;, acts in the space of dimension r. Therefore it can not
have more than r distinct eigenvalues. 0O

It follows from above that if all eigenvalues of the operator A are distinct, then
corresponding eigenvectors xi, k = 1, 2, ..., n, are the basis of the space X,. We
have

Axk:lkxk, k:1,27...,n,

hence the matrix of the operator A with respect to the basis {x; }_, is diagonal. The
eigenvalues Ay, k =1, 2, ..., n, form the diagonal of this matrix.
For example, let us calculate all eigenvalues and all eigenvectors of the matrix

A=

B e
S B~ W
W O

The characteristic equation has the form

4—-L =5 7

1 —4-12 9 |=0.

—4 0 5-2

Calculating this determinant, we get
AP =502 +174 —13=0. (4.59)
Evidently, A = 1 is the root of equation (4.59). It is easy to see that
A3 —5A2 4174 —13 = (A —1)(A* — 44 +13).
The equation A2 —4A + 13 = 0 has two roots: A = 2+ 3i. Therefore,
M=1, A=243i, A3=2-3i

are all the eigenvalues of the matrix A. The coordinates of the eigenvector corre-
sponding to A; are the solution of the homogeneous system of linear equations

3x; —5xp +7x3 =0, (4.60)
X1 —5x% 493 =0, 4.61)
—4x1 +4x3 = 0. (4.62)

We have ? :g = 0. Hence the rank of the matrix of system (4.60)—(4.62) is equal

to two, and this system has only one linearly independent solution. Take x3 = 1 and
find x1, x> as a solution of system (4.60), (4.61). We get x; = 1, x = 2. Thus the
vector (1,2,1) is a solution of the system of equations (4.60)— (4.62). Therefore the
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set of all eigenvectors corresponding to the eigenvalue A; = 1 is the set of vectors
having the form ¢(1,2, 1), where c is an arbitrary nonzero complex number.

The coordinates of the eigenvector corresponding to A, are the solution of the
homogeneous system of linear equations

(2 — 3i)x1 —5x%+7x3=0, (4.63)
x1 — (64 3i)x2+9x3 =0, (4.64)
—4x; 4+ (3—3i)x3 =0. (4.65)
We have >3 73 £ 0. H th dinates of an ei t th
€ have 1 —(6—|—31) . ence € coordinates oI an €igenvector are €

solution of system (4.63), (4.64) for x3 = 1. We get x; = (3 —3i) /4, x, = (5—3i)/4.
Therefore the set of all eigenvectors corresponding to the eigenvalue A, is the set of
vectors having the form ¢(3 —3i,5 — 3i,4), where c is an arbitrary nonzero complex
number. Analogous calculations show that the set of all eigenvectors corresponding
to the eigenvalue A3 is the set of vectors having the form ¢(3 + 31,5 + 3i,4), where ¢
is an arbitrary nonzero complex number.

In this example all the eigenvalues are distinct and the corresponding eigenvec-
tors form the basis of the space C>. This can be seen also from the fact that the

determinant
1 2 1

3-3i5-3i4,
34+3i5+3i4

which is composed of the coordinates of the eigenvectors, is not equal to zero.

If the characteristic polynomial of the operator A has multiple roots, then the
number of corresponding linearly independent eigenvectors can be less than n, and
these eigenvectors are not a basis of the space X,,.

Now let us calculate all eigenvalues and all eigenvectors of the matrix

The characteristic equation has the form A> +34% 431 + 1 = 0, and the numbers
AL = A = A3 = —1 are the roots of this equation. Therefore we have the following
system for the calculation of the coordinates of eigenvectors:

3x1 —x2+2x3 =0, (4.66)
S5x1 —2x3 +3x3 =0, 4.67)
—x1 —x3=0. (4.68)

The determinant is not equal to zero. Hence the rank of the matrix of this

3-1
5-2
system is equal to two, and the linear space of all solutions of system (4.66)—(4.68)
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is one-dimensional. It is easy to see that the vector x = (1,1,—1) is a solution of
system (4.66)—(4.68). Thus the set of all eigenvectors of the matrix is the set of
vectors having the form ¢(1,1,—1), where ¢ is an arbitrary nonzero complex num-
ber. Clearly, in this example the eigenvectors of the matrix are not a basis in the
space C3.

The dimension of the eigenspace of the operator A4 corresponding to the eigen-
value A of this operator is called the geometric multiplicity of the eigenvalue A.
The multiplicity of A as a root of the characteristic polynomial of the operator A
is called the algebraic multiplicity of the eigenvalue A. In general, these two con-
cepts are different. If the term multiplicity is used without qualification in reference
to an eigenvalue, it usually means the algebraic multiplicity. We shall follow this
convention.

Theorem 4.18. For any operator A acting in the finite-dimensional space X,, the
geometric multiplicity of each eigenvalue is less than or equal to the algebraic mul-
tiplicity of this eigenvalue.

Proof. Let L, be the eigenspace of the operator A corresponding to an eigen-
value Ao of this operator and dim(Lj, ) =m. Denote by fi, fa, ..., fn a basis of the
eigenspace Ly, . Extend this basis to a basis of the space X, by some additional vec-
tOrs g1, &mi2, - - - &n- Since Afy = Ao fi. k=1,2, ..., m, it follows that the matrix
of the operator A with respect to this basis of X, can be written as the block matrix

(see Subsect. 4.2.1):
Ao A
( 0 A22> , (4.69)

where Ag is the diagonal m-by-m matrix, all its diagonal entries are equal to A.
Hence the characteristic polynomial of the operator .A can be written as

det(A— A1) = (A —2)"Qu_m(2),

where Q,,—,(A) is a polynomial of order n — m. Evidently, m can not be greater than
multiplicity of the root Ay of the polynomial det(A—AI). O

4.2.3 Diagonalizable Operators

We say that a linear operator A : X,, — X,, is diagonalizable if there is a basis &,
of the space X, consisting entirely of the eigenvectors of A. The matrix of the
operator A with respect to the basis £, can be written in the form

Ae :diag(ﬂ.l,...711,12,...,)»2,...,)»1{7...,2,](),

where each eigenvalue of the operator A is repeated according to its geometrical
multiplicity.
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If A:X,, — X, is a diagonalizable operator, A, A», ..., A, k < n, are all distinct
eigenvalues of this operator, and Ly, i = 1,2,...,k, are corresponding eigenspaces
of A, then

X, = Lll @LM D @LM'

Fori=1,2, ..., k denote by P; the operator that projects the space X, onto the
subspace Ly,. Then it is easy to see that

Ax = M Pix+Pox+---+A4Px forall xe X,

ie.,
A=MP1+ 1P+ + 4Pk 4.70)

Equality (4.70) is referred to as a spectral resolution of the operator A .
Using (4.70) and (4.4), p. 89, we get A/ = A/ P + AP+ -+ + A/ Py for any
integer j > 0. Therefore, if Q,, is a polynomial of order m > 0, then

On(A) = 0n(M)P1+On(A2)Pa+ -+ Qm(A) Pr. 4.71)

Since all numbers A, A, ..., A are distinct, we can define Lagrange basis func-
tions (see p. 28)

(= A)(A = A2) (A= A)) (A = Appr) - (A = A)

D)= , J=1,2,... k.
i) (A=) (A= 22) -+ (A = Aj—1) (A = Ajn) - (A — M)
Then, taking into account (4.71), we obtain
Pi=@j(A), j=12,... .k (4.72)

Equation (4.72) is called Sylvester’s formula.' It shows that for each j =1,2,... .k
the projection operator P; is a polynomial of order k — 1, and the coefficients of this
polynomial depend only on the eigenvalues of the operator A.

Theorem 4.19. A linear operator A is diagonalizable if and only if the geometrical
multiplicity of each eigenvalue A of the operator A is equal to the algebraic multi-

plicity of A.
The proof of Theorem 4.19 is left to the reader.

Suppose that operators .4, 53 acting in the finite-dimensional space X,, are diag-
onalizable and they have the same characteristic polynomial. The reader can easily
prove that there exists a nonsingular operator Q : X,, — X, such that B = o407

4.2.4 Invariants of an Operator

In this section we use essentially the following lemma.

! James Joseph Sylvester (1814—1897) was an English mathematician.
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Lemma 4.4. For any x € C the following expansion holds:

ajl+x ap ... ap
a ay+x... a
d(x) _ 21 22 2n
dnl a2 ... 0ppt+X

=X e e e ix e, (473)
where

Apr.py Apr,py -+ Apypi

Cp = Z Apa.py Gpapy -+ Apa.pr , k=1,2,...,n (4.74)

1<p1<pr<--<pr<n
Api,p1 Aprpr -+ Apropk

For each k the right hand side of (4.74) is the sum of all Cﬁ determinants of the
indicated form. These determinants are called the principal minors of order k of the

matrix
ayl ayp ... diy

azy axp ... da
A= 21 422 2n

Note that c; = a1 +axp + -+ dun, ¢, = detA.
Proof of Lemma 4.4. Denote by ay, as, ..., a, the columns of the matrix A. Let us
interpret the determinant of the matrix A as a function of its columns, i.e.,
detA = A(al,az, . ,a,,).
Then the function d(x) in (4.73) can be represented in the form
d(x) = A(ay +xiy,ap +xip,. .. an +xiy),

where by iy, i, ..., i, we denote as usual the standard unit vectors in the space C".
Since the determinant is a linear function of its columns, it follows easily that

d(x) =A(ai,az,...,a,)
+x(A(i1,az,...,an) + Alay, iz, . ..,ay) + -+ Alar,az, . .. ;an—1,in))
+x2(A(i1,i2,a3...,a,,)—|—~--+A(a1,a2,...,an_z,in_l,in))
+ -+ XA, 1), (475)

The multiplier of each ¥ in (4.75) is the sum of C’,f determinants, each of them
is obtained from the determinant A(ay,as,...,a,) by replacing k columns of A to
the corresponding standard unit vectors. To complete the proof it is enough to note
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that A(i1,iz,...,i,) = 1 and that each principal minor of order n — k of the matrix A
is obtained from A(ay,ay, ..., a,) by replacing k corresponding columns to the stan-
dard unit vectors with the same numbers. [

The characteristic polynomial of the matrix A, of the linear operator A is equal
to det(Al — A, ) up to sign. Let us expand this determinant as the polynomial of A:

det(Al —A,) = P,(A) = A" — A" '+ A 2 4o 4 (1)L, (4.76)

As we have noted in Subsect. 4.2.2 the coefficients of the polynomial P, are the in-
variants of the operator A. All of them are functions of entries of the matrix A, but
they are invariant under any transformation of the basis. In this connection the fol-
lowing notation is used: Zy = Z(A), k = 1,2,...,n. Using (4.73) and (4.74) we get
the following representations for the invariants Z; (A) of the operator .4 by entries
of the matrix A.:

e e e
i Y o Y
e e e
a: . d: .. as o
Ik(A) = E 20 T2 U k=1,2,...,n, “@.77)

1<ii<ip<--<ix<n E ! ! t’
Dy Yiip - Y iy
particularly,
Ti(A)=af,+d5+ - +a,, I,(A)=detA,. 4.78)

Using Vieta’s formulas (see Subsect. 1.1.4, p. 13), we have
al+as+ta, =M+ A4+ Ay, detA, = Ay Ay, (4.79)

where A1, A2, ..., A, are the characteristic values of the operator A. Generally, Z; (A)
is the sum of all kinds of products of k distinct characteristic values of the opera-
tor A.

Each square matrix A = {a,;,-}ﬁ j—1 generates the linear operator in C" defined by
the matrix-vector multiplication rule (4.5), p. 89. Hence it is possible to assign the
numbers Zy(A), k =1, 2, ..., n, (calculated by formulas (4.77), where afj are re-
placed with g;;) to each square matrix. Evidently, these numbers are invariant under
similarity transformations, therefore they are called the invariants of the matrix A.

Theorem 4.20. Let A be an operator acting in a finite-dimensional space X,,. Then
there exists a positive number &) such that if |€| < & and € # 0, then the opera-
tor A+ €l is invertible.

The proof of Theorem 4.20 is left to the reader.

The number Z; (A) = af, + a5, + -+ a5, = A1 + A2 +-- -+ A, is called the rrace
of the operator A and is denoted by tr(.A).
The following equality holds:

tr(a A+ BB) = atr(A) + Btr(B). (4.80)
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Here A, B are linear operators in a finite dimensional linear space, o, B are complex
numbers. Let A : X,, — X,,,, B:X,, — X,,. Then

tr(AB) = tr(BA). (4.81)

Equality (4.80) follows immediately from the definition of the trace of a linear op-
erator. Equality (4.81) is verified by direct calculations of the sums of diagonal el-
ements of the matrices of operators defined on the left hand side and on the right
hand side of (4.81).

Let A, B be arbitrary linear operators, acting in a finite-dimensional vector
space. The reader can prove that the characteristic polynomials of the operators AB
and BA coincide. Hint: if the operator A is nonsingular, it follows from the similar-
ity of the matrices of the operators AB and B.A. In the general case it is useful to
apply Theorem 4.20.

4.2.5 Invariant Subspaces of an Operator in the Real Space

Let A be a linear operator acting in the real space X,,. Then the matrix A, of the
operator A is real with respect to each basis &,. The characteristic equation (4.53)
for the matrix A, is algebraic equation with real coefficients. This equation has,
generally speaking, both real and complex roots.

If A is a real rot of equation (4.53), then the system of equations

(A —ADE =0 (4.82)

has a nontrivial real solution &, and for x = &, the equality Ax = Ax holds, i.e.,
x is the eigenvector of the operator .A. Therefore all real characteristic values of the
matrix A, are the eigenvalues of the operator A.

If the number A is equal to neither real root of equation (4.53), then the system of
equations (4.82) does not have nontrivial real solutions. Hence if all roots of equa-
tion (4.53) are complex, then the operator A does not have eigenvectors. Therefore
can exist linear operators acting in a real space that do not have any one-dimensional
invariant subspaces.

A two-dimensional invariant subspace of the operator A corresponds to every
complex characteristic value of the matrix A,. In fact, if A = a4 if8 is a complex
characteristic value of the matrix A,, then det(A, — A1) = 0, and the system of equa-
tions

(Ac—ADE=0 (4.83)

has a nontrivial complex solution § = { +in. Here { and 1 belong to R”. The
matrix A, is real, thus writing system (4.83) in terms of the complex solution, we
get

Al +iAn = (a+iB)(E+in) = al —Bn+i(BL+on).

Equating the real and imaginary parts of the last equation, we obtain
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AEC = O‘C _ﬁTh
Aen = ﬁC+ an.
Ifx=¢&,{ and y = E,7, then
Ax = ax— By, (4.84)
Ay = Bx+ ay. (4.85)

Denote by L the subspace of the linear space X,, spanned by x, y. Suppose that z € L,
it means that z = yx + Oy for some 7,8 € R. Then Az € L. Indeed,

Az = yAx+ 8 Ay = y(ox — By) + 8 (Bx+ aty) =
= (ay+B8)x+(ad—By)yeL.

Therefore L is an invariant subspace of the operator A.

To complete the proof the reader can show that the vectors x and y that satisfy
relationships (4.84), (4.85) are linearly independent, i.e., the subspace L is two-
dimensional.

The reader can easily prove that if a linear operator A acts in the real space X,
and a subspace L,, C X,, is invariant under A and has dimension m > 2, then the
operator A has either an one-dimensional or a two-dimensional invariant subspace
in the subspace L,,.

4.2.6 Nilpotent Operators

A linear operator A acting in a finite-dimensional space X, is called nilpotent
if A7 = 0 for some integer g > 1. The smallest such ¢ is called the index of nilpo-
tence of the operator A. The definition of a square nilpotent matrix is similar.

Using (4.16), p.93, we see that AY = £~1 A9€, therefore, if an operator A is
nilpotent, then its matrix with respect to any basis is nilpotent of the same index,
conversely, if the matrix of an operator is nilpotent, then the operator is nilpotent of
the same index.

Theorem 4.21. An operator A is nilpotent if and only if all its eigenvalues are equal
to zero.

Proof. Let A be a nilpotent operator of index ¢ and let (A,x) be an eigenpair of the
operator A. Then Ax = Ax, therefore, A%x = A9x. We have assumed that A7 = 0,
hence, A9x = 0, but x # 0, thus, A = 0. Conversely, suppose that all eigenvalues of
the operator A are equal to zero. Then the characteristic equation of the operator A
has the form A" = 0, and by Theorem 4.16, p. 110, we get A =0. O

The following corollary is obvious.

Corollary 4.3. The index of nilpotence of any nilpotent operator acting in an n-
dimensional space is less than or equal to n.
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Let A: X, — X, be a nilpotent operator of index g. Then, evidently, there ex-
ists a vector xo € X,, such that 49~ 'xy # 0. The reader can easily prove that the
vectors xg, Axo, ..., A9 !xg are linearly independent.

4.2.7 The Triangular Form of the Matrix of an Operator

Theorem 4.22. For each operator A acting in the complex space X,, there exists a
basis such that the matrix of A with respect to this basis is triangular, all eigenvalues
of A form the diagonal of this matrix.

The proof of Theorem 4.22 is based on the following result.

Theorem 4.23 (Schur' theorem). Let A be an n-by-n matrix. Let A1, A, ..., A,
be its characteristic values numbered in arbitrary order. Then there exists a unitary
matrix U such that

U*AU =T, (4.86)

where T is an upper triangular matrix of the form

3,1 f12 ... Ity

T — 0 lz...ttgn (4.87)
......... n—1.n
0 0. A

Proof. Denote by u; an eigenvector of the matrix A corresponding to the eigen-
value A;. Any eigenvector is defined except for a scalar multiplier. Hence we can
assume that |u;| = 1.? Let us construct an orthonormal basis {u }7_, in the space C"
containing u; (see Sect. 3.2, p. 74). Denote by U; the matrix with columns con-
sisting of the elements of vectors {u}}_,. Taking into account that Au; = Aju
and (ug,u)) =0fork=2,3,...,n, we get

UrAU, = <’gl :1) . (4.88)

The right hand side of this equality is a block 2-by-2 matrix. The first diagonal
block of this matrix consists of the number A; only. The second diagonal block is a
square matrix of order n— 1. The block in location (2, 1) is zero (n — 1)-dimensional
column. The block in location (1,2) is an (n — 1)-dimensional row with nonzero,
generally speaking, elements. Analogous notations will be used in this proof below.
The matrix U;"A U, is similar to A, hence (see Theorem 4.15, p. 110),

o(UFAUL) = o(A).

! Issai Schur (1875-1941) was a German mathematician.
2 In this subsection we use only the standard inner product on C".
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Using (4.88) and expanding the determinant det(A/ — U;AU) in terms of the first
column, we get 6(UAU;) = A U (A;). Therefore,

G(A1) = {Aas..., A}

By analogy with U; we can construct a unitary matrix U, such that

Us AU, = ()(“)2 :2>. (4.89)

10
VZ_(OUz)’

then V; is a unitary matrix of order n. By elementary calculations,

Let

)Ll ko ok
VZ*U]*A U] V2 = 0 AQ *
0 0 A
Continuing this process, we can construct unitary matrices Vi, ..., V,_1 such that
the matrix
Vi VSUTAU V-V
is an upper triangular matrix with the numbers A, A2, ..., A, on the leading diag-

onal. Let U = U;V,---V,_1, then U is a unitary matrix, since it is represented as
a product of unitary matrices (see Subsect. 1.2.7, p. 47), and U* = V", ---V;SU;.
Therefore the matrix T = U*AU has form (4.87). O

Arguing as above, we see that there exists a unitary matrix V such that
V*AV =L,

where L is a lower triangular matrix, and all characteristic values of A form the
leading diagonal of L.

Remark 4.1. From the proof of Schur Theorem we see that if the matrix A is real and
all its characteristic values (and hence all eigenvectors) are real, then the matrix U
in (4.86) can be chosen as a real unitary matrix, in other words, as an orthogonal
matrix.

Proof of Theorem 4.22. Let A be a linear operator acting in the space X,,, and let
Fn = {fx}}_, be an arbitrarily chosen basis in X,,. Then AF, = F,Ay, where Ay
is the matrix of the operator A with respect to this basis (see (4.11), p. 92). Using
Schur Theorem, we see that there exists a unitary matrix U such that Ay = UTU™,
where T is a matrix of the form (4.87), A1, 42,..., A, are characteristic values of A
(i.e., eigenvalues of A). Hence, AF, = F,UTU™, therefore we get AF,U = F,UT.
Let &, = F,U, then AE, = &,T. Thus T is the matrix of the operator A with respect
to the basis £,. O
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Remark 4.2. If the space X,, is unitary and the basis F, is orthonormal, then the
basis &, is also orthonormal.

The matrix 7', which appears in Theorem 4.22, is called usually the Schur form of
the matrix of the operator. The following simplification of the matrix of an operator
is often useful.

Theorem 4.24. Let A be a square matrix of order n, let A, A, ..., A be dis-
tinct characteristic values of A having multiplicities ny, ny, ..., ng, respectively,
where ny +ny + - - - +ny = n. There exists a nonsingular matrix S such that

T 0
)
S7lAs = , (4.90)

0 Ty

is a block-diagonal matrix, each diagonal block T; is an upper triangular matrix
of order n;, i = 1,2, ... k. All diagonal elements of each block T; are identical and
equal to A;.

Proof. At the first stage, using Schur Theorem, we transform the matrix A to an
upper triangular matrix 7 by an unitary similarity transformation. We can order
the characteristic values on the diagonal of the triangular matrix 7 according to
the statement of the theorem, i.e., the first n; numbers of the diagonal are equal
to A;, the next ny numbers are equal to A, and so on. To complete the proof it is
enough to transform the matrix 7' to form (4.90) by a similarity transformation.
We construct this transformation as a result of a sequence of elementary similarity
transformations. Let us write the mentioned above upper triangular matrix 7 in the

block form
(T T
r (B

Here 71 is an upper triangular matrix of order n;, all diagonal elements of this ma-
trix are equal to Ay, T»; is an upper triangular matrix of order n — n;, each diagonal
element of this matrix is not equal to A;. We consider the upper triangular matrices

of the form
L, P I, —P )
) ) 491
<O In—nl) <O - ) )

where I, ,1,—p, are the identity matrices of orders ny, n — np, respectively. Using
elementary calculations, we see that matrices (4.91) are mutually inverse. Now we
find the matrix P such that the following equality holds:

L, P T Tin I, —P Ti1 O
= . 4.92
(0 1"-"1) (0 T22) (O In—nl) < 0 T ( )
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Clearly, the equality (4.92) is true if the matrix P is a solution of the following
equation:'
Py, —T\\P = —Ti,. (4.93)

Equation (4.93) is the system of linear algebraic equations for the elements of the
matrix P. Let us check that the corresponding homogeneous system

PT, —T11P=0 (4.94)

has the trivial solution only. Indeed, we can rewrite equation (4.94) in the equiva-
lent form P(T>, — A1l,—n, ) = (T11 — A11,, ) P. Obviously, the matrix T — A1 1,—p, is
nonsingular. Hence, P = (Ti1 — A1, ) P(To2 — ALy, )~ 1. Therefore,

P = (Ti1 — Ml )TP((Top — ALy, ) 1)1

for all integer ¢ > 1. By construction, the matrix 77; — 7L]I,,1 is nilpotent, and there
exists an integer ¢ > 1 such that (T1; — A11,,)? = 0, hence, P = 0. Thus the trans-
formation of form (4.92) exists. At the following steps of the proof we construct
analogous transformations, which successively reduce the orders of the blocks of
the transformed matrix. Arguing as in the proof of Theorem 4.23, as a result we get
relationship (4.90). O

Using Theorem 4.24, the reader can easily get the following result.

Theorem 4.25. For each operator A acting in the space X,, there exist invariant
subspaces M and N such that X,, = M @ N, the restriction of the operator A on
the subspace M is a nilpotent operator, the restriction of the operator A on the
subspace N is an invertible operator.

Below is an useful example of applications of the Schur theorem.

Theorem 4.26. Let A = {aij};fj:] be an arbitrary square matrix. For any € > 0
there exists an invertible diagonalizable matrix A,, = {af»;n) ? j—1 Such that
max |a;; —al(;")| <e. (4.95)

1<i,j<n

Proof. Using Theorem 4.23, we represent the matrix A in the form A = UTU*,
where U is the unitary matrix, T is the upper triangular matrix. Without loss of
generality we can assume that the diagonal elements of the matrix 7 are ordered in
the following way:

/11,11,...,Al,ﬂg,lg,...,lz,...,lk,ﬁ,k,...,lk.

Here each characteristic value of the matrix A is repeated accordingly to his multi-
plicity. Denote by 7,, the upper triangular matrix that differs from the matrix 7" only
by the diagonal elements, which are equal to the following numbers

1 Equation (4.93) is a Sylvester equation, see, for example, [23, p. 170], [59], [66].
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ﬁ,l—l—l/m, 2.1—}—1/21’}1, ceey ),1+1/n1m,
lerl/m, /12+1/2m, ey 7Lz+1/n2m, ey
)Lk+1/m, 7Lk+1/2m, cee )Lk—|—1/nkm

where n; is the multiplicity of A4;, i =1,2,....k,m > 1. Let A,, = UT,,U*. It is easy
to see that all diagonal elements of the matrix 7;, for big enough m are nonzero and
pairwise different. Therefore all characteristic values of the matrix A,, are nonzero
and pairwise different. This means that for all big enough m the matrices A,, are
invertible and diagonalizable. Further, A— A, = U(T — T,,)U*, hence,

max oy —aif’| <c/m.
where c is a constant depending only on n and on the elements of the matrix U. Thus
for any given € > 0 we get (4.95) for big enough m. 0O

We can say that the sequence of the matrices {A,,}5° | converges to the matrix A.

4.2.8 The Real Schur Form

Theorem 4.27. Let A be a real square matrix of order n > 1. There exists an orthog-
onal matrix Q such that A= QT TQ, where T is a block upper triangular matrix. The
diagonal blocks of the matrix T are square matrices of order one or two. The set of
all characteristic values of the second-order blocks coincide with the set of all com-
plex characteristic values of the matrix A.

Proof. 1f all characteristic values of the matrix A are real, then this theorem im-
mediately follows from Theorem 4.23 (see Remark 4.1). Therefore we assume
that among the characteristic values of the matrix A there exists a complex num-
ber AL = a+if. As we have seen in Subsect. 4.2.5, p. 118, a two-dimensional in-
variant subspace of the matrix A in the space R" corresponds to this number. Let gy,
¢» be a basis of this subspace. Suppose that this basis is orthonormal with respect to
the standard inner product on the space R". Then

Aqr = Qi11q1 + 01q2, Agqx = 02q1 + 022q3. (4.96)

a B _(ou1 o
(ﬁ O‘) and Ty = (Olm 0622)

are similar as the matrices of the same operator with respect to the different bases.
Therefore they have the same characteristic values A and A. The vectors g1, g we
can join with some vectors to complete the basis {g}}_, of the space R". Denote
by Q the matrix whose columns are the vectors of this basis. Using equalities (4.96)
and the orthonormality of the vectors ¢g; and g, we get

Matrices
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T Ty Tz
AQ = .
R

The completion of the proof is similar to the corresponding argumentation in the
Schur theorem. 0O

4.3 Operators on Unitary Spaces

4.3.1 Linear Functionals

Let X be a complex linear space. A linear map / from X into the one-dimensional
space Y =C is called a linear functional (linear form) on X. We point out that a
complex number /(x) uniquely corresponds to each vector x € X.

Theorem 4.28 (Riesz'). Let X,, be a finite-dimensional unitary space, and | be a
linear functional on X,,. Then there exists a unique vector u € X,, such that

I(x) = (x,u) forall xeX,. (4.97)

Proof. First, make sure that exactly one vector u is determined by the linear func-
tional /. Suppose that there is one more vector u; € X,, such that

I(x)=(x,u;) forall xeX,. (4.98)
Then, subtracting term by term (4.97) from (4.98), we get (x,u; —u) = 0 for all

x € X,,. If we put x = uj — u in the last equality, then (4 —u,u; —u) =0, i.e., u; = u.
Let us prove existence of a vector u defined by (4.97). Let { ek}zzl be an orthonormal

n
basis for X,,, and let x = ¥ &ex. Since functional [ is linear, we see that
k=1

10 = Y &lle). (499)
k=1

Putu= Y [(e;)ex. Using (3.19), p. 75, we get [(x) = (x,u) for each x € X,,. O
k=1

4.3.2 The Adjoint Operator

Let X,,, Y,, be unitary spaces, and A : X,, — Y,, be a linear operator. A linear oper-
ator A* :'Y,, — X, is called the adjoint of A if

! Riesz Frigyes (1880-1956) was a Hungarian mathematician.
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(Ax,y) = (x, A*y) forall x € X, and for all y € Y,,,. (4.100)

Surely, on the left hand side of (4.100) we use an inner product on the space Y,
and on the right hand side of (4.100) we use an inner product on X,,.

Let us prove that for any linear operator A : X,, — Y,, there exists an adjoint of A.
Indeed, for each fixed y € Y,, the inner product (Ax,y) is a functional on X,,. This
functional is linear, since the operator A is linear and the inner product in the first
argument is linear too. Using the Riesz Theorem, we see that there exists a unique
vector g € X,, such that

(Ax,y) = (x,g) forall xeX,.

Thus a vector g € X, uniquely corresponds to each vector y € Y,,,, and the map from
Y,, to X,, is constructed. Denote this map by .A*. Then we can write

(Ax,y) = (x, A*y) forallx € X, and forall y € Y,,,. (4.101)
We assert that the map A* is linear. In fact, if y;,y> € Y,,, o, B € C, then
(Ax, a1 + By2) = & (Ax,y1) + B(Ax,y2)
= a(x, A1)+ B(x, A'y2) = (v, 0 Ay + BA"y2).  (4.102)
On the other hand, by the definition of A* we have
(Ax, ay1 + By2) = (x, A" (aty1 + By2))- (4.103)

In (4.102) and (4.103) a vector x € X, is arbitrary. Therefore, comparing (4.102)
and (4.103), we see that

A*(ay1 + By2) = aA y1 + BAy,.

The reader can easily prove that for each linear operator A there exists exactly
one adjoint of A.
By the definition of the adjoint operator we obviously have

(A" = A.
It is easy to see that
(AB)* = B* A* (4.104)
and ~
(xA+BB)* =aA*+ BB* (4.105)

for any operators A, B and for any o, § € C, and also that if an operator A is
invertible, then the adjoint A™* is invertible too, and

(A= (A" (4.106)
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If the space Y, is unitary, then there exists an useful formula for calculation of
the matrix of an operator A : X,, — Y,,. Let &, be a basis in X,,, Q,, be a basis
inY,,, and Gy = {(g;,4:)}}";_; be the Gram matrix corresponding to the basis Q.
Consider the matrix

(Ael7q1) (-AEZ,CII) (-Aen;CII)
(Aer,q2) (Aez,qa) ... (Aen,q2)

(AehCIm) (A627Qm) (-Aem%n)

Gy =

Then
GaA=GyAey. (4.107)

Indeed, calculating the inner products of both sides of equation (4.9), p. 91, with ¢,
we get

m

(Aei,q1) :Z q,,q, i=1,2,....n,1=12,....m. (4.108)

Formula (4.107) is the matrix form of equality (4.108). The Gram matrix G, is
nonsingular, since Q,, is the basis, therefore,

Ag=G;'G. (4.109)
If the basis Q,, is orthonormal, then G, = I and
Ay =GA. (4.110)

If both spaces Y,, and X,, are unitary and A* : Y,, — X, is the adjoint of the
operator A4, then, as above,
Gy = GAqe, 4.111)

where G, is the Gram matrix of the basis &,, A;e is the matrix of the operator A*
with respect to the bases Q,,, &,, and

(A*q1,e1) (A*qa.er) ... (A*gm.e1)
(A*q1,e2) (A*q2,€2) ... (A*Gm;e2)

GA*:

Since (A*gi,e;) = (gi,Aej) = (Aej,q;), we see that the matrices G4 and G 4+
are mutually adjoint. Hence, using (4.107), we get G 4+ = (A¢q)* Gy, and because
of (4.111) the following equality is true:

A, =G, (Aeg)*Gy. (4.112)
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Formula (4.112) shows the relationship between the matrices of operators .4 and A*.
In particular, if the bases &, and Q,, are orthonormal, then the matrices of operators
A and A* are mutually adjoint.

4.3.3 Linear Equations in Unitary Spaces

Theorem 4.29. Let X,,,Y,, be unitary spaces. Each linear operator A: X, — Y,
determines the orthogonal decomposition

Y,, = Ker(A") & Im(A) (4.113)
of the space Y .

Proof. Suppose that y € Im(A), y; € Ker(A*). Then there exists x € X, such
that y = Ax, hence,

(y1) = (Ax,y1) = (x, A%y1) =0,

i.e., y is orthogonal to Ker(A*). If the vector y € Y,, is orthogonal to Im(A),
then (y, Ax) =0 for any x € X,;, and (A*y, x) = 0 for any x € X,,, therefore, A*y =0,
i.e., y € Ker(A*). These arguments show that Im(.A) is the orthogonal complement
of Ker(A*), thus, using Theorem 3.12, p. 86, we see that equality (4.113) holds. O

Obviously, the following decomposition holds too:
X, = Ker(A) ®Im(A"). (4.114)

Theorem 4.30. Suppose that a linear operator A maps a finite-dimensional unitary
space X, into a finite-dimensional unitary space Y. Then

rank(A) = rank(A"). (4.115)

Proof. The operator A realizes an isomorphism between Im(.A*) and Im(.A). In-
deed, using (4.114), for any x € X, we get Ax = Ax|, where x; € Im(A*), i.e., each
element of Im(.A) is the image of an element of Im(.A*). Suppose that Ax" = Ax”
for distinct elements x’, x” of Im(A*). Then A(x' —x”') =0, and (x' —x") € Ker(A).
Since Im(.A*) is a linear subspace, we see that (x’ —x”") € Im(A*). Using (4.114)
again, we have x’ —x”/ = 0. Hence the finite-dimensional spaces Im(.4) and Im(.A*)
are isomorphic. Thus (see Theorem 4.3, p. 91) they have the same dimension. O

An immediate consequence of Theorem 4.29 is following.

Theorem 4.31 (Fredholm theorem). Let X,,, Y,,, be unitary spaces, A : X, — Y,
be a linear operator. A linear equation

Ax=y (4.116)
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has a solution if and only if the vector y is orthogonal to each solution z of the
homogeneous equation A*z = 0.

Note here that Theorems 4.12, p. 102 and 4.13, p. 103, can be proven on the base
of Fredholm theorem.

Using decomposition (4.114) and arguing as in the proof of Theorem 4.30, the
reader can prove that if linear equation (4.116) is solvable, then the set of all its
solutions contains a unique element xo with minimal length. The element x is called
the normal solution of equation (4.116). It is easy to see that the vector xy belongs

to Im(.A*).

4.3.4 The Pseudo-Solution. The Tikhonov Regularization Method

Suppose that a linear operator .A maps an unitary space X,, into an unitary space Y ,.
Let y be a fixed element of Y,, and x be an arbitrary element of X,,. Then the vec-
tor Ax —y is called the residual corresponding to the equation (4.116). The real-
valued function

F(x) = |Av—y?

defined on the space X,, is called the residual functional. If Ax # y, i.e., the vector x
is not a solution of equation (4.116), then F(x) > 0. It is important to find a vector x,
which minimizes the residual functional.

A vector x € X,, minimizing the residual functional is called a pseudo-solution of
equation (4.116).! If equation (4.116) is solvable, then any its solution is a pseudo-
solution.

A pseudo-solution of equation (4.116) exists for any y € Y,,,. Indeed, using (4.113),
we can write y = y; + yo, where y; € Im(.A), yo € Ker(.A*). Then for any x € X,, the
vector Ax — y; belongs to Im(.A), hence,

F(x) = | Ax—y1[*+ [yo| %

Evidently, the minimum of the function F is equal to |yo|> and is achieved at the
vector x that is a solution of equation

Equation (4.117) is solvable, since y; € Im(.A). The normal solution xg of (4.117) is
called the normal pseudo-solution of equation (4.116).

We can write that Axy = Py, where P is the operator of the orthogonal projection
of Y, onto Im(A). As we have seen in the proof of Theorem 4.30 the operator A re-
alizes an isomorphism between Im(A*) and Im(.A). Therefore there exists the linear
operator A" : Y,, — X,, such that xo = A"y, where xg is the normal pseudo-solution

! The problem on calculation of the pseudo solution is often called the Linear Least Squares
Problem.
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of the equation Ax =y for any given y € Y,,. The operator A" is called the pseu-
doinverse of A. It is easy to see that if the operator A is invertible, then AT = A~!.
We claim that for any y € Y,, the equation

A*Ax = Ay (4.118)

is solvable, and any solution of (4.118) is a pseudo-solution of equation (4.116).
Indeed, since A*yy =0, we see that equation (4.118) is equivalent to the equation

A" (Ax—y1) =0. (4.119)

Equation (4.119) is solvable because each solution of (4.117) is the solution of
equation (4.119). Conversely, if x is a solution of equation (4.119), then the vec-
tor Ax — y; belongs to Ker(A*), and by (4.113) it is orthogonal to Im(.A). On
the other hand, Ax —y; € Im(.A), thus, Ax—y; =0, i.e., x is a solution of equa-
tion (4.117).

We say that original equation (4.116) is reduced to equation (4.118) by Gauss
transformation. Gauss transformation of any linear equation leads to a solvable
equation.

The Tikhonov! regularization method can be used for a practical construction of
the normal pseudo-solution of equation (4.116). Along with the residual functional
consider the so-called regularizing functional (the Tikhonov functional):

Fo(x) = F(x) + alx” = |Ax — y|* + alx|>. (4.120)
Here « is a positive number called the regularization parameter.

Theorem 4.32. For any positive . there exists a unique vector xo minimizing the
functional Fy on the space X,,, the limit of xq as o« — 0 exists and is equal to the
normal pseudo-solution xo of equation (4.116).

Proof. Consider the following equation:
A" Ax+ ax = A*y. (4.121)

Equation (4.121) has a unique solution x4 € X, for any y € Y,,. Indeed, if x is
a solution of the homogeneous equation corresponding to (4.121), then calculat-
ing the inner products of both sides of this homogeneous equation with x, we get
| Ax|? 4 at|x|*> = 0, hence, x=0, since a > 0. Using equality A*y = A* Axg + 0xq,
by elementary calculations we obtain

Fa(x) = (Ba(x_xa)yx_xa) + ()77}’) — (Baxa,xa),

where By = A* A+ al. Since (By(x —xq),x —xq) > 0 for any x # x4, we see
that x4 is a unique minimum point of the functional Fy. Therefore,

! Tikhonov A.N. (1906-1993) was a Soviet and Russian mathematician.
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_ 2 2 2 2 2 2
Fo(xo) = |Axeq—y1]7+|yol” + ot|xe|” < |Ax—y1]7+|yo| +ot|x|” forall xeX,.
If we take here x = xq, then
| Axg = y1|* + etlxa|* < afxol*. (4.122)

This implies that |x¢| < |xo|, and hence, by the Bolzano-Weierstrass theorem (see
a calculus textbook), we can find a sequence o — 0 and a vector x, € X, such
that xo, — x, as oy — 0. From (4.122) it follows that Ax,. = y;. The normal pseudo-
solution is unique, therefore, x, = xp. Using the uniqueness of the normal pseudo-
solution again, we see that x, — x¢ if o tends to zero by any manner. O

4.3.5 Self-Adjoint and Skew-Hermitian operators

A linear operator A : X,, — X, is called self-adjoint (Hermitian) if A* = A, in other
words, if

(Ax,y) = (x, Ay) forall x,yeX,. (4.123)
A linear operator A : X,, — X, is called skew-Hermitian if A* = —A, i.e.,
(Ax,y) = —(x,Ay) forall x,y€eX,. (4.124)

The reader can easily prove that if an operator A is self-adjoint, then the inner
product (Ax,x) is real for all x € X,,; if an operator A is skew-Hermitian, then the
inner product (Ax,x) is imaginary for all x € X,.

Since the matrices of operators A and A* with respect to any orthonormal bases
are mutually adjoint (see Subsect. 4.3.2), we see that the matrix of a self-adjoint
operator with respect to an orthonormal basis is Hermitian, the matrix of a skew-
Hermitian operator is skew-Hermitian.

Theorem 4.33. [f the matrix of an operator A with respect to an orthonormal basis
is Hermitian, then the operator A is self-adjoint; if the matrix of an operator A with
respect to an orthonormal basis is skew-Hermitian, then the operator A is skew-
Hermitian.

The proof of Theorem 4.33 is left to the reader.
Theorem 4.34. Each operator of the orthogonal projection'is self-adjoint.

Proof. Let P be an operator of the orthogonal projection of an unitary space X
onto a subspace L C X, and let x and y be arbitrary elements of the space X. By
definition, x = Px + x2, y = Py + y», where the vectors x, and y; are orthogonal
to L. Hence, (Px,y) = (Px,Py). Similarly, we have (x,Py) = (Px,Py). There-
fore, (Px,y) = (y,Px). O

! See the definition on p. 88.
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Theorem 4.35. If an operator A is self-adjoint and A> = A, then the operator A is
the operator of the orthogonal projection.

The proof of Theorem 4.35 is left to the reader.
Arguing exactly as in Subsect. 1.2.7, p. 46, it is easy to verify that any operator
can be uniquely represented in the form

A=H+iH,, (4.125)

Where l iS the lmaglnary unit,

are self-adjoint operators.

Theorem 4.36. Let A be a linear operator acting in the unitary space X,,. If
(Ax,x) =0 forall xeX,, (4.126)

then A = 0.

Proof. Assume first that A is self-adjoint. Then for any x,y € X, the following
equality holds: (A(x+y),x+y) = (Ax,x) + (Ay,y) + 2Re(Ax,y). Combining it
with (4.126), we get Re(Ax,y) = 0. The last equality holds for any y € X,,. Hence
we can replace y by iy, but Re(Ax,iy) = Im(Ax,y). Therefore, (Ax,y) = 0 for
any x,y € X,,. If we put y = Ax, we obtain |Ax| = 0 for any x € X,,, i.e., A = 0. So,
the theorem is true for self-adjoint operators. Let now .4 be an arbitrary operator.
If (Ax,x) = 0, then, using (4.125) and considering the self-adjointness of H;, Ha,
we get (Hix,x) =0, (Hax,x) = 0 for any x € X,,. Hence, using the self-adjointness
of the operators 7{; and > again, we see that H|,H, =0. O

Lemma 4.5. Let A be a linear operator acting in the unitary space X,,. If the inner
product (Ax,x) is real for all x € X, then A is self-adjoint.

Proof. If (Ax,x) is real, then (A*x,x) = (x,Ax) = (Ax,x), and ((A* — A)x,x) =0
for any x € X,,. Therefore, using Theorem 4.36, we see that A* — A =0. 0O

The following lemma is proved similarly.

Lemma 4.6. Let A be a linear operator acting in the unitary space X,,. If the inner
product (Ax,x) is imaginary for all x € X,,, then A is skew-Hermitian.

Thus the next theorem is true.

Theorem 4.37. Let A be a linear operator acting in the unitary space X,,. The op-
erator A is self-adjoint if and only if the inner product (Ax,x) is real for all vec-
tors x € X,; A is skew-Hermitian if and only if the inner product (Ax,x) is imagi-
nary for all x € X,,.
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It follows from Theorem 4.37 that all eigenvalues of each self-adjoint operator
are real and all eigenvalues of each skew-Hermitian operator are imaginary. Indeed,
if (x,A) is an eigenpair of the operator A, then (Ax,x) = A (x,x).

The reader can easily prove now that the determinant of each self-adjoint operator
is real.

4.3.6 Positive Definite and Non-Negative Semidefinite Operators

A self-adjoint operator A : X,, — X,, is called non-negative semidefinite if
(Ax,x) >0 forallx € X,,. (4.127)
A self-adjoint operator A : X,, — X, is called positive definite if
(Ax,x) >0 for all nonzero x € X,,. (4.128)

A Hermitian matrix A of order n is called non-negative semidefinite if

n
(Ax,x) = Z a;jx;j%; >0 forall x € C". (4.129)
ij=1

A Hermitian matrix A of order n is called positive definite if

n
(Ax,x) = Z a;jx;%; > 0 for all nonzero x € C". (4.130)
ij=1

In the rest of this subsection we give without proof some useful properties of
positive definite operators and matrices. The proof of the following properties is left
to the reader.

1. The equality (x,y) 4 = (Ax,y) defines an inner product on the space X,, for any
positive definite operator A : X,, — X,,.

2. For any operator A : X,, — X,, the operator A* A is self-adjoint and non-negative
semidefinite. If A is invertible, then A*A is positive definite.

3. Let A be a linear operator acting in the unitary space X,,. If the operator A + A*
is positive definite, then the operator .4 is nonsingular.

4. The matrix of a positive definite operator with respect to any orthonormal basis
is positive definite.

5. All elements of the main diagonal of a positive definite matrix are positive.

6. The Gram matrix of any set of vectors in the unitary space is non-negative
semidefinite.

7. The Gram matrix of a set of vectors is positive definite if and only if the set of
the vectors is linearly independent.
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4.3.7 Unitary Operators

An operator A : X, — X, is called unitary if
AA* =A"A=1L (4.131)
The proof of the following properties of unitary operators is left to the reader.

1. An operator A : X,, — X, is unitary if and only if its matrix with respect to any
orthonormal basis of X, is unitary (see p. 47).

2. The modulus of the determinant of any unitary operator is equal to one.

3. The product of two unitary operators is a unitary operator.

If an operator A is unitary, then we have (Ax, Ay) = (x,A*Ay) = (x,y) for
all x, y € X,,, i.e., each unitary operator does not change the inner product of vectors.
Hence it does not change the length of vectors.

Conversely, if a linear operator does note change the inner product of any two
vectors in X, then this operator is unitary. Indeed, taking into account the equal-
ity (Ax, Ay) = (x,y), we obtain (x,.4*Ay) = (x,y). Since the last equality holds for
all x,y € X, we see that

A" A=1. (4.132)

Prove that the equality AA™ = I holds too. From (4.132) it follows that the opera-
tor A is invertible. Then, using left multiplication of both sides of equality (4.132)
by A and then right multiplication by .A~!, we obtain AA* =1.

Now the reader can easily prove that if |Ax| = |x| for all x € X,,, then the opera-
tor A is unitary.

Thus a linear operator A : X,, — X, is unitary if and only if it does not change
the length of any vector in the space X,,.

The modulus of any eigenvalue of each unitary operator is equal to one. Indeed, if
Ax=Ax, x # 0 then, since | Ax| = |x| for each unitary operator (see Subsect. 4.3.7),
we get [A||x| = |Ax| = |x],ie., |A| = 1.

Let us point out the next useful corollary. Its proof is obvious.

Corollary 4.4. All eigenvalues of each Hermitian matrix are real; all eigenvalues of
each skew-Hermitian matrix are imaginary; the modulus of any eigenvalue of each
unitary matrix is equal to one.

4.3.8 Normal Operators

A linear operator A acting in the unitary space X,, is called normal if

AA* = A" A.
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Evidently, self-adjoint operators, skew-Hermitian operators, and unitary operators
are normal. An operator is normal if and only if its matrix with respect to any or-
thonormal basis of the space X, is normal (see the definition of a normal matrix on
p. 47).

Theorem 4.38. Let A:X,, — X, be a normal operator. Then Ker(A)=Ker(A*).

Proof. Suppose that Ax = 0. Then
0= (Ax, Ax) = (A* Ax,x) = (AA x,x) = (A%x, A*x),
hence, A*x = 0. The same calculations show that if A*x =0, then Ax=0. O

Theorem 4.38 and Theorem 4.29, p. 128, immediately imply the following corol-
lary.

Corollary 4.5. Let A : X,, = X,, be a normal operator. Then
X, = Ker(A) ®Im(A) = Ker(A*) $Im(A*), Im(A)=Im(A").

Theorem 4.39. Let A: X, — X,, be a normal operator, (x,1) be an eigenpair of A,
i.e, Ax = Ax. Then (x,A) is an eigenpair of the operator A*.

Proof. It is obvious that if an operator .4 is normal, then for each A € C the opera-
tor A — Al is normal too, and (A — AI)* = A* — Al If we combine this equality
with Theorem 4.38, we get Ker(A — AI) = Ker(A* —AI). O

Theorem 4.40. Eigenvectors of a normal operator satisfying distinct eigenvalues
are orthogonal to each other.

Proof. Let A be a normal operator, and let Ax = Ax, Ay = 1y, where A # L.
Then A(x,y) = (Ax,y) = (x,.A*y). By Theorem 4.39, it follows that A*y = iy,
hence, (x, A*y) = (x,y). Thus, A (x,y) =u(x,y), and (x,y) =0, since A£u. O

Theorem 4.41. Let A be a linear operator acting in the space X,,. There exists an
orthonormal basis {ey}}_, C X, such that Aey = Mey, k=1,2,...,n, if and only if
the operator A is normal.

Proof. Necessity. The matrices of mutually adjoint operators with respect to any
orthonormal basis are mutually adjoint (see Subsect. 4.3.2, p. 127). Hence if

Ae = diag(ll,lg, . 7),,,)
is the matrix of the operator A with respect to the orthonormal basis {e;}}_,, then
Ar =diag(A1, A2, ..., A)

is the matrix of the operator A* with respect to the same basis. The matrix of the
product of two operators is equal to the product of the matrices of these operators
(see Subsect. 4.1.5, p. 93), diagonal matrices are permutable, therefore,
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(A*A)e ZAZAE ZAEAZ = (AA*)e,

thus, A* A = AA*, i.e., the operator A is normal.

Sufficiency. Let (e1, A1) be an eigenpair of A. Suppose that |e;| = 1. By Theo-
rem 4.39, it follows that (ej, 11) is an eigenpair of the operator .A*. Denote by L,
the subspace of all vectors in X, that are orthogonal to e;. The subspace L,
is invariant under the operator A. Indeed, if x € L,_1, i.e., (x,e;) = 0, then we
get (Ax,e1) = (x, A%e;) = Ai(x,e;) = 0. Therefore, using Corollary 4.1, p. 109,
we see that there exists a normalized' vector ey € L,_; and a number A, such
that Ae, = Ayer. Let now L,_» be the subspace of all vectors in X,, that are or-
thogonal to both vectors e; and e;. Arguing as above, we prove that there exists a
normalized vector e3 € L, _, and a number A3 such that Ae; = Aze3. Continuing
this process, we construct an orthonormal set of vectors {e;}}_; C X, such that
Aep = My, wherek=1,2,....n. O

Remark 4.3. Theorem 4.41 states that for each normal operator A there exists an
orthonormal basis such that the matrix of A with respect to this basis is diagonal,
and all eigenvalues of A form the diagonal of this matrix. Thus each normal operator
is diagonalizable (see Subsect. 4.2.3, p. 114).

Remark 4.4. Often is useful the following equivalent formulation of the last result.
Let A be a normal operator acting in the space X,,. Denote by Ay, Az, ..., A,
k < n, all distinct eigenvalues of A and by L, i = 1,2,...,k, all corresponding
eigenspaces. Then

Xn =Ly, &Ly, & BLy,, (4.133)

A=MP1+Pr+ -+ NP, (4.134)

where the sums in (4.133) are orthogonal and P; is the operator of the orthogonal
projection of the space X, onto the subspace Ly, fori=1,2,... k.

The proof of the following corollary of Theorem 4.41 is left to the reader.

Corollary 4.6. Let A be a real square matrix of order n such that ATA = AAT. Then
there exists an orthonormal® set of vectors {ék}zzl C C" and numbers Ay, ..., A,
such that A§, = M&, k=1,2,...,n. Moreover, if the number Ay is real, then we can
choose the real corresponding vector &;.

The proof of the following three propositions is left to the reader.

Proposition 4.1. If all eigenvalues of a normal operator are real, then the operator
is self-adjoint. If all eigenvalues of a normal operator are imaginary, then the oper-
ator is skew-Hermitian. If the modulus of each eigenvalue of a normal operator is
equal to one, then the operator is unitary.

! As usual, a vector x is called normalized if ||x|| = 1.
2 With respect to the standard inner product on the space C".
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Proposition 4.2. Let A and B be normal operators, and their characteristic poly-
nomials are equal to each other. Then there exists a unitary operator Q such

that B=QAQ*.

Proposition 4.3. Let A be a normal operator, Q be a unitary operator. Then the
operator A = QAQ* is normal and the following resolution holds:

A211ﬁ1+1252+“'+lk73k~ (4.135)

Here M, Ay, ..., Ay are all distinct eigenvalues of A, and P = QP;Q* is the
operator of the orthogonal projection of the space X, onto the subspace QLj,,
wherei=1,2,... k.

Theorem 4.42. Normal operators A and B are permutable if and only if they have a
common orthonormal basis that consists of their eigenvectors.

Proof. Sufficiency. Let {e;}]_, be the common orthonormal basis that consists
of the eigenvectors of the operators A and B, i.e., Ae, = Aey and Bep = ey,
where k = 1,2,...,n. Then BAey=A er, ABe, = A ey fork=1,2,...,n, ie.,
for each vector of the basis the values of the operators AB and B.A coincide.
Thus, AB = BA.

Necessity. Let us use representation (4.133) of the space X,, in the form of orthog-
onal sum of the eigenspaces of the operator .4 corresponding to distinct eigenvalues
of A. It follows from Lemma 4.3, p. 109, that each subspace L, is invariant under .
Since the operator B is normal, we see that in each L, there exists an orthonormal
basis that consists of eigenvectors of the operator B. Clearly, the union of all such
bases is a basis of the space X,,, and by construction, all vectors of this basis are
eigenvectors of the operator A. O

4.3.9 The Root of a Non-Negative Semidefinite Self-Adjoint
Operator

Theorem 4.43. Let A be a non-negative semidefinite self-adjoint operator acting in
a finite-dimensional unitary space X,, and let k > 2 be a given integer. Then there
exists a unique non-negative semidefinite self-adjoint operator T such that T* = A.

The operator T is called the k-th root of the operator A and is denoted by Ak or

by vV A.

Proof. Since the operator A is self-adjoint, there exists an orthonormal basis {e;}}_,
consisting entirely of the eigenvectors of \A. Let us denote the corresponding eigen-
values by 41, Az, ..., A, and define the operator 7 by the action of this operator on
the basis vectors:

Tei:%ei, i=1,2,...,n.
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All eigenvalues of any non-negative semidefinite operator are non-negative, hence
we can assume that all numbers /4;, i = 1,2,...,n, are non-negative. Obviously,
the operator 7 is self-adjoint and non-negative semidefinite, moreover, we see
that 7% = A, i.e., T = A'*. To complete the proof we shall show that the k-th root of
the operator A is unique. For this purpose we first establish that there exists a poly-
nomial P, of degree m < n— 1 such that 7 = P,,(\A). Indeed, let A1, Az, ..., A, r <n,
be all distinct eigenvalues of the operator .A. Then there exists a polynomial P,_; of
degree r — 1 such that P,_{(A;) = VA;, i = 1,2,...,r." Hence,

Prfl(A)ei:Prfl(xi)ei:meiv i:1,2,...,l’l,

ie., P._1(A) = T.LetU be an arbitrary non-negative semidefinite self-adjoint op-
erator such that /¥ = A. Then

TU = Py (AU = Py UU =UP— (UY) =UT,

i.e., the operators 7 and U are permutable. Therefore, by Theorem 4.42, these oper-
ators have a common orthonormal basis that consists of their eigenvectors. We also
denote this basis by ej, ez, ...,e, and write

Tei=pei, Uei=[ei, Wi, [1; >0, i=12,...n

Hence,
k k k ~k :
T ei=puje;, U'e=pre, i=1,2,...,n,

but T*=U*, therefore, ﬁlk = ,ul-k, and tt; =, i=1,....,n. Thus, U =T. O

4.3.10 Congruent Hermitian Operators

Hermitian operators A, B : X,, — X, are said to be congruent if there exists a non-
singular operator X such that B = X* AX. Let ny (A) be the number of positive
characteristic values of A, n_(.A) be the number of negative characteristic values
of A, and no(.A) be the number of zero characteristic values of A, all counting mul-
tiplicity. Since all characteristic values of a Hermitian operator are real, we see that
n(A)+n_(A)+ng(A) = n. The inertia of A s the triple (n4(A),n_(A),no(A)).

Theorem 4.44 (Sylvester’s law of inertia). Hermitian operators A, B are congru-
ent if and only if they have the same inertia.

Proof. Sufficiency. Let (ny,n_,ng) be the inertia of the operator .4 and

Ae = M(A)ex, k=1,2,....n, (4.136)

! The polynomial P,_ can be written in an explicit form, for example, using the Lagrange inter-
polation formula (see p. 28).
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where e;, k =1,2,...,n, is the orthonormal set of all eigenvectors of .A. We assume
that all eigenvalues of the operator A are ordered by increasing such that the first n_
eigenvalues are negative, the next ny eigenvalues are zero, and finally, the last n
eigenvalues are positive. Let us define the Hermitian operator D by the action of this
operator on the basis vectors £ = {e;}}_;:

[I S

Der {mk(A)r”ek, Ml A) #0,
0,

€, )“k(A)
where k = 1,2,...,n. Then we can write equality (4.136) in the form
DADE = ET 4, (4.137)

where T4 is the diagonal matrix. The first n_ elements of its diagonal are equal
to —1, the next np elements are zero, and the last n elements are equal to one.
Let Q = {qk}zz1 be an orthonormal basis in X,,. We define the operator M by the
following equality:

MQ =0T,. (4.138)

The bases £ and Q are orthonormal, hence there exists a unitary operator / such
that £ =UQ (see p. 72), and we can write (4.137) in the form

UDADUQ = QT 4. (4.139)

Comparing the left hand sides of (4.138) and (4.139), we see that the operators A
and M are congruent. Thus all operator having the same inertia (ny,n_,ng) are
congruent to the operator M. Therefore all of them are pairwise congruent.

Necessity. We denote by Ly, L_, Ly the subspaces of the space X,, spanned by
the eigenvectors of the operator A corresponding to the positive, negative, and zero
eigenvalues of the operator A, respectively. Let us decompose the space X, into
the orthogonal sum X,, = L, @ L_ @ Ly (see Remark 2, p. 136). Then we see that
dim(L; ) +dim(L_) 4 dim(Ly) = n. Denote by M. the subspace of X,, spanned by
all eigenvectors of the operator B corresponding to all its positive eigenvalues. For
each x € My, x # 0, we have (Bx,x) = (AXx,Xx) = (Ay,y) > 0, where y = X'x.
This means that (.Ay, y) > 0 for each y belonging to the subspace 1\2+ =XM.,. Since
X is invertible, dim(M, ) = dim(M, ). Obviously, M, N (L_ @& Lo) = {0}, hence,
dim(My) +dim(L_) +dim(Lg) < n, and dim(M, ) < dim(L, ). Arguing similarly,
we get the opposite inequality, whence, dim(M ) = dim(L ), or ny (A) = ny.(B).
For the same reason, we get n_ (A) =n_(B), no(A) =no(B). O

4.3.11 Variational Properties of Eigenvalues of Self-Adjoint
Operators

Recall that a linear operator A : X,, — X, is self-adjoint if
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(Ax,y) = (x, Ay) forall x,yeX,. (4.140)

Recall also that all eigenvalues of each self-adjoint operator are real, there exists an
orthonormal basis of the space X,, that consists of the eigenvectors of the operator A.

Let A : X, — X,, be a self-adjoint operator, A1, A3, ..., A, be the eigenvalues of A,
and {e;}}_, be the orthonormal basis of corresponding eigenvectors. We assume
that the eigenvalues are ordered by increasing:

M< - <A (4.141)

Let us point out that we consider all characteristic values of the matrix of the
operator A as the eigenvalues of .4, i.e., each multiple eigenvalue is repeated ac-
cording to its multiplicity. Therefore, generally speaking, inequalities in (4.141) are
non-strict.

Let p, g be integer numbers such that 1 < p < g < n. Denote by L, the subspace
of the space X,, spanned by the vectors {e; }7_ »- Clearly, L1, = X,

Lemma 4.7. For any x € Ly, the following inequalities hold.:
Ap(x,x) < (Ax,x) < A4(x,x), (4.142)
moreover,

A, = min (Ax,x)

XELpg, x7#0 (x,x)

. Ay= max (Ax,x) (4.143)

XELpg, x#0 (X,X)

Proof. For any x € L, we have

q q
(Anx) = (AY Ger, Y &er)

k=p k=p
q q q )
= (Z Mber, Y §k€k> =Y MGl (4.144)
k=p k=p k=p
Evidently,
! 2 v 2 . 2 . 2
Ap YOG < YAl <24 Y &P, Y16 = (x),
k=p k=p k=p k=p
hence (4.142) is true, and for any x # 0 that belongs to L, the following inequalities
hold: (Arx)
X
Ay < L < Ay
P —= (x7x) — ™
We have
(Aep,ep) =4, (Aeg,eq) = Ay
(ep,ep) (eg,¢q)

thus equalities (4.143) are true also. 0O
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Obviously, the next theorem follows from Lemma 4.7.
Theorem 4.45. For each k = 1,2, ... n the following equalities hold:
z’k _ min (.A)C,X) , )~k o (.Ax,x)

XELgy, 370 (X, X) XLy, x40 (x,x)

(4.145)

Note that Ly, = Lf:kfl L= L,ﬂ;ur Therefore for calculation of k-th eigenvalue
we need to know all eigenvectors e; for j=1,2,...,k—1orfor j=k+1,...,n
Thus formulas (4.145) are inconvenient. The next two theorems give descriptions of
each eigenvalue of the self-adjoint operator A without reference to the preceding or
to the succeeding eigenvectors.

Theorem 4.46. For each k = 1,2, ... n the following equality holds:

N . A
k — Imax min .
Rp—j1 XERy—f11, x#0 (xax)

(4.1406)

Here R, 11 is an (n—k+ 1)-dimensional subspace of the space X,,. The maximum
is taken over all subspaces R, _y+1 C X,, of dimension n —k+ 1.

Proof. Clearly,dim(R,_x,1) + dim(Lyx) =n + 1, hence (see Corollary 3.1, p.82)
there exists a vector x # 0 belonging to R, 1 N Li;. Therefore, using (4.145),
we see that for each subspace R, there exists a vector x € R, such that
(Ax,x)/(x,x) < A. Thus for each subspace R, ;| we get

(Ax,x)

1
YERy_fy1, x#0 (X,)C)

< A&.

If we chose now a subspace R, for which

(Ax,x)

min
XER, _jy1. x#0 (x, x)

ks

then we prove equality (4.146). It follows from Theorem 4.45 that the desired sub-
space R, 4118 Ly, O

Theorem 4.47. For each k = 1,2, ... n the following equality holds:

_ (Ax.)
r =mMmin max )
Ri x€Ry, x40 (x,X)

(4.147)

Here Ry is a k-dimensional subspace of the space X,,. The minimum is taken over
all subspaces Ry, C X,, of dimension k.

Proof. Clearly, dim(Ry) +dim(Ly,) = n+ 1 for each subspace Ry, therefore we see
that R, N Ly, # {0}. By Theorem 4.45, we have

(Ax,x)

1
XELyy,, x#0 (x,x)

= Y
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hence for each subspace R; we get

max (Ax,x)

> M.
XER, A0 (X,X) T k

To conclude the proof, it remains to choose a k-dimensional subspace R for which

(Acx) _

XERy, i;éo (x,x)

Using Theorem 4.45, we see that the desired subspace is Ly;. O

It follows immediately from (4.142) that a self-adjoint operator A is non-negative
semidefinite (see (4.127), p. 133) if and only if all eigenvalues of A are non-
negative; a self-adjoint operator A is positive-definite (see (4.128), p. 133) if and
only if all eigenvalues of A are positive. Using the last statement, the reader can
easily prove the following proposition.

Proposition 4.4. If an operator A is positive-definite, then det(A) > 0.

Now the reader can easily prove the Cauchy-Schwarz inequality (see Theo-
rem 3.1, p. 68) using the Gram matrix (see (3.7), p. 70) for the set of two vectors x,
y in the unitary space.

4.3.12 Examples of Application of Variational Properties of
Eigenvalues

Theorem 4.48. Let A,B,C : X,, — X,, be self-adjoint operators, and let
A (A) < (A) < < A(A),
M(B) < 2a(B) < -+ < Ai(B),
2 (C) < M(C) <+ < A(C)
be eigenvalues of A, BB, and C, respectively. Suppose that A = B+ C. Then
M(C) < A(A) — (B) < A,(C), k=1,2,....n. (4.148)

Proof. To prove this statement it is enough to note that for each arbitrarily fixed
subspace Ry of the space X, we have
(Ax,x)  (Bx,x) (Cx,x)

= for all R 0.
(x,x) (x,x) + (x,x) orall x€ Ry, x7

Since (4.142), we see that
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(Cx,x) <A (C) forall xeX,,x#0,
(x,x)
hence,
max (A, x) <  max M+&1(C),
XERp, x#0 (X,X) T x€Ry, x#£0 (x,X)
thus,
min  max (Ax,x) < min (Bx,%) + 2,(C).
Ry x€Rp, x40 (x,X) Ry x€Ry, x40 (x,x)

By Theorem 4.47, the last inequality is equivalent to the following:
A(A) = A4(B) < 4,(©). (4.149)

Note that B = A+ (—C). The eigenvalues of the operator —C are equal to —A;(C),
k=1,2,...,n, and the maximal eigenvalue of —C is equal to —A;(C). Therefore,
arguing as above, we get

M (B) = M (A) < =4 (C). (4.150)
Combining (4.149) and (4.150), we obtain (4.148). O

Estimates (4.148) are useful because they show how the eigenvalues of a self-
adjoint operator 53 can change if we add to B a self-adjoint operator C. It is evident
that if the eigenvalues of the operator C are small, then changes of the eigenvalues
of B are small too.

Theorem 4.49. Let A, = {a,-j}l'-’;rzll be an arbitrary Hermitian matrix of order

n+1and A, ={a;;}] ;| be the matrix corresponding to its leading principal minor
of order n. Let M<h< < i,,ﬂ be the eigenvalues of the matrix A,+1 and
M < Ay <--- < A, be the eigenvalues of A,,. Then

M<M<h<h< <A<, (4.151)
i.e., the eigenvalues of A1 are interlaced with the eigenvalues of A,,.

Proof. In this proof we use the standard inner product on C". Let 1 < k < n. By

Theorem 4.47 4
As1 =min  max An1x,%) (4.152)
Rii1 x€Rk 1, 2#£0 (X, X)
The minimum here is taken over all subspaces Ry, of dimension k+ 1 of the
space C"*!. Denote by R, C C” the set of all vectors in Ry | such that the (n + 1)-th

coordinate with respect to the natural basis is zero. Then

) e
YERy 41, x#0 (xv-x) XERy, x#0 (-x7x)
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To justify this inequality it is enough to note that on the left hand side the maxi-
mum is taken over the broader set of vectors than on the right hand side. Therefore,
using (4.152), we get

(A"Hrlxvx)

i . . (An-xa-x)
k+1 =Min  max -————->min max -———
Rii1x€Ri1 1, x20  (X,X) R xERy, 320 (X,X)

)

but, by Theorem 4.47, the right hand side of this inequality is equal to A«. Thus,
)Lk-&-l > )Lk for all k = 1,2,...,1’1.
Let us use now Theorem 4.46. By this theorem,

Ay = min  AreHY) (4.153)

max
Ryyo—k XERy 12—k, 370 (X,X)

The maximum here is taken over all subspaces R, ;> of dimension n+ 2 — k of
the space C"*!. If we narrow the set of vectors over which the minimum is taken,
then this minimum can not decrease. Therefore, analogously to the previous case,
we can write

A . Apix,x
Ay = max min (An1x,%)
Rup2—k XERya—p, x#0  (X,X)
. Apx,x
< max min (Anx,%) =M. (4.154)
Ryg1—k XERy 1k, 320 (X,X)

Thus inequalities (4.151) are true. O
In the same way we can prove the following more general result.

Theorem 4.50. Let A be a Hermitian matrix of order n and A,, be the Hermitian
matrix of order m < n corresponding to a principal minor of order m of the matrix A
(see Subsect. 4.2.4, p. 115). Let A1(A) < Ap(A) < --- < Ay (A) be the eigenvalues
of the matrix A and A (Ap) < 22(An) < -+ < An(Ay) be the eigenvalues of the
matrix A,,. Then

M(A) < M(Am) € Asnem(A), k=1,2,....m. (4.155)

Remark 4.5. Clearly, Theorem 4.49 is the particular case of Theorem 4.50 when
m=n—1 and A,_ corresponds to the leading principal minor of the matrix A of
order n — 1. Sometimes it is convenient to order the eigenvalues by nonincreasing.
Then, obviously, estimate (4.155) has the form

A‘k-‘rn—m(A) < /’Lk(Am) < )Lk(A)7 k= 1727 ey M. (4.156)

Theorem 4.51 (Sylvester’s criterion). A Hermitian matrix A is positive definite if
and only if all the leading principal minors of A are positive.

Proof. Necessity. Take an integer k, 1 < k < n. If in condition (4.130), p. 133, we
putx = (x,...,x,0,...,0) = (,0,...,0), where y is an arbitrary vector in C¥, then



4.3 Operators on Unitary Spaces 145

(Ax,x) = (Ary,y). Here Ay, is the matrix corresponding to the leading principal minor
of order k of the matrix A.! Evidently, it follows now from condition (4.130) that
(Ay,y) > 0 for each nonzero vector y € CK, i.e., the matrix Ay is positive definite.
Therefore its determinant (the leading principal minor of order k of the matrix A) is
positive (see Proposition 4.4, p. 142).

Sufficiency. Now we prove that if all leading principal minors of the matrix A
are positive, then all its eigenvalues are positive. The last condition means that the
matrix A is positive definite. Actually, we prove more, namely, we prove that all
eigenvalues of all leading principal minors of the matrix A are positive. Obviously,
for the minor of order one, i.e., for ayy, it is true. Let us assume that all eigenval-
ues A1 < --- < A of the matrix Ay corresponding to the leading principal minor of
order k are positive, and prove that all eigenvalues A; < --- < A, | of the matrix Az,
are positive too. Using Theorem 4.49, we see that the following inequalities hold:

<M <hh<h<-- <N <k

Therefore, A, ..., A1 > 0. Since, by hypothesis, det(Ag,1) > 0, and by equality
(4.79), p. 117, det(Ak+]) =MAr- Ay, weget A >0. O

Now we introduce two concepts, which will be used below. Let x,y € R". Addi-
tionally we assume that x; > xp > -+ > x,,, y1 > y2 > -+ > y,. We write x <, y and
say that x is weakly majorized by y if

k k
in < th k=1,2,...,n.
i=1 i=1

We write x <y and say that x is majorized by y if x <,, y and
Y xi=Y v (4.157)
i=1 i=1

Theorem 4.52 (Schur). Let A be a Hermitian matrix of order n. Let A (A) € R" be
the vector consisting of all the eigenvalues of the matrix A ordered by nonincreasing
and d(A) € R" be the vector consisting of all the diagonal entries of the matrix A
ordered by nonincreasing. Then

d(A) < A(A). (4.158)

Proof. Since for any permutation matrix P the eigenvalues of the matrices A
and PAP equal, without loss of generality we can assume that the matrix A is such
that all its diagonal entries are ordered by nonincreasing, i.e., @y > ax > -+ > dpy.
Let A; be the leading principal submatrix of A of order k. Using equality (4.79),
p. 117, and estimate (4.156), we get

! The matrix A usually is called the leading principal submatrix of order k of the matrix A.
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iaﬁ = il,»(Ak) < Zk:li (A). (4.159)
Now using (4.79), p. 117, with respect to the matrix A, we see that for k = n inequal-
ity (4.159) transforms to the equality. 0O
The next corollary is obvious.
Corollary 4.7. Let A be a Hermitian matrix and U be an unitary matrix. Then
d(U*AU) < A(A).

Theorem 4.53. Let A be a Hermitian matrix of order n. Assume that all the eigen-
values of A are ordered by nonincreasing. Then

N

Ai(A) :m‘glxtr(V*AV), k=1,2,...,n.

i=1

The maximum here is taken over all rectangular unitary matrices V & M,,7k.1

Proof. Let V be an arbitrary rectangular n-by-k unitary matrix. Let U = (V,W) be
the square unitary matrix of order n. For any matrix W the diagonal elements of
the matrix V*AV equal to the first k diagonal elements of the matrix U*AU. By

k
Corollary 4.7, their sum is no more than the number ). Ai(U*AU), which is equal

i=1
k
to Y A;(A). If the columns of the matrix V are the eigenvectors of the matrix A cor-
i=1
responding to A1 (A), A2(A), ..., A(A) and orthonormal with respect to the standard
k
inner product on the space C”, then tr(V*AV) = Y A;(A). O
i=1

Theorem 4.54 (Fanz). Let A, B be Hermitian matrices of the same order. Then
A(A+B) < (AL(A)+A(B)).

This theorem follows immediately from Theorem 4.53 and the fact that the trace
of the sum of matrices is equal to the sum of their traces (see (4.80), p. 117).

! See the definition on p. 47.
2 Ky Fan (1914-2010) was an American mathematician.
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4.4 Operators on Euclidean Spaces

4.4.1 Overview

Let X, be an Euclidean space (i.e., n-dimensional real inner product space). In this
section we consider linear operators A acting in the Euclidean space X,, and note
some features related to the assumption that X, is real.

The matrices of operators A and .A* with respect to any orthonormal basis of the
space X, are mutually transposed.

A linear operator is self-adjoint if and only if the matrix of this operator with
respect to any orthonormal basis of the space X,, is symmetric.

Skew-Hermitian operators acting in the Euclidean space usually are called skew-
symmetric. A linear operator is skew-symmetric if and only if the matrix of this
operator with respect to any orthonormal basis of the space X,, is skew-symmetric.

Each linear operator A : X,, — X, is uniquely represented in the form

A=A+ A,

where A, is a self-adjoint operator, .A; is a skew-symmetric operator, and
1 N 1 *
A1=§(A+A ), Azzi(A—A ).

Similar arguments for matrices see at pp. 46, 47.

Theorem 4.55.! A linear operator A acting in the Euclidean space X, is skew-
symmetric if and only if

(Ax,x) =0 forall xeX,. (4.160)
Proof. If A= —A*, then
(Ax,x) = (x, A*x) = —(x, Ax),

i.e., (Ax,x) = 0. The sufficiency of condition (4.160) follows from the obvious iden-
tity (A(x+y),x+y) = (Ax,x) + (Ay,y) + (Ax+ A"x,y). O

Unitary operators (i.e., operators satisfying the condition AA* = I) acting in the
Euclidean space are called orthogonal. A linear operator is orthogonal if and only if
the matrix of this operator with respect to any orthonormal basis of the space X, is
orthogonal (see Subsect. 1.2.7, p. 47).

Any orthogonal operator does not change the lengths of vectors and the angles
between vectors, this immediately follows from the definition. The determinant of
an orthogonal operator is equal to plus one or to minus one. Any eigenvalue of an
orthogonal operator is equal to plus one or to minus one.

! Compare with Theorem 4.36 p. 132.
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Recall that a linear operator A4 is normal if AA* = A*A. Self-adjoint operators,
skew-symmetric operators, and orthogonal operators are normal.

If an operator A : X,, — X,, is normal, then the matrix A, of the operator A with
respect to any orthonormal basis of the space X, is normal, i.e., A, satisfies the
following condition:

AAT = ATA,. (4.161)

The converse is also true: if there exists an orthonormal basis &, of the space X,, such
that the matrix of the operator A with respect to this basis satisfies condition (4.161),
then the operator .4 is normal.

4.4.2 The Structure of Normal Operators

In this subsection we consider linear operators acting in the Euclidean space X,,.

Theorem 4.56. Let A be a linear operator acting in the Euclidean space X,,. The
operator A is normal if and only if there exists an orthonormal basis &, of the
space X, such that the matrix of the operator A with respect to this basis is block-
diagonal:

A
A, = _ : (4.162)

A
Each diagonal block here is an 1-by-1 matrix or a 2-by-2 matrix. Each 1-by-1 block
is a real number, each 2-by-2 block is a matrix of the form

_ (% _ﬁp)
A, (Bp o) (4.163)

where o, ﬁp are real numbers.

Proof. Sufficiency. By direct calculations we can easily verify that the matrix A, of
the described in the theorem structure satisfies condition (4.161).

Necessity. Let A, be the matrix of the normal operator A with respect to the
arbitrarily chosen orthonormal basis &,. Then A, satisfies condition (4.161). Using
Corollary 4.6, p. 136, we see that for the matrix A, there exists an orthonormal
basis F, = { fi}}_, of the space C" such that

Acfe=2fe, k=12,....n, (4.164)

where A1, Ay, ..., A, are the characteristic values of the matrix A,, and if A; isreal,
then the corresponding vector f; is real. Let us enumerate the characteristic values of
the matrix A, in the following order: A1 =0, Ay =00, ..., A=y, were 0 <m < n,
are real; and Ay j = Oy j +1Bus js At j = Oy j — 1By js for j=1,2,..., p, where
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p = (n—m)/2, are complex. Then the eigenvectors fj for k = 1,2,...,m are real;
and the other corresponding eigenvectors are complex, i.e., fr = gr + ihy, where
gk, hi € R", k > m. The matrix A, is real, therefore, if A; is a complex character-
istic value of A, and A, fx = At fi, then A, fy = A fi. By Theorem 4.40, p. 135, we
see that eigenvectors of the normal operator A satisfying distinct eigenvalues are
orthogonal to each other, hence, (fi, fi) = 0, and (gx,gx) = (hi,hi), (gx,hx) = 0.
Moreover, we have (fi, f) = 1. This easily yields that (g, gx) = (b, i) = 1/2.
Let now fi, fi € Fn, k # 1, be complex vectors such that f; # f;. Then we have
(fe,f1) =0, and (fi, f;) = 0, whence by elementary calculations we obtain (gx, g;),
(hey i)y (grshu)s (hiygr) = 0. Recall that (see Sect. 4.2.5, p. 118) if A, fi = A fr
where A; = o +if. fx = gk +ihg, then A.gx = oggr — Buhi, Achi = 048 + Brhi.
Now the real eigenvector f; € F,, we associate with each real eigenvalue A; of the
matrix A,; the pair of real eigenvectors g = v/2gr, hx = /2h; we associate with
each pair of complex-conjugate characteristic values A, A of the matrix A,. As a
result, we obtain the following set of n vectors in the space R":

j-:ﬂ = {flaf2>' . 'affm ghﬁla g27712a~ RE} gpailp}-
We have proved that this set is orthonormal. For the vectors of the set f,, we get
Aefk:akfk, k= 1,2,...,m, (4.165)
Acgj = ;g — Bjh,
Achj = Bjg;+ ajh;,
where j=1,2,..., p. Using (4.165) and (4.166), we see that the matrix of the op-
erator A with respect to the orthonormal basis &, = £F, of the space X,, has form

(4.162). The blocks of this matrix are consisted of the corresponding elements of
the matrix A,. O

(4.166)

Let us discuss two important special cases using Corollary 4.4, p. 134.

1. Self-adjoint operators. The matrix of the self-adjoint operator 4 with respect
to any orthonormal basis is symmetric. By Corollary 4.4, p. 134, all the character-
istic values of this matrix are real. Therefore all the numbers 3, j =1,2,...,p, in
equalities (4.166) are equal to zero. Thus there exists an orthonormal basis of the
space X,, such that the matrix of the operator A with respect to this basis is diagonal.

2. Skew-symmetric operators. The matrix of the skew-symmetric operator A with
respect to any orthonormal basis is skew-symmetric. By Corollary 4.4, p. 134, all
the characteristic values of this matrix are imaginary. Therefore all numbers o; in
equalities (4.165), (4.166) are equal to zero. Thus there exists an orthonormal basis
of the space X,, such that the matrix of the operator .4 with respect to this basis has
form (4.162), where all the diagonal blocks of order one are equal to zero, and all
the blocks of order two are skew-symmetric:

(%)
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where j=1,2,...,p.

4.4.3 The Structure of Orthogonal Operators

The matrix of the orthogonal operator with respect to any orthonormal basis is
orthogonal. By Corollary 4.4, p. 134, the modulus of each characteristic value
of this matrix is equal to one. Therefore all the numbers oy, k = 1,2,...,m, in
equalities (4.165) are equal to plus one or to minus one; the numbers «;, f3; for
j=1,2,...,pin (4.166) satisfy the conditions Otjz- + BJZ = 1, hence there exist an-
gles @; € [0,27) such that o; = cos ¢;, B; = sin @;. Thus there exist an orthonormal
basis of the space X, such that the matrix of the orthogonal operator with respect
to this basis has form (4.162), where each diagonal block of order one is a number
equal to plus one or to minus one, and each diagonal block of order two has the

following form:
Cos Q; —sinQ;
sing; cosQ; )’

Now we can give clear geometrical interpretation to each orthogonal transforma-
tion of the Euclidean space X,,.

Let us start with the two-dimensional case. As it follows from the above, for each
orthogonal transformation A of the Euclidean space X, there exists an orthonormal
basis ey, ey such that the matrix of the transformation with respect to this basis has

either the form
—-10
a= (o)

B (cos(p - sin(p)
A= . .
sing  cos¢Q

In the first case, the operator A transforms each vector x = &je; + &en € X; into
the vector Ax = —& ey + &en, i.e., the operator A carries out a specular reflection
with respect to the coordinate axis &,.

In the second case, (Ax,x) = |x||.Ax|cos @, i.e., the operator A carries out a rota-
tion of each vector x € X, through an angle ¢. For ¢ > 0 the direction of the rotation
coincides with the direction of the shortest rotation from e to e;.

In the three-dimensional case, each orthogonal operator .4 has at least one eigen-
value, since corresponding characteristic equation is an algebraic equation of order
three with real coefficients. Therefore the matrix A, of the operator A with respect
to the orthonormal basis eq, €2, e3 € X3 (renumbered if necessary) has one of the
following forms:

or the form

1 0 0
A, = |0cos¢p —sing |, (4.167)
0 sing cos¢@
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-1 0 0
A, = Ocos¢p —sing | . (4.168)
0 sing cos¢@

Observe that if the operator A has exactly one eigenvalue, then these representations
immediately follow from Theorem 4.56, if the operator A has three eigenvalues,
then representation (4.167) or (4.168) we obtain by choosing a special angle ¢.

Arguing by analogy with the two-dimensional case, it is easy to verify that the
operator A that has the matrix (4.167) carries out a rotation through an angle ¢ about
the coordinate axis &;, the operator A that has the matrix (4.168) at first carries out
a rotation through an angle ¢ about the coordinate axis & and then carries out a
specular reflection with respect to the & &3 coordinate plane. In the first case, the
determinant of the operator A is equal to one, in the second case, it is equal to
minus one.

As we know, the determinant of the linear operator does not depend on the choice
of the basis in the space. Therefore all orthogonal transformations of the three-
dimensional space we can divide into two classes: proper rotations and improper
rotations. A proper rotation is a transformation with the positive determinant, it
carries out a rotation of the space about an axis. An improper rotation is a transfor-
mation with the negative determinant, it is the combination of a rotation about an
axis and the reflection in the plane that is orthogonal to this axis.

Using Theorem 4.56, we can represent the Euclidean space X, of an arbitrary
dimension n as the orthogonal sum of some one-dimensional invariant subspaces
of the orthogonal operator A : X,, — X, and some two-dimensional invariant sub-
spaces of A. In each two-dimensional invariant subspace the operator A carries out
a rotation through an angle. Generally speaking, these angles can differ for differ-
ent subspaces. In each one-dimensional invariant subspace only the direction of a
coordinate axis can be transformed.

The proof of the following proposition is left to the reader.

Proposition 4.5. Each real symmetric matrix A is orthogonally similar to a diago-
nal matrix, i.e., QTAQ = A, where A is the diagonal matrix, Q is the orthogonal
matrix. The columns of the matrix Q are the eigenvectors of A. The diagonal ele-
ments of the matrix A are the eigenvalues of A.

4.4.4 Givens Rotations and Householder Transformations

In this subsection we consider two important types of orthogonal matrices, which
are often used in applications.

1. Givens!' rotations. A real matrix Qy (¢) = {gij(@)} =1, 1 <s<t<n,iscalled

a Givens rotation if qss(@9) = gy () = cos @, g;i(¢) = 1 for i # 5,1, g4 () = —sin @,
q:1s(@) = sin @, and all other elements of the matrix Qy (@) are equal to zero.

! Wallace Givens (1910-1993) was an American mathematician.
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It is easy to see that the matrix Q = Qg (@) is orthogonal. This matrix defines
an orthogonal transformation of the Euclidean space R" with the standard inner
product, and it carries out a rotation trough an angle ¢ in the two-dimensional space
(in the plane) spanned by the vectors i, i; of the natural basis in the space R". The
matrix Q7 is inverse of Q and performs the contra-rotation in the same plane.

Let x be an arbitrary vector in the space R". Obviously, (Qx); = x; for i # s,1,
(Ox)s = X508 @ — X; sin @, (Qx), = xssin @ + x, cos @. Take p = (x2 4 x2)"/2. Sup-
pose that @ =0 if p =0 and cos@ = x;/p, sing = —x,/p if p > 0. Then we
get (Qx)s = p, (Qx); = 0.

Now it is perfectly clear that if x is an arbitrary nonzero vector in R”, then sequen-
tially choosing the angles @,, @,_1, ..., ¢», we can construct the Givens rotations

Q1.4(0n), Q1n—1(@a—1), .., Q1 2(¢) such that Ox = |x|i;, where
Q - Q1,2((P2) v ’Ql,nfl ((pnfl)Ql,n((Pn)-

Thus, using an orthogonal matrix, we can transform any nonzero vector into a vector
whose direction coincides with the direction of the vector i; of the natural basis.

Let x, y be two arbitrary nonzero vectors in R”. As we have just shown, there
exist orthogonal matrices Qy and Qy such that Q.x = |x|i;, Q,y = [y|i1. Therefore,
Ox = (|x|/|y|)y. where Q = Q] Q.. i.e., for any pair of nonzero vectors there exists
an orthogonal matrix that transforms the first vector into a vector whose direction
coincides with the direction of the second vector.

2. Householder! transformations. Let w = {w;}?_, be an arbitrarily chosen in R"
vector with |w| = 1. A matrix
R=1-2ww"

is called a Householder transformation (or reflection). We explain that the vector w
is treated here as a column vector, hence, R = {&;; —2w;w, }} =1
The matrix R is symmetric. Let us show that this matrix is orthogonal. Indeed,

RTR=R> =1—4ww” +4wwTwnw! =1
because w/w = |w|?> = 1. Note further that
Rw=w—2wwlw=—w, Rz=z—2wwlz=z, (4.169)

if wI'z = (w,z) =0, i.e., the vectors w are z orthogonal >

Now let x be an arbitrary vector. By theorem 3.13, p. 86, it can be uniquely
represented in the form x = aow+z, where « is a real number, z is a vector orthogonal
to w. Using equalities (4.169), we see that Rx = —aw + z. We can say therefore that
the matrix R carries out a specular reflection of the vector x with respect to the
(n — 1)-dimensional hyperplane that is orthogonal to the vector w. This property of
the matrix R lets call her the Householder reflection.

1 Alston Scott Householder (1904—1993) was an American mathematisian.
2 With respect to the standard inner product on the space R”.
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Consider the following problem. A nonzero vector a and an unit vector e are
given. It is necessary to construct a Householder reflection R such that Ra = e,
where ( is a number (clearly, the equality |i| = |a] is true, since R is orthogonal).

It is easy to see (make a drawing!) that the solution of this problem is the House-
holder reflection defined by the vector

a—lale

=" (4.170)
|a—|ale]

or by the vector w = (a+ |ale)/|a+ |ale|. For minimization of effects of the round-
ing errors in numerical calculations we should take the vector w that has the bigger
denominator.

Useful to note that if a is an arbitrary nonzero vector, then the Householder trans-
formation R can be constructed such that for any vector x € R” the following condi-
tion holds:

(a,Rx) = |a|x, 4.171)

were k is a given integer number lying in the range from 1 to n and x; is the k-
th component of the vector x. Evidently, to do this we need to choose e = i in
formula (4.170).






Chapter 5
Canonical Forms and Factorizations

In this chapter we detailed explore the problem of reducing the matrix of an operator
to a simple form due to the choice of special bases in finite-dimensional spaces. The
singular value decomposition of an operator is constructed. The Jordan canonical
form of the matrix of a finite-dimensional operator is obtained. The special section
is devoted to study of the so-called matrix pencils. We obtain their canonical forms
and describe applications to investigation of the structure of solutions of systems of
ordinary linear differential equations.

5.1 The Singular Value Decomposition

5.1.1 Singular Values and Singular Vectors of an Operator

In this section we show that for any linear operator A acting from a finite-dimensional
unitary space X, into a finite-dimensional unitary space Y/, there exist orthonormal
bases {e;}}_, C X, and {gx}}", C Y}, such that

owqi, k <r,
Aey = § TKde = (5.1)
0 ,k>r
where o > 0, k =1,2,...,r. The numbers o7, 0y, ..., 0, are called the singular

values of the operator .A. Sometimes it is convenient to include min(m,n) — r zeros
in the set of singular values.

Relationships (5.1) show that the numbers o7, 03, ..., 0, form the main diago-
nal of the leading principal (basic) minor of the matrix A, of the operator A with
respect to the bases {ex}}_,, {gx}} . and all other elements of the matrix A, are
equal to zero.

The vectors {ex}}_;, {qr}}, are called the singular vectors of the opera-
tor A. Let us construct them. The operator A*A is self-adjoint and non-negative

155
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semidefinite (see Property 2, p. 133), therefore (see Theorem 4.41, p. 135, and Sub-
sect. 4.3.11, p. 142) there exist the orthonormal eigenvectors {e;};_, of the opera-
tor A* A and all its eigenvalues are non-negative. Thus,

A*Aey = oter, k=1,2,....n. (5.2)
Here O'k2 > 0 are the eigenvalues of the operator A*A. Let us enumerate them as
follows: 6y >0, >--->0,>0,0,.1=---=0,= 0.Putzp = Aey fork=1,....r
and note that (z,,z,) = (Ae), Ae,) = (A* Aey,e,) = 0, (ep,¢,). Hence,
07 7
(zpr2g) =9 P#a (5.3)
0y, P=4¢q,

and the vectors
g =0, 'Aex, k=1.2,....n (5.4)

form the orthonormal set in the space Y,,. If r < m, then we join this set with
some vectors gi, k =r+1, r+2,...,m, to complete the orthonormal basis of the
space Y,,. Relationships (5.1) follow now immediately from the definition of the
vectors {e;}7_, and {qc}}",.

Using (5.1), we see that the vectors {g;};_, form the basis in Im(A). Hence
it follows from Theorem 4.29, p. 128, that the vectors {Qk}Tzr 1 form the basis
in Ker(.A*). Therefore,

A*qr=0 for k=r+1,r+2,...,m. (5.5)

Fork=1,2,...,r, using (5.4), (5.2), we get
A*qp = o, ' A* Aey = e (5.6)

Combining (5.6), (5.4), and (5.5), we obtain
AA g = 2qi k=1,2,....r, AA*q=0,k=r+1,r+2,....m.  (5.7)

It follows from (5.2) and (5.7) that all the nonzero eigenvalues of the operators A4* A
and AA* coincide, i.e., the spectra of these operators can differ only by the multi-
plicity of the zero eigenvalue.

Moreover, the next equalities follow from the previous arguments:

rank(A) = rank(A*A) = rank(AA"),
def(A*A) =n—rank(A), def(AA")=m—rank(A).

Clearly, the rank r of the operator A is equal to the number of all nonzero sin-
gular values of the operator A. This remark gives us a real opportunity to compute
the rank of the operator A: we have to solve the eigenvalue problem for the non-
negative semidefinite self-adjoint operator .A*.A4 and calculate the number of all
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nonzero eigenvalues. Precisely this method is typically used in practical computa-
tions of the rank. Evidently, the eigenvectors {e;}}_..  of the operator A*A form
the orthonormal basis of the kernel of the operator A.

If the singular values and the singular vectors of the operator A are known, then
the pseudo-solution (see Subsect. 4.3.4, p. 129) of the equation

Ax=y (5.8)

can be easily constructed. Indeed, in Subsect. 4.3.4 we have proved that any solution
of the equation

A* Ax = A*y (5.9)

is the pseudo-solution of (5.8). Substituting in (5.9) the expansions x = Z Erex
k=1

m
and y = Z Nkgx With respect to the bases {e;};_, C X,, and {g}}", C Y, for x
k=1
and y and using after that (5.2), (5.5), (5.6), we get

r

Z 6 & — oum)ex = 0. (5.10)

Therefore, & = 1y /0y for k=1,2,...,r. Thus any vector

r n n
Z oot Y, & (5.11)
k=1 k=r+1
where &1, ..., &, are arbitrary numbers, is the pseudo-solution of equation (5.8).

If y € Im(A), i.e., equation (5.8) is solvable, then formula (5.11) gives the gen-

eral solution (see Subsect. 4.1.11, p. 101) of equation (5.8). Indeed, in this case the
r n

vector xo = Y. (1)«/ Ok ey is the particular solution of equation (5.8), and Y, e

k=1 k=r+1
is the general solution of the corresponding homogeneous equation.

For each pseudo-solution x of equation (5.8) we have

Z|nk‘ n Z & |2

k k=r+1

If we take &1, ..., & = 0, then we get the pseudo-solution with the minimal
length. This pseudo-solution is normal. Obviously, it is orthogonal to the kernel
of the operator A.

The proof of the following four propositions is left to the reader.

Proposition 5.1. The absolute value of the determinant of any operator acting in a
finite-dimensional space is equal to the product of all its singular values.

Proposition 5.2. Let A € M, ,, be an arbitrary rectangular matrix of rank r. Then
there exist the unitary matrices U and V (of order m and n, respectively) such that
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A=UZXV, (5.12)

S Op»
X = ’
( 01, 02,2)
is the block 2-by-2 matrix, S = diag(o1,02,...0,), all elements of the diagonal S
are positive, all elements of the matrices 015, O21, O2p are equal to zero. For-

mula (5.12) determines the so-called singular value decomposition of the rectangu-
lar matrix.

where

Proposition 5.3. Let A € M,,,, be an arbitrary matrix, and U,V be arbitrary uni-
tary matrices of order m and n, respectively. The singular values of the matrices A
and UAV coincide (therefore we say that the singular values of any matrix are in-
variant under unitary transformations).

Proposition 5.4. Let A € My, , be an arbitrary matrix, 61,02, ..., 0, be its singular
values. Then
1/2
m,n
2
max oy < a;; . 5.13
1<k<r k> <ijzll lj| > ( )

The singular values of an operator characterize the sensitivity of the solution of a
linear equation with respect to changes in its right-hand side. Let .A be a nonsingular
operator acting in a finite-dimensional unitary space X,,. Consider two equations:

Ax=y (5.14)

and
Ax=7. (5.15)

Since the operator A is nonsingular, these both equations are uniquely solvable.

Denote by x the solution of equation (5.14) and by X the solution of equation (5.15).

The number 8, = |x — X|/|x| is the relative change in the solution with respect to

the change in the right-hand side. Let us clarify the dependence of &, on the relative

change in the right-hand side 0, = |y — ¥|/|y|. If we represent the vectors y and ¥ in
n n

the form of expansions y = Z Nkqx and = Z kg, then, using (5.1), we obtain
k=1 k=1

1 = Tk 1 = Tk
x=A"y=) —¢, ¥=A"F=) —e.
Lo =L o

Here, as usual, oy, k = 1,2,...,n, are the singular values, {e;}}_, and {g;}}" | are
the singular vectors of A. Therefore, using the inequalities 6y > 6, > --- > 0, > 0,
we get
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n =12
Y M L Y Il
53: k:ln sz < %k:ln _ 715y2' (5.16)
Yy % Or Y mef? "
=1 Ok k=1
Thus,
5. < s, (5.17)

n

The number ©;/0,, which characterizes the stability of the solution of equa-
tion (5.14) with respect to changes in its right-hand side, is called the condition
number of the operator A and is denoted by cond (\A). Evidently, cond (A) > 1 for
any operator A.

The reader can easily check the following properties of the condition number.

1. There exist vectors y and J such that the two sides in (5.17) are equal. It this sense
estimate (5.17) is unimprovable.

2. There exist operators whose condition numbers are equal to one (give some ex-
amples!).

5.1.2 The Polar Decomposition

Theorem 5.1. Let A : X,, — Y,, be an arbitrary operator. There exist operators
U:X,—-Y S: X, > X, and T : Y,, = Y, such that

UU=Tif n<m, UU* =T if n>m, (5.18)
the operators S, T are self-adjoint and non-negative semidefinite, and
A=US=TU. (5.19)

Proof. Let {k}7_, {gF}"_, be the singular vectors of the operator A (which form
the orthonormal bases in the spaces X,,, Y,,, see Subsect. 5.1.1). Let 61, 02, ..., O
be the singular values of A. If n < m, we define the operator U/ by the relationships

Uer=qr, k=1,2,...,n. (5.20)
If n > m, we put
Uer=qi, k=1,2,....m, Uex=0,k=m+1,m+2,....n (5.21)
We define the operators S, T by the following equalities:
Sey=oer, k=1,2,....r, Sex=0,k=r+1,r+2,...,n,

Tar=0wqr, k=1,2,....r, Tqp=0,k=r+1,r+2,...,m.
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The operators 7 and S are self-adjoint and non-negative semidefinite, since, as it
is easy to see, the numbers (Sx,x), (Ty,y) are non-negative for all x € X,, and for
all y € Y,,. Obviously,

USey = Aey, TUep=Aey, k=1,2,....n,

i.e., relationships (5.19) are true. By direct calculations we verify that the opera-
tor U* can be defined by the relationships

U qp=er, k=1,2,....m, if m<n, (5.22)

Uqp=er, k=12,....n, U*qp =0, k=n+1,n+2,....m, if m>n. (5.23)
Clearly, equalities (5.18) follow from (5.20)-(5.23). O

Formulas (5.19) define the polar decomposition of the operator A.

Now let us dwell on the case when the operator A acts in the space X,. Re-
lationships (5.18) show that in this case the operator ¢/ is unitary. It follows from
equalities (5.19) that any linear transformation of the finite-dimensional space X, is
the result of the sequential execution of the unitary transformation, which does not
change the length of vectors, and the non-negative semidefinite self-adjoint trans-
formation, which stretches the space X, in the n pairwise orthogonal directions.

It immediately follows from (5.19) that A* A = S?, AA* = T?2. Since the oper-
ators S and 7 are self-adjoint and non-negative semidefinite, the last two equalities
show that S and T are uniquely determined by the operator A, namely (see Theo-

rem 4.43, p. 137),
S=vA*A, T=VAA*. (5.24)

If the operator A is nonsingular, then the operator A* A is nonsingular. Hence the
operator S is also nonsingular. Therefore in this case the operator U = AS ~isalso
uniquely determined.

The next theorem readily follows from formulas (5.19), (5.24).

Theorem 5.2. The operator A is normal if and only if the operators T and S in
factorization (5.19) coincide, in other words, if and only if the operators U and S
commute.

Note that if the space X,, is real, then the polar decomposition holds true, but
the operator U in (5.19) is orthogonal, the operators 7 and S are symmetric and
non-negative semidefinite.

5.1.3 Basic Properties of the Pseudoinverse Operator

Let X,,, Y,, be finite-dimensional unitary spaces, A : X, — Y,, be a linear oper-
ator, {e;}}_; C X, {qx}j—, C Y, be its singular vectors, o1, Oy, ..., 0, be the
singular values of A, where r = rank(.A), r < min(m, n).
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As we have seen in Sect. 5.1.1, the formula

r

Nk
X0 = Z gkeka

k=1

where 1y = (qx,y), k = 1,2,...,m, are the coordinates of the vector y with respect
to the basis {gx }}"_,, defines the normal pseudo-solution xq of the equation Ax = y.
Thus the pseudoinverse of the operator A (see Subsect. 4.3.4, p. 130) can be pre-
sented in the form

v4+y=:§:<qg:oek (5.25)
k=1

Here are the basic properties of the pseudoinverse operator:

C(AF)T = (AN

(AN = A,

C(AAT) = AAT, (AAT)? = AAT,
C(ATA)F = ATA (ATA)? = AT A,
AAT A=A,

AT AAT = AT,

. ifrank A = n, then AT A = 1.

NoO U R W=

We prove only the first and the third equalities. The reader can easily prove all
other properties by himself.

n m
1.Letx = Y &er, y= Y Mg Solving the equation AA*y = Ax in the same
k=1 k=1

way as (5.9), we see that (A*)*x = ¥ (&/0k)qx- By elementary calculations, we
k=1

This means that (A*)" = (AT)*.

3. It follows from (5.25) that A*g; = Gk_]ek for k=1,2,...,rand ATq; =0
fork=r+1,r+2,...,m Hence, AATq, = qi fork=1,2,...,r and AATq, =0
fork=r+41,r+2,...,m. Therefore, (AA")>=AA*. By elementary calculations,

p

we get (AATy,y) = ¥ |mi|?>>0 for each y € Y,,. Thus we obtain (AAT)* = AAT
=)

(see Lemma 4.5, p. 132).

It follows from Properties 3 and 4 that the operators AA" and A'A are the
operators of the orthogonal projections (see Theorem 4.35, p. 132).

get ((A*)Tx,y) = kgl &Tk/ 0. Using (5.25), we obtain (x, Aty) = kgl &M/ O

5.1.4 Elements of the Theory of Majorization

A real-valued function f of areal variable is called convex on an interval (a, b) if for
any points xj, x, in this interval and for any 7 € [0, 1] the following inequality holds:
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flexr+ (1 =1)x2) <tf(x1) +(1—1)f(x2). (5.26)

Geometrically, this means that any point on the graph of the function f on the closed
interval [x,x;] lies below the chord subtending the points (x1, f(x1)) and (x2, f(x2))
or on this chord.

Theorem 5.3 (Jensen’s' inequality). If a function f is convex on an interval (a,b),
then for any points xi, xa, ..., Xy that belong to (a,b) and for any nonnegative
numbers O, Q, ..., Oy, such that oy + 0 + - - - + @, = 1 the next inequality is true:

f (i O‘ixi> < i o f (x;). (5.27)
i=1 i=1

Proof. We easily get (5.27) by induction over m using the obvious identities:

m m—1 m—1
o o
Zaixi:a;nxm+(1—am) Z mxia ; le. a

i=1 i=1
Theorem 5.4. Suppose that a function f is differentiable on an interval (a,b) and
the derivative of f is nondecreasing on (a,b). Then the function f is convex on the
interval (a,b).

Proof. Tt is enough to prove that for any xj,x, € (a,b), x| < x2, the function

@(1) = f((1—0)x1 +1x2) — (1 = 1) f(x1) = 1f (x2)

is nonpositive for all # € [0, 1]. It is easy to see that @(0) =0, ¢(1) =0, and ¢’ (¢) is
nondecreasing on the segment [0, 1]. Using the Lagrange finite-increments formula,
we see that @(z) = @(t) — @(0) =1’ (t1), where 1; is a point in the interval (0,1).
Similarly, ¢(z) = (1 — 1)@’ (12), were 1, is a point in the interval (z,1). Hence it is
evident that @(¢) =t(r — 1)(¢'(2) — ¢'(11)) <0. O

Below we will use the following definitions. A real matrix is called nonnegative
if all its elements are nonnegative. A nonnegative square matrix is called stochastic
if it is nonnegative and the sum of all the elements of each its row is equal to one.
A stochastic matrix is called doubly stochastic if the sum of all the elements of each
its column is also equal to one.

Theorem 5.5. Letx,y ER", x; > x> - > Xp, y1 > V2 > - > Y, and x < y.2 Then
there exists a doubly stochastic matrix S such that x = Sy.

Proof. We prove the theorem by induction over n. For n = 1 the theorem is trivial.
Now we assume that the assertion is true for all vectors of length n — 1 and prove
that it holds true and for all vectors of length n. We easily check that if vectors x

! Johan Willem Ludwig Valdemar Jensen (1859-1925) was a Danish mathematician and engineer.
2 We use the notation defined on p. 145.
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and y satisfy all conditions of the theorem, then x; > y,,.1 Therefore there exist an
integer k, 1 <k <n—1, and a real number 7 € [0, 1] such that

x1 = Tyg+ (1= T)Yk1- (5.28)
Let us consider the two following vectors of length n — 1:

xX= (x27-x37"'a-xn) and y: ()’17)’27~~~Jk717)’k +)’k+1 _xlayk+2a"'7yn)-

It is easy to see that the components of these vectors are monotonically nonincreas-
ing and ¥ < y. Therefore, by the induction hypothesis, there exists a doubly stochas-
tic matrix S of order n — 1 such that

i=_5y. (5.29)

Writing (5.28), (5.29) in the form of the one matrix equality, we get x = Sy, where S
is the doubly stochastic matrix. 0O

Theorem 5.6. Letx,y € R", x; > x> - > X, y1 2> Y2 > -+ >y, and x <, y. Let f
be a nondecreasing and convex on the whole real axis function. Then

Y ) < Y F00)- (5.30)

i=1 i=1

n n
Proof. By assumption, & = Y y; — Y x; > 0. We take numbers x,,11, y,+1 such that
i=1 i=1
the following conditions hold: x,+1 < x,, Yut+1 < yu, and X411 — yp+1 = . Then
for the vectors (x1,x2,...,%,4+1) and (y1,¥2,...,yn+1) all conditions of Theorem 5.5
hold, hence there exists a doubly stochastic matrix S = {s; j}f’;;l , such that

n+1
X[:ZS,'jyj, i=1,2....n+1.
=1

Whence, using Jensen’s inequality, we get

n+1
f) <Y sif(yy), i=12...n+1. (5.31)
j=1

Summing all inequalities (5.31), we see that

n+1 n+1

n+1n+1
Y roa) <Y Y siif) =Y, fO)- (5.32)
j=li=1 i=1

i=1

By construction, x,+1 > y,+1. By assumption, the function f is nondecreasing.
Therefore, f(x,+1) > f(yu+1). Thus it follows from (5.32) that (5.30) is true. O

! Otherwise, equality (4.157), p. 145, is impossible.
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Remark 5.1. Obviously, if all conditions of Theorem 5.6 hold and additionally x <y,
then the proof is simpler. In this case we can omit the condition that f is a nonde-
creasing function.

Corollary 5.1. Suppose that x,y € R", x1 > x2,> -+ > Xp, Y1 > Y2,> -++ > Vp,
and x <,, y. Additionally we assume that all components of the vectors x and y
are nonnegative. Then for any p > 1 the following inequalitiy holds:

xf < yf. (5.33)

-
-

Il
—_

i i=1

Proof. Tt follows immediately from Theorem 5.4 that for any p > 1 the func-
tion f(z) = t? is convex on the positive semiaxis. Extending f(¢) to the whole real
axis such that f(r) = 0ifr <0, we get (5.33). O

Corollary 5.2. Suppose that

and
k k
[T+ <]y, k=1.2,....n (5.34)
i=1 i=1
Then
X =<y ). (5.35)
Proof. 1f x = 0, then the assertion is obvious. Let x| = xp12 = -+ = x, = 0,

where p > 1, and let all other components of the vector x be positive. Then, us-
ing conditions (5.34), we see that the first ¢, p < g < n, components of the vector y
are also positive (and all other components are zeros). In this case conditions (5.34)
have the form

k k
[T+ <]y, k=12,....q. (5.36)
i=1 i=1

It is easy to see that there exists a positive 0 such that for all € € (0, §) and for
~ Xis i:1a27"'7p7
Xi = .
87 l:p+17p+2""7q7
as a consequence of (5.36) we have
k

14

k
5<[]v. k=12,....4. (5.37)
1 i=1

Finding the logarithm of all inequalities (5.37), we obtain
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log %; <
1 i

logy;, k=1,2,...,q. (5.38)

VMN‘
gl

i 1

If we put now f () = €', t € R, then, using Theorem 5.6, we get

.M»
ngls

%<
1 i

vi, k=1,2,....q. (5.39)
1

Taking the limit as § — 0 in these inequalities, we obtain (5.35). 0O

5.1.5 Some Estimates of Eigenvalues and Singular Values

It readily follows from the definition, that the singular values of any matrix A are
calculated by the formulas oy = /A (A*A), where 44 (A*A), k = 1,2,...,r, are the
nonzero eigenvalues of the matrix A*A. The next lemma gives another (sometimes
more useful) representation of the singular values using the eigenvalues of a Hermi-
tian matrix.

Lemma 5.1. Let A € M,,, be an arbitrary matrix, o1, 0, ..., O, be its singular
values, and {e;}]_, C C", {qx}}_, C C" be its singular vectors (see Subsect. 5.1.1,
p. 155). Let A be the Hermitian matrix of order m+ n of the form

~ 0A
i (24)

Then the vectors u, = (q,ex) €C™ ™ k=1,2,....r; upix = (qu, —ex), k=1,2,...,r;
ik = (q1,0), k=r+1L,r+2,....m tpipip = EO,ek), k=r+1,r4+2,....n, form

the complete orthogonal set of eigenvectors of A. The corresponding eigenvalues
are 01, £0», ..., £0,, and m+n—2r zeros.

The reader can prove this lemma by the multiplication of the vectors u; by the
matrix A fork=1,2,...,m+n.

Using Lemma 5.1, we can easily prove, for example, a theorem, which is analo-
gous to Theorem 4.54, p. 146. Let us introduce the necessary notation. Let A € M,,, ,
be an arbitrary matrix, and oy, 02, . .., O, be its singular values. We denote by ¢ (A)
the vector of length min(m,n) that consists of the singular values of the matrix A
completed by zeros if r < min(m,n) and ordered by nonincreasing of all its ele-
ments.

Theorem 5.7. Let A and B be arbitrary m-by-n matrices. Then
6(A+B) <, (6(A)+0c(B)).

The next theorem is useful for the estimation of the singular values of the product
of matrices.
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Theorem 5.8. Let A and B be arbitrary square matrices of order n. Then
0i(AB) < o1(A)oi(B), i=1,2,...,n. (5.40)

Proof. Let M = 62(A)I — A*A. Obviously, the matrix M is Hermitian and non-
negative semidefinite, and 67 (A)B*B = B*(A*A+M)B = (AB)*(AB) +B*MB. The
matrix B*MB is also Hermitian and non-negative semidefinite, therefore inequali-
ties (5.40) are true. O

The next corollary is obvious but useful.

Corollary 5.3. For any k= 1,2,...,n and p > 1 the following inequalities hold:

k 1/p k Vi a 1/p
(Z af(AB)) < <Z c,.”(A)> (): c{’(B)> . (5.41)
i=1 i=1 i=1

Theorem 5.9. Let A € M, , be given, and let A, denote a submatrix of A obtained
by deleting a total of r columns and (or) rows from A. Then

Gk+r(A) < Gk(Ar> < Gk(A)a k= 132a s 7min(man)a (5.42)

where for X € M, ; we set 6;(X) =0 if j > min(p,q).

Proof. 1t suffices to note that if columns from the matrix A are deleted (replaced by
zeros), then the nonzero rows and columns of the matrix A¥A, form its submatrix
corresponding to the principal minor of the matrix A*A of the corresponding order.!
After that, to conclude the proof, we use Theorem 4.50, p. 144. O

Lemma 5.2. Let A € My, 5, Vic € My jo Wi € My i, k < min(m,n). We assume that the
columns of the matrices Vi, Wy, are orthonormal with respect to the standard inner
products on the spaces C", C", respectively. Then

Gi(ViAW) < 6i(A), i=12,... k. (5.43)

Proof. Let matrices V = (Vy, Vi) € My, W = (W, W,_x) € M, be unitary. It is
easy to see that the matrix V"AW, is the leading principal submatrix of order k of
the matrix V*AW. Therefore, using Theorem 5.9 and the fact that the singular values
of any matrix are invariant under its unitary transformations, we get the following
estimates:

Gi(Vk*AWk) gGi(V*AW) :O'i(A), i=12,....k. O

Theorem 5.10 (Weyl?). Let A € M,, have singular values 61(A) > ... > 6,(A) >0
and eigenvalues A (A), ..., A, (A) ordered so that |A(A)| > ... > |A,(A)|. Then

1 Similarly, if rows from the matrix A are deleted, then we get the submatrix of AA* of the same
order.

2 Hermann Klaus Hugo Weyl (1885-1955) was a German mathematician.
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A (A)2(A) - A4(A)] < 01(A)c2(A)---0r(A), k=1,2,...,n, (5.44)
with equality for k = n.

Proof. By Schur Theorem 4.23, p. 120, there exists a unitary matrix U such
that U*AU =T, where T is upper triangular and the numbers A, (A), A2(A),..., A, (A)
form the main diagonal of 7. Let Uy € M), be the matrix that consists of the first k
columns of U. By elementary calculations, we get

U*AU = (U, Up—1)*A(Up, Up—1) = (UkalUk 22) -

where U AUj is the upper triangular matrix, and A;(A),A2(A),..., Ak(A) form its
main diagonal. Evidently,

[A1(A)A2(A) -+ Mi(A)| = | det(Uy AU |
= 01 (U AU) 02 (U AUy - - - 0 (Ug AU ).

Hence (5.44) follows from Lemma 5.2. Equality in (5.44) for kK = n holds, since,
as we know, for any square matrix A of order n the following equalities are true:
det(A) = A1 (A)A2(A) -+ - A, (A), |det(A)| = o01(A)oa(A) - 0u(A). O

Now it follows from Corollary 5.2, p. 164, that for any matrix A € M,, we have

k
Ai(A) <Y oi(A), k=12....n (5.45)
i=1 i=1

ngls

Theorem 5.11. Let A € M, ,, B € M,,, be arbitrary matrices, ¢ = min(m,n, p).
Then

’:j»

k
c:(AB) gH k=1,2,....q. (5.46)

i=1

If m = n = p, then equality holds in (5.46) for k = n.

Proof. Let AB = UDV be the singular value decomposition of the product AB. Then
D = U*ABV*. Denote by Uy, V,* the matrices consisting of the first k columns of the
matrices U, V*, respectively. Then U;ABV;" = diag(c(AB),02(AB),...,0r(AB))
because it is the leading principal submatrix of order k of the matrix D. By as-
sumption, p > k. Therefore, by Theorem 5.1, the exists the polar decomposition
BV = X; O, where X;"X; = I, and Qy € M; is the non-negative semidefinite Her-
mitian matrix, I is the identity matrix of order k. By elementary calculations, we
get the equality Q7 = (BV;*)*BV;*. Therefore, by Lemma 5.2, we obtain

det(Q3) = det(V;B*BV;") < 61(B*B)02(B*B) - --04(B*B) = 6{ (B)03(B) - -- 67 (B).

Using Lemma 5.2 one more time, we see that
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61(AB)G3(AB) - - 6, (AB) = | det(U;ABV;" )|
= [ det(Uy AXQx)| = | det(Uy AX) det(Qy)|
< 61(A)a(A) - 1 (A)61 (B)6» (B) - - - 6 (B).

Finally, if m = n = p, then

01(AB)03(AB) - 0, (AB) = | det(AB)
=|det(A)||det(B)| = 01(A)02(A)--- 0,(A)01(B)02(B) ---0,(B). O

Using Corollary 5.2, p. 164, we see that under the assumptions of Theorem 5.11
the following inequalities hold:

k k
Y 6i(AB) <Y 6i(A)ai(B), k=1,2,....n. (5.47)

Sums of singular values of a matrix have useful variational characterizations. Let
us introduce the following concept, which we will use below in the formulations of
corresponding results. A matrix C € M,y , is called a partial isometry of rank k if it
has rank & and all its (nonzero) singular values are equal to one. If m = n = k, we
get the set of all unitary matrices of order n.

Theorem 5.12. Let A € My, ., ¢ = min(m,n). Then for each k = 1,2,...,q the fol-
lowing equalities are true:

k
Z 0i(A) = max [trX "AY |, (5.48)
i=1 XY
k
Y ai(A) = max |trAC]|. (5.49)
i=1

In the first case the maximum is taken over all matrices
X €Mk, Y € My suchthat X*X =1,Y*Y =1. (5.50)

In the second case the maximum is taken over all matrices C € My, that are partial
isometries of rank k.

Proof. First we show that formulations (5.48) and (5.49) are equivalent. Using for-
mula (4.81), p. 118, we get trX*AY = trAYX™* = ttAC, where C = YX™* € M, ,
therefore, C*C = XX*. As we have seen on p. 156, all the nonzero eigenvalues of
the self-adjoint matrices XX * and X*X coincide. Hence all their singular values co-
incide too, but X *X is the identity matrix of order k. Thus the matrix C has exactly k
singular values and all of them are equal to one, i.e., C is the partial isometry of
rank k. Conversely, if C € M, ,, is a partial isometry of rank k, then, by definition,
the following singular value decomposition of C holds:
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c=tnn (o) (¥ ). (551)

m—k

where [} is the identity matrix of order k, the matrices

Y=Y, Yhk) EM, X' = < X’; > €M,
Xm—k
are unitary. Using equality (5.51), by elementary calculations, we see that C = Y. X",
and the matrices Y, X;" satisfy conditions (5.50). Thus the equivalence of formula-
tions (5.48) and (5.49) is established.
Now successively using (5.45) and (5.47), we can write that if C is an arbitrary
partial isometry of rank k, then

S

O'l‘(AC) < Gi(A)O'i(C) = i G,'(A). (552)
i=1 i=1

=

=

(A0)] < ¥ [A(4C) | <

i=1

To conclude the proof, it is enough to find a partial isometry C of rank k such that
inequality (5.52) transforms to the equality. Let A = UDV be the singular value
decomposition of the matrix A. Put C = V*PU*, where

I, 0
P= <5 0) €My

By construction, C € M, ,, and it is the partial isometry of rank k. Moreover,
AC=UDVV*PU* =UDPU"*,

therefore, tr(AC) = tr(DP), and, using elementary calculations, we obtain the equal-

ity tr(DP) = )é ci(A). O
i=1

5.2 The Jordan Canonical Form

In this section we show that for any linear operator acting in the complex finite-
dimensional space X,, there exists a basis such that the matrix of the operator with
respect to this basis has the very simple form. It is bidiagonal. All elements of the
main diagonal of this matrix form the set of all eigenvalues of the operator. Each
element of the diagonal above the main diagonal is either one or zero. The matrix of
this form is called the Jordan matrix.! To obtain the Jordan canonical form of the
operator it is necessary to take its matrix in an arbitrarily chosen basis and after that
to reduce this matrix to the Jordan canonical form by a similarity transformation.
This plan is realized in this section.

I Marie Ennemond Camille Jordan (1838-1922) was a French mathematician.
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The question naturally arises: is it possible to reduce any matrix to the diagonal
form by a similarity transformation? The simple examples show that it is impossible.
For instance, if we require that the matrix SAS™! is diagonal, where

= (5)

and S is a nonsingular matrix, then we get the contradictory equalities.

5.2.1 Existence and Uniqueness of the Jordan Canonical Form

We begin with the definition. A Jordan block Ji(A) is a k-by-k upper triangular
matrix of the form

Al 0
Al
J(A) = S (5.53)
A1
0 A

We explain that all k elements of the main diagonal of the matrix Ji(1) are equal
to A, all k— 1 elements of the diagonal above the main diagonal are equal to one,
and all other entries of this matrix are zero.

It is useful to note that if the matrix of the operator A: X;, — X with respect to a
basis {e; {'(:1 is the Jordan block Ji(0), then, evidently, the vectors of this basis are
connected to each other by the following relationships:

.Ael :0, ./4@2:61, ceey Aek:ek_l.

If we denote the vector ¢, by f, then we see that the basis {ei}f-‘zl consists of the
vectors f, Af, A2f, ..., AA=1 £.1 and moreover, A*f = 0.

Let us formulate now the main result of this section.

Theorem 5.13. Let A be a given complex matrix of order n. There is a nonsingular
matrix S such that
ST1AS =1, (5.54)

where

Jnl (Al) 0

an (/12)
J= . (5.55)

0 I (Ak)

I ' Which are listed in the reverse order.
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andny +ny+---+ny =n. The numbers A;, i =1,2,...,k, (which are not necessarily
distinct) form the set of all characteristic values of the matrix A (according to their
multiplicities).

Matrix (5.55) is called the Jordan canonical form of the matrix A. Obviously,
Theorem 5.13 is equivalent to the following statement. For each operator .4 acting
in a finite-dimensional complex space there exists a basis &, such that the matrix of
the operator A with respect to this basis has form (5.55), i.e.,

A&, =E,J. (5.56)

The basis &, is called the Jordan basis.

The easiest proof of the existence of the Jordan basis is for the nilpotent operator.
Using Theorem 4.21, p. 119, and the Schur Theorem, p. 120, we see that the operator
is nilpotent if and only if there exists a basis such that the matrix of the operator with
respect to this basis is upper triangular and all elements of the main diagonal of this
matrix are zero.

Theorem 5.14. Let A : X,, — X, be a nilpotent operator acting in a complex vector
space X,. Then there exists a basis in the space X,, such that the matrix of the
operator A with respect to this basis has the following Jordan canonical form:

I, (0) 0
Jn, (0)

(5.57)
O Jnm (O)
Heren; +ny+---+n,, =n.

Proof. Taking into account the remark in the last paragraph before Theorem 5.13, it
is easy to see that the assertion is equivalent to the following one: for every nilpotent
operator A : X,, — X,, there exists vectors fi, f2, ... f,, such that the vectors

f17 Afl? Azfla ceey Anl_lfla f27 Af27 A2f23 ceey An2_1f27--'7
s Afs A2 fons ooy A oy (5.58)

form the basis in the space X,,, and
Anlfl — An2f2 — . = Anmfm — 0 (559)

We prove the existence of the required basis by induction over the dimension of
the space. In the case of the nilpotent operator acting in the one-dimensional space
the assertion is obviously true. Now we suppose that the assertion is true for each
space whose dimension is less than n, and prove that then the statement is true for
the n-dimensional space.

The operator A is nilpotent, therefore, def(.4) > 1, hence, rank(A) < n (see
equality (4.23), p. 96). Evidently, the subspace Im(.A) is invariant under .A. Whence,
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by the induction hypothesis, we conclude that there exist vectors uy, ua, ..., u; such
that the vectors

2 —1 2 —1
up, .AM], A up, ..., AI’I uyp, up, .Auz, A uy, ..., Apz uy,...,

we, Aug, Aug, ..., APy (5.60)
form the basis in the subspace Im(.A), and
Aplul ZAPZMZZ"'Z.Apkuk:O. (5.61)

Fori=1,2,...,k the vectors u; belong to Im(.A), hence there exist vectors v; € X,
such that

u; = Av. (5.62)
The vectors

APy i =12, k, (5.63)

belong to the basis (5.60), hence they are linearly independent. Relationships (5.61)
show that these vectors belong to Ker(.A). Thus we can join vectors (5.63) with
some vectors wy, wa, ..., w; to complete the basis of the subspace Ker(.A).

If we prove now that the vectors

Vi, AV17 ceey AP]V1, V2, sz, ceey AP2v27 ceey Vi AVk, ceey Akak?
w1, wo, ..., wp o (5.64)
form the basis in the space X, then, obviously, this basis is the required Jordan
basis of the operator A. Set (5.64) consists of n vectors. Indeed, this set consists of

p1+ -+ pr+k+1 elements, moreover, pj + - - + py = rank(A), k+1 = def(A),
but rank (A) 4 def(.A) = n for any operator 4. Further, put

oy ovi+ o Avy -4 o AP v+ 0 gva 4 0 1 Ava 4 -+ G py AP0y
+"'+ak,OVk+O‘k,1AVk+"‘+ak,pk-Akak
+ Biwi 4+ Bowy + -+ Bw; = 0. (5.65)

Acting on both sides of the last equality by the operator A, using relationships (5.61),
(5.62), and also using the fact that wy, wa, ..., w; € Ker(A), we get

o our 4 0 1 Auy + -4 0y, 1 AP g
+a2,0142+(X2,1AM2+...+a2,p271Ap2_1u2
oo ot + Ot At + -+ Oy 1 AP = 0. (5.66)

Vectors (5.60) are linearly independent, therefore, all the coefficients in the linear
combination on the left hand side of (5.66) are zero, and (5.65) has the form
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a1 .p, APy + OCz,pZAPz\Q +-+ (Xk’pkApkvk
+ Biwi 4+ Bowy + -+ Bw; = 0. (5.67)

The left hand side of (5.67) is the linear combination of the vectors of the basis of the
subspace Ker(.A). Therefore all the coefficients in this linear combination are equal
to zero. Thus we have proved that all the coefficients in the linear combination on
the left hand side of equality (5.65) can be only zeros, i.e., the set of vectors (5.64)
is linearly independent and consists of n vectors, and, hence, it is the basis of the
space X,,. O

The next theorem is an immediate generalization of Theorem 5.14.

Theorem 5.15. Suppose that the operator A acting in the complex space X,, has the
form A= Ay+ AL, where Ay is a nilpotent operator, A is an arbitrary number. Then
the matrix of the operator A with respect to the Jordan basis of the operator Ay has
the following Jordan canonical form:

T () 0
$ra(R) (5.68)

0 ’ i (A)

This statement immediately follows from the facts that the linear operations with
their matrices correspond to the linear operations with operators and that the matrix
of the identity operator with respect to any basis is the identity matrix.

Proof of Theorem 5.13. Representation (5.54) is the result of the sequential real-
ization of the following steps.

1. Using the Schur Theorem, p. 120, we construct the upper triangular matrix 7
that is unitarily similar to the matrix A.

2. Using Theorem 4.24, p. 122, we reduce the matrix T to the block diagonal
form. Each block here is an upper triangular matrix. All diagonal elements of this
matrix equal to each other and coincide with a characteristic value of the matrix A.

3. Using Theorems 5.14 and 5.15, we independently reduce each block con-
structed on the second step to the form (5.68). O

The next lemma is useful for the investigation of the uniqueness of the Jordan
canonical form.

Lemma 5.3. The following relationships are true for the Jordan block J;.(0):
((0) =0, (5.69)

(J(0)) #£0, j=1,2,.. k—1. (5.70)

Proof. Relationship (5.69) immediately follows from Theorem 4.21, p. 119, and
Corollary 4.3, p. 119. Relationships (5.70) are easily verified by direct calculations.
It is important to note that while the order of the matrix J;(0) sequentially increases,
the nonzero columns of J;(0) are displaced to the right. O
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Theorem 5.16. Jordan matrix (5.55) is uniquely determined by the matrix A (up to
permutations of the diagonal Jordan blocks).

Proof. Two possible Jordan canonical forms of the matrix A are similar to the ma-
trix A. Therefore they have the same set of the characteristic values (according to
their multiplicities). Hence, to complete the proof, it is enough to show the coin-
cidence of the orders of the Jordan blocks that correspond to a given characteristic
value of the matrix A.

This problem can be formulated as follows: prove the coincidence of the orders
of the Jordan blocks of two possible Jordan canonical forms of the matrix that has
a unique characteristic value. Moreover, arguing as in the proof of Theorem 5.15,
it is easy to see that it is sufficient to consider the matrix Ao with the unique zero
characteristic value.

Thus, let

0 I, (0) 0 I, (0)

be two possible Jordan canonical forms of the matrix Ag. We assume that the Jor-
dan blocks are sorted according to the nondecreasing of their orders (this may be
achieved by the corresponding numeration of the Jordan bases) such that

ny>ny>-->ng M +ny+-oo+ng=n,

le’”zZ"'Zmr, my+my+---+m.=n,

where 7 is the order of the matrix Ag. Suppose that the first/ — 1,/ > 1, Jordan blocks
of the matrices J(0) and J(0) coincide. By assumption, there exists a nonsingular
matrix S such that

J(0) = SJ(0)s~!. (5.71)

As a result of the assumption on the coincidence of the first Jordan blocks the ma-
trix S has the following form:
_ (I 0
s=(ts.,)

where I, is the identity matrix of order p = ny +---+n;_1. This gives us the oppor-
tunity to consider only the matrices J(0) and J(0) such that the first their blocks are
note coincide, i.e., J,, (0) # Ju, (0). If we prove that it is impossible, then we con-
clude the proof of the theorem. To be definite, assume that n; > m;. Raising both
sides of equality (5.71) to the power m, we get

(J(0))™ = S(J(0))ms~!. (5.72)
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Using Lemma 5.3, we see that (/(0))™ = 0 and also that (J(0))™ % 0. This con-
tradiction concludes the proof of the theorem. 0O

5.2.2 Root and Cyclic Subspaces

The Jordan matrix is block diagonal, hence the space X, can be represented in the
form of the direct sum of the invariant subspaces of the operator A corresponding
to the blocks of the Jordan matrix (see Subsect. 4.2.1, p. 107). The subspace corre-
sponding to the block Jy, (A;) in representation (5.54) is called the cyclic subspace.
The direct sum of all cyclic subspaces corresponding to the same eigenvalue A of
the operator A is called the root subspace.

Let us investigate the structure of cyclic and root subspaces. Suppose that the m-
dimensional cyclic subspace corresponds to the eigenvalue A of the operator .A. For
the sake of being definite, assume that the vectors {e; };"_, of the basis &, belong to
this subspace. Using (5.56), we see that

Aey =Aey, Aey=Aey+eyq, ..., Aeyy=Aey+ep_1. (5.73)

This immediately implies that e; is the eigenvector of the operator A. Clearly, the
vectors ey, e, ..., e,_1 are nonzero, therefore all other vectors e», e3, ..., e, are
not eigenvectors of the operator A.

Each cyclic subspace includes exactly one eigenvector of the operator .A. Indeed,
if we assume that x = Ejey + &en + -+ + Een is the eigenvector of the opera-
tor A, then J,,(A)& = A€, where & = (&1,&,,...,&,)T. The last equality is equiva-
lent to J,,(0)€ = 0. The rank of the matrix J,,(0) is m — 1. Indeed, detJ,,(0) = 0 and
the minor obtained from the determinant detJ,,(0) by deleting of the first column
and the last row is equal to one. Thus the dimension of the kernel of the matrix J,,(0)
is one.

Clearly, if the root subspace corresponding to an eigenvalue A of the operator A is
the direct sum of k cyclic subspaces, then it contains exactly k linearly independent
eigenvectors of the operator A corresponding to the eigenvalue A. Therefore, the
number of cyclic subspaces of a given root subspace is equal to the geometrical
multiplicity of the corresponding eigenvalue A.

The sum of dimensions of all cyclic subspaces corresponding to the eigenvalue A
is equal the multiplicity of A as the root of the characteristic equation, i.e., it is equal
to the algebraic multiplicity of the eigenvalue A.

It follows immediately from (5.73) that

(A=Al)e; =0, j=1,2,...,m. (5.74)

Also it is easy to see that (A — AI)Pe; # 0 for p < j. For this reason the integer j
is called the height of the cyclic vector e;. Particularly, the eigenvector is the cyclic
vector of height one.
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It is easy to guess that if / is the dimension of the root subspace corresponding to
the eigenvalue A of the operator A, then for every vector x of this subspace the next
equality is true:

(A—AD'x=0. (5.75)

Remark 5.2. Obviously, the Jordan basis is not uniquely determined by the opera-
tor A. Moreover, if we have a Jordan basis, then, using it, we can easily construct
another Jordan basis. For example, if in the basis &, we replace the vector e, by the
vector &, = ey + atey, where ¢ is an arbitrary number, then for this new basis the
equalities (5.73) hold true, i.e., it is also the Jordan basis of the operator .A. However,
since the Jordan matrix is uniquely determined by the operator A (up to permuta-
tions of the diagonal Jordan blocks), then all Jordan bases have the described above
structure.

5.2.3 The real Jordan Canonical Form

Theorem 5.17. Let A be a real square matrix of order n > 1. There exists a nonsin-
gular real matrix S such that ST1AS = J, where

7 = diag(J, (A1) Jony (A2)s -+ Iy (A1)

and Ay, Ay,. .., A are the characteristic values of the matrix A. If A is real, then the
Jordan block J,y, (A1) that corresponds to Ay is exactly the same as in form (5.55) in
Theorem 5.13. The diagonal block of the form

o B 1 00O0..00
Ba 0 1 00..0 0
00 a B 1O..00
00-Ba0O1..00
(5.76)
01
000O00GO0..adSP
000O00GO0..-Pa

in the matrix J corresponds to each pair of the complex conjugate characteristic
values A = a+if, A = ot—if of the matrix A. The dimension of block (5.76) is twice
more than the dimension of the corresponding Jordan block of the eigenvalue A in
the matrix A in representation (5.54), p. 170.

Proof. Let {e;}}_, be the Jordan basis of the matrix A constructed in the proof
of Theorem 5.13. Suppose that the vectors {ex}} ,, m < n, correspond to the
real characteristic values of the matrix A. Taking into account the relationships of
form (5.73), it is easy to see that these vectors can be real. Suppose that the vec-
tors {ek}zli”’; 1 correspond to the Jordan block J,(4) of the complex characteristic
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value A = o+ if8 of the matrix A. Then we can assume that the vectors {&.};" 7 |

of the same Jordan basis correspond to the block J,(A). Put x; = Reey, yx = Imey,
where k =m+1,m+2,...,m+ p. Itis easy to see that the vectors

€1, €2, -5 €my Xm+1y Ym+1s «- -5 Xm+ps Ym+ps €m+2p+15 --+5 €n (577)

are linearly independent, writing the change of basis matrix from the Jordan ba-
sis {ek}zzl to (5.77). Now let us move from the Jordan basis to basis (5.77). Note
that, by the definition of the Jordan basis,

Aep1 = Aepmyt, Aepmia = Aemia +emyt, -, Aem+p = lem—&-p +emtp—1-

Equating the real and imaginary parts of these equalities,' we see that the block of
form (5.76) corresponds to the vectors X, 11, Ym+1, - - - » Xmtp, Ym+p 0 basis (5.77).
To conclude the proof, we apply this process to all other pairs of the complex con-
jugate characteristic values of the matrix A. O

Let us give some examples of applications of the Jordan canonical form.
Theorem 5.18. Every square matrix A is similar to AT .

Proof. If we represent A in the Jordan canonical form and write A = SJS— 1,
then AT = (S=1)TJT ST If there exists a nonsingular matrix P such that

JI=p7lyp, (5.78)

then the assertion is true. Indeed, in this case the matrix A7 is similar to the matrix J,
and J is similar to A. Obviously, it is enough to check the equality of form (5.78) only
for an arbitrary Jordan block. Moreover, since any Jordan block is equal to A7+ J(0),
it is sufficient to specify a matrix P such that (J(0))” = P~1J(0)P. By elementary
calculations we see that the permutation matrix

= (5.79)

satisfies the required condition. 0O

Theorem 5.19. Each real square matrix A can be represented in the form of the
product of two real symmetric matrices, one of which can be nonsingular.

Proof. By Theorem 5.17, the matrix A is represented in the real Jordan canonical
form: A = SJS~!. Using elementary calculations, we see that the matrix JP, where
the matrix P is defined by equality (5.79), is symmetric (it is convenient to perform
calculations for each Jordan block of the matrix J separately). Now we write the
evident equalities: A = SJPPS~! = SJPST (S~1)T PS~!. Clearly, the matrix SJPS”
is symmetric, the matrix (S~!)7PS~! is symmetric and nonsingular. [

! Analogous calculations were done in Subsect. 4.2.5, p. 118.
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5.2.4 The Power Series of Matrices

Let us recall that by M, we denote the set of all square matrices of order n with
complex, generally speaking, elements. The infinite series of the form

aol + aiA+aA? + -+ aqA* 4 | (5.80)

where ag, ay, ..., are complex numbers, A € M,,, n > 1, is called the power series of
matrices. We say that series (5.80) converges if there is a matrix B such that

. aa k_
ml;mOOI;]akA =B.
We connect power series of matrices (5.80) with the following power series:
o0
Y aak, Aec. (5.81)
k=0

Let us recall some results of the course of calculus. Series (5.81) is connected

oo
with the series of nonnegative terms: Y. |ak|tk, t > 0. The set of all numbers ¢t > 0
k=0

oo
such that ¥ |ax|t¥ < oo form the interval on the positive semiaxis. This interval
k=0

includes the point t = 0, can be open or closed on the right, finite or infinite. The
length of this interval (denote it by r) is called the radius of convergence of power
series (5.81). Series (5.81) converges absolutely for all |A| < r. For [A]| > r se-
ries (5.81) diverges.

Now we clarify the conditions of convergence of series (5.80).

Let A1, A2, ..., A, be all eigenvalues of the matrix A. The spectral radius of A is
the nonnegative number

p(A) = lxéljz_lén Al (5.82)

This is just the radius of the smallest closed disc centered at the origin in the complex
plane that includes all eigenvalues of A.

Let A be an eigenvalue of the matrix A. Denote by n, the maximal order of the
Jordan blocks corresponding to A.

Theorem 5.20. /) If p(A) < r, then series (5.80) converges. 2) If p(A) > r, then
series (5.80) diverges. 3) If p(A) = r, then series (5.80) converges if and only if
for each characteristic value A of the matrix A such that |A| = p(A) the following
series (which are obtained by the differentiation of series (5.81)) converge:

oo
Y ak(k—1)---(k—j+1)A"7, j=0,1,....n) — 1. (5.83)
k=1

Proof. Suppose that the matrix S reduces the matrix A to the Jordan canonical form,
ie., A= SJS~!, where the matrix J is defined by equality (5.55), p. 170. Then for
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each m > 0 we have
m m
Z akAk =S (Z aka> S_l.
k=0 k=0

Therefore series (5.80) converges if and only if the series
o0
Y aJd. (5.84)
k=0

converges. Series (5.84) converges if and only if each of the following series con-

o0
verges: Y. axJF(A), where A is the characteristic value of the matrix A, J;(1) is the
k=0

Jordan block corresponding to A, and / is the order of the matrix J;(1). By defini-
tion, 1 <[ < ny. Now we note that J;(A) = AL, +J;(0). By Lemma 5.3, p. 173, it
follows that (J;(0))! =0, (J;(0))/ #0, j=1,2,...,1— 1, therefore for each k > [ — 1
we get

B ANE = AR+ A1 0) + -+ AR (g 0)) (5.85)

Thus the investigation of convergence of series (5.84) is reduced to the investiga-

tion of convergence of the [ power series of form (5.83). If p(A) > r, then there

exists a characteristic value A of the matrix A such that |A| > r. In this case the
o0

series Y. axA* corresponding to j = 0 diverges, hence the condition p(A) < r is
k=1

necessary for the convergence of series (5.80). Let now p(A) < r. Then for each

characteristic value A of the matrix A the next inequality holds: |A| < r,' therefore

foreach j=1,2,...,/—1 and for all big enough k we get

lagk(k—1)---(k— j+1)AF|

oo (N s
=|aglk(k—=1)---(k—j+1)| — * < rag|r",
r

thus all series (5.83) converge, and series (5.80) also converges. Finally, if p(A) =r,
and for each characteristic value A of the matrix A such that |A| = p(A) all se-
ries (5.83) converge, then, as it follows from the previous arguments, series (5.80)
also converges; if at least one of them diverges, then series (5.80) also diverges.2 O

Let us give some examples of power series of matrices, which arise in different
applications.

1. The Neumann series (or the geometric progression) is the power series of
matrices of the form

' We can assume that r > 0, since otherwise the matrix A is nilpotent and series (5.80) consists of
a finite number of terms.

2 Here we take into account the structure of the powers of the matrix J;(0)), see the proof of
Lemma 5.3, p. 173.
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[+A+AY - AR (5.86)

o0

The power series Y, A, which diverges only for |[A| < I, corresponds to se-
k=1

ries (5.86). Therefore series (5.86) converges if and only if p(A) < 1. If this condi-

tion holds, then as a consequence we get
AF 50 as k— oo (5.87)

A matrix, which satisfies condition (5.87) is called convergent. Using (5.85), we see
that if p(A) > 1, then condition (5.87) does not hold. Thus a matrix A is convergent
if and only if p(A) < 1.

Theorem 5.21. Let A be a convergent matrix. Then the inverse matrix of [ — A exists
and is expressed as the power series:

(I-A)'=T+A+A*+.. (5.88)

Proof. Clearly, if A is an eigenvalue of the matrix I — A, then 1 — A is the eigenvalue
of A. Since p(A) < 1, no one of the eigenvalues of A is equal to one, hence no one
of the eigenvalues of the matrix I — A is equal to zero. For each integer k > 1 we
obviously have (I —A)(I+A+ - -+ AF) = 1 — AF1. Therefore,

k
YA =(1—-A)""—(—A)TAL
i=0

Since A is convergent, the limit as k — oo on the right hand side of the last equality
exists and is equal to (I —A)~!. Hence the limit on the left hand side of the last
equality exists too, and relationship (5.88) holds. O

2. The matrix exponential is the following power series of matrices:

1 1
eA:I+A+§A2+~~+EAk+m (5.89)

oo
1
The power series Z E?Lk corresponding to (5.89) has infinite radius of conver-

k=1
gence, therefore series (5.89) converges for every A € M, n > 1.

In the rest of this section we give without proof some useful properties of the
matrix exponential. The proof of these properties is left to the reader.

1. For all A € M), the next equality holds:
1 \*
e = lim (H—A) .
k— 00 k

Hint: note that for each m > 1 we have
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1 \" xX/1 ¢t
A (I1+—-A) = — ——m ) Ak
+m kg’l k! mk ’

and coefficients of A¥ are nonnegative.

2. If A, B € M, commute, then A8 = ¢4¢f. Hint: use the well known equal-
ity e = e*e”, which is true for all x,y € C.

3. Forall A € M, t € R the next equality holds:

d etA

T Aeh. (5.90)

5.3 Matrix Pencils

5.3.1 Definitions and Basic Properties

In this section all vectors are elements of the space C", all matrices are, generally
speaking, complex, and we use only the standard inner product on C".

Let A, B be rectangular m-by-n matrices. The function that assigns to each A € C
the matrix A + A B is called the matrix pencil. Since the pencil is uniquely defined by
the ordered pair of matrices A, B, we usually denote the pencil by (A, B). If m = n,
i.e., A and B are square matrices of order n, then the polynomial det(A — AB) is
called the characteristic polynomial of the pencil (A, B). Arguing as in the derivation
of formula (4.75), p. 116, we get

det(A — AB) = A(ay,az,...,a,)
—A(A(by,az, ... an) +Alay, by, ... an) + -+ Alay,az, ..., by))
+A%(A(b1,ba, ... an) + -+ Alar,a,. .. by_1,by)) — -
£ AA(b1, b, by). (5.91)

Here a;,as,...,a, are the columns of the matrix A; by,b», ..., b, are the columns of
the matrix B. All other symbols are the same as in formula (4.75), p. 116.

It immediately follows from (5.91) that the degree of the characteristic polyno-
mial of the pencil (A, B) is less than or equal to rank(B).

If det(A—AB) =0forall A € C, then the pencil (A, B) is called singular. If m # n,
then the pencil is also called singular. In all other cases the pencil is called regular.
Thus the regular pencil is the pencil of the square matrices A and B such that there
exists a A € C for which det(A —AB) # 0.

Theorem 5.22. [f ker(A) Nker(B) # {0}, then the pencil (A,B) of square matrices
is singular.

Proof. Indeed, if x # 0 and Ax = 0, Bx = 0, then Ax — ABx = 0 for all A € C,
therefore, det(A —AB) =0forallA € C. O
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Corollary 5.4. If the pencil (A,B) is regular, then ker(A) Nker(B) = {0}.

Let us give some examples.

100 111
1.A=L=(010],B=(011], rank(A) =rank(B) =3,
001 001
p(L) =det(A—AB) = (1—1)3, deg(p) =3;!
111
2.A=5L,B=|011], rank(B) =2,
000
p(A) =det(A—AB) = (1—2)?, deg(p) =2.
011
3.A=L,B= (001 ], rank(B) =2,
001
p(A) =det(A—AB) = (1—A), deg(p) = 1.
011
4. A=hL,B=|001], rank(B) =2,
000
p(A) =det(A—AB) =1, deg(p) = 0.
100 011
5.A=[010),B=|001], rank(A) =rank(B) =2,
000 000

ker(A) Nker(B) = {0}, p(A) = det(A — AB) =0, the pencil (A,B) is singular.

A number A € C is called a characteristic value of the regular pencil (A,B)
if det(A — AB) = 0. Let A be a characteristic value of the pencil (A,B). Then a
vector x # 0 is called an eigenvector corresponding to A if Ax = ABx.

Two pencils (A,B) and (A;,B)) are called equivalent if there exist nonsingular
matrices U, V such that A; = UAV, B; = UBV.2 It is useful to note that the conver-
sion to the equivalent pencil, actually, is the change of bases in the spaces C*, C™”
(see Subsect. 4.1.5, p. 91).

Theorem 5.23. The characteristic polynomials of two equivalent pencils coincide
up to a constant nonzero factor.

Proof. Indeed, det(UAV — AUBV) = det(U)det(A — AB)det(V). O

We also note that if x is an eigenvector of the pencil (A, B) corresponding to a
characteristic value A, then the vector y = V~lx is the eigenvector of the equiva-
lent pencil (UAV,UBV ) corresponding to the same characteristic value. Indeed, the
vector y is nonzero, and if Ax = A Bx, then AVy = ABVy, therefore, UAVy = AUBVy.

Theorem 5.24 (Generalized Schur theorem). If the pencil (A,B) is regular, then
there exist unitary matrices U, V such that the matrices A1 = UAV and By = UBV
are upper triangular.

! We denote degree of the polynomial p by deg(p).
2 The matrices A, B can be rectangular.
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Proof. First let us prove that there exist unitary matrices U; and V; such that all
entries of the first columns of the matrices A = U;AV; and B = U, BV that are lo-
cated below the main diagonal are zero. By assumption, the pencil (A, B) is regular,
therefore two cases are possible: 1) the characteristic polynomial of the pencil has
a root (denote it by A;); 2) the characteristic polynomial of the pencil is identically
equal to det(A) # 0 (see (5.91)).
Let us consider the first case. Let v; be a normalized eigenvector of the pencil
corresponding to Ay, i.e.,
AV] :)Llel. (5.92)

We join the vector v with some vectors to complete the orthonormal basis {vi}}_,
of the space C". Let V be the unitary matrix, the columns of which are formed by
the vectors {vi}7_,. Now we note that the vector Bv| is nonzero, since otherwise,
using (5.92), we see that Av; is also equal to zero, but this contradicts the assump-
tion on the regularity of the pencil (see Corollary 5.4). We take u; = Bvy/|Bvi],
join the vector u; with some vectors to complete the orthonormal basis {u}}_, of
the space C", and construct the matrix Uy, the rows of which are iy, i, ..., i,.
Using elementary calculations, we see that the elements of the first column of the
matrix B = U; BV; are computed by the formulas 13131 =|Bvi|(u1,uj), j=1,2,...,n,
therefore, 131_,1 = |Bvy| > 0, l~7j,1 =0 for j =2,3,...,n. The elements of the first
column of the matrix A = U;AV] are analogously determined. As a result we get
ai = (Avi,u1) = A |Bvi], @i1j = (Avi,uj) =0for j=2,3,...,n. Now let us turn to
the case when the characteristic polynomial of the pencil (A,B) does not have any
roots. Then det(B) = 0, but det(A) # 0, hence there exists a normalized vector v;
such that Bv; = 0 and Av| # 0. As in the first case we construct the orthonormal
bases {vi}}_, and u; = v{/|Avi]|, ua, ..., u, of the space C", and using them, we
form the unitary matrices U, V. Using elementary calculations, we see that the first
column of the matrix B = U 1BV is zero, the diagonal element of the first column of
the matrix A = U, AV is equal to |Av;| > 0, and all other elements of this column are
zero. The further arguments are based on the decreasing of the order of the consid-
ered matrices and are completely analogous to the corresponding arguments in the
proof of Theorem 4.23, p. 120. O

It is useful to note that if the triangular matrices A; and B;, which appear in
Theorem 5.24, are constructed, then the characteristic equation of the pencil (A, B)
can be written in the form

n

H(af'il) - Abgil)) =0,

i=1

where ag) and bl(il), i=1,2,...,n, are the diagonal elements of the matrices A;
and Bj. Therefore, if the characteristic polynomial of the pencil has degree k, then

the characteristic values of the pencil are calculated by the formulas A; = agil) / bl(il)
fori=1,2,...,k. Obviously, bV = 0 for i > k. Hence if the polynomial of the pencil

ii
has degree k < n, then we say that the pencil has the infinite characteristic value of
multiplicity n — k.
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5.3.2 The Quasidiagonal Form of a Regular Pencil

Theorem 5.25. Each regular pencil (A, B) can be reduced to the equivalent quasidi-
agonal form, namely, to the pencil (Ay,B}), where

. A O . I, 0
A= < 0 Ink>, B, = <O B22)a (5.93)

the matrix A1y is upper triangular, all characteristic values A1, Ay, . .., A of the pen-
cil (A, B) form the main diagonal of this matrix; By is the upper triangular matrix
with the zero main diagonal; Iy, I, _j are the identity matrices of the corresponding
orders.

Proof. As we have proved in Theorem 5.24, the pencil (A,B) is equivalent to the

pencil
Ay A Bi1 B2
(Coran) (o5m)) S5t

Here Ay is the upper triangular matrix of order k, the main diagonal of this matrix
are formed by the numbers b4y, byAs, ..., biAy; Byy is the upper triangular
matrix of order k, the numbers b1, b2, ..., by form the main diagonal of By, and
all of them are nonzero; A, is the upper triangular matrix of order n —k, its diagonal
elements a1 g1, Q42 k425 - - - » Gnp ar€ NONZETO; By is the upper triangular matrix
with the zero main diagonal. Multiplying the both matrices of pencil (5.94) by the
block diagonal matrix diag(Bl_l1 ,Az_zl), we move to the equivalent pencil

Ay Ap Iy Biy
0 Iix) \O0Bxn))
Here A1 is the upper triangular matrix, the main diagonal of which are formed by

the nubers A1, A2, ..., A; the main diagonal of the upper triangular matrix By, are
zero. We complete the proof if we construct k-by-(n — k) rectangular matrices P

and Q such that
Ik O A Ap\ (I P _ Ay 0
0 I 0 L) \O L 0 h—«)’

L Q\ (kBu\ (I P\ _ (kO

01,4 )\0B»n)\0L_x) \0Bxn)
By elementary calculations we get the following equations for the determination of
the matrices P and Q:

AP+Q=-An, P+QByn=-Bp. (5.95)

We can consider the system of equations (5.95) as the system of linear algebraic
equations for the elements of the matrices P and Q. To prove its solvability for any
A1y and By, it is enough to check that the corresponding homogeneous system
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AUP+Q=0, P+QBpn=0 (5.96)

has the trivial solution only. If the matrices P and Q satisfy (5.96), then P = A1 PBx
and Q = A 0By,. The matrix By is nilpotent. Therefore, arguing as in the proof of
Theorem 4.24, p. 122, we see that P=0and 0 =0. O

5.3.3 The Weierstrass Canonical Form

In this subsection we show that each regular matrix pencil is equivalent to a pencil
of bidiagonal matrices that is analogous to the matrix Jordan canonical form.

Theorem 5.26 (Weierstrass'). Let (A,B) be a regular pencil of matrices of order n,
andlet M, Ay, ..., A, k <n, be all its characteristic values. Then there exist nonsin-
gular matrices U and 'V such that UAV = diag(J,1,—x) and UBV = diag(Iy,H ). Here
I, and I, are the identity matrices of order n—k and k, respectively, J is the Jordan
matrix, the main diagonal of this matrix are formed by the numbers Ay, Ay, ..., Ag;
and H is the nilpotent Jordan matrix.

Proof. Let S; and S, _; be the nonsingular matrices that reduce the matrices A
and By, of the equivalent quasidiagonal form (5.93) of the pencil (A, B) to the Jordan
canonical form, correspondingly. Then we reduce the pencil (A, By) to the required
form by the next similarity transformation:

diag(Sk7 Sn—k)Aldiag(Sl:l ) S;_lk)a diag(S/an—k)B] dlag(S]:l 75;_1]()
O

The pencil of matrices (diag(J,1,—),diag(, H)), which appears in Theorem 5.26,
is called the Weierstrass canonical form.

Theorem 5.27. The Jordan matrices J and H in the Weierstrass canonical form are
uniquely determined by the matrices of the original pencil (A, B) up to permutations
of the diagonal Jordan blocks.

Proof. Let (diag(J,1,—),diag(ly, H)) and (diag(Jy,1,—¢),diag(I, Hy)) be two dif-
ferent Weierstrass canonical forms of the same pencil of matrices (A, B). Then there
exist nonsingular matrices U and V such that

Un U\ (JOY _ [(J1 0\ (Vi1 V12
<U21 Uzz) (0 1> n <0 1> <V21 V22> ’ (5:97)
Un U\ (10 10 Vii Viz
= . 5.98
<U21 Uzz) (0 H) (0 H1> (V21 V22> (598)

1 Karl Theodor Wilhelm Weierstrass (1815- 1897) was a German mathematician.
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In equalities (5.97), (5.98) we use the block representations of the matrices U and V
that correspond to the orders of the blocks J and H. Here we do not write the indices
that indicate the orders of the identity blocks. Using elementary calculations, as a
consequence of (5.97), (5.98) we get Uj; = Vi1 and Uxy = Voo,

UnJ =J21Uy, UxH=HUyp, (5.99)
Vo1 =Un1J, Uz = HiVay, (5.100)
U =21Vi2, Vi2=UpH. (5.101)

It follows from (5.100) and (5.101) that Uy = H{UJ and U, = J1U2H. The ma-
trices H and H; are nilpotent, hence (see the final part of the proof of Theorem 5.93)
Ui» =0 and Up; = 0, therefore, Vi = 0 and V,; = 0. The matrix U is nonsingular,
whence the matrices U;; and Uy, are nonsingular. Thus (see (5.99)) the matrix J
is similar to J;, the matrix H is similar to Hj, and the assertion follows now from
Theorem 5.16, p. 174. O

5.3.4 Hermitian and Definite Pencils

If det(B) # 0, then the matrix pencil (A,B) is equivalent to the pencils (B~'A,I)
and (AB~',I). The set of all characteristic values of the pencil (A, B) coincides with
the spectrum of the matrix B~'A. Obviously, the eigenvectors of the matrix B~'A
are also connected with the eigenvectors of the pencil (A, B). These facts are useful
for theoretical investigations, but numerically spectral problems for matrix pencils
with det(B) # 0 are not solved as eigenvalue problems for the matrix B~'A, since,
usually, such important properties of the matrices A and B as symmetry, sparseness,
and so on, are lost.

The pencil (A, B) is called Hermitian if A = A*, B = B*. All characteristic values
of any Hermitian pencil are real. Indeed, if x # 0, Ax = ABx, then (Ax,x) = A (Bx, x).
The numbers (Ax,x) and (Bx,x) are real (see Theorem 4.37, p. 132).

It is important to note that as a consequence of Theorem 5.19, p. 177, we see
that the problem of calculation of eigenvalues and eigenvectors of an arbitrary real
matrix is equivalent to the problem on characteristic values and eigenvectors of a
pencil of symmetric real matrices with det(B) # 0. Thus the spectral problem for the
pencil of symmetric real matrices with det(B) # 0 in the general case is as difficult
as the spectral problem for an arbitrary real matrix. The situation is improving if we
narrow the class of the allowable matrices B.

The pencil (A, B) is called definite if it is Hermitian and the matrix B is positive
definite. The next theorem shows that each definite pencil can be reduced to the
diagonal form by a similarity transformation.
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Theorem 5.28. If the pencil (A,B) is definite, then there exists a nonsingular ma-
trix U such that U*BU = I and U*AU = A, where A = diag(11,A2,...,A,).!

Proof. Let us define the new inner product on C" by the formula (x,y)s = (Bx,y).
The operator C = B~'A : C" — C”" is self-adjoint with respect to this inner product,
since for all x,y € C" we have

(Cx,y)p = (BBfle,y) = (x,Ay) = (Bx,BflAy) = (x,Cy)p.

Therefore, by Theorem 4.41, p. 135, there exist the vectors ey, e, ..., e, and the
numbers Ay, Ay, ..., A, such that

Cek:lkek, kZl,Z,...,}’l7 (ek,el)B:5k1, k,l:l,Z,...,n. (5102)

Let us construct the matrix U, the columns of which are the vectors ey, e, ..., e,. It
is easy to see that the matrix U is nonsingular. We can write relationships (5.102) in
the form B~'AU = UA and U*BU = I, where A = diag(A1,4,...,4,). Evidently,
the next equality is also true: U*AU = A. O

5.3.5 Singular Pencils. The Theorem on Reduction

In this subsection we show that each singular pencil is equivalent to a quasidiagonal
pencil of 2-by-2 block matrices of a special form. Let us denote by r the maximal
order of the minors of the matrix A + A B that are not identically zero as the functions
of A € C. The number r is called the rank of the pencil (A, B). We assume that the
pencil (A, B) is singular, hence one of the following inequalities is true: either r < m
or r < n. Here, as usual, m is the number of the rows of the pencil, 7 is the number of
the columns of the pencil. To be definite, assume that r < n. Since the pencil (A, B)
is singular, for any A € C there exists a nonzero vector x(4) € C" such that

(A+AB)x(A)=0 forall A€ C. (5.103)

Solving the homogeneous system of equations (5.103) by the method described
in Subsect. 4.1.13, p. 104, we see that the components x;(A) of the vector x(1)
are calculated by the formulas P, (1)/Q, (1), where P, and Q,, are some poly-
nomials, k = 1,2,...,n. Multiplying the vector x(A1) by an arbitrary function of the
variable A, we also get a solution of system (5.103). Therefore we can assume that
the vector x(A) is a polynomial of degree &:

x(A) =x0+Ax;+ -+ Afxe, €>0. (5.104)

! Clearly, A1,42,..., A, are the characteristic values of the pencil (A,B).
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We choose the polynomial of the minimal degree among all polynomials satisfy-
ing (5.103). The corresponding integer € is called the minimal index of the singular
pencil (A, B).

Lemma 5.4. The minimal indices of equivalent pencils are equal.

Proof. If x(A) is the polynomial of the minimal degree satisfying (5.103), then for
any nonsingular matrices U and V we have

UA—-AB)VV~!x(2)=0 forall AeC"
Obviously, the degrees of the polynomials V~'x(1) and x(A) are equal. O

Substituting polynomial (5.104) into equation (5.103), collecting all coefficients
with the same power of A, and equating them to zero, we get the homogeneous
system of linear equations for vectors xp, X1, ..., X¢, Which is equivalent to (5.103):

Axg =0, Bxg+Ax; =0, ..., Bxe_j +Axe =0, Bxg =0.! (5.105)
If € > 0 is the minimal index of the pencil (A, B), then the system
Axo =0, Bxo+Ax; =0, ..., Bxy—1 +Ax; =0, Bx; =0 (5.106)
has the trivial solution only for each k < €. Thus the next lemma is true.

Lemma 5.5. If € >0 is the minimal index of the pencil (A,B), then the columns of
the matrix of system (5.106) are linearly independent for each k < €.

Lemma 5.6. Let € be the minimal index of the pencil (A,B) and xo, x1, ..., x¢ be
the solutions of system (5.105). Then these vectors are linearly independent. The
vectors Axy, Axy, ..., Axe are also linearly independent.

Proof. First let us prove that no one of the vectors {x;}_, is equal to zero. Indeed,
if xo = 0, then the polynomial A ~'x(A) has degree € — 1 and satisfies relation-
ship (5.103), which contradicts the assumption on the minimality of the index €.
If x; = 0 for any j > 1, then Ax; = 0. Not all vectors xo, x1, ..., X;_1 are zero. It
follows from (5.105) that these vectors satisfy system (5.106) for k = j — 1, which
contradicts the assumption on the minimality of the index €. In the same way we
prove that no one of the vectors {Ax;}?_; is equal to zero. Let us prove that the vec-
tors {Ax;}%_, are linearly independent. If we assume the contrary, then there exists
an integer & € [1,€] and numbers o, @, ..., 041, not all zero, such that

Axy = QAXp | + 0AX, 2+ -+ -+ 0y 1 AX]. (5.107)

Let
Yo =Xo, Y1 =X1—01X0, Y2=2X2— X1 — 0Xp,...,

! Clearly, the matrix of system (5.105) is block bidiagonal.
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Yh—1 =Xp—1 — 1 Xp—3 — - — Op_1X0.

Using equations (5.105) and (5.107), it is easy to see that
Ayg =Axo =0, Ay =Ax; — 0jAxg = —Bxo = —Byy,

Ay, = Axy — oy Ax; — pAxg = —Bx) + oy Bxo = —B(x] — a1 x9) = —Byy, .. .,
Ayp—1 = —Byp—2, Byp—1=0.

Therefore the polynomial y(A) = yo +Ay; +---+ A"y, | has degree h — 1 <&
and satisfies the relationship of form (5.103), but this fact contradicts the assumption
on the minimality of the index €. It remains to prove that the vectors {x;}? , are
linearly independent. Now we assume that ogxp + ajx; + - - - + 0texe = 0 for some
numbers 0, Q, ..., 0. Then 0jAx; + 0 Axy + - - - + 0teAxe = 0. As a consequence
of the linear independence of the vectors {Ax;}7 | we get oy =0 =--- = 0 =0,
hence, apxg = 0, but xg # 0, therefore, ap =0. O

Lemma 5.7. If the pencil (A,B) has the minimal index € > 0, then it is equivalent
to the quasitriangular pencil (A1,By), where

(0) (1)
A= (L D) g = (L E) (5.108)
0 A 0 B

LY =0,1), L =(,0), (5.109)
and the minimal index of the pencil (A,I?) is more than or equal to €.

Proof. Using Lemma 5.6, we see that we can introduce a basis in the space C”
such that, the first € + 1 vectors of this basis are {(—1)'x;}£_,. Analogously, we can
introduce a basis in the space C™, the first vectors of which are {(—1)'Ax;}¢_,.!
Equalities (5.105) show that the conversion to the specified bases leads to pencil of
matrices (5.108). Let us prove the second part of the theorem. Note that there is not
a polynomial y(A) of degree less than € that satisfies the identity

L +ALD)y(A)=0 forall A €C. (5.110)

Indeed, in this case the polynomial x(1) = (y(4),0) of degree less than € satisfies
the identity
(A1 +B1)x(A)=0 forall AeC, (5.111)

but it is impossible, since the minimal indices of the equivalent pencils (A,B)
and (A;,B)) must be equal. Now we suppose that, contrary to the assertion of the
theorem, there exists a polynomial z(A) of degree less than € that satisfies the iden-
tity

(A+B)z(A)=0 forall A€C. (5.112)

! The alternation of signs in these bases will be convenient for some formulas below.
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If we construct a polynomial v(A4) such that
L+ AL W)+ (D+AF)z(A) =0 forall AeC, (5.113)

then x(A1) = (v(1),z(1)) € C" satisfies (5.111). Let z() = zo+Azy +---+AE " 1ze
and let v(A) = vo + Avy +---+ A€ 1y, _|. Substituting these representations into
(5.113), collecting all coefficients with the same power of A, and equating them to
zero, we get the system of equations

Léo)vo = —£0, Lgl)vo +L§0>V1 =—gi,..., Lgl)ve—z +Lfeo>vs—1 = —ge_1,
Lve | =—ge, (5.114)

where go = Dzo, g1 = Fzo+Dz1,..., ge—1 = Fze_2+Dze_1, ge = Fze_1. It has
been proved that the minimal index of the pencil (L§°) ,Lgl)) is equal to &, there-
fore, by Lemma 5.5, it follows that the rank of the matrix of system (5.114) is equal
to (€ + 1) (to the number of its columns). It is easy to compute that the number of
equations in system (5.114) is also equal to €(€ + 1). Therefore system (5.114) is
uniquely solvable for any right-hand side. Thus the polynomial x(1) = (v(1),z(1))
has degree € — 1 and satisfies identity (5.111). This contradiction concludes the

proof of the lemma. g

Theorem 5.29 (on reduction). If the minimal index of the pencil (A,B) is equal
to € > 0 and the rank of the pencil is less than n, then the pencil (A, B) is equivalent

to the pencil
0
0 L 0 (5.115)
0 A)’ 0 B))’

were, as above, L<80) = (0,1¢), Lgl) = (I;,0), and the minimal index of the pen-
cil (A, B) is more than or equal to €.

Proof. Let (A, B;) be the pencil that has been constructed in the proof of Lemma 5.7
and is equivalent to the pencil (A, B). Using elementary calculations, we see that

e O A ey —P _ LéO)R
OIm—S 0 In—8—1 0 A ’
I, 0 B Ieriv —P )\ _ LS;U S
OIm—E ! 0 In—s—l n 0 B '

Here P and Q are some yet unknown rectangular matrices of corresponding orders,

R=D+QA-10P, s=F+0B-L"P

We complete the proof of the theorem if we show that the matrices P and Q can be
chosen such that R =0 and S = 0. Let py, pa,..., pe+1 be the rows of the matrix P.
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It is easy to see that the matrix LéO)P consists of the rows pa, p3, ..., pe+1, and the

matrix L(gl)P consists of the rows pi, pa,..., pe. Therefore, if R =0 and S = 0, then

qA+qiB+ fi+di=0, j=12,..¢e—1. (5.116)

Here the lowercase letters with indices denote the rows of the corresponding matri-
ces. Let us consider (5.116) as the system of equations for the elements of the rows
(—=1)/g;, j =1,2,...,&. Obviously, the matrix of this system has the same form
as the matrix of system (5.106) for k = € — 2. Since, by Lemma 5.7, the minimal
index of the pencil (A,B) is more than or equal to €, then the rank of this matrix
is equal to (¢ — 1)(n — € — 1), i.e., it is equal to the number of its columns. It is
easy to calculate that the number of equalities in system (5.116) is also equal to
(e = 1)(n— & —1). Therefore system (5.116) is solvable for any D and F. If we
find the matrix Q, then the matrix P is easily found as the solution of the system of

equations LgO)P =D+ QA and L‘(gl)P =F+QB. O

Remark 5.3. Let us recall that we have assumed above that the rank of the pen-
cil (A, B) is less than n. If the rank of the pencil (A, B) is less than m, then it is easy
to establish by the reduction to the pencil (A7, BT) that (A, B) is equal to the pencil

(LT 0 @y o
0 A)’ o B’

where 7 is the minimal index of the pencil (A7, BT), and the minimal index of the
pencil (AT, BT) is more than or equal to 17. The number ¢ is called the right minimal
index, the number 1) is called the left minimal index of the pencil (A, B).

5.3.6 The Kronecker Canonical Form

In this subsection we show that each singular pencil (A,B) is equivalent to a qua-
sidiagonal pencil such that each of the diagonal blocks is a bidiagonal matrix.

First we assume that the right minimal index of the pencil (A, B) is equal to zero.
This means that there is a nonzero vector x € C" such that Ax =0 and Bx =0. In
other words, the defect of the 2-by-1 block matrix

A
M= (B) (5.117)

is positive. Denote it by A,. Evidently, choosing the vectors of a basis of Ker(M)
as the first i, vectors for the basis in the space C", we reduce the pencil (A, B) to
the pencil ((0(m, h,),Ao), (0(m,h,),By)), where 0(m, h,) is the m-by-h, zero matrix,
and the right minimal index of the pencil (A, By) is positive.

Now we assume that the left minimal index of the pencil (Ag,Bp) is equal to
zero. Then, arguing as above, we reduce the original pencil (A,B) to the quasdi-
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agonal pencil (diag(0(hy,h,),Ay),diag(0(hy, h,),B1)), where h; is the dimension of
the kernel of the 1-by-2 block matrix My = (A, By). Clearly, in this case the left
and the right minimal indices of the pencil (A, B;) is positive. To be definite, as-
sume that the rank of the pencil (A;,B;) is less than the number of its columns.
Then by Theorem 5.29, it follows that the pencil (A1, B)) is equaivalent to the pen-

cil (diag(L(g?),Al), diag(L((g:),Bl)), where € > 0, and the right minimal index of the
pencil (Al ,B1) is more than or equal to ;. Continuing this process, we get the pencil

(diag(O(hy, ), LY LY ... LY A,) diag(0(h, hy), L) LS ... LE) By),

where 0 < &) < &1 --- < ¢, and the rank of the pencil (A P l?,,) is equal to the number
of its columns.

Suppose that the number of the rows of the pencil (A p,é ») is more than its rank
(in the contrary case this pencil is regular). It is easy to see that, since the left min-
imal index of the pencil (A,B;) is positive, the left minimal index of the pencil
(A,,,l?,,) is also positive. Consistently applying Theorem 5.29 again (se also Re-
mark 5.3), we reduce the pencil (4,,B,) to the pencil

0 0 0 N 1 1 1
(LT (DT (LT Ag), (L)) (LT . (LY. By),

where 0 <1y <1y --- < n,. Here the pencil (Aq,éq) is regular, and therefore it can
be reduced to the Weierstrass canonical form (see Theorem 5.26, p. 185).

Thus we have proved that any arbitrary singular pencil can be reduced to the
equivalent pencil

(diag(O(hy, k), L&), L) .. . LY) (LT (LGN o (L) T D),

diag(O(hy, ), Ley) L) .. L) (L)) T (LT . (L) G H)). (5.118)

Here n is the order of the pencil (Aq,éq), k is the number of its characteristic val-
ues, J is the corresponding Jordan matrix, H is the nilpotent Jordan matrix (details
see in Theorem 5.26, p. 185).

The pair of matrices (5.118) is so called the Kronecker canonical form of the
singular pencil in the most general case. Clearly, in specific particular situations the
both of numbers %, and /; or one of them can be equal to zero, any group of the
diagonal blocks of pencil (5.118) can also be omitted.

5.3.7 Applications to Systems of Linear Differential Equations

The Jordan, the Weierstrass, and the Kronecker canonical forms have many appli-
cations to the study of systems of linear differential equations.
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1. Let us start with the Cauchy problem for the system of ordinary linear differ-
ential equations with constant coefficients solved with respect to the derivatives:

(1) = Ax(t) + £(1), (5.119)
x(0) = xo. (5.120)

Here A is a given square matrix of order n, f is a given continues vector-valued
function of the variable + € R with values in the space C”, the vector xy € C" is
given, x is an unknown vector-valued function.

Let us recall (see (5.90), p. 181), that

delA
= Aet 5.121
T e, ( )
e—o=1. (5.122)

Using relationships (5.121), (5.122), it is easy to check by direct substitution that
the solution of problem (5.119), (5.120)) is given by the formula

x(0) =+ [N p(nae, (5.123)

In the simplest case of n =1, i.e., if A=A € C and xo, f(r) € C, the solution of
problem (5.119), (5.120) is calculated as follows:

t
x(t) = xoe* + / f(r)e*t—%dr. (5.124)
0

Let S be the nonsingular matrix that reduces the matrix A to the Jordan canonical
form (i.e., A = SJS™1, J = diag(Jy, (A1), 7y (A2), - ., Ju, (), see Subsect. 5.2.1,
p- 170). Then problem (5.119), (5.120) is reduced to the problem

y(2) = Jy(t) + (1), (5.125)
¥(0) = yo (5.126)

where y = S~ !x, g = S~! f, yo = S~'y(0). Clearly, problem (5.125), (5.126) splits
into the following independent systems of equations:

Iy (1) = T (A, )y (t) + 8, (1), (5.127)
i (0) = You, (5.128)

where i = 1,2, ..., k. Thus it is enough to learn to solve the problem

y(t) = J(A)y(t) +g(1), (5.129)
¥(0) = yo, (5.130)
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where J(A) is the Jordan block whose order we denote by m. Let us write the ho-
mogeneous system corresponding to (5.129) in detail:

yi(t) = Ayi (1) +y2(1),

ya(t) = Aya(t) +y3(1),

It follows from the last equation that

V() = ym(0)e™,

therefore,
In1(2) = Aym—1(t) +ym(0)e™.

Whence, by formula (5.124), we get

Y1 (£) = (ym (0}t +ym—1(0))e™".

Analogously,
r? At
$n-2(0) = (3(0)5 +Ym-1(0) +3m—2(0) Je,...
Finally,
m=1 m=2 Iy
= 0 —1(0 0 0 .
710 = (3n(0) o5+ 3 O e+ 0)401(0) )

Writing the obtained relationships in matrix form, we see that

¥(t) = E;j2)(1)y(0),

where
1ot 22"/ (m—1)!
01 ¢t ...t"2/(m—2)!
Epy@)=e"0 0 1 ... 3/(m-3)!

It is easy to see that relationships (5.121), (5.122), where A = J(4), hold for the
matrix-valued function Ejy(t). Thus,

Ejg)(t) =e’?), (5.131)

and the solution of problem (5.125), (5.126) can be calculated by the formula
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y(t) =Ejp)(t)yo+ /EJ()L)(t —1)g(7)dr,
0

which is often used in the theory of differential equations for the analysis of systems
of form (5.119).

Note that the reader can easily prove formula (5.131) using Property 2, p. 181.
Hint: use equality J(A1) = AI+J(0).

2. Now we consider the system of linear differential equations unsolved with
respect to the derivatives:

Bi(t) = Ax(t) + f(r). (5.132)

First we assume that A, B € M,, and the pencil (A, B) is regular. For any nonsingular
matrices U,V € M,, we have

UBVV~'%(t) = UAVV = 'x(t) + U f(¢). (5.133)

Suppose that the matrices U, V reduce the pencil (A, B) to the Weierstrass canonical
form. Put y =V ~!x, g = U f(t), then (see Theorem 5.26, p. 185)

diag (I, H )y = diag(J, L,—¢)y +g. (5.134)
System (5.134) splits into the independent subsystems of the form
y=J(A)y+g, (5.135)

where J(A) is the Jordan block corresponding to a characteristic value A of the
pencil (A,B), and

J(0)y=y+g, (5.136)
where J(0) is the nilpotent Jordan block. We denote its order by m and write sys-
tem (5.136) in detail:

Y2 =y1+8&1,
y3 = y2+42,

Ym = Ym—1+18&m—1,
Ym + &m = 0.

Whence, starting from the last equation, we get

Ym = —8m;
Ym—1 = —&m—1—Em> ---

Generally,
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m dkfi )
y[:—kz:'ng, i=12,...m. (5.137)
=i
The method of solution of system (5.135) have been described above.

Thus, if the pencil (A, B) is regular, then the Cauchy problem for system (5.132)
is solvable. It is important to note that, as it follows from relationship (5.137), the
solution of (5.132) can include the derivatives of the function f. Therefore, if the
function f is insufficiently smooth, then the solution of (5.132) can be a discontin-
uous function.

If the pencil (A,B) is singular, then system (5.132), as we will show below, is
solvable only if some conditions for vector-valued function f(¢) hold. When, using
some matrices U, V (see (5.133)), we reduce the pencil (A, B) to Kronecker canon-
ical form (5.118), we get the system of differential equations, which splits into the
independent subsystems of the investigated forms and the following forms:

O(h,he)y() = O(hy, )y +g, (5.138)
L) = Ly + g, (5.139)
(LT 3() = (Ly) Ty +s. (5.140)

First of all, using (5.138), we see that for solvability of system (5.132) it is nec-
essary that the first #; components of the vector U f are equal to zero. Note that the
number of equations in system (5.139) is less than the number of unknowns, i.e., this
system is underdetermined. System (5.140) is overdetermined: the number of equa-
tions in (5.140) is greater than the number of unknowns. Writing system (5.139) in
detail, we get (see (5.109), p. 189)

Y2=y1+81, y3=y2+82, -+ Yetr1 = Ye T &e- (5.141)

Obviously, we can equate the function y; to any integrable on each finite interval
function. After that, using (5.141), we can sequentially define all other components
of the vector-valued function y.

System (5.140) in detail looks as follows:

O=y1+g1, Y1=y2+82,--5 Ye—1 = Ve T 8&» Ve = ge+1-

Hence, y1 = —g1,y2 = 82— 81, .-+, Ve = —8e — 8e—1 I prau R4

d e—1
g£+1:_a (gs+g8—1+"'+dte_1g1>. (5.142)

Equality (5.142) is the necessary condition of solvability of system (5.140). Obvi-
ously, this equality defines some additional conditions for the components of the
vector-valued function f(¢) that are necessary for the solvability of original sys-
tem (5.132).



Chapter 6
Vector and Matrix Norms

In this chapter the concept of a norm on the vector space C" is introduced. We in-
vestigate relationships between different norms. We give the definition of the norm
on the space of complex rectangular matrices and detailed study its properties, par-
ticularly, with regard to estimations of eigenvalues and singular values of operators.

6.1 Basic Inequalities

Using Theorem 5.4, p. 162, it is easy to see that the function —In(x) is convex on
the interval (0,00). Therefore for arbitrary positive numbers a,b and any p,q > 1
such that 1/p+1/g =1 we have In(a? /p+b/q) > In(a”)/p+1In(b?) /q = In(ab),
hence we get ab < a” /p + b?/q. Clearly, the last inequality holds also for ab = 0.
Further, since |ab| = |al||b|, we get
P |ple
lab| < ﬂJru (6.1)
p q

for any, generally speaking, complex numbers a,b and for any p,q > 1 such
that 1/p+ 1/g = 1. Inequality (6.1) is called Young’s inequality.'

Theorem 6.1 (Holder’s?inequality). Let x,y € C", p> 1, 1/p+1/q=1. Then

n e s, 1/q
< (Z |ka> (Z ykl‘f) : (6.2)
k=1 k=1

Proof. 1f at least one of the vectors x, y is equal to zero, then inequality (6.2) holds.
Assume that the vectors x, y are nonzero. Then, using the Young’s inequality, we get

n
Y xo
k=1

! William Henry Young (1863-1942) was an English mathematician.
2 Otto Ludwig Holder (1859-1937) was a German mathematician.
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i |y - |x;|” ik

n p s n Vo= &0 &oolg
( Zl xkl’> (k):l ykq) Pkgl x| Clkgl |yl

Summing these inequalities over all /, we obtain

B " p s, 1/q
Y el < <Zxk|p> <Z|Yk|q> ,
k=1 k=1 i=1

hence, evidently, inequality (6.2) holds. O

In the special case of p = 2 inequality (6.2) is called the Cauchy-Schwarz in-
equality.

Theorem 6.2 (Minkowski inequality). Let x,y € C", p > 1. Then

n 1/p n 1/p n 1/p
<Z|xk+yk|p> < <Z|Xk|p> + <Z|)’kp> . (6.3)
k=1 k=1 k=1

Proof. If the left hand side of (6.3) is equal to zero, then inequality (6.3), evidently,
holds. We therefore assume that the left hand side of (6.3) is positive. Clearly,

n

n
Y b+ yl” =Y b+ vl o4 v
fo =1

n n
< Z ek yel P Moo | + Z ek + yelP Yyl (6.4)
k=1 k=1

Let us estimate the sums on the right hand side of the last inequality using Holder’s

inequality:
1/p
|| > ) (6.5)

n n 1/q n 1/p
Y e A il il < <Z|xk+Yk|(pl)q> (ZMV’) . (6.6)
i1

k=1 k=1

n " 1/q
Y +yelP ] < (Z |k +Yk|(p_1)q> (

k=1 k=1

»
HIv 3
-

where 1/p+1/g=1and (p—1)g = p. Thus, combining (6.4)—(6.6), we obtain
" . 1/q " 1/p . 1/p
Y I+ yel? < <Z|xk+)’k|p> <Z|xk|P> +<ZYkp> ;
=1 k=1 =1 k=1

and, taking into account that 1 — 1 /g = 1/p, we get (6.3). O
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6.2 Norms on the Space C"

In this subsection we consider the concept of a vector norm on the space C". This
concept generalizes the notion of the length of a vector x € C" and in many cases is
more convenient.

We say that a norm is introduced on the space C” if for each x € C”" there exists
a unique real number ||x|| (read: the norm of x) and the following conditions (the
axioms of a norm) hold:

1. ||x|| > 0 for all x € C"; ||x|| =0 if and only if x=0;
2. |jox|| = |e|||x]| for all x € C" and for all @ € C;
3. |lx 4yl < |lx]| +y|| for all x,y € C".

Condition 3 is called usually the triangle inequality. Also, the next inequality holds:
A |l = Iy ll] < [l =yl for all x, y € C.

Inequality 4 follows from Axiom 3. Indeed,
Il = [l =yl < e =yl +lIyll-

Similarly,
vl <l =l + 1l

Combining the last two inequalities, we obtain inequality 4.
Examples of norms on the space C”.

n 1/p
1. Let p > 1. The equality ||x||, = ( Y |xk|p> defines a norm. Indeed, Ax-
k=1

ioms 1 and 2 evidently hold; inequality 3 for p = 1 immediately follows from the
properties of the modulus of a complex number, and for p > 1 coincides with the
Minkowski inequality. Note that ||x||> = |x| = (x,x)'/? for all x € C". Here and fur-
ther in this section by (-,-) we denote the standard inner product on the space C".

2. Let ||x]|oo = max |xx|. It is easy to verify that this equality defines a norm.
SKSsn

3. The function ||x||4 = (Ax,x)'/? is a norm on the space C" if A is a Hermitian
positive definite matrix. To substantiate this fact it is enough to recall that the rela-
tionship (x,y)4 = (Ax,y) defines an inner product on the space C" (see Property 1,
p. 133, and also Subsect. 3.2.2, p. 69).

Any vector norm is continuous on the entire space C". Indeed, let x and y be

n

arbitrary vectors in C". Expanding these vectors into the finite serieses x = Y, xiix
k=1

n
and y = Y yiir with respect to the natural basis of C", and using the triangle in-
k=1

n
equality, we obtain ||x —y|| < ¥ |lig|l/|xx — yx|- Obviously, this inequality implies

that if x tends to y, then ||x —y|| tends to zero.
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We say that a sequence {x;} C C" converges to a vector x € C" in norm
if klim |lx —xx]| = 0. As we have seen in the previous paragraph, the convergence
— 00

of a sequence of vectors in any norm introduced on the space C" follows from the
componentwise convergence. Below we will prove that the converse statement is
also true.

We say that two norms || - [| (1) and || - || ) are equivalent if there exist two positive
constants ¢; and ¢ such that

cillxllqy < llxlloy < eallxlly  forall xeC". (6.7)

Theorem 6.3. Any two norms on the space C" are equivalent.

Proof. Clearly, the relation of the equivalence of norms is transitive. Therefore it is
sufficient to prove that any norm || - || is equivalent to the norm || - [, = | -], i.e., to
prove that there exist two positive constants ¢y and ¢, such that

c1lx] <|x[| <ealx| forall xeC™ (6.8)

Let S;(0) be the set of all vectors in the space C" such that x| = 1 (S;(0) is the
unit sphere centered at the origin). This set is closed and bounded in the space C".
The function @(x1,x;...,x,) = ||x|| is continuous on the whole space C". There-
fore, by the Weierstrass theorem (see a calculus textbook), it follows that there

exist points x1, x, € S1(0) such that ||x;|| = min ||x|| and ||x;||= max |[x||. Let
XGSI(O) xeSl(O)
c1 = |Ix1]|, c2 = ||x2]]. Clearly, 0 < ¢; < ¢p, we see also that ¢; is not equal to

zero, since otherwise x; = 0, but x; € S;(0), hence, |x;| = 1, and x; # 0. Thus,
0 < ¢ < |x|] < ¢y for all x € §;(0). Let now x be an arbitrary nonzero vec-
tor in the space C". Then, evidently, the vector (1/|x|)x belongs to S;(0), there-
fore, ¢1 < ||(1/|x])x|] < ¢2. Whence it follows that the vector x satisfies inequali-
ties (6.8). Obviously, if x is equal to zero, then inequalities (6.8) hold. O

It follows from Theorem 6.3 that any norm on the space C” is equivalent to the
norm || - ||2. Therefore, the componentwise convergence of a sequence of vectors
follows from the convergence of this sequence in any norm.

It is important to note that, generally, the constants ¢y, co depend on #, i.e., they
depend on the dimension of the space C". For example, the following estimates
hold:

IX|loo < ||x||, forallx € C" and for all p > 1; (6.9)
IIx|l, < |lx|l forallxe C"if p>g>1; (6.10)
x|, < nl/”_l/"HxHq forallxe C"ifg>p>1; (6.11)
x|, < nl/p||x||oo for all x € C" and for all p > 1. (6.12)

Before proving these estimates, we note that they are the best possible, i.e., for
each of them there exists a nonzero vector x such that the inequality becomes the
equality. In particular, if x = (1,0,...,0), then the first two inequalities become the
equalities; if x = (1, 1,..., 1), then the last two inequalities become the equalities.
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Now we present the appropriate proofs.
1. Let ||x||oo = max |x¢| = |x;|. Evidently,
1<k<n

" 1/p
] = ()P < (Z IXk”> = lx[|p-

k=1

2. Doing the obvious calculations, we obtain

1/p
n
Ix[l, = (Z xk|4xk|f’q) < 2P e8P,
k=1

hence, using (6.9), we get (6.10).
3. Writing |x|” in the form |x|” - 1 and then using Holder’s inequality with t =
qg/p>1,r=t/(t—1)=q/(q— p) for the estimation of ||x||,, we get

" 1/p . Va s, N a=p)/(pg)
xll;v(Zlel”) < (ZIM«") (Zl> =nP= 1 x| .
k=1 k=1 k=1

The reader can easily prove inequality (6.12). Then it can be proved that

[IXloc = lim [lx[|, forall xe C".
p—r00

The proof is also left to the reader.

A vector norm is called absolute if it depends only on the absolute values of the
components of the vector. For example, the norm || - ||, for any p > 1 is absolute;
the norm ||x|| = (|x1|* + |x2|> — Re(x1%2))"/? on the space C? is not absolute.

Let D = diag(d;,dy,...,d,), 0 <d; <1,i=1,2,...,n, x € C". Then for any
absolute norm we get || Dx|| < ||x||. Evidently, it is sufficient to verify this inequality
for D =diag(1,...,1,d;,1,...,1), d; € [0,1]. We have

1 1
Dx = 5(1 —di) (X1, X0, =Xy Xn) F 5(1 — di)x+ dix,

therefore, ||Dx|| < £(1—dj)||x[| + 3 (1 —d) ||x]| +di||x|| = ||x]!-

A vector norm on C" is called monotone if the inequality ||x|| < ||y|| follows from
the inequalities |xx| < |yx|, K =1,2,...,n. Any monotone norm is absolute. Indeed,
if a norm is monotone, then for each vector x the following inequalities hold:

el b2l eI < (1 Gers ez ) (< (e s ezl B D -

Conversely, any absolute norm is monotone. Indeed, if for vectors x and y we
have |x;| < |yk|, k=1,2,...,n, then there exists a matrix!

D = diag(d\e'? ,d2e'? ... dye'?), 0<d, <1, k=1,2,....n,

! Let us recall that, by definition, ¢! = cos ¢ +isin @.
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such that x = Dy. Using now the definition of an absolute norm and the inequal-
ity [[Dyl| < [|yll, we get [lx]| < [|y]-

6.3 The Hahn-Banach Theorem. Dual Norms

Let us recall that a linear functional f is defined on the space C" if a complex
number f(x) uniquely corresponds to each vector x € C" and this map is linear, i.e.,

flax+By)=af(x)+Bf(y) forall x,yeC"andforallo,feC. (6.13)

We say that a real linear functional f is defined on the space C" if a real number f(x)
uniquely corresponds to each vector x € C" and

flox+By) =af(x)+Bf(y) forall x,yecC" andforall@,f €R. (6.14)

If a norm || - || is defined on the space C”, then for each linear functional (real or
complex) we can define its norm by the formula
flx
= s UL ) (6.15)
xecnx0 Xl xeon, jjx=1

For each linear functional we have
I£1l < oo. (6.16)

Let us prove inequality (6.16) for real functionals. For complex functionals the proof
is analogous and easier. Let z = (21,22,...,2,) € C", ||z|| = 1. If we assume now
that zx = xx + iy, xx, vk € R, k=1,2,...,n, then we get

f(Z)=f<Z(xk+1y/< ) Zj: (e f (i) + v f (iix)) -

Hence, |f(z)] <max(lglax |f (i), Igax |f(1zk)|) \zk| Since all norms on C" are
< k=

equivalent, using the last inequality, we conclude that |f(2)| <cllz]| = ¢, where ¢ is
a constant, which depends only on n. This means that (6.16) is true.

Theorem 6.4 (Hahn-Banach'). Let L be a subspace of the space C" and f be a
linear functional defined on L,

IFl="sup  [f(x)]- (6.17)

x€L, ||x[|=1

! Hans Hahn (1879-1934) was an Austrian mathematician, Stefan Banach (1892-1945) was a
Polish mathematician.



6.3 The Hahn-Banach Theorem. Dual Norms 203

Then there exists a linear functional F defined on C" such that F(x) = f(x) for
all x € L and

|Fl[= sup [F(x)|=]f]." (6.18)
xeCn, |lxf|=1

Proof. First we assume that f is a real linear functional. Naturally, we suppose
that f is not identically zero. Theretofore, without loss of generality, we can assume
that || f|| = 1. We do not consider the trivial case of L=C". Letu ¢ LandletL; D L
be the set of all vectors of the form x + fu, where x € L, t € R. Using the triangle
inequality, we see that

FO) =) <=yl < lletull + lly +ul

for all x,y € L. Hence, f(x)— ||[x+u|| < f(y) + |[y + u||. Therefore, there exists a
number a such that

sup(f(x) =[x +ul]) < a < inf (f(x) +[Jx+ul). (6.19)
XEL xeL

Let us define a functional f; on L; by the formula fj(x+ fu) = f(x) — at (check
that f7 is the real linear functional!). It follows from inequalities (6.19) that

|[f(x)—a|l <|x+ul| forall xelL,

and |f1 (x+u)| < ||x+ul for all x € L. For t # 0 we get fi(x+tu) =tf1(t " 'x+u),
hence,
fiCetu)| = el fi (e e a)| < Jeflle b u) | = (et rul)

or |f1(x)| < |x|| for all x € L;. Arguing us above, we construct a real linear func-
tional f; defined on the set L, D L; of all vectors of the form x +7(iu), where x € Ly,
t € R, such that | f2(x)| < ||x|| for all x € L;. It is easy to see that the set L coincides
with the subspace of the space C" spanned by the basis of the subspace L and the
vector u. Thus we have constructed the extension of the real linear functional f
defined on L onto the wider subspace. Increasing sequentially the dimension of
the subspaces, we can construct the real linear functional F' defined on the entire
space C" such that F(x) = f(x) for all x € L and |F(x)| < ||x|| for all x € C". It
follows from the last estimate and (6.17) that ||F|| = || f]|-

Let now f be a (complex) linear functional defined on L. We represent it in the
form f(x) = g(x)+ih(x) for all x € L, where g and h are real linear functionals on L.
Since the functional f is linear, we get f(ix) = g(ix) +ih(ix) =if (x) =ig(x) — h(x),
hence, h(x) = —g(ix), and f(x) = g(x) —ig(ix). By assumption, ||f|| = 1, conse-
quently we have ||g|| < 1. Using the construction described in the previous part of
the proof, we construct a real linear functional G(x) defined on the entire space C"
such that

G(x)=g(x) forall xe€L,and |G(x)| <|x| forall xeC".

! One says, F is the norm-preserving extension of the functional f onto the entire space C".
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Further, let F'(x) = G(x) —iG(ix) for all x € C". Clearly, F(x) = f(x) forall x € L.
Now we prove that the functional F is linear. For this purpose it is enough (in ad-
dition to the previous) to show that F(ix) = iF (x) for all x € C". This fact follows
directly from the definition. Indeed, F(ix) = G(ix) +iG(x) = i(G(x) —iG(ix)). To
complete the proof we check equality (6.18). Let x € C" be a given vector. Take a
real number O such that F(x)e'® is nonnegative. Then

|F(x)] = F(e'”x) = G(e'°x) < [|e'x[| = |[x]|-
Combining (6.17) with the last inequality, we get (6.18). O

Corollary 6.1. Let xy € C" be a given vector. There exists a linear functional F
defined on C" such that F (x) = ||xo|| and ||F|| = 1.

Proof. Let us consider the subspace L C C" of all vectors of the form oxy, where
o € C, and let us define on this subspace a linear functional f by the next for-
mula: f(axo) = ¢||xo||. Then, obviously, f(xo) = ||xo]| and || f|| = 1. To conclude
the proof, using the Hahn-Banach Theorem, we construct the norm-preserving ex-
tension of the functional f onto the entire space C*. 0O

We can consider the space C” as a unitary space if we define an inner product
(for example, standard) on it. Using the Riesz Theorem (see p. 125), we see that for
each linear functional f on C” there exists one and only one vector y € C" such that
f(x) = (x,y) for all x € C", and conversely, each vector y € C" generates the linear
functional: f(x) = (x,y) for all x € C". Let || - | be a norm on the space C". For each
vector y € C" we put

'x7
) ()l (6.20)
recr0 Xl xeon, ui=1

Iyl = lIf1l =

The reader can easily prove that relationship (6.20) defines the norm on the space C".
This norm is called dual to the original norm. The next theorem shows that the con-
cept of the duality of norms is mutual.

Theorem 6.5. Let || - || be a norm on the space C" and let || - || be its dual norm.
Then
W= s )l (621)
ye(cna “.yH*:l

Proof. It follows immediately from the definition of the dual norm that for each
nonzero y € C" the next inequality holds: ||x|| > |(x,y)|/||y||«. Using Corollary 6.1,
we see that there exists a vector y such that ||x|| = |(x,y)|/||y|l«. These arguments
show that equality (6.21) is true. O

In the proof of Theorem 6.5 we have established the following result.

Corollary 6.2. For all x,y € C" the next inequality is true:

|G| < [y (6.22)
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Inequality (6.22) is called the generalized Cauchy-Schwarz inequality.

For example, the norms || - [, |- |l for p > 1, 1/p+1/g = 1 are dual to each
other with respect to the standard inner product on C”". Indeed, for all x,y € C",
by Hélder’s inequality (see (6.2)), we have |(x,y)| < [|x||,|[y[l4- Let xx = prei®,
where k=1,2,...,n. Puty, = p,ffleiq’k, k=1,2,...,n. By elementary calculations,
we see that | (x,y)| = ||x[/||y||l4- Therefore,

|(x,y)]
[x][, =" sup :
yeCn, y£0 Hy”q

Now the reader can easily prove that the norms || - ||; and || - || o are dual to each
other with respect to the standard inner product on the space C".

6.4 Norms on the Space of Matrices

As above, we denote by M, , the set of all rectangular matrices with m rows, n
columns, and (generally speaking) complex elements. If m = n, we write M,,. If
by the usual way we define on the set M, , the operations of matrix addition and
multiplication of a matrix by a scalar, then this set becomes the complex linear space
of dimension mn. On this linear space we introduce a norm, i.e., we associate with
each A € M,, , a number ||A|| such that the following axioms hold:

1. ||[A]| > O forall A € M, ,; ||A|| = 0 if and only if A = 0;
2. ||aA| = |o]||A|| for all A € M, , and for all o € C;
3. |A+BJ|| < ||A||+ ||B|| for all A,B € M,, .

We say in this case that a vector norm is introduced on the space M, ,. Clearly, this
norm has all properties that were investigated in the last section for the norms of
vectors.

So-called consistent norms are used often on spaces of matrices. For consistent
norms additionally to axioms 1-3 the next axiom must hold true:

4. |AB||pnp) < |All gun)|IBll () for all matrices A € My, B € My, .

np)

Here subscripts indicate norms on the corresponding spaces of matrices.
Not all vector norms on spaces of matrices are consistent. For example, we put

Al = ij 6.23
4]l = max lay] ©23)

for A € M,. Obviously, it is a vector norm but it is not a consistent norm on M,,.

Indeed, if
11 22
A= (1 l),then AA = (22>,
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and ||A|| =1, ||AA|| = 2, hence the inequality ||AA|| < [|A|||A]| does not hold.
Let || - || be a consistent norm on M, and S € M,, be an arbitrary nonsingular
matrix. Then, as the reader can easily prove, the formula

Al 5) = |SAS~Y| forall A€M,

defines a consistent norm on M,,.

Here are important examples of consistent matrix norms.

1. Let ||A]|;, = Z |ajj| for A € M,,. Evidently, the first three axioms hold. Let us
i,j=1
verify axiom 4. By definition, for A, B € M,, we have

|ABI|;, = Z

i,j=1

Z atkbkj

k=

)

therefore,
n
1ABll, < Y il [bajl-
i,jk=1

Adding nonnegative items to the right hand side of the last inequality, we get

n
IABl; < ). laicllmj].
i) km=1

It remains to note that

n

n n
Y. lawllbwl =) lawl Y. 16wl = Al 1Bl -

i,j,k,m=1 ik Jj.m=1

1/2
2. Let ||Allg = ( Y ai? for A € My, ,. This norm is generated by the
i,j=1
standard inner product on the space C"™". Hence the first three axioms for this norm
hold. Usually, the norm ||A||g is called the Euclidean norm or the Frobenius' norm.
Using the Cauchy-Schwarz inequality (see p. 198), we verify Axiom 4. LetA € M, ,
and B € M, ;. Then

HAB”%_ Z Zalkbkj < Z Z|azk| Z|bk]|2

i,j=1|k= i,j=1k=
v 2 2 2 2
= ) laul Z |bij|~ = |[AlZ 1Bl
ik=1 k,j=1

! Ferdinand Georg Frobenius (1849-1917) was a German mathematician.
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3. The reader can easily prove that the norm ||A|| =n max |a;;| is consistent on
1<i,j<n

the space M, ,,.

Let A € My, and let || - |[(;n), || - [|(n) be some norms on the spaces C", C", re-
spectively. Then there exists a nonnegative number N4 such that

||AxH(m) < NAHXH(n) forall xeC". (6.24)
Indeed, since any norm on C" is equivalent to the norm || - || o, i.€.,

c1lx[[oo < |X[|(yy forall xeC,

[xllomy < c2|lx]lc  forall xeC™,

where ¢y, ¢, are positive constants independent of x, we see that the following chain
of inequalities holds:

n

Z aijXj

n
HAxH (m) < e2||Ax[|oo = €2 121ax < oalxf| o 1I3:ax Z |a,]|

%)
- max Z @il |1l

C

Denote by v(A) the infimum of the set of all numbers N, that satisfy (6.24). Ev-
idently, we can define the function v on the space M,, , by the following equivalent
way:

[[Ax]| )
V(A)= sup ———> = sup lAx () - (6.25)
e Xl vecn, =1

Clearly,
[Ax][ () < V(A)|Ix[|(yy forall xeC".

The reader can easily prove that all axioms of a consistent matrix norm hold for
the function v. Matrix norm (6.25) is called subordinate or induced or an operator
norm.

For any definitions of norms on the spaces C”, C" there exists a vector xy € C"
such that ||xol|(,) = 1 and

[Axollmy = sup  [|Ax[[gm)s
x€C, ||x[l =1

i.e., we can replace “sup” by “max’ in definition (6.25). The proof of this statement
is left to the reader.

It is easy to see that for any definition of a norm on C” the subordinate norm of
the identity matrix (of order n) is equal to one.
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Not each norm defined on M, is induced by a vector norm. For example, the
Frobenius norm is not induced by any vector norm, since ||I||g = /n. Norm (6.23)
is not an operator norm too, since this norm is not consistent on M,,.

Examples of calculations of subordinate matrix norms.

1. Suppose that the norm on the space C”" is defined by the following equality
n
(see the first example on p. 199 for p = 1): ||x||; = ¥ |xx|. Then the induced matrix
k=1

norm is

lAl = max fAx].
xeCn, ||x|| =1

It is easy to see that for any x € C”, ||x||; = 1, we have

lAx|[y =

Z dijXj

n n
< Z Z |“11ij| = Z x| Z \aij|
i=1j= =1 i=1
n n n
< 12%,; |aij| ]; x| = llgfén; |aijl.

Suppose that 1r2aé 2 laij| = Z |aix|. Let ¥ be the vector in the space C" such
<i<
that ¥ = 1 and all other coordmates of the vector ¥ are equal to zero. Then,

clearly, ||X||; =1 and ||A%||; = Z |air|. Therefore,
i=1

n
All; = max Ax||; = max a;; 6.26
JAll = _mas I4x]s = max Y, (6.26)

and so ||A||; is called the maximum absolute column sum norm of the matrix A.
2. If the norm on the space C" is defined by the equality ||x||oc = Jmax |x¢|, then
Sisn

for any x € C" such that ||x||oc = | we have

||Ax||co = max
1<i<n

Z dijXj

< max Z |aij[x]
=1

< o33 bl s 3 ol = g 3l

n n
Suppose that max Y laijl = ¥ |axj|. Let ¥ € C" be the vector with components
1<i<1 j— i—=1
J J

P ayj/laxjl, ar; # 0,
/ I, akj:()a



6.4 Norms on the Space of Matrices 209
where j = 1,2,...,n, and as usual the overline is the symbol of the complex

conjugation. Clearly, ||%||coc = 1, and by elementary calculations we see that for
alli=1,2,...,n the following inequalities hold:

n n n
Y ai®| <Y laijl < Y laxl,
j=1 j=1 j=1
and for i = k we have

n n
Zaijij :Z|akj|,
j=1 j=1

n
ie., ||AX||ooc = max Y. |a;j|. Therefore,
1 i=1

1<i<1 /=

n

[Alloo = max JJAx]o = max } |ajjl,
XECH, ||x]|co=1 1§z§nj 1

and so ||A||s is called the maximum absolute row sum norm of the matrix A.
3. Now we introduce the norms on the spaces C” and C” that are induced by the
standard inner product, i.e., we set ||x||2 = |x|. For any x € C" we have

JAx]3 = (Ax,A%) = (A"Ax,x).

The matrix A*A is Hermitian and non-negative semidefinite. Hence there exists an
orthonormal basis {e; }}_, such that A*Ae; = szek, where sz, k=1,2,...,n,are the
eigenvalues of the matrix A*A, they all are nonnegative. Expanding x into the finite

n
series x = Y, Erer with respect to the basis {e;}}_, and assuming that [[x[|, = 1,
k=1

n n
we get ¥ |&7 =1, [|Ax|3 = ¥ 07|&[* < max of. Putnow 0; = max o} and
k=1 k=1 1<k<n :

1<k<n
%=e;. Then ||A%||3 = O'J-Z. Thus we see that max  ||Ax|| = max oy, i.e.,
x€CH, |[x||2=1 1<k<n
Al = O 6.27
1Al = max o (6.27)

The next special case is interesting for many applications. Let A € M,, be a Her-
mitian matrix, i.e., A = A*. Then, evidently, o; = |4 (A)|, where k = 1,2,...,n,
and A4 (A) is the eigenvalue of the matrix A. Therefore for any Hermitian matrix we
get

|(Ax, x)|
IAll2 = max 14(4)] = max o) p(A),
where p(A) is the spectral radius of A (see p. 178). In this connection the norm ||A||,
is called usually spectral.

The proof of the following propositions is left to the reader.
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Proposition 6.1. For any matrix A we have (see p. 160)

1
AT ]|]2 = - (6.28)

Here o, is the minimal singular value of the matrix A.

Proposition 6.2. If the matrix A is invertible, then (see p. 159)
cond (A) = [|A[|2[[A™" |-

Therefore the next notation is often used: cond (A) = cond(A).

The calculation of eigenvalues of a matrix, generally speaking, is a complica-
ted problem. Hence it is useful to estimate the norm [|A]|, using an explicit func-
tion of elements of A. Let us prove that for any matrix A € M,,, the follow-
ing estimate is true: ||A|» < ||A||g. Indeed, by elementary calcualtions, we get'

m n
tr(A*A) = ¥ |a;;|>. On the other hand, tr(A*A) = i o > max of, hence,
i,j=1 k=1 1<k<n

1/2
lAll2 = lmaé( o < ( Z |aij| > = ||Al|g- (6.29)

i,j=1
The reader can easily check the following properties.

1. ||[A]|2 = ||UAV ||z and ||A||g = ||UAV ||g for any matrix A € M, and any unitary
matrices U and V.
2. ||All2 = ||A*||> for any matrix A € M,,.

The value of a consistent matrix norm is useful, particularly, for an estimation
of the spectral radius of the matrix. Namely, for any square matrix A the following
inequality holds:

p(a) < |Al, (6.30)

where ||A|| is any consistent norm of the matrix A. Indeed, let A, x be an eigenpair
of the matrix A, and let X be a square matrix such that all columns of X are equal to
each other and equal to the vector x. Then AX = AX. Hence,

[ANIXI = [lAX] < Il

for any consistent matrix norm. We also see that ||X|| # 0, since x is an eigenvector,

which is not equal to zero by definition. Thus for each eigenvalue A of the matrix A

the following inequality holds: |A| < ||A]|. The last inequality is equivalent to (6.30).
Clearly, the next corollary follows from estimate (6.30).

Corollary 6.3. If any consistent matrix norm of the matrix A € M, is less than one,
then A is a convergent matrix.

! Here the trace of the matrix A*A is calculated as the sum of all elements of the leading diagonal
of this matrix, see p. 117.
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Theorem 6.6. For any consistent matrix norm introduced on the space M,, and for
any matrix A € M, the following equality holds:

pA) = lim [|AX|VE, (6.31)

Proof. If A is an eigenvalue of the matrix A, then for each integer k > 0 the num-
ber A* is an eigenvalue of the matrix AK. Therefore, using inequality (6.30), we
get (p(A))F=p(AF) <||A¥||,and p(A) < ||A¥||'/* for each integer k > 0. Further, let £
be a positive number. Then the matrix (p(A) +¢€)~'A is convergent, since the mod-
ulus of each eigenvalue of this matrix is less than one. Whence, (p (A4)+¢&) %Ak — 0
as k — oco. Since any norm on M, is a continuous function (see pp. 199, 205), we get
|(p(A) + &) ~*A¥|| — 0 as k — oo. Hence there exists N > 0 such that for all k > N
the following inequality holds ||(p(A) 4 &) ~*A¥| < 1, and ||A¥||'/* < p(A) + €.
Thus for any € > 0 and for all sufficiently large k the following estimates are true
p(A) < ||A%||'/* < p(A) + €. This statement is equivalent to (8.4.3). O

Using (8.4.3), the reader can easily prove that
p(A+B)<p(A)+p(B), p(AB)<p(A)p(B)
for any permutable matrices A and B.

Theorem 6.7. For any matrix A € M,, we have

p(A) = inf  [SAST'[i= inf  [|SAS![|sc. (6.32)
SEMy, det(S)7#0 SEMy, det(S)7#0
Proof. Let us prove the theorem for the norm || - ||;. For the norm || - || all the

arguments are repeated verbatim. Matrices A and SAS™! are similar. Therefore they
have the same spectrum, and p(A) = p(SAS~!). Using this and (6.30), we get

p(A) <|ISAST!|; forall Se&M,, det(S)+#D0. (6.33)
By the Schur Theorem, there is a unitary matrix U such that
U*AU =T, (6.34)

where T is an upper triangular matrix, all eigenvalues 41,1, ..., 4, of the matrix A
form the leading diagonal of 7. Let D = diag(d,d?,...,d"), where d is a positive
number. Set

Q=DTD™! (6.35)

and compute
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A] d71t12 d722‘13 df(nfz)l‘u,_] df(nil)l‘],n
0 12 d712‘23 d7<n73)t2,,,_1 df(niz)l‘zjn

0= 0O 0 Az d’<”74)f3,n—1 df(”73)l3,n ) (6.36)
0 0 0 An—1 d h—1n
0 0 0 0 An

Let now € be a given positive number. Then for d large enough, we can be certain
that the sum of all the absolute values of the entries of each column of the matrix Q
is less than or equal to p(A) + €. Using (6.34), (6.35), we get SAS~! = Q, where
S=DU™', and ||[SAS~'||; = ||Q|li < p(A) +&. Since the last inequality can be
achieved by choosing the number d for any positive €, this together with (6.33)
provide the first equality in (6.32). O

Using Theorem 6.7, the reader can easily prove that for any matrix A € M), the
following equality holds:

p(4) =inf Al 6.37)

where the infimum is taken over all consistent matrix norms on M, but, generally
speaking, in (6.37) “inf” can not be replaced by “min”.

At the end of this section we consider one important kind of norms on the space
of matrices. These are so called the Ky Fan norms.

Theorem 6.8. Let A € My, ,, 01(A) > 02(A) > --- > 0,4(A) >0, g = min(m,n), be
the singular values of the matrix A (zeros are also included). Then

k 1/p
_ p
lAlx,p = (ch (A)> )
j=1
where 1 <k < gq, p > 1 are given numbers, is the norm on the space My, ,. Form =n

the norm ||A||y p is consistent.

Proof. Obviously, in the considered case Axioms 1 and 2, p. 205, hold true. There-
fore we check only the following inequalities:

IA+Bllep < lIAllgp + IBli,p for all A,B € My, and 1 <k <gq, p>1, (6.38)

lAB|t.p < ||Allx.pl|Bllk,p forall A,B € M,, and 1 <k <n, p>1. (6.39)

Using Theorem 5.7, p. 165, Corollary 5.1, p. 164, and the Minkowski inequality,
p. 198, we get (6.38). Inequality (6.39) follows immediately from Corollary 5.3,
p. 166. O

The norm ||Al|x p is called the Ky Fan norm.

Remark 6.1. Since for any matrix A and any unitary matrices U, V of corresponding
dimensions all the singular values of the matrices A and UAV coincide, we can
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say that the norm [|Al|, is unitary invariant. If k = 1, we get the spectral norm.
If k=g¢q and p = 2, we get the Frobenius norm. For any £ > 1 the Ky Fan norm
of the identity matrix is greater than one. Therefore it is not an operator norm. By

k
Theorem 5.12, p. 168, the norms [|Al|x1 = ¥ 0j(A), 1 <k < g, can be calculated
=1
using formulas (5.48) and (5.49), p. 168.

6.5 The Gap between Two Subspaces of C"

In this section the norm on the space C" is induced by an inner product, i.e., we
set ||x|| = |x|. The norm on M, is the corresponding subordinate matrix norm.

Let L, M be subspaces of the space C" and let P, Py be the operators of the
orthogonal projection of C" onto L and M, respectively (see p. 88). The number

H(L,M) = |[PL— Pyl

is called the gap between the subspaces L and M. It follows immediately from the
definition that the function ¥ satisfies the properties of a distance (a metric):

1. ¥(L,M) >0, 3(L,M)=0if and only if L =M,
2. O(L,M) =9(M,L),
3. 9(L,M) < O(L,N)+¥(N,M) for all subspaces L,M,N of C".

The following numbers are useful in the future consideration:

diy= max |x—Pyx||, ory= min |Pyx|.
x€EL,[|x[|=1 xeL||x||=1

They are connected to each other by the equality
diyy=1—07y. (6.40)
Indeed, using the relationships Py = Py, Py = PAZ,, (see pp. 88, 131), we can write

llx — Pyx||* = (x,x) + (Pagx, Pyyx) — (x, Pyx) — (Pyx, x)
= (x,x) + (Pyx, Pyx) — 2(Pyx, Pyx) = ||x||* — || Pux||%.

Therefore, max |x—Pyx||>=1— min |Pyx|>
x€EL, [|x[|=1 x€L, [|x[|=1

The number d p can be calculated by the formula dy y = || ({ — Py )Pr||. Indeed,
by definition,

[(I—Pyu)PLl|= sup
x€CM, x£0 [l

Evidently,
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(7 = Pu)Prx|| _ [|(7 = Pu) Prx|
[l Pl

if Prx # 0. Therefore,

I-P
l—ppl < sup LBy
yEL,y#0 Iyl
On the other hand, for x € L, x # 0, we have
[ = Pu)xl| _ I = Par) Prx]
x| 1]
Thus,
I —Py)P, I—Py)P,
dw= sop WEPORL gy POy
xELxA0 [lx]] XECT, x40 ]l

Theorem 6.9. For any subspaces L,M of the space C" the next equality is true:
HPL — PMH = max(dL_M,dM’L).

Proof. Obviously, P, — Py = P.(I — Py) — (I — P,)Py. Hence, using the equal-
ity P.(I — P) = 0 (see p. 88), for all x € C" we get

1(PL = Pur)x]|* = || P I — Par)x® + | (2 — PL) Pugx||?
= | PL(I — Pog) (I — Pur)xc||® + (| (2 — PL) Py Purc]|®
<[P = Pu) [P (2 = Pa)ac|® + [ (2 — Po) Pl | Page]|®
< max(|[PL(I =P, 111 = PP 1) (12— Pag )] + || Puex]|?)
= max (| PL(I = Pu) |1, || (7 = P)Pal ) 2]
Note that |P.(I—Py)|| = ||(PL(I—Pu))*|| = ||(I — Pu) ) P.|| (see Property 2, p. 210).
Therefore, ||P, — Py|| < max(dpa,dy ). The converse inequality is also true. In-

deed,
(I— P)Py = Py — PPy = Py — PLPyy = (Pyy — PL) Py,

and ||(I — PL)Py|| <||PL — Py||. Analogously, ||(I — Py )P.||<||PL. — Pul|. O

Clearly, the following corollary is true.
Corollary 6.4. For any subspaces L,M € C" we have
0<O(LM)<1.
Theorem 6.10. If ¥ (L,M) < 1, then dimL = dimM.

Proof. Using Theorem 4.3, p.91, we see that it is enough to show that P, is the
bijective map from M to L. By assumption, |P, — Py|| < 1, therefore the operator
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I — (P, — Py) is invertible (see Theorem 5.21, p. 180, and Corollary 6.3, p. 210), and
Im({ — (P, — Py)) = C". In other words, (I — (P, — Py))C" = C". Acting on both
sides of the last equality by the operator P, we get PPy C" = L. Hence, LM =L,
i.e., the operator P, maps M onto the entire subspace L. To complete the proof
we show that this map is bijective. If we assume the contrary, then there exists a
nonzero vector xo € M such that P xo = 0. Then xog = Pyxg — Prxp, and therefore,
IIxo]] < ||Pm — Prl[|Ixo]] < ||xol|, but this inequality can not be satisfied. O

Theorem 6.11. If dim L = dimM, then dp pr = dy 1.

Proof. First we assume that oz 7 = 0, i.e., there exists x € L, x|| = 1, such that
Pyx = 0 (in other words, x € MJ-). Now we show that oy7 7 = 0, i.e., there exists a
vector y € M, ||y|| = 1, such that Py = 0. Denote by L the orthogonal complement
in L of the one-dimensional subspace spanned by x. Clearly, dimLxL =dimL—1.
Let (L)f-)i- be the orthogonal compliment in the space C” of the subspace Lj‘. Then
dim(L-)* = n—dimL + 1, hence, dim(L;")* + dimM = n + 1. Therefore, there
exists a vector y, [|y|| = 1, that belongs to (L;-)= N M. Since x € M, we see that y is
orthogonal to x, i.e.,y € L+, hence, Pry=0.Now we note that if o7 57, op 1, =0, then
dp.m = dy . =1 (see (6.40)). Thus we can assume that o7 » > 0. By the definition
of 07 1, we see that there exists a vector x € L, [|x|| = 1, such that ||Pyx||> = GLZM.

Let us show that Pyx — GLZ, uX € L+, To do that, using the definition of o7y, we
write
(Py(x+v),x+v) > GliM(x—i—ux—l—v) forall velL.

Whence, by elementary calculations, we get
(1— 0'L27M) (v,v) + (Pyx — OF s, v) + (v, Pyx — GliMx) >0 forall velL.
If we replace here v by tv, t € R, we obtain

21— GI%’M)(V,V) +1(Pyx— GLZYMx,v) +1(v, Pyx— O'LZMX) >0 forall teR.
(6.41)
It follows from (6.41) that Re(Pyx — GLZ,an v) = 0. Replacing v by iv in (6.41), we
get Im(Pyx — Gli ux,v) = 0. Therefore, (Pyx — Gli yx,v) = 0forall v € L. In other
words, Pyx — 613 wx € L. Hence, P,Pyx — GZ_’ wPLx = P Pyx — Gi uX = 0. Now let
y= Gl:llllpr' Theny eEM, ||yH = 1, PLy = OL.MX, ||PLy|| =OLM, hence, OMm,L < OLM-
Analogously, o7y < Oy 1, 1.€., 0y = Oy . O

Corollary 6.5. If dim L = dimM, then
HL,M) = [[PL— Pull = (I = Pa)PL]| = ([ (T = PL) P

As a conclusion, the reader by himself can give the geometrical interpretation
of the function ¥ and all statements of this section for the subspaces of three-
dimensional Euclidean space V3.






Chapter 7
Elements of the Perturbation Theory

In this chapter we study the influence of perturbations of matrices on the solutions of
such basic problems of linear algebra as calculating eigenvalues and singular values
of operators, constructing the inverse matrix, solving systems of linear algebraic
equations, and solving the linear least squares problem.

7.1 Perturbations in the Symmetric Eigenvalue Problem

Let A and B be Hermitian matrices of order n. Writing the obvious equality
A=B+(A—B),

using inequalities (4.148), p. 142, and inequality (6.30), p. 210, we see that

M(A) = A (B)| < M(A—B 7.1

max [A(A) = A(B)| < max |A(A—B)| (7.1)

M(A)—(B)| < ||A—B 7.2

1?]?5' K(A) = A(B)| < || I, (71.2)

where || - || is any consistent matrix norm. Using, for example, the Frobenius norm

(see p. 206), we get
R 1/2
— <Y l|ai—bi ). .
12}5‘%‘n|kk(‘4) A(B)| < (i,jzl Ial/ bij > (7.3)

Inequalities (7.1)—(7.3) usually are called Wey!’s inequalities.
If we put |a;; — b;j| < €, then max [Ak(A) — A (B)| < ne. Tt is easy to see that
n

if A = I and all the elements of the matrix E are equal to € > 0, then

[max |A(A) = A (A+E)| = ne,

217
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i.e., estimate (7.3) is the best possible for the set of all Hermitian matrices.
A special perturbation of a Hermitian matrix is considered in the next theorem.

Theorem 7.1 (“relative” Weyl’s theorem). Let A| > Ay > --- > A, be the eigen-
values of a Hermitian matrix A € My, Ay > Ay > --- > A, be the eigenvalues of the
matrix X *AX, where X is an arbitrary nonsingular matrix. Then

i — M| <M =X*X||, i=1,2,...,n, (7.4)
where || - || is any consistent matrix norm.
Proof. Let us take an integer i € [1,n] and write the obvious equality
X*(A—MDX =H+F,

where H = X*AX — 41, F = A;(I — X*X). It is easy to see that the i-th eigenvalue
of the matrix A — A;I is zero. Using Sylvester’s law of inertia, p. 138, we can easily
check that the i-th eigenvalue of the matrix X*(A — A,1)X is also zero. The i-th
eigenvalue of the matrix H is Ai — A;, hence, using inequality (7.2), we get (7.4). O

Theorem 7.1 shows that if we replace the matrix A by X*AX, where X is a nonsin-
gular matrix, then all zero eigenvalues are preserved and for all nonzero eigenvalues
the next relative error estimate is true:

A — Al
I

i

<|I-x*X|, i=1,2,...,n.

In the rest of this section we assume that the standard inner product is specified on
the space C". The next theorem describes how perturbations of a Hermitian matrix
influence on its eigenspaces.

Theorem 7.2. Let A, B be Hermitian matrices of order n, and let
M(A) = Aa(A) = - > Mu(A), i(B) = Ma(B) > - > Ay(B)

be their eigenvalues. Let k € [1,n] be a given integer and let A;(A) have multiplicity r
such that A;_1(A) > 4 (A) > Ay r(A).! Let Ly be the eigenspace (of dimension r)
of the matrix A corresponding to Ay(A) and My, be the subspace of dimension r in
the space C" spanned by the orthogonal eigenvectors of the matrix B corresponding
to its eigenvalues Ag(B), Agy1(B), ..., Agrr—1(B). Let

gap,(A) = min(A—1 (A) — 4(A), 4 (A) — Ay (A)),

IA— B> < %(A) (7.5)

Then

! For k = 1 and k = n these inequalities are obviously modified.



7.1 Perturbations in the Symmetric Eigenvalue Problem 219

A—-B
lA-Bll  _, 7.6)

O (L, M) < .
gap(A) — [|A—B|2

Proof. Letx € L, ||x||2 = 1. If we write x in the form of the orthogonal decomposi-
tion x = Py, x+y, where y € M-, then ||x — Py, x|> = ||y[|2. Evidently,

|((A=B)x,y)| < [|A—Blj2|lyl2- (7.7)
On the other hand, by the definition of the vector x, we have
((A _B)xvy) = }Lk(A)(X,y) - (Bx7y)

Note that (x,y) = (v,y), (Bx,y) = (x,By) = (y,By). We have used that B = B* and
that M,f- is the invariant subspace of the operator B. Therefore,

((A=B)x,y) = 4(A)(y,y) — (By,y)- (7.8)
For y # 0 we get
_ ~ (By,y) P
MA0) ~ B = (3~ P2 i 19)

By the definition of the subspace M-,

(By,y) > 1 (B), (By,y)

0,y) ) = MeerB)

(see Lemma 4.7, p. 140). Now, using inequality (7.2) and condition (7.5), we obtain

B
’)Lk(A)—(y’y)‘ > gap, (A) — ||A — B|». (7.10)

)
Obviously, it follows from (7.5), (7.7)—(7.10) that

|A— B2
< < 1. 7.11
Il < Copeay— a8 (71D

Thus (see also Theorem 6.11, p. 215) the inequalities (7.6) are true. O

Sometimes the next corollary gives a more useful estimate.

Corollary 7.1. Let all the conditions of Theorem 7.2 hold true, and let the multiplic-
ity of the eigenvalue Ai(A) be one. Then

|A— B2

(L, M)/ 1 — 92(Li, My) <
(Lx, My) (Lx, My) oap.(A)

(7.12)

Proof. Let x € My, ||x||2 = 1. Writing x in the form of the orthogonal decomposi-
tion x =X+y, where ¥ =P, x, y € Lkl, and using estimate (7.11), we get
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[%]l2 = /1—1l¥[I3 > 0. (7.13)

If we put B=A + E, then we can write
(A+E)(x+y) = &(B)(X+y). (7.14)

Obviously, A¥ = A;(A)X. Subtracting term by term these equalities, by elementary
calculations, we obtain

(A—A4(A))y=(nI—E)x, (7.15)

where 11 = A4(B) — 4(A). Now we calculate the inner product of both sides of
equality (7.14) with ¥. We note that (A%, %) = Ax(A)(%,X) and also that (y,%) =0
and (Ay, %) = 0, since y,Ay € L;-. As a result we get

(Ex, )

n=-" (7.16)
%113

Computing the inner product of both sides of equality (7.15) with y and using (7.16),
by elementary calculations, we get

(A= A(A))y,y) = (Ex, m f—y) : (7.17)

As we have seen in the proof of Theorem 7.2,

(A=A (A)D)y,y)| > gap,(A)|y]13. (7.18)

The vectors X and y are orthogonal, hence,

) 1/2 2 1/2
:<(y7y)| +||y|%> :<||y||2+1) bl = Mk 7 1,

1113 1113 IR

H (1Y) .

~ x_
1113

2

Combining (7.17)—(7.19) and (7.13), finally, we get (7.12). O

Remark 7.1. For one-dimensional subspaces L; and M; of a real space we ob-
tain O (Lg, M) = sin, where « is the angle between L and M} (prove it!). There-
fore estimate (7.12) usually is written as follows:

1 A—B
—sin2a < w
2 gap,(A)

All estimates, which have been obtained in this section, we can consider as a
priori. Using them, we can estimate the perturbations of eigenvalues and eigen-
vectors by the known perturbations of the original matrix. In some situations so
called a posteriori estimates are useful. They give information about errors using
results of done calculations. Let now a normalized vector x be an approximation
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of an eigenvector of the matrix A and o be an approximation of the corresponding
eigenvalue. Then the accuracy of calculations can be characterized by the residual
vector r(x, o) = Ax — oux. If the matrix A is Hermitian, then it is easy to see that

i o)l = ||Ax—
min | r(x, )2 = [Ax — p (x|,

where p(x) = (Ax,x).! This means that the number (Ax,x) is in a certain sense the
best approximation of the eigenvalue of the Hermitian matrix A if we know the
approximation x of the corresponding eigenvector.

The next theorem shows that the residual r(x) = Ax — p(x)x actually can be used
to estimate the accuracy of solutions of spectral problems.

Theorem 7.3. Let A € M,, be a Hermitian matrix, A = A; be a simple eigenvalue
of the matrix A, and u be the corresponding normalized eigenvector. Let x € C",
IIx[2 =1, p = (Ax,x) # A, |p — A| < gap,(A), r = Ax — px. Let L and M be the
one-dimensional subspaces in C" spanned by u and x, respectively,

Y= min |p—pu|.

HEOT(A), u#A
Then )
oean <, gy 17 o

Proof. Write the vector x in the form of the orthogonal decomposition x = ¥+ y,
where ¥ € L, y € L. Then r = (A — p)&+ Ay — py. Since the vector Ay belongs to
the subspace L, we have

7113 = (A — p)?||1%]15 + | Ay — py I3 (7.21)

It is easy to see that
1Ay = pyll3 = 72 Iv13. (7.22)

It follows immediately from (7.21), (7.22) that the first estimate in (7.20) is true.
Further, using the definition of r, we obtain (r,x) = 0, or in detail,

(A —p)|IF3+ (A~ pDw.w)llyllz =0, (7.23)

where w = ||y||5 'y, [wll2 = 1. Using equality [|%]3 = 1 — ||y|| and (7.23), by ele-
mentary calculations, we get

p—A

2 _

It follows from (7.23) that ||Z[3 = ((A — pI)w,w)||y||3/(p — A). Combining this
with (7.21), after elementary calculations we see that

! Hint: for a given x write ||(x, &t)||3 as the quadratic trinomial of a.
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17113 = (A = pL)w, (A = AD)w)]ly|[3. (7.25)
Equalities (7.25) and (7.24) show that

((A=pl)w, (4 — A1)w)|
(A= AL)w,w)|

Iz =1p Al (7.26)

If we represent here w in the form of the expansion with respect to the orthonormal
set of eigenvectors of the matrix A, then we obtain

| ;(%‘—P)@j—%)lcjﬂ
175 = lp = A| == :
? | T (A —2)le;
J#

(7.27)

where ¢j, j = 1,2,...,n, j # i, are the coefficients of the mentioned expansion.
Obviously, it follows from the assumptions of the theorem that for j # i all the
numbers (A; — p)(4; — A;) are positive. Therefore,

X =)= Ales| = 7| L (R = A0)les .
Jj#i J#i

1.e., the second estimate in (7.20) is also true. O

7.2 Perturbations of Singular Values and Singular Vectors

The next theorem follows immediately from Lemma 5.1, p. 165, estimate (7.1),
p. 217, and inequality (5.13), p. 158.

Theorem 7.4. Let A, B € M, , be arbitrary matrices, ¢ = min(m,n), and let c1(A),
02(A), ..., 04(A), 61(B), 62(B), ..., 64(B) be their singular values (here we also
include zeros for the uniformity of notation). Then

max |ox(A) — ox(B)| < max ox(A—B), (7.28)
1<k<g 1<k<q
m;n 1/2
max |O'k(A)—Gk(B)| < Z |clij—b,'j|2 . (729)
1<k<n i=1

The next theorem, which is analogous to Theorem 7.2, p. 218, is also true.

Theorem 7.5. Let A, B € M,y,, be arbitrary matrices, ¢ = min(m,n), and let c1(A),
02(A), ..., 04(A), 01(B), 02(B), ..., 04(B) be their singular values ordered by non-
increasing. Let 0x(A) be a positive singular value of the matrix A of multiplicity r.
Let L, be the subspace of C" spanned by the right singular vectors of the matrix A
corresponding to oi(A) and let L,y be the subspace spanned by the left singular
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vectors of A corresponding to oi(A). Denote by M, i the subspace spanned by the
right singular vectors of the matrix B corresponding to the singular values oy(B),
O41(B), ..., Okrr—1(B), and by M, the subspace spanned by the left singular
vectors of B corresponding to the same singular values. Let

gap; (A) = min(cy_1(A) — 6x(A), 6k (A) — 01 1+(A)),!

A
2
Then A B
=Bl

gap;(A) —[[A=Bl>

max<0 (Lu,ka Mch) ) % (Lv,kva,k)) <

The proof of this theorem is left to the reader.

7.3 Perturbations of Characteristic Values of Arbitrary Matrices

Let A = {a;;}};_, be a square matrix, and let

R(A)= Y lay| forall i=1.2,...n,
1<j<n, j#i

Ci(A)= Y layl forall j=1.2,.. . n
1<i<n, i#]

Theorem 7.6 (Gershgorin®). Let A be an arbitrary matrix of order n. Then all the
characteristic values of A are located in the union of n discs

GiR:{ZEC:|Z—aii|SRi(A)}, i:1,2,...,l’l. (730)

Proof. Let (A,x) be an eigenpair of the matrix A, and let x; be the element of x that
has the largest absolute value. Evidently, x; # 0. Using the definition of an eigenpair,

we get
(aii—l)xi: — Z aijxj,
1<j<n, j#i

therefore, |a;; — A||x;| <R;(A)|x;i|, and |a;; — A| <R;(A). Thus each characteristic value
of the matrix A belongs to one of the discs G{e, i=1,2,...,n. O

This theorem is often called the Gershgorin disc theorem. Since A and AT have
the same eigenvalues, they all are located in the union of n discs

! See the footnote on p. 218.
2 Semyon Aronovich Gershgorin (1901-1933) was a Soviet mathematician.
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GS={z€C:|z—ay| <Ci(A)}, i=1.2,...,n (7.31)

This is the so-called the column sum version of the Gershgorin disc theorem.

Theorem 7.6 can be interpreted as a theorem on perturbations of a diagonal ma-
trix D = diag(ai1,a22,...,a,). It shows that if the nondiagonal elements of the
matrix A are small, then its characteristic values are not very different from the
characteristic values of the matrix D.

The next two theorems are called the Bauer-Fike theorems.!

Theorem 7.7. Suppose that for the square matrix A = {a;;}] ;_, there exists a non-
singular matrix V such that

VAV = A = diag(A1,A2,.. ., A). (7.32)

Let B = {b;;}! =1 be an arbitrary square matrix. Then all characteristic values of
the matrix A+ B are located in the union of n discs

Gi={zeC:|lz— A4 < ||B||||V||||V_1||}7 i=12,...,n (7.33)

Here || - || is a matrix norm that is induced by any absolute vector norm.

Proof. 1f (4,x) is an eigenpair of A + B, then (Al — A)V ™ !x = V7IBVV 1y,
whence (see p. 201) we get. min A=AV x| < IBIIVHIIV IV = x|, but we
<i<n

n
have V~!x # 0. Therefore, min A =X <|B||IV-YIV|. Thus,A € U G;. O
<i<n i=1

Theorem 7.8. Suppose that the conditions of Theorem 7.7 hold. Then all the char-
acteristic values of the matrix A+ B are located in the union of n discs

Gi={z€C:|z—X| <nsi||B|2}, i=1,2,...,n, (7.34)

where s; = |[uj||2||vill2/|(ui,vi)|, vi is the i-th column of the matrix V, u; is the i-th
column of the matrix U = (V~')*, and the inner product (-,-) is the standard inner
product on the space C".

Remark 7.2. It is obvious that (A;,v;), i = 1,2,...,n, are the eigenpairs of the ma-
trix A, and (ii, u;),i=1,2,...,n, are the eigenpairs of the matrix A*. Each number s;
fori=1,2,...,nis more than or equal to one. The number s; is called the coefficient
of skewness of the corresponding eigenvector v; of the matrix A. If the algebraic mul-
tiplicity of the characteristic value A; of the matrix A is equal to one, then, evidently,
the algebraic multiplicity of the characteristic value A; of the matrix A* is equal to
one too. The eigenspaces corresponding to these eigenvalues are one-dimensional,
hence the corresponding coefficient of skewness s; is uniquely determined.

Proof of Theorem 7.8. The matrices A+ B and A + V1BV = A + B, were we de-
note B = U*BV, have the same characteristic values. Using the column sum version

! Friedrich Ludwig Bauer (1924-2015) was a German mathematician, Charles Theodore Fike
(born 1933) is an American mathematician.
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of the GeNrshgorin disk theorem, we see that all the characteristic values of the ma-
trix A + B are located in the union of n discs

Gi={z€C:lz—=A—by| <C(B)}, i=12,...,n.

Note that |z — A; — bii| > |z — Ai| — |biil, g(E) + |bii| = ||bi||1, where as usual by b;

we denote the i-th column of the matrix B. Therefore all the characteristic values of

the matrix A + B are located in the union of n discs

Gl ={zeC:lz=X| <|blli}, k=1.2,...,n.

Let us estimate || b||1. Consider the vectors #; € C" with the following components:
bjr/|bjkl, bjx #0,
0, b =0.

Ljk =

Trivially, ||b¢||1 = (Bix, ), where iy is the column of the identity matrix. Whence,
using the Cauchy-Schwarz inequality, we get

1Billy = (BVi, Utic) < [[BI2|IU [l2llvel2 e - (7.35)
It is easy to check that ||7x||2 < v/n. Further, using estimate (6.29), p. 210, we ob-
n 1/2
tain ||Ul2 < ( Y w3 . Obviously, each column of the matrix U is uniquely
k=1

determined up to a nonzero scalar factor. Therefore we can normalize them to
get ||ugllo = 1 for all k = 1,2,...,n. Then, evidently, the columns of the ma-
trix V must be normalized so that (v,u;) = 1 for all k = 1,2,...,n. In this case
we see that ||vella = |[vell2llucll2/|(ug, vi)| = sg. Thus, using (7.35), finally, we
get [|be][1 < nse||Bll2. O

The next theorem helps to compare estimate (7.33) with (7.34).

Theorem 7.9. For any normalization of the columns of the matrix V the following
inequality holds:
V12V~ > max s. (7.36)
1<k<n

The columns of the matrix V can be normalized so that
1 n
VIRV < Y se (7.37)
k=1

Proof. Clearly, we have Viy=vi, k=1,2,...,n,and ||V |,= sup |[Vx|2 > ||vil|2-
[Ixll2=1

Similarly, we see that ||V =], = ||U]||2 > ||ux||2. Therefore inequality (7.36) holds.
Now we normalize the columns of the matrix V so that ||v|]2 = s,i/ *. Then, using

1 By b ik we denote the j-th element of the column by.
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equality (vi,ux) = 1, we get ||ugll2 = s,i/z, k=1,2,...,n. Obviously, this implies

0 1/2

that |[V~=Yg = |V|Ee = <Z sk> . Using inequality (6.29), p. 210, we obtain
k=1

estimate (7.37). 0O

Remark 7.3. The matrix V that has columns, which form a basis in the space C"
that consists of the eigenvectors of the matrix A is not uniquely determined. For
any matrix V we have ||V||||[V~!|| > 1. This inequality becomes the equality if,
for example, the matrix V is unitary and the norm of V is spectral. By Theo-
rem 4.41, p. 135, it follows that a matrix is unitarily similar to a diagonal matrix
if and only if this matrix is normal. Thus, if A is a normal matrix, A;, i = 1,2,...,n,
are all the characteristic values of A, and B is an arbitrary square matrix, then
all the characteristic values of the matrix A 4+ B are located in the union of n
discs Gi={z€C:|z—A| <|B|2}, i=1,2,...,n.

7.4 Perturbations and the Invertibility of a Matrix

Let A € M, be an invertible matrix, i.e., detA # 0, and let B € M,,. The question
arises: what are the sufficient conditions for the matrix B to have the inverse of the
matrix A+ B? Since A+ B = A(I +A~'B), we see that the matrix A + B is invertible
if and only if the spectrum of the matrix A~!B does not include — 1. Therefore we
have the following practically important sufficient conditions of the invertibility of
the matrix A + B.

1. The matrix A 4 B is invertible if A~'B is convergent, i.e., p(A~'B) < 1.
2. The matrix A + B is invertible if |[A~!B|| < 1.
3. The matrix A + B is invertible if [|A~!||||B]| < 1.

Here and below in this section the norm of a matrix is any consistent norm. The
third condition usually is written in the form

B
cond(A)”A” <1, (7.38)

where cond (A) = |[A~!||||A||. This number is called the condition number of the
matrix A (compare it with the definition in Subsect. 5.1.1, p. 159). We can interpret
condition (7.38) in the following way: the matrix A + B is invertible if the relative
perturbation of the matrix A, i.e., ||B||/||A]| is small compared with its condition
number.

Example 7.1. Let A = {a;;}{ ;_, be a square matrix. The matrix A is said to be row

diagonally dominant if !

I See the notations in Sect. 7.3.
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lai;| > Ri(A) forall i=12,...,n. (7.39)
It is said to be column diagonally dominant if
lai;| > Ci(A) forall i=1,2,...,n. (7.40)

Let us prove that if the matrix A is row diagonally dominant, then it is nonsingular.
Put D = diag(aji,a22,...,d:,). Using condition (7.39), we see that the matrix D
is nonsingular. Writing A in the form A = D+ (A — D) and using condition (7.39)
one more time, we get |[D~!(A — D)|| < 1. Therefore condition 2 holds, and the
matrix A is nonsingular. Since det(A) = det(AT), we see that each column diagonally
dominant matrix is nonsingular too.

The reader can easily prove that if one of conditions (7.39) or (7.40) holds, then
all the leading principal minors of the matrix A are nonzero.

Using Example 7.1, the reader can easily prove the Gershgorin disc theorem,
and, conversely, using the Gershgorin disc theorem, the reader can prove that if a
matrix A is row diagonally dominant, then it is nonsingular.

Theorem 7.10. Let matrices A and A = A + B be invertible. Then

A=t — A~ 1
1 (7.41)
[A=1]]
If|A='B|| < 1, then

< Al (7.42)

1—[|A-1B|

AL A1 A-!B
[ |l o)

[ S B

Proof. By assumption, I = (A+B)A~!, therefore, A~! = (I4+-A~'B)A~!. This im-
plies that A= —A—! = A~!BA~!. Whence, obviously, we get (7.41). Further, we
have A= = A=! —~A='BA=! and ||[A~"|| < |A~"||+ |A~'B||||A~"|. Hence es-
timate (7.42) is true. Finally, estimate (7.43) is an obvious consequence of esti-
mates (7.41), (7.42). 0O

The next corollary follows immediately from Theorem 7.10.

Corollary 7.2. Let matrices A and A = A + B be invertible. Then

A=t A~ Bl
—————— <cond(A)—, (7.44)
A= %Y
If cond (A)([|B||/[|All) < 1, then
. Al
AN < 1= Al (7.45)

cond (A)(|[BI|/[|A]l)’
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lA="—A7 _ cond(A)(|IBII/[IA])
[A=H -~ T —cond (A)(|IBII/[IAl)

(7.46)

The following Theorem shows that the “distance” between a nonsingular ma-
trix A and the “nearest” singular matrix is characterized by the number 1/cond (A).

Theorem 7.11. Let A be an invertible matrix and A + B be a singular matrix. Then
IIB]|/||A|| > 1/cond (A). (7.47)

If the matrix norm is induced by a vector norm, then we can find a matrix B such
that
[BI[/l|All = 1/ cond (A) (7.48)

and the matrix A+ B is singular.

Proof. As we have seen, if a matrix A is invertible and a matrix A + B is singu-
lar, then the spectrum of the matrix A~!B contains the number —1. Therefore,
p(A~'B) > 1, but p(A="B) < [A~'B|| < [A~"[[|B]. i.e., we have | B > 1/]|A~"].
The last inequality is equivalent to (7.47). Now we prove the second part of the
theorem. It follows from the definition of the induced matrix norm that there ex-
ists a vector x such that ||x|| = 1, [|[A='x|| = [|[A~!||. Put y = [|[A~!||~'A~!x. Then
lly|| =1, Ay = |A~"||~'x. By Corollary 6.1, p. 204, there exists a linear functional f
on the space C" such that f(y) = |ly|| =1 and ||f]| = sup [f(v)|=1. We
veCr ||v||=1
define the matrix B by the action of this matrix on vectors, usin”gche following rela-
tionship: By = —(f(v)/||A~||)x for all v € C". Clearly, By = —||A~!||~'x, hence,
(A+ B)y = 0, therefore, det(A + B) = 0. Moreover,

1Bl = sup [Bv[=[lA"" 7" sup [fm)[=[lA7" "
veCn, |lv||=1 veCn, |lv]|=1

The last equality is equivalent to (7.48). O

7.5 The Stability of Systems of Linear Equations

In this section we assume that matrix norms are consistent with vector norms. The
next theorem establishes the connection between the relative perturbations of the
matrix and the right-hand side of the system with the relative perturbations of its
solution. The main role in the estimates obtained below plays the condition number
of the matrix of the system.

Theorem 7.12. Let A be an invertible matrix and let B be a matrix such that
|A=!B|| < 1. Let x be the solution of the system of equations

Ax=y (7.49)
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and let X be the solution of the system of equations

Ai=y+b, A=A+B. (7.50)
Then _
=] _cond(4) (”b ”B”). (7.51)
Il = 1= flA="Bl Nyl Al
If we assume additionally that ||A~"||||B|| < 1, then
[lx— || < cond (A) <||b ||B||) (7.52)
[l = 1 —cond (A)(IBIl/lAl) \ Iyl [IAll

Proof. By assumption, the inverse matrices A~! and A~! exist, therefore, x=A"ly
and ¥ =A~!(y+b). Hence, i —x=A"'b+ (A~ —A~ 1)y, and

e =& < JA 1ol + 1A~ = A7y

Whence, using (7.42), (7.43) and inequality ||y|| < ||A||||x||, by elementary calcu-
lations, we get (7.51). We note that estimate (7.52) is an obvious consequence
of (7.51). O

In many situations an error estimate based on the residual of the approximate
solution is especially useful. Now we introduce a number, which we use for this es-
timate. Let A be an invertible matrix and let x # 0, Ax = y. Put 1 = ||A]|[|x||/||y||. Ob-
viously 7 > 1, and since ||x| < [|[A="|||ly||, we see that < [|A|||[A~"| = cond (A).
For a vector ¥ € C" we put r = A¥ —y. Then ¥ —x =A"!r, and

e =l < A= )1l (7.53)
Therefore,
[lx — %] < cond (A) M7 (7.54)
x| n
and as a consequence we get
lx =] < cond (A)M
x| Il

Estimate (7.54) shows that the relative error is estimated better by the relative
residual of the approximate solution as the number 1) approximates to cond (A).

Let X be an approximate solution of the system of equations Ax = y. In some
cases, for example, in the so called backward error analysis it is useful to represent
the vector X in the form of the exact solution of the system with a perturbed matrix:

(A+B)%=y. (7.55)
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It is natural to seek the matrix B with the minimal norm (induced by a norm of
vectors). The possibility of such choose of the matrix B is justified by the next
theorem.

Theorem 7.13 (Rigal-Gaches). Let ¥ € C", X #£ 0, r = AX —y. There exists a ma-
trix B such that equation (7.55) holds and ||B|| = ||¥||/||X||. If we assume additionally
that there exists a matrix D # B such that (A+ D)% =y, then ||D|| > ||B||.

Proof. To justify the last assertion it is enough to note that DX =—r, and therefore,
IIDx|| = ||7|l, hence, ||D|| > ||r||/|I%]]- Let us define the matrix B by the relationship
Bv =—(f(v)/||%]|)r for all v € C", where f is a linear functional on the space C"
that satisfies the following conditions: f(X) = ||Z|| and ||f|| = 1." Then we see that
equation (7.55) holds, and ||B|| = [lf][[[~[l/lI%]] = [I-]I/lI%]]. ©

In all previous estimates we assumed that the values of perturbations of the matrix
and the right-hand side of the system were known in sense of some norms. However,
often it is more natural to define componentwise perturbations. Namely, now we
assume that for a given € > 0 we have

B < elAl, || < elyl (7.56)

Here and below in this section the symbol | - | means that a matrix or a vector, which
consists of the absolute values of its components, is considered. Inequalities (7.56)
are componentwise. Thus estimates (7.56) mean that the relative perturbation of
each element of the matrix and the right-hand side of the system is less than or
equal to €.

Theorem 7.14 (Bauer-Skeel ?). Let x be the solution of system (7.49) and X be
the solution of system (7.50). We assume that the matrix A is nonsingular, condi-
tions (7.56) hold, and

ellla=" Al < 1. (7.57)

Then

A~ [(A]lx] + yD
1 —gfl|a=t{|All

Here the vector norm is any monotone norm, and the matrix norm is consistent with

the vector norm.

[x—x|| <& (7.58)

Proof. Using equations (7.49), (7.50), we get ¥ —x=A~!(Bx+b-+B(#—x)). There-
fore, |¥ — x| < |A="|(|B||x| + |b| + |B||% — x|). Whence, using (7.56) and taking into
account the assumed agreements for the vector and matrix norms, we obtain

=l < elllllA=" (Al + DI+ ellla=" Al [15 — .

Combining the last inequality with (7.57), we get (7.58). O

! See the proof of Theorem 7.11.
2 Robert D. Skeel (born 1947) is an American mathematician.
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It is useful to note that if the right-hand side of the system is known exactly,
i.e., b =0, then instead of (7.58) we get

I£—x]| _ _ellla”"]jAll
[ e S ]

This estimate shows the dependence of the relative error of solution on the relative
perturbation of the matrix of the system. For this reason, the number

kes(A4) = [||A7"||A]]

is called the relative condition number of the matrix A or the Bauer-Skeel condition
number.

It is easy to see that under the assumed agreements for vector and matrix
norms kps(A) > 1 for any matrix A. For any diagonal matrix kgs = 1. Thus the
diagonal systems of equations are ideally conditioned with respect to the perturba-
tions of the matrix.

7.6 Perturbations in the Linear Least Squares Problem

In this section we investigate the stability of the pseudo-solution with respect to
perturbations of the matrix and the right-hand side of the system. The vector norm
in this section is Euclidean. The matrix norm is induced by this norm, i.e., we use
the spectral matrix norm.

Lemma 7.1. Let A, B € M, ,, rank(A) =rank(B) =r, n = ||A*|||A—B|| < 1.! Then
1
BT| < ——|A7|. 7.59
150 < = 147 (7.59)
Proof. 1t follows from (7.28), p. 222, and (6.27), p. 209, that
c,(B) - 0,(A) > —||A—B].

Using (6.28), p. 210, we can write the last inequality in the form

1 LS
1B flA*]

—B|.

whence, by elementary calculations, we get (7.59). O

Lemma 7.2. Let A,B € My, ,, rank(A) = rank(B), Py = AA™, P = BB™. Then

1PA (1= Pg)|| = [|Ps(1 = Pa)l| < [|A— Bl min([|A™|,]|B¥[]). (7.60)

1 Let us recall that AT is the pseudoinverse of A (see Subsect. 4.3.4, p. 129, and Subsect. 5.1.3,
p- 160).
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Proof. By construction, P4, Pg are the orthogonal projectors defined on C” (see
Subsect. 5.1.3, p. 161). Therefore the equality ||Ps (I — Pg)|| = ||Ps(I — P4)|| follows
from the results of Sect. 6.5, p. 213. In Sect. 6.5 we have seen also that the following
equality is true: ||Ps(I — Py)|| = ||(I — P4)Ps||. Now we note that

(I—Py)Pg=(1-AA")Pg=(I-AAT)(A+B—A)B",
but (I —AA1)A = 0 (see Property 5 on p. 161). Hence,
[Ps(1 = Pa)l| = || (1 — Pa)Psl| = || (I — Pa)(B—A)B™ |
<[I(B=A)BT|| <[|(B-A)IB"|. (7.61)
Analogously, [|[P(I = Ps)|| < [[(B—A)[[]AT]|. D

Theorem 7.15 (Wedin?). Ler A,A € My, m > n, be some matrices of full rank.
Let x be the normal pseudo-solution of system of equations (7.49), X be the normal
pseudo-solution of system (7.50). Let r = y— Ax and = § — A% be the corresponding
residuals. Suppose that ||A™||||B|| < 1. Then

k=il @
S =@ (BI/TAT
18 (1 I ) ||b|< I ))
P 44 LAy (762
X<||A| 2 Aramer) T ) ) 76
=7l _ <||b| ||B||>
— +210(A) 57— |, 7.63
BT = Ul 2@ (7.63)

where 1 (A) = [A*[[A]|
Proof. By the definition of the pseudoinverse operator, we have
F—x=AT(y+b)—x=A"(r+Ax+b)—x=A"(r+Ax+b— Bx) —x.

Since, by hypothesis, rank(A) = n, we get A*A = I (see Property 7 of the pseudoin-
verse operator, p. 161) . Therefore,

F—x=AT(r+b—Bx). (7.64)

Now we note that, by Property 6, p. 161, we have A*r = ATAATr = ATP;r. We
note also that

Par=AAT(y—Ax) =A(ATy) —AATAx = Ax — Ax =0, (7.65)

ie,ATr= A’LPA (I — P4)r. Whence, by Lemmas 7.1 and 7.2, we see that

3 Per-Ake Wedin (born 1938) is a Swedish mathematician.
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lA*]?
L= Jla|B]]

A2 [A]”2 B
L= [lA(HIAIICIBI/ AL ATR]x]

IAT ] < [1BIHlr[l = X[l (7.66)

Analogously, using the evidence inequality ||y|| < ||7|| + ||A]|[]x]|, we get

7 7 1A 1]
IAT (b= Bx) || < [|AT]| (| (&Il + 1Bl ]lx]) < +IB )l
L=l (BI] [l

AT lAll ( 1218 e | 1

< + b 2 X (7.67)
L= [[A*(ALCIBI /AL N MlAT R Iyl |A>

Combining (7.66), (7.67), and (7.64), we obtain (7.62). Let us estimate r — 7. Using
the definitions of r and 7, we get

F—r=y+b—(A+B)f—y+Ax=b-+A(x—%)— Bx.
The next equality is true: A(x — &) = —AA™* (r — Bx+b). Indeed,
AAT(r—Bx+b) =AAT (y+b—Ax) = AATy — AATAx = A% — Ax.

Therefore, # —r = (I — AA*)(b — Bx) — AATr. Since I — AA™ is the projector,

we get ||[r —7|| < ||b — Bx|| + |[AA* r|. Remember that r = r — Pyr. Hence, we

have |[AATr|| < ||P;(I — P4)l|||7]|. Whence, using Lemma 7.2, we obtain the esti-

mate [|AATr[| < [|AT|[[|B]|[|]l. Thus, [|r—F|| < [IB]| + [IB]|[lx]| + AT [|B]l[|r||. Now

we note that x = A"y, ||r| = maicn [ly —Av|| < ||y||. Finally, using elementary calcu-
velr

lations, we get (7.63). O

Remark 7.4. Inequalities (7.62), (7.63) show that in the estimates of the perturba-
tions of the linear least squares problem the number k»(A) plays the main role. It
is called the condition number of the linear least squares problem. Note also that if
system of equations (7.49) is solvable, then r = 0, and estimate (7.62) is transformed
to the estimate of form (7.52). Clearly, if A is a square nonsingular matrix, then we
get kK»(A) = cond,(A).






Chapter 8
Solving Systems of Linear Equations

In this chapter we present algorithms and error analysis of numerical methods for
solving linear systems Ax = b with nonsingular square matrices. Here we present
only direct methods. They are called direct, because in the absence of round-off
errors they would give the exact solution of Ax = b after a finite number of steps.
Section 8.1 presents Gaussian elimination algorithms. Section 8.2 analyzes their
round-off errors and presents practical error bounds. Section 8.3 shows how to im-
prove accuracy of the computed solution of Ax = b through the refinement iterative
procedure. In Section 8.4 we discuss the basic special systems of linear equations
(with symmetric positive definite matrices, symmetric indefinite matrices, band ma-
trices) and numerical methods of their solution.

8.1 Algorithms for Gaussian Elimination

In this section we consider numerical algorithms for solving systems of linear equa-
tions with nonsingular matrices based on Gaussian elimination. Gaussian elimina-
tion was already discussed in Section 1.2.5, p. 39.

8.1.1 LU Factorization with Pivoting

As we saw in Section 1.2.5, p. 39, for any nonsingular matrix A of order n by Gaus-
sian elimination with pivoting we can construct unit! elementary lower triangular
matrices Ly, k = 1,2,...,n, permutation matrices P, k = 1,2,...,n, and an upper
triangular matrix U such that

A=PL'PL - RLU. (8.1)

1 All the diagonal entries of a unit triangular matrix are equal to one.

235
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If we got representation (8.1), then we can solve the system of linear equations
Ax=b (8.2)
for any right-hand side b by computing the vector
f=LyPy---LiPib (8.3)

and solving the system
Ux=f (8.4)

with the triangular matrix U. The cost of computing the vector f and solving sys-
tem (8.4) is approximately 2n? arithmetic operations, which is much cheaper than
constructing representation (8.1) (see Section 1.2.5, p. 39).

Calculating the vector f can be performed by solving the system of linear equa-
tions with a triangular nonsingular matrix. To show this let us analyze the ma-
trix P1LI_1P2L2_ L. -P,L; I The matrix P, differs from the identical matrix by the
permutation of the second column and the i-th column, i > 2 (see the descrip-
tion of Gaussian elimination in Section 1.2.5, p. 39). Therefore the matrix Lfle
differs from Ll_1 by the permutation of the second column and the i-th column.
Hence, L, 'Py = P,L; !, where the matrix L, differs from L; ' by the permutation
of the second element and the i-th element in the first column. Thus, we obviously
get

PL'AL - RL =PP R LTL L

where each matrix Zf Li= 1,2,...,n, can differ from the matrix L;” ! only by per-
mutations of elements in column .

Now we can write A = PLU, where P = PP ---P, and L = Zl_li,z_l ~~-Zn_1 is
the unit lower triangular matrix. This factorization of A is called the LU factoriza-
tion with pivoting. If the matrices P, L, and U were constructed, then we can solve

system (8.2) by the following way:

1. Permute elepents of btogeth=P 'b=PF,P,_;---Pb.
2. Solve Ly = b with the lower triangular matrix.
3. Solve Ux =y with the upper triangular matrix.

A method for constructing the matrices P, L, U was actually described in Sec-
tion 1.2.5, p. 39. It can be realized by the following algorithm.

Algorithm 8.1. LU factorization with pivoting: calculating the permutation ma-
trix P, the unit lower triangular matrix L, and the nonsingular upper triangular ma-
trix U such that LU = PA for a given nonsingular A.

letP=I,L=1,U=A
fori=1ton—1
find m such that |U (m, i) is the largest entry in |U (i : n,i)|
ifm#£i
swap rows m and i in P
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swap rows m and i in U
if i > 2 swap elements L(m,1:i—1) and L(i,1:i—1)
end if
Li+1:ni)=U(i+1:n,i)/U(i,i)
UGi+1:ni+1:n)=U(i+1:ni+1:n)—Li+1:ni)U(i,i+1:n)
U(i+1:n,i)=0
end for

Obviously, this algorithm can be improved. For example, in Algorithm 8.1 we
observe that when column i of A is used to compute the elements of column i of L
then this column is not used again. Also when row i of A is used to compute row i
of U this row is not used again. This observation allows us to organize the stor-
age arrangement in Algorithm 8.1, overwriting L and U on A (see Question (8.2),
p- 268). Further, to save information on permutations we can use only one vector
with the numbers m;, i = 1,2,...,n, and so on.

The 1u function in Matlab expresses a matrix A as the product of two triangular
matrices, one of them is a permutation of a lower triangular matrix and the other
is an upper triangular matrix. [L, U] = 1lu (A) returns an upper triangular matrix
in U and a permuted lower triangular matrix in L such that A = LU. Return value L
is a product of lower triangular and permutation matrices. [L,U,P] = lu(A)
returns an upper triangular matrix in U, a lower triangular matrix L with a unit
diagonal, and a permutation matrix P, such that PA = LU.

The next algorithm is called forward substitution. We use it to easily solve a
given system Lx = b with a unit lower triangular matrix L.

Algorithm 8.2. Forward substitution: solving Lx = b with a unit lower triangular
matrix L.

x(1) = b(1)

fori=2ton

x(i) = b(i) —L(i,1: (i— 1)) x(1: (i—1))

end for

The last algorithm is called backward substitution." Using this algorithm, we
easily solve a given system Ux = b with an upper triangular matrix U.

Algorithm 8.3. Backward substitution: solving Ux = b with a nonsingular upper
triangular matrix U.

x(n) = b(n)/U(n,n)

fori=n—1tol

x(D)= (k@) -UG>G+1):n)x((i+1):n)/U(,i)

end for

Note that in Algorithm 8.1 we apply permutations on the rows of the matrix A.
This process is called Gaussian elimination with partial pivoting (GEPP): swap

1 See also (1.119), (1.120), p. 42.
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rows with numbers m; and i of the matrix A such that |A(m;,i)| will be the largest
entry in |A(i : n,7)|. In the case of the Gaussian elimination with complete pivoting
(GECP) they swap rows m; and i as well as columns k; and i in the matrix A such
that |A(m;, k;)| will be the largest entry in |A(i : n,i : n)|. GEPP is the most common
way to implement Gaussian elimination in practice. GECP is more expensive. It is
almost never used in practice.

8.1.2 The Need for Pivoting

First of all let us describe a class of matrices for which LU factorization can be done
without pivoting. In other words, in this case all the matrices P;, i = 1,2,...,n, can
be equal to the identical matrix.

Theorem 8.1. Let A be a given square matrix of order n. There exist a unique unit
lower triangular matrix L and a unique nonsingular upper triangular natrix U such
that A = LU if and only if the all leading principal submatrices of A are nonsingular.

Proof. Necessity. The decomposition A = LU may also be written through the block
matrices as

<A11A12>_(L11 0 )(UllUlz)_(LnUn LUy )
Ay Ay ) \ Ly Lpn 0 Up) \LaUy LU +LypUsn )’
where Aj; is a leading principal submatrix of order j, 1 < j < n, as well as Ly
and Uj;. Therefore, detA;; = det(LllUll) = detL;ydetU;; = Hi:1(U11)kk 75 0,
since L is unit triangular and U is nonsingular.

Sufficiency. The proof is by induction over the order n of the matrix A. For all
matrices of order one we have the obvious decomposition: a1y = ljju; = lap;. To
prove that there exists the decomposition for the matrix A of order n, we need to find

unique triangular matrices L and U of order (n — 1), unique (n — 1)-by-1 vectors [
and u, and a unique nonzero number 7 such that the following decomposition holds:

- Ab LO U u LU Lu
A:(CTB):(ITl)(o n):(zTUITu+n)' ®.5)

By the induction hypothesis, there exist unique matrices L and U of order (n— 1)
such that A = LU. Comparing the left and the right hand sides of (8.5), we get

u=L""p, "T=U"", n=6-1"u (8.6)

It follows from (8.6) that u, [, n) are unique. By the induction hypothesis, the diagonal
entries of the matrix U are nonzero, since U is nonsingular. Using (8.5), we get

~ LO U
O;édetA:det<lT 1)det<0 ;;) =ndet(U).
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Thus,n #0. O

From Theorem 8.1 we conclude that there are important to applications classes of
matrices for which pivoting is not necessary. For example, all the leading principal
minors of the following matrices are nonzero.

1. Positive definite Hermitian matrices (see Sylvester’s criterion, p. 144).
2. Row diagonally dominant and column diagonally dominant matrices (see p. 227).

Theorem 8.1 says also that LU decomposition of a matrix A without pivoting can
fail even on well-conditioned nonsingular matrices A. This is because j-by-j leading
principal minors of these matrices can be singular. For example, the permutation

10
matrix is zero. Thus, LU decomposition without pivoting will fail on this matrix.
Now we consider an example showing that pivoting in Gaussian elimination can
significantly reduce the influence of round-off errors. At the same time a result of
refusing of pivoting can be catastrophic.

matrix P = (O ! > is orthogonal, but the first element in the first column of this

Example 8.1. Let us consider the system of two equations for two unknowns

Ax=b, (8.7)

ol
a=(11)

a is a given positive small real number, b = (1,2)7. The solution of this system is

where

x=1/1-a)=1, xx=(1-20)/(1-a)=1. (8.8)
By elementary calculations, we get

o (10—, 1/(-a)
Y(1-a) —a/(1-a))
Therefore, it is easy to see that for a small & the next equality holds:

cond oo (4) = [|Al|so|IA™ oo ~ 4,

i.e. the matrix A is very well conditioned, and the impact of round-off errors in
storage of its elements and of the right-hand side on the solution of system (8.7)
must be insignificant.

First, we solve system (8.7) by Gaussian elimination without pivoting. We obtain

LZ(l/l(x (1)) U:(g 1—11/a>'

The solution of the system Ly =bisy; = by =1, y2 =by — b 1y1 =2 — 1/a. The
solution of Ux =y is xo = y2/uz2, x1 = (y1 —yau12)/u1 1.
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Let us put o = 1014 and calculate the matrices L, U and the vectors y, X in
Matlab, using the double precision, by the above formulas:

__{1.000000000000000e + 000 0
~ \ 1.000000000000000¢ 4+ 014 1.000000000000000¢ + 000 ) ’

;7 ((1:000000000000000e — 014 1.000000000000000¢ + 000
- 0 —9.999999999999900¢ + 013 ) *
yi=1, y»=-9.999999999999800¢ + 013,
X2 = 9.999999999999900¢ — 001  x; = 9.992007221626409¢ — 001,  (8.9)

LU — 1.000000000000000e — 014 1.000000000000000¢ + 000
~\ 1.000000000000000¢ + 000 1.000000000000000¢ + 000 /

If we calculate the solution of system (8.7) directly by formulas (8.8), we obtain
X2 =9.999999999999900¢ — 001, x; = 1.000000000000001e 4 000. (8.10)

Comparing (8.9) and (8.10) we observe that the impact of the round-off errors on
the solution is significant. If we set @ = 1071°, then we get

yi=1, y2=-9.999999999999998¢ + 015,

X2 =9.999999999999998¢ — 001, x| = 2.220446049250313¢ + 0,

LU — 1.000000000000000e —016  1.000000000000000¢ + 000
~ \ 1.000000000000000¢ + 000 0 ’

i.e. the influence of the round-off errors is catastrophic. In the considered example
this fact is explained by the following way. When we calculate y, =2 — 1/« for a
small «, the impact of the first term is lost because of the round-off errors.

Now we use Gaussian elimination with pivoting. For system (8.7) this means that
we have to permute the equations in (8.7) and write:

11
4= (1)
10 1o
L_(a 1)’ U‘(o 1—a>'

In this case for o = 10~ we get

b= (2,1)T. Then

x2 = 9.999999999999900e — 001, x; = 1.000000000000010e - 000,

LU — 1.000000000000000e 4- 000 1.000000000000000e + 000
~ \ 1.000000000000000¢ — 014 1.000000000000000¢ + 000 / *

For oo = 10~ 1% we obtain
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X2 =9.999999999999999¢ — 001, x; =1,

LU — 1.000000000000000e 4- 000 1.000000000000000e + 000
~ \1.000000000000000e — 016 1.000000000000000¢ + 000 / ’

i.e. the impact of the round-off errors is practically absent.

8.1.3 A Numerical Example

Now we illustrate the performance of the Gaussian elimination algorithms by solv-
ing the Dirichlet problem for Poisson’s equation in two dimensions. Clearly, after a
discretization of the problem using finite elements or finite differences we obtain a
system of linear equations, which can be solved by plenty of different methods. In
this section we present first the finite difference discretization of the problem and
show how to construct the system of linear equations from this discretization. Next,
our numerical example illustrates how the Gaussian elimination algorithms can be
used for solving this system.

The model problem is the following Dirichlet! problem for Poisson’s? equation:

—Au(x) = f(x) in Q,

8.11
u=0o0ndQ. ( )

Here f(x) is a given function, u(x) is the unknown function, and the domain Q
is the unit square Q = {(x1,x2) € (0,1) x (0,1)}. To solve numerically (8.11) we
first discretize the domain Q with xi; = ihy and xp; = jhy, where by = 1/(n; — 1)
and hp = 1/(n;— 1) are the mesh sizes in the directions x,x,, respectively, n; and n;
are the numbers of discretization points in the directions x;,xp, respectively. Usually,
in computations we have the same mesh size h = h; = hy. In this example we choose
n; =n; =n with n = N + 2, where N is the number of inner mesh nodes in the
directions x1,x, respectively.

Indices (i,j) are such that 0 <i,j < n and are associated with every global
node ng,, of the finite difference mesh. Global nodes numbers ng,, in two-
dimensional case can be computed using the following formula:

Ngiop = j+ni(i—1). (8.12)

We use the standard finite difference discretization of the Laplace operator Au in
two dimensions and obtain the discrete Laplacian Au; ;:

Witl,j — 20 j izt Wijp1 — 20 j+ Ui j—1

- = , (8.13)

Auj j=

! Johann Peter Gustav Lejeune Dirichlet (1805 - 1859) was a German mathematician.
2 Siméon Denis Poisson (1781 - 1840) was a French mathematician.
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where u; j is the solution at the discrete point (7, j). Using (8.13), we obtain the
following scheme for solution of the problem (8.11):

Uiy, — 2+ Uit Ui je1 — 20+ Ui
- ( 2 + P =fin  (8.14)

where f; ; are the value of the function f at the discrete point (i, j). We observe
that (8.14) can be rewritten as

2
— (ui+l,j — 214,',]' -+ u,;hj +M,"j+1 - 2u,-,j + Mi:.l'*l) =h )i,j’ (81 5)
[0) in the more convenient |Ol m as
2
—u; 1,j+4ui,j —u; 1, _uw. 1 _ui,j = ]’l fi,j~ (816)

System (8.16) can be written in the form Au = b. The vector b has the compo-
nents b; j = n? fi.j- The explicit elements of the matrix A are given by the following
block matrix

An |—In

A=| W
ol
—Iv| An

with blocks Ay of order N given by
4—-1 0 0--- O
-1 4-1 0--- O

AN = 0-1 4 0--- 0],

0cev .- 0—-1 4

which are located on the diagonal of the matrix A, and blocks with the identity ma-
trices —Iy of order N on its off-diagonals. The matrix A is symmetric and positive
definite (see Question 8.16, p. 272). Therefore, we can use LU factorization algo-
rithm without pivoting.

Suppose, that we have discretized the two-dimensional domain £ as described
above, and the number of the inner points in both directions are N = 3. We present
the schematic discretization for the inner nodes of this domain and corresponding
numbering for the global nodes using (8.12) in the following scheme:

ar a172 a3 ny ny n3 123
az azp a3 — n4 ns ng — 456 ]. (8.17)
as; asp dzs ny ng ng 789

Then the explicit form of the block matrix A will be:
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Fig. 8.1 Solution of problem (8.11) in the example of Section 8.1.3 on the unit square.

4—-1 0—-1 0 O 0 0 O

-1 4-1) 0-1 0/ 0 0 O

0-1 4 0 0—-1/ 0 0 O

-1 0 0/ 4—-1 0-1 0 O

A= 0-1 0O-1 4-1f 0-1 O
0 0-1f 0—-1 4/ 0 0-1

0 0 O-1 0 Of 4-1 0

0 0 0 0-1 -1 4-1

0 0 o0 O0-1f 0-1 4

Example 8.2. In this example we present the numerical solution of problem (8.11).
We define the right hand side f(x) of (8.11) as

fx1,x2) =Agexp <—

(x1—c1)?

(n—c2)?

1

2
257

2
255

)

. 8.18
a(xy,x) ( )

The coefficient a(x;,x2) in (8.18) is given by the following Gaussian function:
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(xi—c1)?  (n—c)?
o) =1+Aexp(— - . 8.19
a(xy,xp) + Aexp ( ZS% 2s§ ( )

Here, A, Ay are the amplitudes of these functions, c¢1,c; are constants which show
the location of the center of the Gaussian functions, and sy, s, are constants which
show spreading of the functions in x; and x; directions.

We produce the mesh with the points (x1;,x2;) such that xi; = ih,x2; = jh
with h = 1 /(N + 1), where N is the number of the inner points in x; and x, direc-
tions. We take the same number of points in x; and x; directions: n; =n; = N +2.
The linear system of equations Au = f is solved then via the LU factorization of
the matrix A without pivoting. Figure 8.1 shows the results of the numerical simu-
lations for different discretizations of the unit square with the number of the inner
points N = 20, 40 and for A = 12, Ay =1, ¢y = ¢ = 0.5, 51 = 52 = 1 in (8.81)
and (8.18). The Matlab programs of Section A.l is available in Appendix for run-
ning of this test.

8.2 Error Analysis

One of the main techniques to compute the error in the computed solution is check-
ing of its stability. This means that we need to check how much computed solution
is changed depending on the change in input data. We will start with derivation of
the perturbation theory in polynomial evaluation.

8.2.1 Round-off Analysis in Polynomial Evaluation

In this section we discuss the stability of polynomial evaluation by Horner’s rule.
Let the polynomial is given by

d
px) =Y cx,
i=0

where c; are the coefficients of the polynomial, d is its degree. For polynomial evalu-
ation we use Horner’s rule noting that the polynomial can be written in an alternative
form as

p(x) = co+x(c1 +cox+...cqx®1)

=co+x(c1 +ea(x+ ...cdxd_z)) (8.20)
=co+x(cr +x(....(cg—1 +cax)...)).
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Using (8.20) this rule can be programmed as the following iterative algorithm for
every mesh point x; € [X;efr, Xrigni], j € 1,2,...N, where N is the total number of the
discretization points.

Algorithm 8.4. Horner’s rule for polynomial evaluation at the point x; € [X;e s, Xrigni], j €

1,2,..N.

0. Initialize p; = c4. Set counter i =d — 1.
1. Compute p; = x;p;y1 +¢;.
2. Seti=i—1and gotostep 1. Stop if i = 0.

To compute error bounds in the polynomial evaluation we insert a round-off
term 1+ (01 2); for every floating point operation in Algorithm 8.4 to obtain the
following algorithm.

Algorithm 8.5. Error bounds in polynomial evaluation at the point x; € [X; s, Xyignt|, J €

1,2,..N.

0. Set counter i = d — 1 and initialize p; = cg.
(xjpir1 (14 (81)i) + i) (1+(82)i), where [(81)i,|(82)i] < &.
2. Seti:=i—1and gotostep 1. Stopifi=0.

1. Compute p;

In Algorithm 8.5 the number € is the machine epsilon and we define it as the
maximum relative representation error 0.56' =7 which is measured in a floating point
arithmetic with the base b and the precision p > 0. Table 8.1 presents the values of
the machine epsilon in standard floating point formats.

Table 8.1 The values of machine epsilon in standard floating point formats. Notation * means that
one bit is implicit in precision p. Machine epsilon €; is computed accordingly to [23], and machine
epsilon & is computed due to [53].

EEE 754 - 2008 description Base,|Precision,| Machine eps.1 Machine eps.2
b p g =0.5p= (=1 & =b—r=1
binary16 half precision 2 11* 27T =488¢—04[2710=9.77¢ — 04
binary32 single precision 2 24* |27 =596 —08 |27 =1.19¢ — 07
binary64 double precision 2 53%  |273 =1.1le—16 |22 =222¢—16
binary80 extended precision 2 64 |27%=542—-20|27% =1.08¢—19
binary128 quad(ruple) precision 2 113* 27113 =9.63¢—35|27112 = 1.93¢ — 34
decimal32 single precision decimal 10 7 5x 1077 10~°
decimal64 double precision decimal | 10 16 5x 10716 10—
decimal128 |quad(ruple) precision decimal| 10 34 5% 1073 103

Expanding the expression for p; in Algorithm 8.5, we get the final value of pg:
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d—1 i—1
po=Y, ((1+(62)i)H(1+(51)k)(1+(52)k)> cixt
=0
d—1
+<H(1+(5l)k)(1+(5z)k)> cax?. (821)
k=0

Next, we write the upper and the lower bounds for products of § = §; > provided
that ke < 1:

(14+8)--(1+8) < (1+e) <1+ke+0(?),

. (8.22)
(1 —|—51)(1 +5k) > (1 —8) >1—ke.
Applying the above estimates, we get the following inequality:
1—ke<(1+8) .- (1+ &) <1-+ke. (8.23)
Using estimate (8.23), we can rewrite (8.21) as
pom Y (1+8)cx' =) e (8.24)
i=0 i=0

with approximate coefficients & = (1 + Si)c,- such that \5,| < 2ke < 2de. Now we
can write the formula for the computing error ¢, in the polynomial:

d d d
ep:=|po—px)| = Z(l +6;)cix' — Zc,x’ = Z oicix'
i=0 i=0 i=0
<2Y deeix'| <2de ) |eix'| = A(x), (8.25)

Il
=}

i=0

so the true value of the polynomial is in the interval (p—A,p+A).
If we choose 0; = €sign(c;x'), then the error bound above can be attained within
the factor 2d. In this case we can take

i

Ite

lcix
cond (p) := 1 (8.26)

cixt

Itos

1

as the relative condition number for the case of polynomial evaluation.
In the following algorithm we use (8.25) to compute the lower bound in polyno-
mial evaluation.

Algorithm 8.6. Computation of the error A(x;) in the polynomial evaluation at the
point x; € [Xjefr, Xrighi), j € 1,2,...N.
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Fig. 8.2 a) Evaluation of the polynomial p(x) = (x —9)° by Horner’s rule (Algorithm 8.4) com-
pared with the exact one polynomial. b) Computed upper and lower bounds for the polynomial

p(x) = (x—9)° using Algorithm 8.6. c) Plot of the graph of the estimated relative error e = ‘%p .

d) Plot of the graph of the estimated relative error e;, = —In ‘ bf‘ (presented in blue color) com-
9
pared with the computed relative error ecomp = —In W‘ (presented in red color). Here,

p(x) is computed by Horner’s rule (Algorithm 8.4) and the exact polynomial (x —9)° is computed
in Matlab. Input interval for x in this example is x € [8.7,9.3].

0. Set counter i = d — 1 and initialize py = ¢4, Ay = |cq].
1. Compute p; = x;pi1 +ci, Ai = |xj|Ai + |ci.

2. Seti=i—1and gotostep 1. Stop if i = 0.

3. Set A(x;) = 2debA; as the error bound at the point x;.

Example 8.3. The Fig. 8.2-a) shows the behavior of the computed solution using
Horner’s rule (Algorithm 8.4) for the evaluation of the polynomial

p(x) = (x—9)° =x” — 81x® +2916x" — 61236x° 4 826686x° — 7440174x"
+44641044x3 — 172186884x 4 387420489x" —387420489. (8.27)
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Fig. 8.3 Plot of the graph of the estimated relative error e, = —ln‘%’” (presented in blue
color) compared with the computed relative error ecomp = —In ‘ % (here, p(x) is com-

puted by Horner’s rule and p(x) is the exact polynomial, which we compute in Matlab): a) for
the polynomial p(x) = (x — 1)?(x — 2)(x — 3)(x — 4)(x — 5) and b) for the polynomial p(x) =
(x—=12(x=2)(x=3)(x =) (x=5)(x =7 (x—=9)(x — 11)(x — 15) (x — 17).

The Fig. 8.2-b) shows the upper and the lower bounds computed for the polynomial
p(x) = (x—9)° using Algorithm 8.6. We have performed all our computations taking
€ as the machine epsilon in Algorithm 8.6. Using these figures we observe that
changing the argument x slightly can change computed values drastically.

Actually, we get difficulties when we want to compute p(x) with a high relative
accuracy if p(x) is close to zero. This is because any small changes in € gives the
infinite relative error given by €/p(x) = £/0 what means that our relative condition
number (8.26) is infinite, see also illustration of this statement on Fig. 8.2-c), d).
There is a simple geometric interpretation of this condition number: it tells us how
far p(x) is from a polynomial whose condition number at x is infinite. Now we
introduce the necessary concept and prove the corresponding theorem.

d . d .
Let p(x) = ¥ aix' and g(x) = Y bix' are two polynomials. Then the relative
i=0 =0

i= i=

distance dist(p, q) from p(x) to g(x) is defined as the smallest value such that
la; — b;| < dist(p,q)|ai], i <1 <d.
If a; # 0, i <1 <d, the condition above can be rewritten as

la; — b . .
max ————— = dist <1<d.

d .
Theorem 8.2. Let a polynomial p(x) = Y. ¢;x' is not identically zero and q is an-
i=0

other polynomial whose condition number at x is infinite, i.e. g(x) = 0. Then
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I
Ay
><N

min{dist(p,q) : g(x) =0} (8.28)

Its
o
2

d . d .

Proof. To prove this theorem let us write g(x) = Y bix' = ¥ (14 &)cix' such that
i=0 i=0

dist(p,q) = Or%lljagd |€&]|. Then g(x) = 0 implies that

d d d
()| = lg(x) = p(x)| = | ) icix'| < ) |gieax’| < max |g] ) [eix'].
i—0 i=0 Osisd” 5

Thus,
, [p(x)]
dist = &l > .
ist(p,q) = max [&] > ———
Y Jeix']
i=0
There is a g that is close to p, for example the polynomial ¢ with
g = d—p(X) sign(cix'). O
L |eix'|
i=0

8.2.2 Error Analysis in Gaussian Elimination

In this section we derive the error analysis in LU decomposition and Gaussian
elimination which is similar to the error analysis of polynomial evaluation of Sec-
tion 8.2.1.

We assume that the matrix A has already been pivoted. We will simplify the error
analysis only for two equations of Algorithm 8.1, one for aj, j < k and one for
J > k. Let us first analyze what this algorithm is doing with element a j when j < k.
We observe that this element is repeatedly updated as:

j—1
wjp = ajg — Y, Litix.
i=1

If j > k, then we have

k-1
ajr— <Zl Liiuik
=

Ly =
J
Uk

To do round-off error analysis of these two formulas, we use the following expres-
sion for floating point numbers approximations:
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d d
fl <inyi> =Y xyi(1+8), |8 <de, (8.29)
i=1 =

=

where € is the machine epsilon or the relative representation error. The maximum
of the relative representation error in a floating point arithmetic with p digits and
base b is 0.5h' 7, see also Table 8.1 for € in standard floating point formats.

We apply (8.29) to the formula for u j;:

j—1
Ujy = (ajk— Z ljil/t,'k(l-i-&')) (1+5/)

i=1
with |8;] < (j—1)€ and |8’| < €. Expressing a jx, we get:

1 i
ke = g ikdii T ZT Liiui(1+ ;)

J J J
< Z Ljiug + Z Liiui & = Z Lijuig + Ej,  (8.30)
i=1 i=1 i=1

where we have used the fact that /;; = 1 and the assumptions

1

In the expression above we can bound E j; by

J
|Eji| = < Y |Ljillui|ne = ne(|L|UT) jx.
&

1

J
Y L6
iz

Thus, we get the following estimate for a j;:

J
aji < leiuik+Ejk-
=1

=

We perform the same analysis for the formula for /j; to get:

k—1
(1 + 5/)(ajk — ~§1 ljiuik(l +61))

Lix=(1+8") Ujk ’

where |§;] < (k—1)g, |8’| < € and |8”| < €. Expressing a i, we get

1 k—1
U T ) et 1)
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Denoting 1+ & := m we can rewrite the previous expression as

k k k
ajp < Y Liwg+ Y Liudi =Y Liug + Ej
=1

i= i=1 i=1
with |§;| < ne and |Ejx| < ne(|L||U|) jx as before. We summarize this error analysis

with the simple formula:
A=LU+E,

where
|E| < nelL||U].

Taking norms we get
IE|| < nel IL[ [ U]

If the norm does not depend on the sign of the entries of the matrix (this is valid for
Frobenius, infinity, one-norms but not for two-norms) we can simplify the expres-
sion above as

IE]| < ne[[LU]]- (8.31)

Thus, in formula (8.31) we have obtained the error estimate in LU decomposi-
tion. The next step is to obtain errors in forward and backward substitutions. We
solve LUx = b via Ly = b and Ux = y. Solving Ly = b gives as a computed solution
¥ such that (L+ 6L)y = b where |0L| < ne|L|. The same is true for (U 4 0U)% =y
with |[6U| < ne|U|. Combining both estimates into one we get

b= (L+8L)9 = (L+8L)(U + 8U)%
= (LU +L8U + SLU + 8LSU )%

= (A—E +L3U + 8LU + 8LSU )2
=

A+ AR,

(8.32)

where 0A = —E +LSU + 0LU + 6 LU . Now we combine all bounds for E,8U, 0L
and use the triangle inequality to get

|6A| = | —E+LSU + 6LU + SLOU |
< |E[+|L||0U|+[SL||U| + |SL||6U| 8.33)
< ne|L||U| +ne|L||U| +ne|L||U| +n*e*|L||U| '
~ 3ne|L||U|.
Assuming that || |X| || = || X|| is true (as before for Frobenius, infinity, one-norms
but not for two-norms) we obtain
A < 3nel|L[[[[U]]. (8.34)

Thus, the Gaussian elimination is backward stable, if (recall that in this analysis we
have used 60 = 0) the following condition holds true:
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3ne|IL[[|U]l = O(e)|A]l

We note that GEPP allows to estimate every entry of the matrix L by one in
absolute value, so we need consider only ||U||. The pivot growth factor for GEPP is

the number

] 55

- )
1Al max

where [|Al|nax = | nax |ajj|. In other words, the stability is equivalent to g being
Ljsn

small or growing sl_owly as a function of n.
Let us prove that the bound of the pivot growth factor for GEPP is

g<2n !, (8.36)
Indeed, at the first step in GEPP we perform update for elements
djk :ajk—ljiuik (837)

with |1j;| < 1, |uy| = |aix| < max |a,|. Substituting these estimates in (8.37) we ob-
r,s

tain that
|| < 2max |ay. (8.38)

Using estimate (8.38), we conclude that at every n — 1 major step of GEPP we can
double the size of the remaining matrix entries. Estimate (8.36) follows from this
observation.

There are practical examples showing that the bound in (8.36) is attainable [23].
Now using the facts that ||L||ec <7 and ||U||o0 < ngl|A|eo and substituting these

estimates together with estimate (8.36) for g in (8.34), we obtain

[|6A |00 < 3n€||L||oo||U |00 < 3gn€l|Al|so- (8.39)

For example, if € = 10~7 and the order of the matrix A is n > 120. Then using
equality in (8.36) we can compute that 3gn’e > 1. We observe that with a such
estimate we loss all precision.

8.2.3 Estimating the Condition Number

Let us recall that in Theorem 7.12, p. 228, we established the connection between
the relative perturbations of the matrix and the right-hand side of the system Ax = b
with the relative perturbations of its solution. The main role in the obtained estimates
plays the condition number cond (A) = ||A||[[A~!|| of A. To compute cond (A) we
need to estimate ||[A~!||, since ||A|| is easy to compute.

If we will compute A~! explicitly and then compute its norm it would cost 2n°
operations, but the number of operations in Gaussian elimination approximately
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is 21 /3 (see p. 44). Therefore we will seek a cheaper algorithm for an estimation
of [[A~!||. Below we present this algorithm and will call it a condition estimator
or Hager’s algorithm. The algorithm was developed in [45, 50, 51] and has the
following properties:

1. This estimator is guaranteed to produce only a lower bound of |[A~!|, not an
upper bound.

2. The cost is O(n?) operations. This is negligible compared to the 21° /3 cost of
Gaussian elimination if the order n of the matrix A is large.

3. It provides an estimate which is almost always within a factor of 10 of ||[A~
and usually of factor 2 to 3.

il

The algorithm estimates the one-norm ||B||; of a matrix B, under the condition
that we can compute the products Bx and BTy for arbitrary vectors x and y. Recall
that (see (6.26), p. 208) the norm ||B||; is defined by

n
Bl = max Bx||; = max biil, 8.40
I8 = max 1Bl = max by (8.40

or as maximum absolute column sum. As we saw on p. 208, the maximum over x is
attained at the vector x =i, = (0,...,0,1,0,...,0) with component jj as the single
nonzero entry, where max ;Y ; |b;;| occurs at j = jo. However, direct searching over
all such vectors i, j =1,...,n, is too expensive because this means computing
all columns of B = A~!. Since ||Bx||; = max |, <; ||Bx||1, we can use the gradient
method to find the maximum of f(x) = ||Bx||; inside the set ||x||; < 1. Here ||x||; <1
is the convex set of vectors, and f(x) is the convex function. Indeed, if 0 < a < 1,
then

flox+(1—a)y) = [laBx+ (1 - a)Byl:
< af[Bx[i + (1 - a)[[Bylli = af(x) + (1 - a)f(y). (8.41)
The usage of the gradient method to find the maximum of f(x) (if Vf(x) ex-
ists) means that f(y) > f(x) + Vf(x)(y —x). To compute V f(x) we assume that
all Z;l b,’jxj' #0in f(x) = ;-1 |Z;l |bij)Cj|. Let Ci = s1gn(2’; bij)Cj) such that C,‘ =+1
and f(x) = XXt Gibijx;. Then 9 f /dx, = X2 Giby and Vf = {TB = (BT)T.

Algorithm 8.7. Hager’s condition estimator returns a lower bound ||w||; for ||B]|;.

choose any x such that ||x|[; =1 /feg.xi=1/n*/
repeat
w = Bx, { =sign(w),z=B"(, /¥ =Vf*)
if [|z]|oo < z7x then
return ||w||;
else
x = ij where [25] = ]l oc

end if
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end repeat

Theorem 8.3. The next two statements are true for Algorithm 8.7.

1. If ||zl|oo < z7x and ||wl|y is returned, then ||wl||; = ||Bx||y is a local maximum
of || Bx]r.
2. Otherwise, the algorithm has made progress in maximizing of f(x).

Proof. 1. We have that |z[| s < z7x. Close to x,
n n

) =1Bxlli =Y} Cibijx;
i

is linear in x and we can use the Taylor series to get

JO) = f@)+ V@) —x) = fx)+2" (y—x),

where z7 = Vf(x). To show that x is a local maximum we need to prove the in-
equality f(y) < f(x) or to show that z” (y —x) < 0 with [|y||; = 1. We get

n n
dy—x)=y—7x= ZZiYi —-z'x< Z|Zi\|)’i\ —zlx
i i
< lzllso It —2"x = ||zlloc —2"x < 0. (8.42)

2. In this case ||z]|oc > 27 x. We choose ¥ = i ;sign(z;), where the number j is such
that |z;| = [|z]|oc. Then

fE) =fx)+VfxF-—x)=f(x)+ (F—x)
=fx)+' =" x=f(0) + |zl =" x > f(x). (8.43)

The last inequality is true, since ||z] o >z'x. O

In the example presented below we will test the algorithm (8.7) using the Matlab
program of section A.3.

Example 8.4. We test computation of the Hager’s condition estimator for the matrix

16.5488 14.6149 4.3738 7.0853 2.3420
14.6149 3.4266 29.5580 23.7673 6.8848
A=| 43738 29.5580 0.1620 3.9291 6.7942 (8.44)
7.0853 23.7673 3.9291 6.5877 25.1377
2.3420 6.8848 6.7942 25.1377 1.4003

using the algorithm (8.7). We run the Matlab program of section A.3 and get fol-
lowing results: the computed one-norm of the matrix (8.44) by the algorithm (8.7)
is 78.2517 which is the same as the computed one-norm using the Matlab command
norm (A, 1l).
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Remark 8.1. In [51, 52] was tested a slightly improved version of this algorithm on
many random matrices A of order 10, 25, and 50. These matrices had condition
numbers cond (4) = 10, 10°, 10%, 10°. Then using Hager’s algorithm in the worst
case the computed cond (A) underestimated the true cond (A) by a factor 0.44 what
says about efficiency of Hager’s algorithm for computation of cond (A).

8.2.4 Estimating the Relative Condition Number

We also can apply Hager’s algorithm to estimate the relative (or Bauer-Skeel) con-
dition number kps(A) = |||A7![|A|||c presented in Theorem 7.14, p. 230. To do
that we will estimate ||[A~!|g||~c, Where g is a vector with non-negative entries. We
explain this now. Let e = (1, ..., 1) be the vector of all ones. Using properties of the
infinity-norm, we see that ||X||oc = ||Xe||~ if the matrix X has non-negative entries.
Then

kas(A) = 14~ [1Alloo = 14" [4leloo = 14" Iglloo,

where g = |Ale.
Now we can estimate |||A~!|g||o. Let G = diag(g1,...,g,) be the diagonal ma-
trix with entries g; on its diagonal. Then g = Ge and thus

A7 Iglloo = IllA™"IGelloo = lIA™"|Gllow = 47" Gllloc = [|A7'Glloo.  (8:45)

The last equality holds because ||Y||oo = |||Y|||co for any matrix Y.

Now we will show how to estimate the infinity norm of the matrix A~'G by
Hager’s algorithm. Applying this algorithm to the matrix (A~'G)” we can estimate
(A='G)T ||} = |A~'G||0o. Thus, we will apply Hager’s algorithm to ||(A~'G)T,
and in this way compute [|[A~!G| .

8.2.5 Practical Error Bounds

Below we present two practical error bounds for an approximate solution X of the
equation Ax = b. In the first bound we use inequality (7.53), p. 229, to get

1% = [l oo [I7lloo

1% 00 *loo”

where r = AX — b is the residual . To compute ||[A~!||» we can apply Hager’s algo-
rithm for B = (A=) noting that ||B||; = |[[(A~")T||; = |A~!| s The second error
bound follows from the inequality

error = <A™ Yoo (8.46)

%= xlloo = 14~ Flloe < 14" 171,
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where we have used the triangle inequality. This practical error bound has the form

¥ = xlloc _ [NA~Ir]lloo

oo = [¥lleo

The estimate of |||[A~!||r|||oo can be obtained using Hager’s algorithm with taking
into account (8.45).

(8.47)

€Iror =

Remark 8.2.

1. Error bounds (8.46) and (8.47) can not guaranteed to provide bounds in all cases.

2. The estimate of ||A~!||; from Algorithm 8.7 provides only a lower bound.

3. There is a small probability that the round-off in the evaluation of the residual
r = AX— b can make ||r|| artificially small. To take it into account, we add a small
number to |r| and replace |r| with |r| + (n+ 1)e(|JA||x] + |b|) in bound (8.47) or
||7|| with ||7|| + (n+ 1)e(||A]|||X]| + ||£]|) in bound (8.46). This is done by noting
that the round-off in evaluating of r is bounded by

(A% — b) — (AT — b)| < (n+1)&(|A||7] + |B]). (8.48)

4. The round-off in performing of Gaussian elimination on very ill-conditioned ma-
trices A can get such inaccurate L and U that bound (8.47) can be too low.

8.3 Algorithms for Improving the Accuracy of the Solution

If the error in the computed solution ¥ = x + dx is large as cond (A)e we can try
to use Newton’s method to improve the solution. This means that to solve any
equation f(x) = 0 we can construct the iterative procedure x;+1 = x; — f(x;) /f" (xi)
and obtain the improved computed solution x;1 1. Applying the idea of this method
to f(x) = Ax — b yields the following algorithm:

Algorithm 8.8. Newton’s algorithm.

repeat
r=Ax;—b
solve Ad = r to compute d
Xip1=x;—d

end repeat

If we could compute the residual r = Ax; — b in this algorithm exactly and solve
the equation Ad = r exactly, then we could finish the algorithm in one step. Such
solution we expect from Newton’s method which is applied to a linear problem.
However, round-off errors prevent this immediate convergence. Algorithm 8.8 is
useful when A is so ill-conditioned that solving Ad = r (and Axy = b) is rather
inaccurate.
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Theorem 8.4. Suppose that r = Ax; — b in Algorithm 8.8 is computed in double
precision and cond(A)e < ¢ = 1/(3n’g+1) < 1 where n is the dimension of A
and g is the pivot growth factor given by (8.35). Then Algorithm 8.8 converges as

[xi —A~"b|loo
— =0(¢
e
and have the following relaxation property
cond(A)e
T L M )

with the relaxation parameter { = cond (A)e/c < 1.

Proof. Letsethere || || by || - ||. Our goal is to show that (8.49) holds. By assump-
tion, § < 1, so this inequality implies that the error ||x;1; — x|| decreases monotoni-
cally to zero. We start the proof by estimating the error in the computed residual r.
Using estimate (8.29), we can write

r="fl(Ax; —b) = Ax; — b+ f, (8.50)
where
|f| < ne*(JAl|xi| + |b|) + €|Ax; — b| ~ €|Ax; — b). (8.51)

Here, as usual, € is the relative representation error. The €2 term comes from the
double precision computation of 7, and the € term comes from rounding the double
precision result back to single precision. Since £> < &, we will neglect the £> term
in the bound on |f/|. Next, from Newton’s method we have

(A+S8A)d =r. (8.52)

From bound (8.39) we know that ||SA|| < ye||A||, where ¥ = 3n’g, although this
is usually too large in reality. We assume that computations of x;1; = x; —d in
Algorithm 8.8 are performed exactly. Using (8.52) and substituting here (8.50) with
ignoring all €2 terms we get

d=(A+8A) " 'r=(I+A"16A)"1a7 ",
=([+A7'8A) AT A — b+ f) = T +AT8A) (i —x+ AT f)
~(I—AT"8A) (i —x+AT ) mxi—x—ATISA(y —x) +ATf. (8.53)
Next, subtracting x from both sides of x; | = x; — d and using then (8.53) we get
X —x=xi—d—x=A"'8A(x; —x) — A" f. (8.54)

Taking then norms from (8.54), using (8.51) for estimation of f and bound (8.39)
for estimation of ||SA||, we see that
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[[xie1 — x| < AT SA(x —x) ||+ A7 £
< AT I8A |l — x|l + |4~ |[e]|Ax; — ]|
< ATMISA |l — x|+ |A™ €] Ax; — x)|
< A7 vellAllllx — x|+ IA~ [ [|All€]lx — x]|
= A7 "[lAlle(y+ Db —x[|. (8.55)

Let
§=[A""[|Alle(y+1) = cond(A)e/c < 1,

then (8.49) fulfills and Newton’s algorithm 8.8 converges. [

Note that the condition number in Theorem 8.4 does not appear in the final er-
ror bound. This means that we compute the answer accurately independent of the
condition number, provided that cond (A)e is sufficiently less than 1. Usually, ¢
is too conservative an upper bound, and the algorithm often succeeds even when
cond(A)e > c.

Sometimes we can not run Algorithm 8.8 with double precision and only compu-
tations with single precision are available. In this case we still can run Algorithm 8.8
and compute the residual r in single precision. However, the theorem 8.4 is not valid
for this case, and we have the following theorem.

Theorem 8.5. Suppose that the residual r = Ax; — b in Algorithm 8.8 is computed
in single precision and

max; (|A]]x]);

— < 1.
min;(|A]Jx])

A7 oo 1Al o

Then one step of iterative refinement yields x| such that (A+ 0A)x; = b+ 6b
with |5a,‘j| = 0(8)|ai_,-\ and |6bl‘ = 0(8)|bl‘

For a proof, see [53] as well as [2], [104]-[106] for details. Theorem 8.5 says that
the componentwise relative backward error is as small as possible. For example, this
means that if A and b are sparse, then §A and b have the same sparsity structures
as A and b, respectively.

Now we present one more common technique for improving the error in solving
a linear system: equilibration, which yields the following algorithm.

Algorithm 8.9. Choose an appropriate diagonal matrix D to solve DAx = Db instead
of Ax = b. The matrix D is chosen to try to make the condition number of DA smaller
than that of A.

For example, if we choose dj; to be the reciprocal of the two-norm of row i of A
would make DA nearly equal to the identity matrix for very ill-conditioned matrices.
In [112] was shown that choosing D this way reduces the condition number of DA
to within a factor of /n of its smallest possible value for any diagonal D.

In computations we may also choose two diagonal matrices D,,,, and D, and
solve (DyowAD o)X = Dyowb, x = D¢y X and thus, D, Ax = Dypyb.
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8.4 Special Linear Systems

It is important to exploit any special structure of the matrix to increase speed of
algorithms for linear systems Ax = b and decrease storage of intermediate matrices
and vectors. In this section we will discuss only real matrices, since extension to
complex matrices are straightforward. Matrices A with the following structures will
be considered:

e Symmetric positive definite matrices (s.p.d. matrices),
e Symmetric indefinite matrices,
e Band matrices.

8.4.1 Real Symmetric Positive Definite Matrices

Recall that a real matrix A is called s.p.d. if A = AT and xTAx > 0 for all x # 0.!
In this subsection we show how to solve Ax = b in half the time and half the space
of Gaussian elimination when A is s.p.d.

As we know (see p. 142), if A = A then A is s.p.d. if and only if all its eigenvalues
are positive. Below we prove some other useful properties of s.p.d. matrices.

Proposition 8.1. If X is nonsingular, then A is s.p.d. if and only if X" AX is s.p.d.

Proof. X nonsingular implies Xx # 0 for all x # 0, and thus x” XTAXx > 0 for
all x # 0. Since is A s.p.d., this implies that X” AX is s.p.d. Use X ! to deduce that
if XTAX is s.p.d., then A iss.p.d. O

Proposition 8.2. If A is s.p.d. and H = A(j : k, j : k) is any principal submatrix of A,
then H is s.p.d.

Proof. Suppose first that H = A(1 : m, 1 : m) is the leading principal submatrix of A.
Then for any given vector y of the size m, the n-vector x = (y,0) satisfies the equal-
ity y' Hy = xT Ax. Since A is s.p.d., xT Ax > 0 for all vectors x # 0, then y" Hy > 0
for all vectors y # 0, and thus, H is s.p.d. If H is not a leading principal submatrix
of A, let P be a permutation matrix so that H lies in the upper left corner of PTAP.
Then apply Proposition 8.1 to PTAP. O

Proposition 8.3. If A is s.p.d., then all a;; > 0, and max;;|a;j| = max; a;; > 0.

Proof. The first assertion is easy to check (see Property 5, p. 133). Let us prove the
second assertion. Let as usual i; be the k-th standard unit vector. If |ay; | = max;; |a;j|
but k # [ (this means that we assume that max;;|a; ;| # max, a;;), we choose the vec-
tor x = e — sign(ay )e;. Then x” Ax = ay + aj; — 2|ay;| < 0. But this is the contra-
diction to the positive-definiteness of the matrix A, and thus, max;; |a; j\ = max; a;;.

I See (4.130), p. 133.
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Proposition 8.4. A is s.p.d. if and only if there is a unique lower triangular nonsin-
gular matrix L, with positive diagonal entries, such that A= LLT. A= LL" is called
the Cholesky' factorization of A, and L is called the Cholesky factor of A.

Proof. Sufficiency. Assume that there exists a factorization A = LLT with L nonsin-
gular. Then x”Ax = (x"L)(LTx) = ||LTx||3 > 0 for all x # 0, so A is s.p.d.

Necessity. If A is s.p.d., we show that L exists by induction over the dimension 7.
If we choose each [;; > 0, our construction will determine L uniquely. If n = 1,
choose /11 = /a1y, which exists since a1 > 0. Let us write

apn Ap
A=
(Asz A22)

\/ 0 — Ap
=< A?zll ) ((1,/;0 ) < . W) (8.56)
Jan 1 22 0 I

ap Ay
= ~ ATA .
Afy Ay + =271

arg

We observe that the (n — 1)-by-(n — 1) matrix Ay = Ay fAszAlz/a” is a symmet-
ric matrix. Using Proposition 8.1 and expression (8.56) we conclude that < (1) A~O )

22
is s.p.d. By Proposition 8.2, the matrix A» is also s.p.d. Thus, by induction, there is
an L such that Ay, = LLT and

0 A
) (b ()
Jan 1 0 1

0 4 (8.57)
_ \/6;11 ap \/% —
L)\ o ' '

O

We rewrite Proposition 8.4 as the following algorithm.

Algorithm 8.10. Cholesky algorithm.

forj=1ton
i—1
Lij = (ajj = Xioy G)'?
fori=j+1ton
lij = (aij — X3 lal i) /s
end for
end for

Using this algorithm, we observe that if A is not positive definite, then the algo-
rithm fail by attempting to compute the square root of a negative number in the line

! André-Louis Cholesky (1875 - 1918) was a French military officer and mathematician.
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ljj=(ajj— L] 13)"/? or by dividing by zero in the line l;; = (a;; — X{_| lilj)/Ljj-
We conclude that running this algorithm is the cheapest way to test if a symmetric
matrix is positive definite.

In Cholesky algorithm L can overwrite the lower half of A. Only the lower half
of A is referred to by the algorithm, so in fact only n(n+1)/2 storage is needed in-
stead of n%. The number of flops in Cholesky algorithm is (see Question 8.8, p. 269)

Yy <2j+ Yy Zj) = %n3+0(n2). (8.58)
j=1

i=j+1
We see that the Cholesky algorithm requires just half the flops of Gaussian elimina-
tion (see p. 44).

Pivoting is not necessary for Cholesky to be numerically stable. We show this
as follows. The same analysis as for Gaussian elimination in section 8.2.2 reveals
that we will have similar formula for error £ in Cholesky decomposition as in LU

decomposition:
A=LL" +E,

where error in Cholesky decomposition will be bounded as
|E| < nelLI|L7].

Taking norms we get
EN < nell 1L Il 17T 1

We can rewrite expression above as
IE|| < nel|L][IL7]. (8.59)

Thus, in formula (8.59) we have obtained error estimate in decomposition A = LL”
The next step is to obtain error in Cholesky algorithm. We again solve LLTx = b
via Ly = b and LTX = y. Solving Ly = b gives as a computed solution ¥ such that
(L+ 8L)y = b where |SL| < ne|L|. The same is true for (LT + SLT)% = § with
|6LT| < ne|LT|. Combining both estimates into one, we get

b= (L+8L)§ = (L+SL)(L" +8L")%
= (LL" + LSL" + 8LL" + 8LSLT)%
=(A—E+LSL" +8LL" + SLSL" )%
= (A+ A%,

(8.60)

where A = —E+LSLT +8LLT + SLSLT . Now we combine all bounds for E, SLT,
and OL and use triangle inequality to get
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|6A| < |—E+LSLT +S8LLT 4+ SLSLT|
< |E|+|LI|SLT|+|SLIILT| +|SL|[SLT|

(8.61)
< ne|L||L"|+ne|L||L" |+ ne|L|[L"| +n*€*|L||L" |
~ 3ne|L||LT|.
Assuming that |||X||| = || X|| is true (as before for Frobenius, infinity, one-norms but
not for two-norms) we obtain
18A] < 3nellL][IL"]]. (8.62)

Thus, it follows from (8.62) that the computed solution ¥ satisfies (A + §A)¥ = b
with |GA| < 3ne|L||LT|. But by the Cauchy-Schwartz inequality and Proposition 8.3,
we see that for every entry (i, j) of |L||LT| we can write the estimate

n n n
(ZILT iy = Y lael 1l < )Y Ty | o e = Vai/ajs < max |aj|-
k k k -

Then applying this estimate to all n entries of |L||L” |, we have

ZIL oo < nllAflso- (8.63)
Substituting (8.63) into (8.62), we get the following estimate:
64|00 < 3n%€]|A] 00, (8.64)

which says that ||6A ||~ have upper bound depending on ||A|| oo, but not on ||L||sc.
This estimate is also valid for Frobenius and one-norms.

8.4.2 Symmetric Indefinite Matrices

Let us consider now indefinite matrices which are neither positive definite nor nega-
tive definite. The question is: if there exist such algorithm which can solve symmet-
ric indefinite linear system of equations and save half the time and half the space? It
turns out is possible with a more complicated pivoting scheme and factorization.

If A is nonsingular, one can show that there exists a permutation matrix P, a unit
lower triangular matrix L, and a block diagonal matrix D with 1-by-1 and 2-by-2
blocks such that PAPT = LDLT . This algorithm is described in [16].
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8.4.3 Band Matrices

A matrix A is called a band matrix with lower bandwidth by, and upper bandwidth by
if a;; = 0 whenever i > j+by ori < j—by:

ap A1 byl 0
az py+2
A= abLJr],]
Aap;+2.2 An—by.n
0 Ann—by **°  Ann

Band matrices arise often in practice and are useful to recognize because their L
and U factors are also “essentially banded”. This makes them cheaper to compute
and store.

Let A be banded with lower bandwidth by and upper bandwidth by. Let A = LU
be computed without pivoting. Then L has lower bandwidth b; and U has upper
bandwidth by. L and U can be computed in about 2nby by, arithmetic operations
when by and by, are small compared to n. The space needed is n(by, + by + 1). The
full cost of solving Ax = b is 2nby by, + 2nby + 2nby..

Let the matrix A be banded with lower bandwidth b; and upper bandwidth by, .
Then after Gaussian elimination with partial pivoting, U is banded with upper band-
width at most by + by, and L is “essentially banded” with lower bandwidth by,. This
means that L has at most b7, + 1 nonzeros in each column and so can be stored in the
same space as a band matrix with lower bandwidth by .

For the case when L = U = 1 the band matrix A becames a tridiagonal matrix.
There exists a special tridiagonal matrix algorithm known as Thomas' algorithm
which solves such linear system of equations. This method is simplified form of
Gaussian elimination and was proposed by Gelfand> and Lokucievsky® in 1952
and then modified by different researchers. In general this algorithm is stable only
for s.p.d. or for diagonally dominant matrices, see details in [53].

The method is derived as follows. The tridiagonal system of linear equations
Ax = b can be written in the form

@i—1,iXi—1 +aiixi+aiv1ixiv1 = b, i=1,..,n—1. (8.65)

The tridiagonal matrix algorithm is based on the assumption that the solution can be
obtained as
Xi = Oy 1Xip1 +Biv1, i=n—1,..,1L (8.66)

Writing (8.66) for i — 1 we get:

! Llewellyn Hilleth Thomas (1903 - 1992) was a British physicist and applied mathematician.
2 Israel Moiseevich Gelfand (1913 - 2009) was a Russian mathematician.
3 Oleg Vyacheslavovich Lokucievsky (1922 - 1990) was a Russian mathematician.
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Xi—1 = 0x; + i

(8.67)
= 0( O 1Xip1 + Bir1) + Bi = 0 0ip1xit1 + 061 + B

Substituting (8.66) and (8.67) into (8.65) we obtain

ai—1,i/(0 11 + 04 Biv1 + Bi)
+a;i(Cip1Xip1 + Bir1) + aiv1,ixip1 = b, i=1,...,n—1.

(8.68)
The equation above can be rewritten also in the form
Ai—1,i 0011 + ;i 01 + Aig1,i) X
(ai-1, +1 Qi H1,i)Xix1 . (8.69)
+ai,1,iaiﬁ,~+1 +ai71’,~Bi +ai,iBi+] —b;j=0, i=1,...n—1.
The equation (8.69) will be fulfilled if we will require that
ai—1,;0G0G41 +a; 0y +aip1,; =0,
i—1,i K41 i,i Ai+1 i+1,i (870)
a;i—1,0Bi+1+ai—1:Bi +a;ifiv1 —b; = 0.
From (8.70) follows that
di+1,i
Ay =———F—,
o ai—1,i0G+aj; 871
fr = =i .
o ai—1,,0G+aj;
Starting from i = 1 we can find
a
o0 =——,
o 8.72)
by ’
Br=—.
at,

Then from (8.71) we can obtain all other coefficients o, Bi+1,i =1,...,n—1 re-
cursively. By knowing all coefficients @1, Bi+1,i = 1,...,n— 1 the solution of the
tridiagonal system of linear equations can be obtained via (8.66).

Band matrices often arise from discretizing of different physical problems in
which mathematical models are usually described by ordinary differential equa-
tion (ODE) or by partial differential equations (PDE).

Example 8.5. Consider the following boundary value problem for the ODE:
Y () = p(x)y'(x) = q(x)y(x) = r(x), x € [a, D], (8.73)

y(a) =@, y(b) = B. (8.74)

We assume ¢(x) > g, > 0. Equation (8.73) models the heat flow in a long pipe,
for example. To solve it numerically, we discretize it by seeking its solution only
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at mesh points x; =a+ih, i =0,...,N+ 1, where h = (b—a)/(N + 1) is the mesh
size. Define p; = p(x;), i = r(x;), and ¢; = q(x;).

We need to derive equations to solve for our desired approximations y; ~ y(x;),
where yo = o and yy;1 = 3. To derive these equations, we approximate the deriva-
tive y'(x;) by the following finite difference approximation called central difference:

) m YL Yiml
TR (8.75)

When the mesh size i gets smaller, then (8.75) approximates y’(x;) more and more
accurately. We can similarly approximate the second derivative by

¥ () ~ Yit1 = 2yi+Yi-1 .

1 (8.76)
Inserting approximations (8.75), (8.76) into (8.73) yields
=2y Ly
Yi+1 Vi +Yi—1 _p'yt+1 Yi—1 —gyi=r, 1<i<N. (8.77)

h? Y 2n

Multiplying by 42 /2 we can rewrite (8.77) in the form of linear system Ay = b with

Y r (3+4p1)
h? 0
0
YN Y (%—%PN)ﬁ
and
ay —cCp e
b . a; = 1+7qla
—03
—CN—1 1 h
by ay ci=75(1-3pi)

Since by our assumption ¢; > 0, it follows from (11.36) that a; > 0. For sufficiently
small 4 < 1 also b; > 0 and ¢; > 0.

System Ay = b is a nonsymmetric fridiagonal system. We will show how to
change it to a symmetric positive definite tridiagonal system to be able to use
Cholesky decomposition to solve it. Choose the diagonal matrix

12 CiC2 - "CN—1
D=d _ .
1ag( \/ \/ bab3” bobs---by )

Then we may change Ay = b to (DAD~')(Dy) = Db or Ay = b, where
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Fig. 8.4 Solution of the Poisson’s equation (8.11) using Cholesky decomposition in the example

of section 8.4.4.
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aq —\/Clbz
—Vveby  a —veabs
A = —\/C2b3

—v/eN—1by
—+v/en—1bn an

We observe that A is symmetric, and it has the same eigenvalues as A because A
and A = DAD™! are similar. Let us prove that A is positive definite. By the Gersh-
gorin disc theorem (see Theorem 7.6, p. 223), all the eigenvalues A of an arbitrary
matrix B are located in the union of the n disks

(A —br < Y 1bwjl- (8.80)
J#k

We can take the mesh size /4 so small that for all i we have |h/2p;| < 1 in all non-
diagonal elements of the matrix A. Then

1 h 1 h 2 2
bil+lcil == (14+Zpi ) +=(1=Zpi ) =1 <14 —qn <1+ —gi = a;.
|bi| + |cil 2<+2p>+2( 217) <l+3q +t5ai=a

Thus, using (8.80), we see that all the eigenvalues of A lie inside the disks D; cen-
tered at a; = 1 +h?q; /2 > 1+ h*q,, /2 with radius R; = 1. They must all have positive
real parts.

Since A is symmetric, its eigenvalues are real and positive, then the matrix A is
positive definite. Its smallest eigenvalue is bounded below by ¢,,4%/2. Thus, it can
be solved by Cholesky decomposition.

8.4.4 A Numerical example

In this section we illustrate performance of the Cholesky algorithm on the solution of
Poisson’s equation (8.11) on the unit square {(x1,x2) : 0 < xj,x; < 1} with boundary
conditions # = 0 on the boundary of this square. We take now in (8.11) the following
function f(x1,x2) given by two picks of gaussians

_ 2 . 2
f(xlax2)1+Alexp<(x1 025 (v, 0.25)>

0.02 0.02

(x1 —0.75)*>  (x—0.75)?
A - - 8.81
* 2eXp( 0.02 002 ) @D

where A1, A, are the amplitudes of these two gaussians.

As in the example of Section 8.1.3, we construct the mesh with the points
(x1;,x2;) such that xy; = ih,x2; = jh with h = 1/(N + 1), where N is the number
of inner points in x; and x; directions, and take the same number of points in x; and
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X directions: n; = n; = N +2. The linear system of equations Au = f is solved then
via Cholesky factorization (Algorithm 8.10). We can use Cholesky decomposition
since the matrix A is symmetric positive definite (see Question 8.16, p. 272).

Figure 8.4 shows results of numerical simulations for different discretization of
the unit square with number of inner points N = 20, 40, 60 and for A| = A, = 10
in (8.81). The Matlab program of Section A.2 is available in Appendix for running
of this test.

Questions

8.1. (Programming)

Solve in Matlab the Poisson’s equation (8.11) on the unit square {(xj,x2): 0 <
x1,x2 < 1} with boundary conditions # = 0 on the boundary of this square and with
function f(xj,x;) given by (8.81) using the 1u function and programs of Section
A.1 of Appendix. Compare obtained results with results of Section 8.4.4. Optional:
extend these results to three-dimensional case.

8.2. (Programming)
Improve Algorithm 8.1, overwriting L and U on A, write your own Matlab pro-
gram and test it on your own examples.

8.3. (Programming)

Apply the bisection algorithm (see Algorithm 8.11 below) to find the roots of
the polynomial p(x) = (x —2)° and of some of your own polynomials, where p(x)
is evaluated using Horner’s rule (Algorithm 8.4). Write your own Matlab program.
Confirm that changing the input interval for x = [x;, f,,xr,-ght] slightly changes the
computed root drastically. Modify the algorithm to use the relative condition number
for polynomial evaluation (8.26) to stop bisecting when the round-off error in the
computed value of p(x) gets so large that its sign cannot be determined. Present
your results similarly with results of Figures 8.2.

Hint: use the Matlab function coe f s to compute coefficients of polynomial p(x).

Here we present the bisection algorithm to find roots of the polynomial p(x).
Suppose that the input interval for x where we want to find roots of p(x) = 0 is
X € [x f,,xright]. At every iteration this algorithm divides the input interval in two
by computing the midpoint X,igare = (Xiefr + Xrign:)/2 of the input interval as well
as the value of the polynomial p(xqq.) at that point. Value of the polynomial
P(Xmiaare) we will compute using Horner’s rule (Algorithm 8.4). Then if pj.f and
Pmia have opposite signs, then the bisection algorithm sets X447, as the new value
for X,ign:, and if pep: and pyuig have opposite signs then the method sets x,iqq70 as
the new xof;. If P(Xmidare) = 0 then X447, may be taken as the root of polynomial
and algorithm stops.

Algorithm 8.11. Bisection algorithm to find zeros of the polynomial p(x).
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0. Initialization: set the left x;.s; and the right x,,;, bounds for the input interval
for x € [Xjef1,Xright], Where we will seek roots of polynomial. Set computational
tolerance tol.

1. Evaluate the polynomial p(x) at the points x;.r; and x,jgn; t0 get prefe = p(Xiefr)
and pyign = p(Xyigh) using Algorithm 8.4.

Perform steps 2-3 while xjop; — Xjefr > 2t0l

2. ComPUte point Xmid = (xlefl +xright)/2 and then Pmid = p(xmid)a USiﬂg Algo'
rithm 8.4.

3. Check:
If pref Pmia < 0 then we have a root at the interval [X;e 1, Xiia]. ASSIgN Xyight = Xmid
and pright = Pmid-
Else if prighpmia < 0 then we have a root at the interval [X,q,Xyign]. Assign
Xieft = Xmid and Plefr = Pmid-
Else we have found a root at x,,;,¢ and assign X s = Xpmid, Xright = Xmid-

4. Compute the root as (Xjef; + Xright ) /2

8.4. Write Algorithm 8.1 for the case n = 3. Using Algorithm 8.1 perform LU fac-
torization of the matrix

4 1
A=|1 8
11 16

8.5. Using Cholesky algorithm (Algorithm 8.10) perform factorization A = LLT of
the matrix A in Question 8.4.

8.6. (Programming)
Implement Hager’s Algorithm 8.7 in Matlab. Test it on different matrices. Take,
for example, A = hilb(N) or A = rand(N, N) for different N.

8.7. Let us consider the solution of linear system AX = B where A is n-by-n ma-
trix, B is n-by-m matrix and X is n-by-m unknown matrix. We have two methods to
solve it:

1. Factorization of A = PLU and then using Algorithms of forward and backward
substitution (8.2), (8.3) to find every column of X.
2. Computation of A~! by Gaussian elimination and then finding of X = A~!B.

Count the number of flops required for every algorithm. Show that the first algorithm
requires fewer flops than the second one.
Hint: use material of section 8.2.2.

8.8. Derive formula (8.58) for operation count in Cholesky decomposition. Hint:
use the formula

i
1 6

1

o i nn 1)

and the formula of sum of the arithmetic progression
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n
Y ai= nlaitdn)
k=1 2

8.9. Let A be an s.p.d. matrix. Show that |a;;| < \/@;aj;.

8.10. Suppose A is an invertible nonsingular square matrix of order n and u, v are
vectors. Suppose furthermore that 1+v'A~!u # 0. Prove the Sherman-Morrison
formula

A~ lwTA—!

1+vTA- 1y

Here, uv" is the outer product of two vectors u# and v.

A+w’)~'=a""

8.11. Suppose A is invertible square matrix of order n and U,V are n-by-k with k <n
rectangular matrices. Prove the Sherman-Morrison-Woodburg formula which states
that T = I+ VTA~!U is nonsingular if and only if A+ UV is nonsingular and

A+uvh)y=t=a-t_a-lyr—tvTa-t,

8.12. (Programming)
Similarly with Matlab programs of Sections A.1, A.2 solve the three-dimensional
problem

—Au(x) = f(x) in Q,

8.82
u=0o0ndQ. ( )

on the unit cube 2 = [0, 1] x [0, 1] x [0, 1]. Choose an appropriate functions f(x).
Hint. We discretize the unit cube Q with x;; = ih,x; = Jjho,x3;, = khsz, where

1 1 1
hy = hy = hy =

n,-fl’ _nj—l’ _nk—l

are the steps of the discrete finite difference mesh and n;,n;,n; are number of dis-
cretization points in the directions xi,x,,x3, respectively. Indexes (i, j, k) are such
that 0 <i <n;,0 < j<nj;,0< j<n. Global nodes numbers 74, in the three
dimensional case can be computed as

ngiop = j+nj((i—1)+ni(k—1)). (8.83)

We take ni:nj:nk:n:N+2, hy =hy =h3y = 1/(1’1—1) = 1/(N—|—1) and
obtain the following scheme for the solution of Poisson’s equation (8.11) in three
dimensions:

Uit jk = 2Uij ke Uim e Wij 1k — 20 jk+ Wi j—1k
- 2 - 2
hl hZ
Uikt = 2k tijk—1 _ fijik
- b
h3 aijk

(8.84)
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where u; j i, f j k- @i jx are values of u, f,a, respectively, at the discrete point 74,
with indices (i, j, k). We rewrite equation (8.84) with h = iy = hy = h3 as

2 fijk
OU; j ko — Wik 1 jk — Wi, jf — Wi jo1 k= Ui j— 1k — Ui j 1 — Ui jj—1 =N afjk (8.85)
i,
Again, we recognize that scheme (8.85) is the system of linear equations Au = b.
The matrix A is of the size (n; —2)(n; —2)(nx —2) = N° and on the unit cube is
given by the block matrix

Ay |-Iy Oy —Iy|~
—Iv| Ay —Iy

A=
—Iy| o —Iy Ay |—Iy
o l=Iy Oy —Iy| Ax

with zero-blocks Oy of order N. Now the blocks Ay of the size N-by-N on the main
diagonal of this matrix are given by

6—-1 0--- --- 0
~1 6-1 0.+ 0
Av=| 0-1 6 0 0
0 v --- 0-1 6

8.13. (Programming)
Use the Matlab programs of Section A.1, A.2 and solve the problem as in Exam-
ple 8.2 on the L-shaped 2D domain.

8.14. (Programming)
Use formula (8.80) to estimate the eigenvalues of the matrix

10 -10 1
02 8 0202

A= 1ST (8.86)
11 -1 11

Write your own Matlab program to present results similar to Fig. 8.5, which shows
the Gershgorin’s discs together with their centers and the computed eigenvalues A;.
Hint: use Matlab function eigs (A) to compute eigenvalues.

8.15. (Programming)
Use formula (8.80) to estimate the eigenvalues of the matrix
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Fig. 8.5 Computed and estimated by the Gershgorin disc theorem eigenvalues in Question 8.14.
The computed eigenvalues of A are: A; = 9.8218, A, = 8.1478, 43 = 1.8995, 14 = —10.86.

— D(7,8)
— D(8,7)
D(5,3)
—D(6,3)

O  eigenvalues

#  centers

-8 I
2

Fig. 8.6 Computed and estimated by the Gershgorin disc theorem eigenvalues in Question 8.15.
The computed eigenvalues are: A; = 12.2249 + 0.0000i, A, = 4.4977 + 0.6132i, A3 = 4.4977 —
0.6132i, A4 = 4.7797 + 0.0000:.

7521
2832
A= 11511 (8.87)

1116

Write your own Matlab program to present results similar to Fig. 8.6, which shows
the Gershgorin’s discs together with their centers and the computed eigenvalues A;.
Hint: use Matlab function eigs (A) to compute eigenvalues.

8.16. Prove that the matrix A in the numerical examples of Sections 8.1.3 and 8.4.4

(N+2)?

is s.p.d. Hint: prove that for any u,v € R that equal to zero on the boundary
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of the mesh domain we can write

N—1 N—1
(Au,v) = Y (uirj—wij) Vi1 j—vij) + Y, (Wi —ui ) (Vi jp1 —vij)-
i,j=1 i,j=1

8.17. (Programming)

Write your own Matlab program and solve numerically the problem of Exam-
ple 8.5 via the solution of the system of linear equations Ay = b with b,A given
in (8.78), (8.79), correspondingly. Use recursive formulas (8.66), (8.71) to obtain
solution of this system.






Chapter 9

Numerical solution of Linear Least Squares
Problems

In this chapter we present methods for numerical solution of linear least squares
problems. Such problems arise in many real-life applications such that curve fitting,
statistical modelling and all kinds of inverse problems, when some model function
appearing in the solution of inverse problem, should be fitted to the measured data.

Usually, different matrix factorizations are applied to solve linear least squares
problems (LLSP). In this chapter we will present following methods for the solution
of LLSP:

1. Method of normal equations,
2. QR decomposition,
3. SVD decomposition.

The method of normal equations is widely used since it is fastest compared to all
other methods for the solution of LLSP. However, this method is least accurate and
can be used only when the condition number of the matrix A is small. Method of
factorization of the matrix A into two matrices Q and R, such that A = QR, where
Q is orthogonal and R is upper triangular, is called QR decomposition. This method
is more accurate than the method of normal equations and is very standard for the
solution of LLSP. Drawback of this method is that costs of it is twice as much as
costs of the method of normal equations. When the matrix A is very ill-conditioned,
for example, when A has not full rank, then matrix factorization called SVD decom-
position is commonly used in this case for the solution of LLSP. However, as QR
decomposition, this method is several times more expensive than method of normal
equations. Another method for the solution of very ill-conditioned LLSP is method
of iterative refinement which iteratively improves the solution of linear system of
equations. This method can be adapted to deal efficiently with sparse matrices, see
[14] for details.

In section 9.1 we present the topic of LLSP and some examples of their typical
application. In section 9.2 we briefly present main methods which solve also nonlin-
ear least squares problem. Different methods for the solution of LLSP are described
in the following sections: the method of normal equations is presented in section 9.3,
QR decomposition is outlined in section 9.4, orthogonalization methods to perform

275
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QR decomposition are described in section 9.5, SVD decomposition is presented
in section 9.6. Rank-deficient least squares problems and how to solve them is dis-
cussed in sections 9.6.1, 9.6.2, respectively. Available software for solution of LLSP
is outlined in section 9.7.

9.1 Linear Least Squares Problems

Suppose that we have a matrix A of the size m x n and the vector b of the size m x 1.
The linear least square problem is to find a vector x of the size n x 1 which will
minimize ||Ax — b||2. In the case when m = n and the matrix A is nonsingular we can
get solution to this problem as x = A~'b. However, when m > n (more equations
than unknowns) the problem is called overdetermined. Opposite, when m < n (more
unknowns than equations) the problem is called underdetermined.

In real-life applications more widely engineers deal with overdetermined least
squares problems, when number of equations are much larger than number of un-
knowns. This occurs since engineers usually take much more measurements than
necessary to smooth out measurement error and remove noise from data. We will
restrict our considerations to the linear least squares problems. We refer to [14] and
to the next section for the solution of nonlinear least squares problems.

Further we assume that we will deal with overdetermined problems when we
have more equations than unknowns. This means that we will be interested in the
solution of linear system of equations

Ax=b, .1

where A is of the size m x n with m > n, b is vector of the size m, and x is vector of
the size n.

In a general case we are not able to get vector b of the size m as a linear combina-
tion of the n columns of the matrix A and n components of the vector x, or there is no
solution to (9.1) in the usual case. In this chapter we will consider methods which
can minimize the residual r = b — Ax as a function on x in principle in any norm,
but we will use 2-norm because of the convenience from theoretical (relationships
of 2-norm with the inner product and orthogonality, smoothness and strict convex-
ity properties) and computational points of view. Also, because of using 2-norm
method is called least squares. We can write the least squares problem as problem
of the minimizing of the squared residuals

m

i3 =Y 7 =Y (Axi—b)*. 9.2)
i=1

i=1

In other words, our goal is to find minimum of this residual using least squares:

m m
mxin||r||%:mxianiz:min;(Axi—b)z. (9.3)

i=1 *
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Example 9.1. Data fitting.

In this example we present the typical application of least squares called data or
curve fitting problem. This problem appear in statistical modelling and experimental
engineering when data are generated by laboratory or other measurements.

Suppose that we have data points (x;,y;),i = 1,...,m, and our goal is to find the
vector of parameters ¢ of the size n which will fit best to the data y; of the model
function f(x;,c), where f: R*"! — R, in the least squares sense:

mm Z Sf(xi0)”. 9.4)

If the function f(x,c) is linear then we can solve the problem (9.4) using least
squares method. The function f(x,c) is linear if we can write it as a linear com-
bination of the functions ¢;(x),j = 1,...,n as:

fx,e) =c101(x) + 202 (x) + ... + cnn(x). (9.5)

Functions ¢;(x), j = 1,...,n are called basis functions.

Let now the matrix A will have entries a;; = ¢;(x;),i=1,...,m;j = 1,...,n, and
vector b will be such that b; =y;,i = 1,...,m. Then a linear data fitting problem takes
the form of (9.1) with x = ¢:

Ac~b (9.6)

,n. We will

Elements of the matrix A are created by basis functions ¢;(x),j=1,.
consider now different examples of choosing basis functions ¢;(x), j =
Example 9.2. Problem of the fitting to a polynomial.

In the problem of the fitting to a polynomial

d .
=Y ! 9.7)
i=1

of degree d — 1 to data points (x;,y;),i = 1,...,m, basis functions ¢;(x),j=1,...,n
can be chosen as @;(x) = x/ —1 j=1,...,n. The matrix A constructed by these basis
functions in a polynomial fitting problem is a Vandermonde matrix:

1 x; xi ...ngl
1 x x%...x%l 1
A=|12x3 x5 ...25 . 9.8)

2 d—1
1 Xp x5 0 X5,

Here, x;,i = 1,....,m are discrete points on the interval for x = [xjcf;, Xyight]-
Suppose, that we choose d = 4 in (9.4). Then we can write the polynomial as
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flx,e) =Y eixd™! = ¢) + cox+ c3x2 4+ ¢4x° and our data fitting problem (9.6)
for this polynomial takes the form

1 x x% x? bo
2 3
Lx x5 x5 €l by
Lo g [ 2] =], (9.9)
.. . c3
. o
1 Xy X2, %3, b

The right hand side of the above system represents measurements or function
which we want to fit. Our goal is to find such coefficients ¢ = {c¢;,¢2,¢3,c4} which
will minimize the residual r; = f(x;,¢) — b;,i = 1...,m. Since we want minimize
squared 2-norm of the residual, or ||7||3 = Y./, 2, then we will solve the linear least
squares problem.

Let us consider an example when the right hand side b;,i = 1,...m is taken as a
smooth function b = sin(mx/5) +x/5. Figure 9.1 shows polynomial fitting to the
function b = sin(mx/5) +x/5 for different d in (9.7) on the interval x € [—10,10].
Using this figure we observe that with increasing of the degree of the polynomial
d — 1 we have better fit to the exact function b = sin(mwx/5) + x/5. However, for
the degree of the polynomial more than 18 we get erratic fit to the function, check
this using matlab programs of section A.4. This happens because matrix A becomes
more and more ill-conditioned with increasing of the degree of the polynomial d.
And this is, in turn, because of the linear dependence of the columns in the Vander-
monde’s matrix A.

Example 9.3. Approximation using linear splines.

When we want to solve the problem (9.4) of the approximation to the data vector
yi,i =1,...,m with linear splines we use following basis functions ¢;(x), j=1,...,n,
in (9.5) which are called also hat functions:

X—Tj,I
T',l <x<T;
T—T_ ti-1 =A== 1)
¢j(x) =19 £, e (9.10)
Tty 1 =X Tjsts

Here, the column ; in the matrix A is constructed by the given values of ¢;(x) at
points 7}, j = 1,..,n, which are called conjunction points and are chosen by the user.
Using (9.10) we can conclude that the first basis function is @ (x) = TTZZ__;fl and the

Figure 9.1 shows approximation of a function b = sin(7x/5) +x/5 on the inter-
val x € [—10,10] using linear splines with different number n of conjunction points
T;,j=1,...,n. The matlab program of section A.7 is available in Appendix for run-
ning of this test.

last one is @y, (x)
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Fig. 9.1 Polynomial fitting for different d in (9.7) to the function b = sin(7x/5) + x/5 on the
interval x € [—10,10] using the method of normal equations. On the left figures: fit to the 100
points xi,i = 1,...,100; on the right figures: fit to the 10 points x;,i = 1,...,10. Lines with blue
stars represent computed function and with red circles - exact one.
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3
O  function
¥4 r % approx

O function
15 % approx

10

a)n=10 b) n=5

Fig. 9.2 Example 9.3. Polynomial fitting to the function b = sin(7tx/5) + x/5 on the interval
x € [—10,10] using linear splines with different number n of conjunction points Tj, j = 1,...,n in
(9.10). Blue stars represent computed function and red circles - exact one.

Example 9.4. Approximation using bellsplines.

In the case when we want to solve the problem (9.4) using bellsplines, the number
of bellsplines which can be constructed are 7+ 2, and the function f(x,c) in (9.4) is
written as

Fx,¢) =c191(x)+c202(x) + ... + o2 Pnra(x). 9.11)
We define
0 _ 17 Tj <x< Tj+17
9j(x) = {O, otherwise. ©.12)

Then all other basis functions, or bellsplines, q)j’.‘ (x),j=1,.,n+2;k=1,2,3 are
defined as follows:

o' (x) o ()

9f(x) = (x—Tk)Tj+k_Tj + (Tjrg1 — ) (9.13)

Tjtks1 — Tt

Here, the column j in the matrix A is constructed by the given values of ¢;(x) at
conjunction points 7}, j = 1,..,n which are chosen by the user. If in (9.13) we obtain
ratio 0/0, then we assign (b]’»‘ (x) = 0. We define additional three points 7_»,7_1,Tp
at the left side of the input interval as T_, = T_; = Ty = T1, and correspondingly
three points 7,1 1, T;42, T,+3 on the right side of the interval as T, = T;,1 = T2 =
T+3. All together we have n + 6 conjunction points 7}, j = 1,...,n+ 6. Number of
bellsplines which can be constructed are n + 2.

If conjunction points 7; are distributed uniformly, then we can introduce the mesh
size h = Ty, — T}, and bellsplines can be written explicitly as
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%ﬁ oy 3)ifTJ;2SXST,>1, tl(;ll(ij)z),
cts(t+rr—r)if T <x<Tj, 1 =5 (x—Tj_1),
i(x) = . : 9.14
03(x) §+%(t+t2—r3)1ij <x< Ty, t = 3 (Tjy1 —x), ©-14)
s if Tjar <x < Tppo,t = (T2 — ).

In the case of uniformly distributed bellsplines we place additional points at the
left side of the input interval as Ty = T —h,T—y = T1 —2h,T_»T; — 3h, and corre-
spondingly on the right side of the interval as 7,41 =T, + h, T2 = T, +2h, 1,113 =
T,, + 3h. Then the function f(x,c) in (9.4) will be the following linear combination
of n+2 functions ¢;(x) for indices j =0,1,...,n+1:

f(x,¢) =c190(x) +c201(x) + ... + cnr2Pnr1 (x). (9.15)

Figure 9.3 shows approximation of a function b = sin(7x/5) +x/5 on the interval
x € [—10,10] using bellsplines. The matlab program of section A.8 is available in
Appendix for running of this test.

9.2 Nonlinear least squares problems

Suppose that for our data points (x;,y;),i = 1,...,m we want to find the vector of
parameters ¢ = (¢, ..., ¢, ) which will fit best to the data y;,i = 1,...,m of the model
function f(x;,c),i = 1,...,m. We consider the case when the model function f :
R™! — R is nonlinear now. Our goal is to find minimum of the residual r = y —
f(x,c) in the least squares sense:

mini(yi — fxi,0))> (9.16)
¢ izl

To solve problem (9.16) we can still use the linear least squares method if we can
transform the nonlinear function f(x,c) to the linear one. This can be done if the
function f(x,c) can be represented in the form f(x,c) = Aexp®,A = const. Then
taking logarithm of f(x,c) we get: In f = InA + cx, which is already linear function.
Then linear least squares problem after this transformation can be written as

mini(lnyi —In f(x;,¢))>. (9.17)
c =

Another possibility how to deal with nonlinearity is consider the least squares
problem as an optimization problem. Let us define the residual » : R" — R™ as

ri(c) =yi— f(xi,¢), i=1,...,m. (9.18)

Our goal is now minimize the function
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Fig. 9.3 Example 9.4. Polynomial fitting to the function b = sin(nx/5) +x/5 on the interval
x € [—10, 10] with different number of bellsplines. Blue stars represent computed function and red

circles - exact one.
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F(e) = 5r(e)"r(e) = 5 [Ir()|l3- (9.19)
To find minimum of (9.19) we should have
VF(c) = ag(c) —0,i=1,...m. (9.20)
ci

Direct computations show that the gradient vector VF(c) is

_dF_ir
= =J" (c)r(c), 9.21)

VF(c)
where J7 is the transposed Jacobian matrix of the residual r(c). For a sufficiently
smooth function F'(c) we can write its Taylor expansion as

F(c) = F(co) + VF(co)(c—co) +O(h?), (9.22)

with || = ||c — ¢o]|- Since our goal is to find minimum of F(c), then at a minimum
point ¢* we should have VF (¢*) = 0. Taking derivative with respect to ¢ from (9.22)
we obtain

H(F(co))(c—co)+ VF(co) =0, (9.23)

where H denotes the Hessian matrix of the function F(cp). Using (9.21) in (9.23)
we obtain
H(F (co))(c—co) +J" (co)r(co) =0, (9.24)

and from this expression we observe that we have obtained a system of linear equa-
tions
H(F (co))(c —co) = —J" (co)r(co) (9.25)

which can be solved again using linear least squares method. The Hessian matrix
H(F(cp)) can be obtained from (9.21) as

H(F(co)) = I (o) (co) + ¥ rileo)H (r). (9.26)
i=1

where H(r;) denotes the Hessian matrix of the residual function r;(c). These m
matrices H(r;) are inconvenient to compute, but since they are multiplied to the
small residuals r;(cg), the second term in (9.26) is often very small at the solution
co and this term can be dropped out. Then the system (9.25) is transformed to the
following linear system

JT (co)(co)(c—co) = —JT (co)r(co), 9.27)

which actually is a system of normal equations for the m X n linear least squares
problem
J(co)(c—co) = —r(co). (9.28)
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The system (9.27) determines the Gauss-Newton method for the solution of the least
squares problem as an iterative process

K =K~ ()T ()] 7T (er)r(en), (9.29)

where k is the number of iteration.

An alternative to the Gauss-Newton method is the Levenberg! - Marquardt 2
method which is used for ill-conditioned and rank-deficient problems. This method
is similar to the problem of finding the minimum of the regularized function

1 1 1
F(e) = 5r(e) r(e) + 5¥(c—co) (e —co) = S |Ir(e) 3+ 51lle — coll3,  (9-30)

where ¢ is a good initial guess for ¢ and Y is a small regularization parameter. To ob-
tain the Levenberg-Marquardt method we repeat all steps which we have performed
for the Gauss-Newton method, see (9.21)-(9.26), but for the functional (9.30).

Finally, in the Levenberg-Marquardt method the linear system which should be
solved at every iteration k is

T (VT 4+ ) (=Y = =TT (K (), (9.31)

and the corresponding linear least squares problem is

() eon(E) e

In (9.31), (9.32) the ¥ is iteratively chosen regularization parameter which can be
computed as in [7] or using a trust region approach [13]. We refer to [31, 110] for
diferent techniques of chosing regularization parameter 7y in (9.30), and to [74] for
implementation and convergence analysis of this method.

Example 9.5. Let us consider the nonlinear model equation
AP/T=To — ., (9.33)

Our goal is to determine parameters A, E and 7y in this equation by knowing y and
T. We rewrite (9.33) as a nonlinear least squares problem in the form

m
in 3" (s AE/TTo)2, 34
Arg{r;og(yz e ) (9.34)

We will show how to obtain from the nonlinear problem (9.34) the linear one. We
take logarithm of (9.33) to get

! Kenneth Levenberg (1919 - 1973) was an American statistician.
2 Donald W. Marquardt (1929 - 1997) was an American statistician.
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E
=Iny. 9.35
—, Ty (9-35)

InA + T
Now multiply both sides of (9.35) by T — Ty to obtain:
InA(T —Tp) + E = Iny(T — Tp). (9.36)
and rewrite the above equation as

TInA—-TylnA+E+Tylny =TlIny. 9.37)

Let now define the vector of parameters ¢ = (cy,¢2,¢3) with ¢; = Tp,c; = InA,c3 =
E —TolnA. Now the problem (9.37) can be written as

cilny+cT +c¢3 =Tlny, (9.38)

which is already a linear problem. Now we can rewrite (9.38) denoting by f(c,y,T) =
c1Iny+crT + c3 as a linear least squares problem in the form

min Y (T;Iny; — f(c,yi, T}))*. (9.39)
c i—1

14

The system of linear equations which is needed to be solved is

Iny; 77 1 TiIny,
Iny, 75 1 1 TrIny;
. e )= . (9.40)
A e :
Iny,, T, 1 T,lIny,
Example 9.6. Suppose that the nonlinear model function is given as
f(x,c) = Ae“* +Be“?*, A,B = const. > 0, (9.41)

and our goal is to fit this function using Gauss-Newton method. In other words, we
will use iterative formula (9.28) for iterative update of ¢ = (cy,¢;). The residual
function will be

r(c)=y—f(xc), (9.42)

where y = y;,i = 1,...,m are data points. First, we compute Jacobian matrix J(c),
where two columns in this matrix will be given by

or;
‘](C)il - aC’:ll - _xiAeCIXi7 i= 1)"'am7

_ 81",’

J(c)ip = e —x;Be®M i=1,..,m.

(9.43)
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If we will take initial guess for the parameters ¢ = (¢{,¢3) = (1,0), then we have
to solve the following problem at iteration k = 1:

J( )" =) = —=r(), (9.44)

and the next update for parameters ¢! = (c% , cé) in the Gauss-Newton method can

be computed as
et =" — [0 (o) (co)] 71T (co)r(co). (9.45)

Here, 7(c) and J(co) can be computed explicitly as follows:
r(®) =yi— fxi,®) = yi — (Ae! X 4 Be"™) =y; — AeXi —B,i=1,...,m, (9.46)

and noting that ¢® = (¢{,¢9) = (1,0) two columns in the Jacobian matrix J(co) will

be

J(Co)il = —X,'Ael"‘i = —x;jAe", i=1,..,m,
0y 0 . (9.47)
J(c )iz =—x;Be""i=—x;B,i=1,...,m.

Substituting (9.46), (9.47) into (9.44) yields following linear system of equations

—x1Ae® —x1B —y; —Ae* —B
—x1Ae® —x»B 1_.0 —y, —Ae*2 —B
AET TRE (- | TR 9.48
. . 1 0 . (9.48)
: : GG :
—xAe*m —x,,B —ym —Ae*™ — B
which is solved for ¢! — ¢” using method of normal equations as
T
7X1Aexl 7xlB 7X1Aexl —xlB
—x1Ae* —x»B —x1Ae* —x»B c% _ c(l)
; : : : ¢y —cj
—xpAe*m —x,,B —xAe*™ —x,,B
m m ; m n (9.49)
—x1Ae® —x1B —y; —Ae* — B
—x1Ae* —x»B —y, —Ae*2 — B
—x,Ae*m —x,,B —yVm —Ae*m — B

This system can be solved for ¢! — ¢, and next values for ¢! are obtained by using
(9.45) as:



9.3 Method of normal equations 287

—x1Ae® —x|B r —x1Ae® —x1B
1 0 —x1Ae*! —x,B —x1Ae® —xpB
(Cl) _ (Cl> N X1A€ X2 . X1A€ X2
1 0 . . . .
) ) : : : :
—xpAe*m —x,.B —xpAe*m —x,.B 9.50)
—x1Ae* —x1B T —y; —Ae* — B
—x1Ae*! —x»B —y, —Ae*2 —B
—XpAe*™ —x;,B —ym —Ae*™ — B

9.3 Method of normal equations

The first method which we will consider for the solution of (9.2) will be the method
of normal equations. This method is the fastest but not so accurate as QR or SVD
decompositions. We can apply this method for the solution of the linear least square
problem if the condition number of the matrix A is small.

Since our goal is to minimize the function F(x) = ||Ax — b||3, then to find mini-
mum of this function and derive the normal equations, we look for the x where the
gradient of

F(x) = [[r(x)[13 = [Ax— |3 = (Ax—b)" (Ax—b) ©.51)

vanishes, or where VF = 0. Considering the standard definition of the Fréchet
derivative we get

(A(x+h) —b)T (A(x+h) —b) — (Ax—b)T (Ax— b)

0 = lim
h—0 thﬂz 9.52)
i 2hT (AT Ax — ATb) +hT AT Ah '
© h—0 A2 '

T AT 2 2
We observe that the second term ”2”;”1' < HA”z”f”z = ||A|3]|A]l2 — 0 as h — 0.

This means that the term A” Ax — AT b must also be zero, and thus we should have
0=VF =2ATAx—2ATb. (9.53)

We can conclude that
ATAx=ATb, (9.54)

which is a symmetric linear system of the n X n equations, commonly called the
system of normal equations.

Using (9.53) we can compute the Hessian matrix H = 2ATA . If the Hessian
matrix H =2ATA is positive definite, then x is indeed a minimum. This is sufficient
condition for x to be a minimum of (9.51). We can show that the matrix ATA is
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positive definite if, and only if, the columns of A are linearly independent, or when
r(A) =n.

If the matrix A has a full rank (r(A) = n) then the system (9.54) is of the size n-
by-n and is symmetric positive definite system of normal equations. It has the same
solution x as the least squares problem min, ||[Ax — b||3 of the size m-by-n. To solve
system (9.54) one can use Cholesky decomposition

ATA=LL" (9.55)

with L lower triangular matrix. Then the solution of (9.54) will be given by the
solution of triangular system

Ly=A"b,
- (9.56)
L'x=y.
However, in practice the method of normal equations can be inaccurate by two
reasons.

e The condition number of ATA is twice more than twice more than the condition
number of the original matrix A:

cond(ATA) = cond(A)?. (9.57)

Thus, the method of normal equations can give a squared condition number even
when the fit to data is good and the residual is small. This makes the computed
solution more sensitive. In this sense the method of normal equations is not sta-
ble.

+ Information can be lost during computation of the product of AT A. For example,

take
11

A=|s0 (9.58)
06

with 0 < § < /€ in a given floating-point system. In floating-point arithmetics
we can compute AT A:

11
r,_ (180 (1487 1\ _ (11
AA_<105)' o0 _< 1o1ve?) =) ©-59)

which is singular matrix in the working precision.

These inconveniences do not make the method of normal equations useless, but
provide motivation to seek more robust methods for linear least squares problems.
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9.4 QR Decomposition

In this section we consider QR decomposition of the matrix A. QR decomposition
of the matrix A can be computed, for example, using the Gram-Schmidt orthogo-
nalization process [47], see section 9.5.3. QR decomposition of the matrix A means
that the matrix A of the size m-by-n with m > n can be factorized as the product of
an unitary matrix Q of the size m-by-m and an upper triangular matrix R of the size
m-by-n:

A=QR=0 (’g) =(01.02) (’f;) = QiRy, (9.60)

where R; is an upper triangular matrix of the size n-by-n, 0 is a zero matrix of the
size (m —n)-by-n , Q) is a matrix of the size m-by-n with orthogonal columns, Q>
is of the size m-by-(m — n) with orthogonal columns. We note that (m — n) rows of
an upper triangular matrix R consist of zeroes.

We can consider also alternative definition of QR decomposition:

Theorem 9.1. QR decomposition. Let A be m-by-n with m > n. Suppose that A has
full column rank. Then there exist a unique m-by-n orthogonal matrix Q(Q”Q =1,)
and a unique n-by-n upper triangular matrix R with positive diagonals r;; > 0 such
that A = OR.

Proof. The proof follows from the Gram-Schmidt orthogonalization process [47],
see section 9.5.3. Another proof follows from the QR factorization using House-
holder reflection.

O

We now will show how to get the formula for the x which minimizes ||Ax — b||»
using three different ways of the decomposition the matrix A into Q and R matrices.

o The first method is such that we choose m — n more orthonormal vectors O such
that (Q, Q) is a square orthogonal matrix, and because of that 07 Q = 0. One
example how to choose them is choose any m — n more independent vectors X
that we want, and then apply the Gram-Schmidt orthogonalization algorithm 9.4
to the n-by-n nonsingular matrix (Q,X)). Using the following property of norms
and matrices

1QAZ])2 = ||A]|2 9.61)

%, we can

for any orthogonal or unitary matrices Q,Z and applying it to ||[Ax — b
write
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1(2.0)" (Ax—b)|13

T
= <gr>(QRXb) )
Jxn QTb
<O(mn)><n>Rx_ (QTb)

[ Rx—QTb g
= o i

|Rx— Q7|3+ 107 b[13
107 b|3.

We can solve the triangular linear system Rx — Q7 b = 0 for x, since A and R have
the same rank, n, and so R is nonsingular and O7b is vector of the size n. Then
x=R~'Q"b and the minimum residual norm of ||Ax — b||, is given by ||Q” b||>.

e The second method is slightly different derivation and it does not use the matrix
Q. This method uses adding and subtracting the same term QQ to the expression
for residual r(x) = Ax — b:

IrG)13 = l|Ax - b]I3

2

2

2

>

r(x) =Ax—b = QRx—b = QRx— (QQT +1—-0Q00")b
= Q(Rx—Q"b) - (I- 00" )b.

Note that the vectors Q(Rx — Q7 b) and (I — QQT)b are orthogonal, because

(Q(Rx— Q™))" ((1—0Q")b) = (Rx— Q" b)" (Q" (1—Q0"))b

9.62
= (Rx—Q"p)T(0)b=0. 062

Thus, we can use the Pythagorean theorem

lAx—bI3 = @Ry~ Q"B)[3 + (7 — 20" )bl
= ||[Rx— Qb3 +|(1— 0QT)b|}3.

where we have used property of the norm ||Qy||3 = ||y||3. This sum of squares is
minimized when the first term is zero, i.e., x = R_IQTb.

e A third derivation uses the normal equations solution and then QR decomposition
inside this solution:

x = (ATA)~1ATD
_ (RTQTQR)—IRTQTb _ (RTR)—IRTQTb
=R 'RTRTQTb=R~1Q7b.

9.5 Orthogonalization methods

In this section we will present main orthogonalization methods for the computing
QR factorization of the matrix A which include:
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¢ Householder transformation (called also reflection),
* Givens transformation (called rotation),
e Gram-Schmidt orthogonalization.

9.5.1 Householder Transformations

A Householder transformation which also called reflection, is a matrix of the form
P=1—2uu’,
where ||u|| = 1. We can see that P = PT and
PPl = (I —2uu” ) (I —2uu”) = I — 4uu” + 4uu” uu” = 1.

Using above equations we can conclude that P is a symmetric, orthogonal matrix.
This matrix is called a reflection because Px is reflection of a vector x in the plane
which comes through 0 and is perpendicular to the vector u.

For a given a vector x, we can find a Householder reflection P =1 — 2uu’ which
will zero out all but leave non-zero the first entry of x as:

Px=(c,0,...,000 =c-e,

with e; = (1,0,...,0). We do this using the following procedure. First we apply P to
X to get:
Px= (I —2uu® )x=x—2u(u’x) =c-ey.

From the equation above we get

1
u= m(x—cel), (9.63)

i.e., u is a linear combination of x and e;.
Since P is orthogonal matrix we can use the following property of the 2-norm:
|lx[|2 = ||Px||2 = |¢|- Then the vector u in (9.63) must be parallel to the vector

ii = x % ||x|2e1, (9.64)
and thus the vector u can be computed as
u=iif|lill2.

One can verify that as long as i # 0 choice of sign in (9.64) yields a u satisfying
Px = cey. We will determine the vector i as

i = x+sign(x))ey,
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and this means that there is no cancellation in computing the first component of u.
Here, x; is the first coordinate in the vector x after which all other entries of the
vector x in matrix A are 0. Finally, the vector & will have the following form

x1 +sign(x) - [|x]12
X2

<

where u =

<
I

=
=

Xn

We denote the procedure of the obtaining the vector u as u = House(x) and use
it in the algorithm 9.2. In computations is more efficient to store i instead of u to
save the work of computing u, and use the formula P = I — (2/||i||3)i" instead of
P=1—2uu.

Example 9.7. In this example we show general procedure of the computation of the
QR decomposition of a matrix A of the size 5-by-4 using Householder transforma-
tions. In all matrices below, P; denotes an orthogonal matrix, x denotes a generic
nonzero entry, and o denotes a zero entry. Thus, for decomposition A = QR we need
perform following steps:

¢ 1. Choose the matrix P; such that

XXXX
Oxxx
Al=PA=|0xxx
Oxxx
Oxxx
e 2. Choose the matrix P such that
1000
0
P=10 PZI
0
0
and
XXXX
Oxxx
Ay=PA; = |00xx
00xx
00xx
e 3. Choose
1
0
P = |

0 |P]
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such that
XXXXx

0xxx
A3EP3A2= 00xx
000x
000x

e 4. Choose

1 |0

0 |p
such that
XXXX
Oxxx
R=A4=PA3=]|00xx
000x
0000

In this example we have chosen a Householder matrix P/,i = 2,3,4 to zero out
the subdiagonal entries in column i. We note that this does not disturb the zeros
which were already introduced in previous columns.

We observe that we have performed decomposition

Ay4 = P4P3P,PA. (9.65)

Let us denote the final triangular matrix A4 as R = A4. Then using (9.65) we
observe that the matrix A is obtained via decomposition

A=P'PIPIPIR = QR, (9.66)

which is our desired QR decomposition. Here, the matrix Q is the first four columns
of Pl PI PI'PI' = P,P,P3P; (since all P; are symmetric), and R is the first four rows
of R.

QR factorization for a matrix A of the size m-by-n is summarized in the algorithm
9.1. In this algorithm by ay, is denoted the column with number & of the matrix A.
For simplicity, rescalling procedure is omitted in this algorithm.

Algorithm 9.1. QR factorization using Householder reflections.

for k = 1 to min(m — 1,n) /* loop over all columns */

oy = —sign(ag)4 /azk +.t a%qk

Uy = (07 .0 akk....amk)T — O €p

Br = uj uy

if Br = 0 then /* skip column & since it is already 0 */
go to the next k



294 Chapter 9. Numerical solution of Linear Least Squares Problems

for j=kton

Y; =ul a; /* a; are elements of column j of A */
2y

aj = aj — ﬁuk

end

end

Below we present the algorithm for obtaining QR decomposition using House-
holder transformations in a more general form.

Algorithm 9.2. QR factorization using Householder reflections.

fori=1to min(m— 1,n)
u; = House(A(i : m,i))

P/ =1-2uul
A(i:m,i:n)=PA(i:m,i:n)
end for

We can discuss some implementation issues of this algorithm. We note that we
never form the matrix P; explicitly but instead use efficient multiplication

(I =2uul)A(i :myi:n) =A(i:m,i:n)—2u;(ul A(i:m,i:n)).

To store P, we need only u;, or i; and ||i;||. These values can be stored in column
i of A what means that the QR decomposition can be “overwritten”” on A, where Q
is stored in factored form Pj,...,P,_1, and F; is stored as i; below the diagonal in
column i of A.
Householder reflections can be applied for the solution of the least squares prob-
lem
Find x subject to n}rin [|Ax —Db||2 (9.67)

To solve (9.67) using QR decomposition of the matrix A, we need to compute
the vector Q7 b, see details in section 9.4. We can do this computation in a fol-
lowing way: compute Qb using Householder matrices P,i = 1,....,n as QTbh =
P,P,_1---P1b, so we need only keep multiplying b by P;,P>,...,F,. We summa-
rize this discussion in the following algorithm:

Algorithm 9.3. fori=1ton
y=—2-ul'b(i:m)
b(i:m)="0b(i:m)+yu

end for

The cost of the computing QR decomposition in this way is 2n%m — %n3, and the
cost of solving the least squares problem using QR decomposition is an additional
O(mn).

In Matlab, the command A \ b solves the least squares problem if the matrix A is
of the size m-by-n with m > n. It is also possible to use command (Q,R) = gr(A) in
Matlab to perform the QR decomposition of the matrix A.
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Let us explain now how to perform the Householder transformation u = House(x)
in algorithm 9.2 in more details. First we introduce some notions:

 Let x be an arbitrary real m-dimensional column vector of A such that ||x|| = ||
for a scalar «.

e If the Householder algorithm is implemented using floating-point arithmetic,
then o should get the opposite sign as the k-th coordinate of x, where x; is the
pivot element after which all entries in matrix A’s final upper triangular form are
0.

Then to compute the Householder matrix P set

V=x+ Uey,
o = —sign(x1)]|x]|,
ie V. (9.68)
(vl
P:I—ZuuT,
where e; is the vector (1,0, ...,0)7 || - || is the Euclidean norm and 7 is an m-by-m

identity matrix, x; is the first component of the vector x. Obtained matrix P is an
m-by-m Householder matrix such that

Px=(a,0,---,0)T.

To transform gradually m-by-n matrix A to upper triangular form, we first multi-
ply A with the first Householder matrix Pj. This results in a matrix PjA with zeros
in the left column (except for the first row).

This can be repeated for matrix A’ which is obtained from PjA by deleting the first
row and first column, resulting in a Householder matrix Pj. Note that P is smaller
than P;. Since we want it really to operate on PjA instead of A’ we need to expand
it to the upper left, or in general:

Ii_1 0
n=("%'n)

After k iterations of this process, k = min(m — 1,n), we obtain the upper triangular
matrix R
R=P.---PPA

Now choosing
Q=P(P P,
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we obtain the QR decomposition of A.

Example 9.8. Let us calculate the QR decomposition of a matrix

12 -51 4
A=| 6 167 —68
—4 24 —41

using Householder reflection. First, we need to find a reflection that transforms the
first column of matrix A, the vector x = a; = (12,6,—4)7, to ||x|| e; = ||a1|| e1 =
(14,0,0)T.

Now, using (9.68) we construct the vector

Vv=x+Qey,
where
o0 = —sign(xy)||x]|,
and ;
u= T
We observe that in our example ||x|| = ||x|| = /122 + 6%+ (—4)2 = 14,

a = —sign(12)||x|| = —14 and the vector will be x = a; = (12,6, —4).

Therefore
v=x+ae; = (-2,6,—4)" = (2)(-1,3,-2)"
and thus u = W = ﬁ (—1,3,—2)7. Then the first Householder matrix will be
A=l _31 (13 -2)
V14vid |\ _,
1 -3 2
:I—? -39 —6
2 —6 4
6/7 3/1 —2/7
=\ 3/7 =2/7 6/7
=2/7 6/7 3/7

We perform multiplication PjA to get the matrix A;:

14 21 —14
Al=PA=|0 —49 —14], (9.69)
0 168 —77

which is almost a triangular matrix. We only need to zero the (3,2) entry.
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Take the (1,1) minor of (9.69), and then apply the same process again to the

matrix
; (49 —14
A'=Mu= (168 ~77)"
By the same method as above we first need to find a reflection that transforms the
first column of matrix A’, vector x = (—49,168)”, to ||x| e; = (175,0) . Here, ||x|| =

V(=492 11682 = 175,

o = —sign(—49)|x|| = 175 and x = (—49,168)".

Therefore,
v=x+ae = (—49,168)" +(175,0)" = (126,168)",
[v]| = /1262 + 1682 = V44100 = 210,
= ﬁ = (126/210,168/210)" = (3/5,4/5)" .
Then
Pi=1-2 (i?g) (3/54/5)
or

: 9/25 12/25 7/25 —24/25
h=1-2 (12/25 16/25) - (-24/25 ~7/25 )

Finally, we obtain the matrix of the Householder transformation P such that

10
= (0P2’>

1 0 0
Pp={0 7/25 —24/25
0 —24/25 —7/25

to get

Now, we find

6/7 69/175 —58/175
Q=P=PP =| 3/7 —158/175 6/175
—2/7 —6/35 —33/35

Thus, we have performed the QR decomposition of the matrix A with matrices Q
and R given by
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0.8571 0.3943 —0.3314
Q=rPIPI = 04286 —0.9029 0.0343 |,
—0.2857 —0.1714 —0.9429

14 21 —14
R=PA, =PPA=0TA=| 0 —175 70
0 0 35

We observe that the matrix Q is orthogonal and R is upper triangular, so A = QR
is the required QR-decomposition. To obtain Q and R matrices above we have used
facts that

PA| =PPA=R,
Pl P p,PA =P PR,
A=P/P/R=0QR,
with Q = P P].
We can also perform tridiagonalization of the matrix A using Householder reflec-
tion matrix. We follow [12] in the description of this procedure. In the first step of

the tridiagonalization procedure, to form the Householder matrix in every step we
need to determine constants ¢ and r, which are given by formulas

o= —sgn(az), [ Y a3,
j=2 (9.70)

1
r= E(az—azla).

By knowing & and r we can construct the vector v such that

v =12 9.71)

where v| = 0,v, = % and

Vi = il foreach k=3.,4,...,n.
2r

Then we can compute the first Householder reflection matrix as
P —7_ 2v(1>(v(1))T

and obtaing matrix A(!) as
A0 — p(04p(1)
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Using obtained P(") and A() the process of tridiagonalization is repeated for

k=2,3,...,n as follows:
n
o= —sgn(axiih),| Y, @y
j=k+1

1
r= E(az_ak-i—l.ka)v
k) _ () _ (k) _
vi'=vy ==y =0, 9.72)
(k) _ Qkp1k— O '
Vet = T

v = Dk o k2 k43, m,
J 2r

PR =1 —2y0)(,(HT
Ak+D) _ p(k) 4 (k) plk)

)

In (9.72) elements a1k, a i are entries of matrix AW,
Example 9.9. In this example, the given matrix A
510
A=1163
037

is transformed to the similar tridiagonal matrix A; by using Householder Method.
We perform tridiagonalization in a following steps:

e 1. First compute ¢ via (9.70) as

o = —sgn(az) i"zail = —\/(a%1 +a§1) = _\/(12+02) =-1
V j=

e 2. Using o we find r via (9.70) as

r= | @ —ama)= L1 ) =1

* 3. By known o and r construct vector v(D as in (9.71). Using (9.71) we compute:

V1=O,
ay—a 1—(=1)
= = :1
2Ty, 21 ’
V :@_
3 2r

Now we have obtained the vector
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v =1
0
We compute the first Householder matrix P' as
PO — 12y ()T

and get

The tridiagonal matrix A(!) is obtained as

5 -10
AL —pWap) — | 1 6 -3
0 -3 7

Example 9.10. In this example, the given matrix A of the size 4-by-4

4 1-22
120 1
-20 3 =2}|’
2 1-2-1

A:

is transformed to the similar tridiagonal matrix A, using Householder reflections.
Similarly with the example above we perform following steps:

e 1. First compute ¢ via (9.70) as

n

o = —sgn(ay) Z a% =(-1)-\/(a3, +d}, +a3))
=2

=1 (P+(=22+2%) = (1) VI+4+4=—V9=-3.

e 2.Using o we find r as

=\ e —ama) = L3213 = V&

* 3. From « and r, construct vector v(!). Using (9.71) we compute:
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V1=0,
. _azl—a_l—(—?))_i
2 2 2\/6 \/ga
e S §
T2 26 V6’

agql 2 1
y=—=—=—.

2r 2.v6 V6

Thus, we have found

Now we can compute the first Householder matrix P(!)

0
2
1) _ 1) (N _ NG 2 =11
PO =20 = 2. | V8 '(0¢6¢6¢6>
e
V6
and get
1 0o 0 O

0-1/32/3-2/3
0 2/3 2/3 1/3
0-2/31/3 2/3

p) —

After that we compute matrix A(!) as
A — p(h)4p(1)

to get

4 =3 0 0

~310/3 1 4/3
0 1 5/3 —4/3
0 4/3 —4/3 —1

A — p4p(1) —

Next, having found A(") we need construct A?) and P?). Using formulas (9.72)
for k =2 we get:

o = —sgn(az>)

4
16 5
J=3
1 20
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vgz) = V(22> =0,
@_wp—a 2
3 2r V5
1
o=z 1
2r 5
and thus new vector v will be: v(2) = (0,0, %, %)T and the new Householder

matrix P2 will be

00 0 0 10 0 0
o e o000 0] [o1 0 o
PO=1=2v00)  =1=2 1 5 04/52/5 | = [ 00 -3/5 —4/5
002/51/5) \00-4/5 3/5

Finally, we obtain the tridiagonal matrix A@ as

4 -3 0 0
~310/3 -5/3 0
0 —5/3-33/25 68/75
0 0 68/75 149/75

AQ = p@) A1) p(2) —

We observe, that we have performed process of tridiagonalization in 2 steps. The
final result is a tridiagonal symmetric matrix A®) which is similar to the original
one A.

9.5.2 Givens Rotation

In the previous section we have described Householder transformation which intro-
duce many zeros in a column of matrix at once. But in some situations we need
introduce zeros only one at a time, and in these cases we should use Givens rota-
tions.

A Givens rotation is represented by a matrix of the form

10+ 0 ---0

G(i, j,0) =
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where ¢ = cos® and s = sin® appear at the intersections i-th and j-th rows and
columns. Here, ©® is the angle of rotation. The non-zero elements of Givens matrix
are given by:

gk=1  fork#i, j,

8ii = €,
8jj=26
8ji = —9,

gij=S* fori> j.

We note that sign of sine switches for j > i. Orthogonality of matrix G implies
that ¢> 4+ s' = 1. This is true for cosine and sine of any given angle. The product
G(i, J, 0)x represents a counterclockwise rotation of the vector x in the (i, j) plane
of O radians.

When a Givens rotation matrix G multiplies to another matrix, A, from the left,
GA, only rows i and j of A are affected. Thus we restrict ourself to the solution of
the following problem. Given a and b, find ¢ = cos6 and s = sin6 such that

c—s\(a\ _(r

s ¢ b) \0/)"
Explicit calculation of 6 is rarely necessary or desirable. Instead we directly seek
¢, s, and r. An obvious solution is

r=+a?+b?
c=alr (9.73)
s=—b/r.

If |a| > |b| then we work with the tangent of the rotation angle
t=s/c=bja (9.74)

such that we have following alternative formulas for computation c, s

c=1/V1+12

(9.75)
§ = —ct.
If |b| > |a| then we can use cotangent T of the rotation angle
T=s/c=a/b (9.76)
and obtain
- VI, (9.77)

§=—cCT.
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Example 9.11. Given the following 3x3 Matrix

650
A=1|514
043

we perform two iterations of the Given’s Rotation to bring the matrix to an upper
triangular matrix.

We must zero entries (2,1) and (3,2) of the matrix A. We first make element (2,1)
to be zero and construct a rotation matrix Gy:

—S

G =

—_ O O

c
0

S w O

We have to perform the following matrix multiplication:

-5 0 650
0 514 (9.78)
1

[
A]ZGI-AZ N
0 043

c
0

c—s 6 r
()= 6) o
Now we compute parameters c, s, and 7 in (9.79) using explicit formulas (9.73):
r=1+162452=17.8102,

c=06/r=0.7682,
s=—5/r=-0.6402.

such that

Plugging these values for c,s in (9.78) and performing the matrix multiplication
yields a new matrix Aj:

7.8102 4.4813 2.5607
A= 0 —2.43273.0729
0 4 3

The next step will be zero out element (3,2). Using the same idea as before, we
construct a rotation matrix G:

100
Gy=10c —s
0s ¢

We have to perform the following matrix multiplication:
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100 7.8102 4.4813 2.5607
Ay=Gr-A1=|0c —s 0 —2.4327 3.0729
0s ¢ 0 4 3

(i cs> (2'3327) - (6) (9.80)

Parameters c, s, and r in (9.80) are computed using explicit formulas (9.73):

such that

r=1/(—2.4327)2 + 42 = 4.6817,

c=-2.4327/r = —0.5196,
s=—4/r=-0.8544.

Plugging in these values for ¢ and s and performing matrix multiplication gives us a
new matrix A, which is also upper triangular matrix R:

7.8102 4.4813 2.5607
R=A;= 0 4.6817 0.9664
0 0 —4.1843

This new matrix R is the upper triangular matrix which is needed to perform an
iteration of the QR decomposition. Matrix Q is now formed using the transpose of
the rotation matrices as follows

0=G'GE.
We note that we have performed following computations

G,G1A =R,
G'G1G,G1A=GIGIR

and thus,
A=GTGY'R=0QR

with
0=GlGh.

Performing this matrix multiplication yields following matrix Q in the QR decom-
position:
0.7682 0.3327 0.5470
0= |0.6402 —0.3992 —0.6564
0 0.8544 —0.5196

The Givens rotation can also be applied to zero out any desired component of a m-
vector. We illustrate how to zero out element (4,4) of the matrix A which has size
5-by-5. We construct a Givens matrix
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100 00
0c0—-s50
G(2,4,6)=1001 00
0s0 c O
000 0 1
and compute parameters r,c,s from
100 00 aq aj
0c0O—-s0 a r
001 0 O0}- az | = | as
0s0 c O as 0
000 01 as as

Using sequence of a such Givens rotations we can zero out individual entries of
a matrix A and reduce it to the upper triangualar form. Doing so we should avoid
reintroducing nonzero entries into matrix entries that have been zero out before.
This can be done by a number of different reordering. The product of all rotations
will be an orthogonal matrix Q in the QR factorization of the matrix A.

Implementation of a Givens rotation for solving linear least square problem is
about 50 percent more expensive than doing Householder transformation. Givens
rotations also requires more disk space to store c, s, r. Threfore, the Givens rotation
is used in a cases when the matrix A is sparse.

9.5.3 Gram-Schmidt orthogonalization

Gram-Schmidt orthogonalization is one more method for the computing of QR fac-
torization. If we apply Gram-Schmidt to the columns a; of A = (ay,ay, ... ,a,) from
left to right, we get a sequence of orthonormal vectors (if they are orthogonal and
unit vectors) ¢g; through g, spanning the same space. These orthogonal vectors are
the columns of matrix Q. Gram-Schmidt orthogonalization process also computes
coefficients rj; = quai expressing each column g; as a linear combination of ¢
through g;: a; = ):3-:1 rjiq;j. The rj; are just the entries of upper triangular matrix R.
More precisely, in Gram-Schmidt orthogonalization process for a given two lin-
early independent vectors a; and a; of the size m we want to determine two or-
thonormal vectors ¢g; and g» of the size m which span the same subspace as vectors
a; and a;. To do that we first normalize a; and obtain ¢; = a;/||a1||2. Then we sub-
tract from a, values (qlTaz)ql. This is the same as the following m x 1 least squares

problem
QY= a. (9.81)

Solution of this problem is given by the method of normal equations as

Y~ (qiq1) gl a2 =q] az. (9.82)
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Then the desired vector g, is obtained by normalizing the residual vector

r=a;—(q] a)q.

This process called the classical Gram-Schmidt (CGS) orthogonalization procedure
can be extended to any number of vectors ay,...,ax, | <k <m, see algorithm 9.4 for
its implementation.

The classical Gram-Schmidt (CGS) procedure is unsatisfactory when imple-
mented in finite-precision arithmetic. This is because otrhogonality among the com-
puted vectors g; will be lost due to rounding error. CGS also requires separate stor-
age for A, Q1 and R since the element a; is used in the inner loop and thus g; cannot
overwrite it (because g is used in the inner loop). The modified Gram-Schmidt
(MGS) procedure overcomes these difficulties, see algorithm 9.5.

The classical Gram-Schmidt (CGS) and modified Gram-Schmidt (MGS) Algo-
rithms for factoring A = QR are the following:

Algorithm 9.4. The classical Gram-Schmidt (CGS) orthogonalization algorithm.

for k =1 to n /* loop over columns 1...n */

Gk = dk

forj=1tok—1

ri =4} a

Qk = qk —Tjkqj

end

rik = ||gl|2

if rix = O then stop /* step if linearly dependent */
k= qi/ Tk

end

Algorithm 9.5. Modified Gram-Schmidt (MGS) orthogonalization algorithm.

for k =1 to n /* loop over columns 1...n */

rik = |la|l2

if rp = O then stop /* step if linearly dependent */
qr = ai /i /* normalize current column */
forj=k+1ton

T, .
Tkj = 4qx 4j
aj =a; —rgjqk
end
end

If A has full column rank, ry; will not be zero. But thought MGS is more stable
than CGS we still can have a matrix Q being far from orthogonal. This is because
|QTQ —I|| can be larger than € in the case when A is ill-conditioned though the
loss is much less than with a CGS. To avoid this difficulty, when solving the linear
system of equations Ax ~ b with MGS we should not compute the right hand side
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crascy = QlTb. Much more better is to treat the vector b as an n-+ 1 column and use
MGS to compute the reduced QR factorization for the following augmented matrix
of the size m-by-n+ 1:

(Ab) = (Q14us1) (’g ‘;j) . (9.83)
Then the solution of the least squares problem can be found as the solution to the
n-by-n triangular linear system Rx = c.

Orthogonality of the resulting matrix Q; can also be enhanced by reorthogonal-
ization process. This means that we need repeat orthogonalization procedure for Q.
This can be considered as a form of iterative refinement. We refer to [14, 53] for a
further reading on this subject.

Example 9.12. Classical Gram-Schmidt (CGS) orthogonalization algorithm for the
solution of the least squares problem
We illustrate CGS algorithm 9.4 on the solution of the following least squares
problem: find x = (x1,x2,x3) subject to min, [|Ax — y||3 when the matrix A is given
by
1
0
0
—1
—1
0 -1

A=

— o = O

)

0
0
1
0
1
1

and elements of the vector y are y = (1237,1941,2417,711,1177,475). We have
implemented algorithm 9.4 and applied it to the solution of this linear least square
problem. Our QR decomposition of the matrix A is:

0.577350269189626  0.204124145231932  0.353553390593274

0 0.612372435695794  0.353553390593274

B 0 0 0.707106781186548
0= —0.577350269189626 0.408248290463863 —0.000000000000000 |’

—0.577350269189626 —0.204124145231932 0.353553390593274

0 —0.612372435695794 0.353553390593274

1.732050807568877 —0.577350269189626 —0.577350269189626

R= 0 1.632993161855452 —0.816496580927726

0 0 1.414213562373095

After performing QR decomposition of A, we solved the linear least squares problem
transformed to the solution of equation Rx = QT y with upper triangular matrix R, by
backward substitution. We have obtained the following solution of the least squares
problem: x = (1236, 1943,2416).

The matlab program of section A.4 is available in Appendix for running of this
test.
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9.6 Singular Value Decomposition

In this section we will show how the Singular Value Decomposition (SVD) of a
matrix A allows reduce a linear least squares problem to a diagonal linear least
squares problem which is easer to solve.

Let us recall that (see Section 5.1.1) the Singular Value Decomposition of matrix
A of the size m-by-n has the form

A=UzVT, (9.84)

where U is m-by-m orthogonal matrix U U =1, V is n-by-n orthogonal matrix such
that VIV = I, and X is an m-by-n diagonal matrix with elements o; ; on its diagonal

such that L
0 for i +# j,
0= { 6> 0 fori= . ©85)

Elements o; are called singular values of A. They are ordered such that o7 > --- >
0, > 0. The columns uy,...,u, of U are called left singular vectors. The columns
vi,...,v, of V are called right singular vectors. We note that if m < n, then the SVD
is defined for A

An alternative definition of the SVD decomposition is formulated in the follow-
ing theorem.

Theorem 9.2. Let A be an arbitrary m-by-n matrix with m > n. Then SVD decom-
position has the form A = UXVT, where U is m-by-n and satisfies UTU =1, V is
n-by-n and satisfies V'V = I, and X = diag(oy,...,0,), where 61 > -+ > 0, > 0.
The columns uy,...,u, of U are called left singular vectors. The columns vy, ...,v,
of V are called right singular vectors. The o; are called singular values.

Proof. The proof of this theorem is done by induction on m and n. This means that
we assume that the SVD decomposition exists for matrices of the size (m — 1)-by-
(n—1), and our goal is to prove that the SVD decomposition exists also for the
matrix of the size for m-by-n. In this proof we assume A # 0. If A = 0 we can take
Y =0and let U and V be arbitrary orthogonal matrices.

Since m > n let us consider the case n = 1 and write the SVD decomposition as
A=UZV" with U = A/||A]]2, £ = ||A]l and V = 1.

To apply the induction, we choose the vector v so |v||2 = 1 and ||A|]2 = |[Av]|2 >
0. Such a vector v exists by the definition of the two-norm of the matrix A: ||A||, =
max||y|,—1 [AV||2. Let us define u = Hfﬁ’ which is a unit vector. We choose now

two matrices U and V so that U = (u,U) is an m-by-m orthogonal matrix, and
V = (v,V) is an n-by-n orthogonal matrix. We now multiply the matrix A from the
left side to the matrix U” and from the right side to the matrix V' to get:

T T ey
Tar (W N 4 oy [ WAV u AV

Since the vector u is chosen as u = H:ﬁ then we observe that
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(Av)"(Av) _ [|Av]]3
ul Av = o IIAvHi = ||Av]2 = Al = o.

Next, we also observe that the following block is zero: UTAv = UTul|Av||, = 0.
We want to prove that the block u” AV will be zero also: u”’ AV = 0. To do that
we consider ||(c|u” AV)||>. We observe that ||(c|u” AV)|» > & and ||(1,0,...,0) =
UTAV||; = ||(o|uT AV)||2. Then using properties of two-norm we can write that ¢ =
Al = |UTAV||2 > [|(1,0,...,0)UTAV||, = ||(c|u’ AV) |2 > o, a contradiction.

Collecting our observations above for blocks u” Av,u’ AV and UTAv we can
rewrite the expresssion for U7 AV as

O g0
UTav = (o UTAV) = (oA)‘ (9.86)

Now we use the induction hypothesis for A to obtain the matrix A = U121V1T,
where Uj is the matrix of the size (m — 1)-by-(n — 1), X is the matrix of the size
(n—1)-by-(n—1), and V; is the matrix of the size (n — 1)-by-(n — 1). Thus, we can
rewrite (9.86) as

vtav— (S O (10 (o0 10"
(RPN 0U; 0x ) \ov) -

Multiplying now the above equation by the matrix U from the left side and by the
matrix VT from the right side, we obtain the desired SVD decomposition of the

B RN

The following theorems present important properties of the SVD decomposition
which usually are very important in computations. We note that analogous results
holds also for the matrix A, when m < n, only considering AT instead of A.

Theorem 9.3. Let A =UZXVT be the SVD of the m-by-n matrix A, where m > n. Sup-
pose that A is symmetric, with eigenvalues A; and orthonormal eigenvectors u;. This
means that A = UAUT is an eigendecomposition of A, with A = diag(Ay,...,A),
andU = (uy, ... ,u,), and UUT =1. Then an SVD of A isA=UZXVT, where ;= | Ai]
and v; = sign(A;)u; , where sign(0) = 1.

O

Proof. Suppose that A is symmetric, with eigenvalues A; and orthonormal eigen-
vectors ;. This means that A = UAUT is an eigendecomposition of A, with
A =diag(My,...,A), and U = (uy,...,u,), and UUT =I. Then an SVD of A is
A=UZXVT, where o; = |A;| and v; = sign(A;)u; , where sign(0) = 1. This is true by
the definition of the SVD. O

Theorem 9.4. Let A = UXZVT be the SVD of the m-by- n matrix A, where m > n.
Then the eigenvalues of the symmetric matrix AT A are G,»z. The right singular vectors
V; are corresponding orthonormal eigenvectors.
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Proof. Let us consider the SVD decomposition of A = UXVT and write it for AT A:
ATa=vzuTuzvT =vz?vT. (9.87)

We observe that by definition of the eigendecomposition the above decomposition
is an eigendecomposition of A”A. In this decomposition, the columns of V are the
eigenvectors and the diagonal entries of X2 are the eigenvalues. [

Theorem 9.5. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n.
Then the eigenvalues of the symmetric matrix AAT are 61-2 and m — n zeroes. The
left singular vectors u; are corresponding orthonormal eigenvectors for the eigen-
values 0'1-2. We can take any m — n other orthogonal vectors as eigenvectors for the
eigenvalue 0.

Proof. Choose an m-by-(m —n) matrix U so that (U,U) is square and orthogonal.
Then we can write

i 2 T
AAT —UusvTvsyT —usuT = (U, U) : (20 8) : (U,U) .

We observe that the above decomposition is an eigendecomposition of AAT. O

Theorem 9.6. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n.

T
Let the matrix H is constructed such that H = <g AO > where A is square and
A =UXVT is the SVD of A. Let ¥ = diag(oy,...,0,), U = (u1,...,u,), and
V = (V1,...,0,). Then the 2n eigenvalues of H are +0;, with corresponding unit
1 Vi

eigenvectors AL
1

Proof. The proof of this theorem is an exercise 1 of section 9.7. O

Theorem 9.7. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n. If
A has a full rank, then the solution of a linear least squares problem

min ||r(x) || = min |[|[Ax — b||2 (9.88)
X X

isx=VEX-UuTp.

Proof. Letus consider the two-norm of the residual ||r(x)||3 = ||Ax—b||3 = |[UZVTx—
bH% Since A has full rank, then X also has full rank, and thus X is invertible. Now let
us construct the matrix (U,U) which will be square and orthogonal. We can write

T 2
lUZVTx—b|3 = H (ZT) (UEVTx—b)

A/ =vTx—uTh\ |
= o )|,

= |Zvix—UTb|3+ (07 b]3.

2
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We observe that by making the first term zero XV x = UTh we will find the
minimum of the least square problem given by x =VEX~1UTh. O

Theorem 9.8. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n.
|lA|l2 = o1. If A is square and nonsingular, then || A~" ||271 =o,and |A|2- A2 =
o

Fn.
The assertion was proven in Section 6.4, p. 205

Theorem 9.9. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n.
Assume that 61 > -+ > 6 > Op41 = -+ = 0, = 0. Then the rank of A is r. The null
space of A, i.e., the subspace of vectors v such that Av = 0, is the space spanned
by columns r+ 1 through r of V : span(Vy11,...,0,). The range space of A, the
subspace of vectors of the form Aw for all w, is the space spanned by columns 1
through r of U : span(uy,. .., u,).

Proof. Let us choose an m-by-(m —n) matrix U so that the m-by-m matrix U =
(U,0) is orthogonal. Since U and V are nonsingular, A and

AT ZnXI‘l R
U"AV = (O(m—n)xn) =X (989)

have the same rank r. We can claim it using our assumption about entries of the
matrix X.

Values of v are in the null space of A if and only if V7 v is in the null space of
UTAV = £. This is because Av = 0 if and only if UTAV (VT v) = 0.

But the null space of £ is spanned by columns r+ 1 through n of the n-by-n
identity matrix 7,. This meanst tnat the null space of A is spanned by V times these
columns, i.e., U+ through v,.

Similarly, we can show that the range space of A is the same as U times the range
space of UTAV = 2, i.e., U times the first  columns of Iy, or uy through u,. 0O

Theorem 9.10. Let A = UZVT be the SVD of the m-by- n matrix A, where m > n.
Let B! be the unit sphere in R": B"~! = {x € R": ||x||» = 1}. Let A- B"~! be the
image of B! under A: A-B"~! = {Ax:x € R"and||x|| = 1}. Then A-B"~ ' is an
ellipsoid centered at the origin of R, with principal axes oO;u;.

Proof. We construct the set A - B"~! by multiplying A = UXV” by B"~! step-by-
step. Let us assume for simplicity that A is square and nonsingular. Since V is or-
thogonal and thus maps unit vectors to other unit vectors, we can write

yl.pr—1 =p—1, (9.90)

Now consider the product £B"~!. Since v € B"~! if and only if ||v|| = 1, then
we XB" !ifand only if | Z~!w|, =1 or

(wi/oi)? = 1. (9.91)

N

1
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Equation above defines an ellipsoid with principal axes oje;, where e; is the i-th
column of the identity matrix. Finally, multiplying each w = Xv by U just rotates
the ellipse so that each e; becomes u; the i-th column of U. O

Theorem 9.11. Let A = UXVT be the SVD of the m-by- n matrix A, where m > n.
Write V = (V1,02,...,0,) and U = (uy,uz, ... ,uy), soA=UEVT =¥"  oju;vl (a
sum of rank-1 matrices). Then a matrix of rank k < n closest to A (measured with
|- 1l2) is Ax = Y5y ciugv] and ||A — Al = 011 We may also write Ay = U5V
where X = diag(oy,...,0,0,...,0).

Proof. The matrix Ay has rank k by construction. We can write the difference ||A —
AkHZ as

0

Ol+1 T
=||U ) Vv = Oj11- (9.92)

i O','Ltl'UiT

i=k+1

[A—Agll2 =

On 5

We need to show now that there is no another matrix which will be closer to the
matrix A than the matrix A;. Let B be any matrix of rank k such that its null space has
dimension n — k. The space spanned by {0y, ..., Ux; |} has dimension k + 1. Since
the sum of their dimensions is (n — k) + (k+ 1) > n, these two spaces must overlap.
Let / be a unit vector in their intersection. Then

lA—B|2 > ||(A—B)A| = |4R|2 = |UZVT A}
=T m;

Y

o VI

_ g2
= Oiy-U

Comparing the obtained expression ||A — B||§ > o}, with (9.92) we observe that
|A = A¢[3 = 6, . and thus Ay is best approximation to A. O

Example 9.13. Image compression using SVD.

In this example we will demonstrate how to perform image compression using
the standard library in matlab with demos pictures. For example, we can load image
clown.mat:

load clown.mat

The resulted image will be readed into the array X. The size of this array will be
(in pixels):

> Size(X) = m x n =320 x 200

Now we can simply use the svd command to perform SVD decomposition of the
matrix X:

> [U,S,V]=svd(X);

> colormap(map);
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For example, to see rank k = 20 of this image, we write:
> k = 20;
> image(U(:,1:k)*S(1:k,1:k)xV(:,1:k));

Example 9.14. Image compression using SVD.

This is another example how to compress an image in jpg-format which you can
produce using any digital camera and then download in Matlab. To read any image
from graphics file (for example, from any file in jpg format) named File.jpg, you
should write in the command line in Matlab:

> A = imread('File.jpg’);

Then if you will write

> size(A)

you will get the size of the obtained matrix A from your image. For the example
of the image of Figure 9.6 we have obtained

> size(A)

> ans =2181713

Thus, the matrix of image of Figure 9.6 is of the size m-by-n with m = 218,n =
171. We have obtained three-dimensional array A since the file of Figure 9.6 con-
tained a color image and the command imread returned value for A as an m-by-n-
by-3 array. We are not able simply use the svd command in matlab for a such matrix
A. If we will try to apply svd on a such A, we will get the following error message:

> [U3,83,V3] = svd(A(:,:,3));

Undefined function ’svd’ for input arguments of type "uint§’.

To avoid this error message, we need convert A from "uint8’ format to the double
format using the following command:

> DDA = im2double(A);

Then size of the matrix DDA will be m-by-n- by-3. On the next step we perform
SVD decomposition for every 3 entries of DDA:

> [U1,S81,V1] = svd(DDA(:,:,1));

> [U2,52,V2] = svd(DDA(:,:,2));

> [U3,83,V3] = svd(DDA(:,:,3));

Finally, we can perform the image compression for different rank k approxima-
tion. For example, let us choose rank k = 15. Then using the following commands
we can compute new approximated matrices svd1, svd2, svd3:

>svdl =U1(:,1:k)«S1(1:k,1: k)= V1(:,1:k);

>svd2=U2(:,1:k)xS2(1 : k,1: k)« V2(:,1:k);

>svd3=U3(:,1:k)*S3(1:k,1:k)*V3(:,1:k);

Now to obtain different compressed images which are similar to the images of
Figure 9.6, we write:

> DDAnew = zeros(size(DDA));

> DDAnew(:,:,1) = svd]1;

> DDAnew(:,:,2) = svd2;

> DDAnew(:,:,3) = svd3;

Then to see approximated image we use the following command:

> image(DDAnew);
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a) Original image b) Rank k=15 approximation

¢) Rank k=10 approximation d) Rank k=6 approximation

e) Rank k=5 approximation f) Rank k=4 approximation

Fig. 9.4 Example 9.14. Image compression using the SVD decomposition for different rank k ap-
proximations.
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9.6.1 Rank-deficient Least Squares Problems

In all our considerations above we have assumed that a matrix A has a full column
rank, or r(A) = n. if A has a linear dependent columns such that r(A) < n, then
it is still possible perform QR factorization but the matrix R will be singular. This
means that many vectors can give minimal norm ||Ax — b||> and the least squares
solution is not unique. This can happen in the case of unsufficient data collection,
digital image restoration, computing inverse Laplace transform - in other words, in
ill-posed problems [110].

The next proposition says that in the case of nearly rank-defficient matrix A the
least squares solution is not unique.

Proposition 9.1. Let A be m by n with m > n and rank A = r < n. Then there is an
n — r dimensional set of vectors that minimize ||Ax — b||,.

Proof. Let Az = 0. Then if x minimizes ||Ax — b|| then x + z also minimizes ||A(x+
Z) - b”z.
This means that the least-squares solution is not unique.
O

Below we define the Moore! - Penrose? pseudoinverse A™ for a full rank matrix
A. The pseudoinverse allows write the solution of the full rank overdetermined least
squares problem min, [[Ax — b, in a simple way as x = AT b.

Suppose that A is m by n with m > n and has full rank with A = QR = UZVT
being a QR and SVD decompositions of A, respectively. Then

At =ATA)TIAT =R~ 10T =vz—1UT

is called the Moore-Penrose pseudoinverse of A. If m < n then AT = AT (AAT) 1.

If A is square and has a full rank then the solution of the full rank overdetermined
least squares problem min, |Ax — b||; reduces to x = A~'b. The A* is computed as
function pinv(A) in Matlab.

In the case of a rank-deficient matrix A we have the following definition of the
Moore-Penrose pseudoinverse A™.

Suppose that A is m by n with m > n and is rank-deficient with rank r < n. Let
A=UZVT = U121V1T being a SVD decompositions of A such that

0
A= (U, Us) ( 01 0) Vi) =u v

Here, size(X)) = r x r and is nonsingular, U; and V; have r columns. Then

At =viz ol

! Eliakim Hastings Moore (1862 - 1932) was an American mathematician.

2 Sir Roger Penrose (born 1931) is an English mathematical physicist, mathematician and philoso-
pher of science.
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is called the Moore-Penrose pseudoinverse for rank-deficient A.

The solution of the least-squares problem is always x = A" h. The next propo-
sition states that if A is nearly rank deficient then the solution x of Ax = b will be
ill-conditioned and very large.

Proposition 9.2. Let 6,,i, > 0 is the smallest singular value of the nearly rank defi-
cient A. Then

T
o 1. If x minimizes ||Ax — b||», then ||x|» > Icfu"—_bl where u, is the last column of U
in SVD decomposition of A=UZXVT.

e 2. Changing b to b+ 8b can change x to x + 0x where ||6x||2 can be estimated

ob
as L8012

- ., or the solution is very ill-conditioned.
min

Proof. 1. By theorem 9.7 we have that for the case of full-rank matrix A the solution
of Ax =bis givenby x = (ULVT)"'b =VE~1UTh. The matrix AT =vVE-1UT
is Moore-Penrose pseodoinverse of A. Thus, we can write also this solution as

x=VE'UTh=ATb.

Then taking norms from both sides of above expression we have:

—1y,T —1yT Juy b
Il = 170l > (' 07b),) = 1, 0.93)
nun
where |(£~'UTb),| is the n-th column of this product.
2. We apply now (9.93) for ||x+ 0x|| instead of ||x|| to get:
e+ 8xll2 = [|IZ7'UT (b + 8b) ]2 > |(Z7'UT (b+ 8b) )]
jul b+ 8b)| |l b+l 6b) (9.94)

Omin Onmin
We observe that

T T
u'b ul 8b
lan bl 1Oyt Sy < el + 1651

Omin Omin

Choosing 8b parallel to u, and applying again (9.93) for estimation of ||x||, we

have
801>

min

[ 0x|l2 > (9.95)
O

In the next proposition we prove that the minimum norm solution x is unique and
may be well-conditioned if the smallest nonzero singular value in X is not too small.

Proposition 9.3. Let matrix A is exactly singular and x minimizes ||Ax — b||,. Let
A=UZXVT have rank r < n. Write SVD decomposition of A as



318 Chapter 9. Numerical solution of Linear Least Squares Problems

0
A= (U1,U) <01 0> Vi, =u v

Here, size(X)) = r x r and is nonsingular, Uy and V| have r columns. Let 6 =
O'm,'n<21). Then

e 1. All solutions x can be written as x =V X : UlT +V3z.
2. The solution x has minimal norm ||x||2 when z = 0. Then x = VlEl_lUlT and

o < 12,

» 3. Changing b to b+ 8b can change x as 7“5?\2.
Proof. We choose the matrix U such that (U,U) = (Uy,U,,U) be an m x m orthog-

onal matrix. Then using the property of the norm we can write

|Ax — b3 = ||(U1,U2,0)" (Ax — b)|3

uy
= UZT (U1 VIT)C— D)
0T

2

Ir><r 2

=||{ o= | (Z,V]x— (U1,0,,0)" -b)
0n1><m_n
2

SvIx—UTp\ ||

= ~Ulb
~0Tb 5

= |=Vi{x = Ul bl3+ (U7 bl + 07 b]3.

To prove part 1 we observe that | Ax — b|| is minimized when X,V x—Ul'b = 0.
Using proposition 3.1 we can also write that the vector x = (Z; VIT)_IU lT b+Vzzor
x=Wx’ v IT b+ V3z is also solution of this minimization problem, where V3z =
V{'Vaz = 0 since columns of V; and V; are orthogonal.

To prove part 2 we note that since columns of V; and V, are orthogonal, then by
Pythagorean theorem we have that

Ix)17 = IViE] U b|)* + || Vsz))? (9.96)

which is minimized for z = 0.
For proof of part 3 we change b to §b in (9.96) to get

1651l2

IViZTHUT8b]l2 < [VIET'UT 2+ 180 ]2 = 127 2 18bl2 = ===, 9:97)

where o is the smallest nonzero singular value of A. In this proof we used properties
of the norm: ||QAZ||, = ||A]|2 if Q,A are orthogonal.
O
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9.6.2 How to solve rank-deficient least squares problems

In this section we discuss how to solve rank-deficient least squares problems using
QR decomposition with pivoting. QR decomposition with pivoting is cheaper but
can be less accurate than SVD technique for solution of rank-deficient least squares
problems. If A has a rank » < n with independent r columns QR decomposition can
look like that

Ri1 Rz
A=0R=0-| 0 0 (9.98)
0 0

with nonzingular Ry; is of the size r X r and Ry, is of the size r X (n —r). We can
try to get matrix
Ri1 Ry
R = 0 Rn |, (9.99)
0 0

where elements of Ry, are very small and are of the order €||A||». If we set Ryy =0
and choose (Q, Q), which is square and orthogonal, then we will minimize

jax—bi = (&) ar-o)

s (9.100)
2

|| [ Rx— o'b
= T i

= [|Rx— Q" b|3 + 10" bl3.

Here we again used properties of the norm: ||QAZ||> = ||A]|2 if Q,A are orthogonal.
Let us now decompose Q = (Q1,Q>) with x = (x1,x)7 and

_ (R Rp2
R= ( o0 ) (9.101)

such that equation (9.100) becomes
+107b|3

2 || (Rt Riz X o'p
Iz = bz = H( 0 0 ) ' (xz) - (Q;Tb) ) 9.102)

=||Ri1x1 +Rizx2 — O] bll5+ (|05 15 + |07 b| 3.

2

We take now derivative with respect to x to get (||[Ax — b||3); = 0. We see that
minimum is achieved when

x= <R1—11(Q1Tb_R12x2)> 9.103)

X2
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for any vector x;. If Ry is well-conditioned and R]_]1R12 is small than the choice
xp = 0 will be good one.

The described method is not reliable for all rank-deficient least squares problems.
This is because R can be nearly rank deficient for the case when we can not construct
Ry, which has all small elements. In this case can help QR decomposition with
column pivoting: we factorize AP = QR with permutation matrix P. To compute
this permutation we do as follows:

e 1.Inall columns from 1 to n at step i we select from the unfinished decomposition
of part A in columns i to n and rows i to m the column with largest norm, and
exchange it with i-th column.

e 2. Then compute usual Householder transformation to zero out column i in en-
tries i+ 1 to m.

A lot of research is devoted to more advanced algorithms called rank-revealing
QR algorithms which detects rank faster and more efficient, see [15, 18] for details.

Table 1. Software for linear least squares problems (LLSP).

package factorization [solution of LLSP|rank-deficient LLSP
MATLAB qr \ svd
FMM [58] svd svd
IMSL Iqrrr Igrsl Isqrr
KMN [61] sqrls sqrls ssvdc
LAPACK [3] sqeqrf sormqr/strtrs sgeqpf/stzrqf
Lawson & Hanson [68] hft hs1 hfti
LINPACK [69] sqrdc sqrsl sqrst
NAPACK [88] qr over sing/rsolve
NUMAL [89] Isqortdec Isgsol solovr
SOL [114] hredl qrvslv mnlnls

9.7 Software for the solution of linear least squares problems

We list available packages and routines which solve linear least squares problems
in table 1. Usually, we use MATLAB for implementation of the solution of least
squares problems. Here, the backslash \ is used for the solution of squares and
rectangular linear systems of the form Ax = b. The solution is given as x = A\b.
The QR decomposition of a matrix A in MATLAB is computed as function [Q,R] =
gr(A) and the svd decomposition - as the function [U,S,V] = svd(A).

Many statistical packages such that BMDP, Minitab, Omnitab, S, S-plus, SAS,
SPSS as well as statistical toolbox in MATLAB have extensive software for solving
least squares problems.

Programs of Sections A.4 - A.8 in Appendix solve linear least squares problem
of polynomial fitting, see questions 1 - 4 for details.
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Questions

9.1. (Programming)

Solve the least squares problem min, ||Ac — y|| of the example 9.2 by the method
of normal equations and QR decomposition (either algorithm 9.4 or 9.5). Matrix A
in this least square problem is a Vandermonde matrix (9.8). This means that columns
of the matrix A are powers of the vector x such that y(x) = Z?:() cx'~1, d is degree
of the polynomial and (x;,y;),i = 1,...,m.

Use your own code or programs of section A.4. Show that we get erratic fit to the
function for the degree of the polynomial more than 18. Compare both methods for
different d by computing the relative error e

_ =yl

Iz (©-104)

Here, y; are the exact values of the function and y; -computed. Report results in a
table for different discretizations of the interval for x and different d.

9.2. (Programming)
Solve the least squares problem

minY" (i — £(x1.c))? 9.105)
¢ =l

of the example 9.2 using approximation of function f(x;,c) by linear splines, see
example 9.3.

9.3. (Programming)
Solve the least squares problem

mini(yi — flxi,0))? (9.106)
¢ im

of the example 9.2 using approximation of function f(x;,c) by bellsplines, see ex-
ample 9.4.

9.4. (Programming)

Solve the problem of the fitting a polynomial p(x) = Zﬁlzo cix'~1 of degree d to
data points (x;,y;),i = 1,...,m in the plane by the method of normal equations and
QR decomposition (either algorithm 9.4 or 9.5). Choose the degree of polynomial
d =5 and then d = 14, the interval for x € [0, 1], discretize it by N points and com-
pute discrete values of y(x) as y; = y(x;) = p(x;). Our goal is to recover coefficients

¢; of the polynomial p(x) = Z?:o cix'~! by solving the system

using the method of normal equations and QR decomposition (algorithm 9.4 or 9.5).
Here, columns of the matrix A are powers of the vector x which create Vandermonde
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matrix (9.8). Compare both methods for d = 5 and then for d = 14 by computing
the relative error e §
e=le=cll2 (9.108)
lle* 12
Here, ¢} are the exact values of the computed coefficients c;.
Hints:

e Compute first values of the right hand side of (9.107) - vector y; - at the points
x;,i=1,....,m with known values of coefficients c¢;. Take exact values ¢; = 1.
e Matrix A is a Vandermonde matrix:

1 x; x% xf
1 x x% x‘zi
2 d
A=|Txx3..0x5 | (9.109)
1y X2 . x4
Here, x;,i = 1,....,m are points on the interval x € [0, 1], d is degree of the poly-

nomial.

e Use method of normal equations and QR decomposition to solve the resulting
system Ax = y. Compare results in a table by computing the relative error (12.24)
for both methods for different discretizations of the interval x € [0, 1].

9.5. Prove theorem 9.6, i.e.

T
Let H = 2 AO , where A is square and A = UXVT isthe SVD of A. Let £ =
diag(oy,...,0,), U = (uy,...,uy), and V = (vy,...,0,). Then the 2n eigenvalues
: . . . 1 V;
of H are +0;, with corresponding unit eigenvectors 7\t )
0 AT . T .
Let H = A0 ) where A is square and A = UXV"' is its SVD. Let X =

diag(oy,...,0,), U = (uy,...,u,), and V = (vy,...,v,). Prove that the 2n eigen-

. . o 1 ;
values of H are 4+o0;, with corresponding unit eigenvectors ﬁ ( iv; ) Extend to
1

the case of rectangular A.

9.6. (Programming)
We define the covariance matrix for the m-by-n least square problem min, ||[Ax —
b||> by

52 (ATA) (9.110)
where )
52 — 1o —Axdly ©.111)
m-—n

at the least squares solution x.
Inverse of the covariance matrix can not be computed explicitly. Instead, for com-
putation AT A we use
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ATA)"'=(RTR)!, (9.112)

where R is the upper triangular matrix in the QR decomposition of A.

Implement computation of the covariance matrix (9.110) using only computed
R, and use then (9.112). Test on some examples that it gives the same result as the
computing (ATA)~ 1.

9.7. Let the matrix A is defined as

543
A=1461]|. (9.113)
317

1. Transform the matrix A to the tridiagonal form using Householder reflection.
Describe all steps of this transformation.

2. Transform the matrix A to the tridiagonal form using Given’s rotation. Describe
step-by-step this procedure.

9.8. Let us consider weighted least squares problem. In cases when some entries
of Ax — b are more important than other components, we can use scale factors d;
to weight them. Then instead of the solution min, ||Ax — b||, we are interested in
the solution min, | D(Ax — b)||. Here, D is a diagonal matrix with entries d; on its
diagonal.

Derive the method of normal equations for this problem.

9.9. Let A is of the size m-by-n with SVD A = UXVT. Compute the SVDs of the
following matrices in terms of U, X, and V:

9.10. Assume that have three data points (x;,y;) = (0,1),(1,2),(3,3) and we want
fit them by polynomial y = co + cx.

1. Formulate the overdetermined linear system for the least squares problem.
2. Write corresponding normal equations.
3. Compute the least squares solution using Cholesky factorization.

9.11. Let A is of the size n-by-n. Prove that:

1. AT = A,
2.ATA =1,
3.A2=1.

How called a nontrivial class of matrices that have all these properties? Give an
example of 3-by-3 matrix which has all these 3 properties (other than / or permuta-
tion of it).



324 Chapter 9. Numerical solution of Linear Least Squares Problems

9.12. Show that if the vector u # 0 then the matrix

T

uu
P=1-2——
uTu

is orthogonal and symmetric.

9.13. Let a be any nonzero vector such that u = a — ate; with a = =£||al|, and

T
uu
P=1-2—.
uly

Show that Pa = ae;.

9.14. Prove that the pseudeinverse A" of a matrix A of the size m-by-n satisfies the
following Moore-Penrose conditions:

1.AATA =A,

2. ATAAT = AT,
3. (AAT)T = AAT,
4. (ATA)T = A*A.

9.15. Let AT is the pseudeinverse of a matrix A of the size m-by-n. Prove:

1. If m = n and A is nonsingular, then AT =A"1
2. If m > n and A has rank n, then AT = (ATA)~1AT.
3. If m < n and A has rank m, then AT = AT (AAT)~1.

9.16. (Programming)
Consider the nonlinear Vogel-Fulcher-Tammans equation of some chemical re-
action .
yWT)=A-exp T-T.

Determine parameters A, E, Tp which are positive constants by knowing 7 (it is tem-
perature in the model equation (in Kelvin)) and output data y(7').

Hint: Transform first the nonlinear function y(7') to the linear one and solve
then linear least squares problem. Discretize 7 by N points and compute discrete
values of y(T') as y; = y(T;) for the known values of parameters A, E, Ty. Then forget
about these parameters (we will call them exact parameters A*, E*, T") and solve
the linear least squares problem using the method of normal equations (optionally
QR decomposition) in order to recover these exact parameters.

Try add random noise 6 to data y(7T') using the formula ys(7) = y(T)(1+ dat),
where ¢ € (—1,1) is randomly distributed number and J is the noise level (if noise
in data is 5%, then 6 = 0.05).

Analyze obtained results by computing the relative errors ey, er, er, in the com-
puted parameters as:
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A=l
lA*]l2
ep = LEZEll2 9.114)
1E*||2
or = T —T5ll>
SV
Here, A*,E*, T are exact values and A, E, T are computed one.
9.17. (Programming)
Suppose that the nonlinear model function is given as
f(x,c) = Ae“* + Be“?*, A,B = const. > 0, (9.115)

and our goal is to fit this function using Gauss-Newton method. In other words, we
want to use following formula for iterative update of ¢ = (c1,¢;):

= K= [ (e (en)] T (ew)r(en), ©.116)

where k is the number of iteration and J(cy) is the Jacobian matrix of the residual
r(c), for iterative update of ¢ = (c1,c¢2). We define the residual function

r(c) =y—f(x,c), 9.117)

where y = y;,i = 1,...,m are known data points (use information in the Question 15
to generate data y = y;,i = 1,...,m).

Add random noise 0 to data y = y;,;i = 1,...,m using the formula ys(x,c) =
flx,c)(1+0a), where o € (—1,1) is randomly distributed number and 6 is the
noise level (if noise in data is 5%, then 6 = 0.05).

Analyze obtained results by computing the relative errors e. in the computed
parameters ¢ = (c¢,c2) as:

_ lle=c"ll2
i |
[le* ]2

(9.118)

Here, ¢* are exact values and ¢ are computed one.






Chapter 10

Algorithms for the Nonsymmetric Eigenvalue
Problem

In this chapter we will present main algorithms for solving the nonsymmetric eigen-
value problem using direct methods. Direct methods are usually applied on dense
matrices, and iterative methods such as Rayleigh-Ritz method, Lanczos algorithm
are applied on sparse matrices. Iterative methods usually can compute not all but
some subset of the eigenvalues and eigenvectors, and their convergence depends on
the structure of the matrix. We will start with the analysis of the simplest direct
method called the power method and then continue to consider more complicated
methods like inverse iteration, orthogonal iteration, QR iteration and QR iteration
with shifts, Hessenberg reduction. To simplify our presentation in this chapter we
will assume that the matrix A is real. We will illustrate the performance of every
method by Matlab programs which are available in Appendix A. We will test these
programs on examples of computing of eigenvalues and eigenvectors for different
kind of matrices such that matrices with real and complex eigenvalues, matrices
with different numbers of multiplicity of eigenvalues and etc.

10.1 Power Method

This method can find only the largest absolute eigenvalue and the corresponding
eigenvector for the matrix A.

Algorithm 10.1. The power method.

0. Set i = 0 and initialize xg.

1. Compute y;+1 = Ax;.

2. Compute the approximate normalized eigenvector as x;y1 = yir1/||yis1].!
3. Compute the approximate eigenvalue Aip1 = xl.TJrle,-H.

!'In this chapter the norm of vectors is || - ||2 defined on p. 199.

327
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4. Stop updating the approximate eigenvalue and set Ay = A1, M=i+1,if ei-
ther |A;1 — A;] < 6 or the absolute values of differences |A;;| — A;| are stabilized.
Here 6 is a tolerance number. Otherwise, set i =i+ 1 and go to step 1.

Theorem 10.1. Let A be a diagonalizable matrix,! i.e., A =SAS™!, where the ma-
trix A is diag(A1, Az, ..., A,) and the eigenvalues satisfy the inequalities

A > A2 = > Al

Write the matrix S = (s1,82,...,8,), where the columns s; are the corresponding
eigenvectors and also satisfy ||s;|| = 1. Then the approximate eigenvector computed
at step 2 of Algorithm 10.1 converges to the eigenvector s1, which corresponds to Ay,
and the approximate eigenvalue converges to A.

Proof. First we will proof the theorem for the case when A is a diagonal matrix.
Let A = diag(Ay,...,A4,), with [A;| > |A2] > --- > |A,|. In this case the eigenvec-
tors of A are columns iy, i,..., i, of the identity matrix I. We note that the fac-
tors 1/[|yi+1]| at step 2 of Algorithm 10.1 scale x; 4| to be a unit vector and do not
change its direction. Then x; can also be written as x; = A'xo/||A’xo||. Let us write

the vector xg in the form xo = S(S~xp) = S((x(lo), 0T where the matrix S = I
and xp = (xgo)7 ... ,x,(10>)T. Assuming that xﬁo) £0, we get
(0) (0)4i 1
X XA .
(0) (0)5 (ng> /x§°>) (Aa/A)
i 4| 2 i (0) i
Ag=ai |2 [ =72 2| =20 , . 0.1
A HOA (7 /24”) (2 20

Using (10.1) we observe that all the fractions |A;/A;| < 1. Atevery i-th iteration A'xg
becomes more nearly parallel to i1 such that x; = A’xq/||A'xo|| will be closer to =i
which is the eigenvector corresponding to the largest eigenvalue A;. Since x; con-
verges to +iy, then computed eigenvalue A= xl-TAx,- converges to the largest eigen-
value A4.

Consider now the general case when the matrix A = SAS~! is diagonalizable.

We write again the vector xg as xo = S(S™'xg) = S((x(lo), e ,xf,o))T) to get

A'=(SAST") -+ (SAST!) = SA's!

i times

Here we have used the fact that all S~!S pairs cancel. Because of that we can write

! See Section 4.2.3, p. 114.
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x<10) xgo) M- 1
(0) ()7 <x§°)/x§°>)(az/m)"
. a1 .x2 .x2 A’Z (0) i
Aixg=(sAisThs | 2 | =s| 22 [ =x2is ,
0 HOA (7 /24”) (2 2y

Similarly with the first case, the vector in brackets converges to iy = (1,0,...,0),
so A'xg gets closer~ and closer to a multiple of Si; = s1, the eigenvector corresponding
to A;. Therefore, A; = xl.TAx,- converges to slTAsl = slTllsl =A. O

Remark 10.1.

1. One of the drawbacks of the power method is the assumption that the ele-
ment xio) # 0, i.e., that xo is not from the invariant subspace span{s,... ,s,,}.l
If x is chosen as a random vector, this is true with very high probability.

2. A major drawback is that the power method converges only to the eigenvalue of
the largest absolute magnitude. Theorem 10.1 states that the power method con-
verges under the assumption that the largest eigenvalue is distinct by the absolute
value from other eigenvalues of the matrix.

3. The rate of convergence depends on the ratios |Ay /A > --- > |A,/A1]. If the
ratios [Ay/A1| > --+ > |A,/A1| are much smaller than 1 then we will get faster
convergence, otherwise convergence will be slower.

Below we present some examples, which illustrate convergence of the power
method for different kind of matrices A. As an initial guess for approximate eigen-
vector xo we take normalized randomly distributed numbers on the interval (0, 1).
The Matlab programs of Section A.9 in Appendix are available for running of all
tests of this section.

Example 10.1. In this example we test the matrix
5 00

A=10 2 0

0 0-5

with the exact eigenvalues 5, 2, and —5. The power method can converge as to the
exact first eigenvalue 5, as well as to the completely erroneous eigenvalue, test the
Matlab program of Section A.9. This is because two eigenvalues of this matrix, 5
and —5, have the same absolute values: |5| = | — 5|, as well as because the initial
guess x<10> in the matlab program is chosen randomly. Thus, assumptions 1,2 of
Remark 10.1 about the convergence of the power method are not fulfilled.

Example 10.2. In this example the matrix A is given by

! See Theorem 3.4, p. 79.
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37 8 9
5-7 4-7
A=l 1
9 3 2 5
This matrix has four different real reference eigenvalues' A = (4,...,A4) given

by A = (12.3246,—11.1644,—0.3246,1.1644). Now all assumptions about the ma-
trix A are fulfilled and we run the Matlab program of Section A.9 to get the reference
eigenvalue 12.3246.

Example 10.3. Now we take the matrix

A=

— QN O

-5 2
0—12
3 0

with the following one real and two complex eigenvalues (with the largest absolute
value): A = (1.4522,—0.7261 + 8.0982i, —0.7261 — 8.0982i). We run the Matlab
program of Section A.9 and observe that the power method does not converge in
this case. Clearly, starting from an real initial approximation xo € R? in Algorithm
10.1 we can not compute an approximate complex eigenvalue.

Example 10.4. In this example the matrix A has order 5. The elements of this ma-
trix are uniformly distributed pseudo-random numbers on the open interval (0,1).
We run the Matlab program of Section A.9 and observe that sometimes we can ob-
tain the good approximation to the eigenvalue 2.9. second round of computations
we can get completely different erroneous eigenvalue. This is because we generate
randomly elements of the matrix A as well as because the initial guess xgo) in the
matlab program is chosen randomly. Thus, assumptions 1,2 of Remark 10.1 about
the convergence of the power method can not be fulfilled. This example is similar
to the example 10.1 where convergence was not achieved.

10.2 Inverse Iteration

This method can find all eigenvalues and eigenvectors applying the power method
for (A — ol)~! for some shift o. This means that we will apply the power method
to the matrix (A — o)~ ! instead of A, which will converge to the eigenvalue closest
to o, rather than just A;. This method is called the method of inverse iteration or the
inverse power method.

Algorithm 10.2. The method of inverse iteration.

1 We get the reference eigenvalues in all examples, using the command eig (2) in Matlab. These
eigenvalues are computed with the high precision.



10.2 Inverse Iteration 331

Set i = 0 and initialize xo. Choose a shift ©.

Compute y; 11 = (A—ol) " x;

Compute the approximate normalized elgenvector as xir1 = i1/ |yt -
Compute the approximate eigenvalue 7L,+1 =Xx; +1Ale

B e=o

Stop updating the approximate eigenvalue and set Ay = /l,+1 M =i+1,if ei-
ther |A;y 1 — A;| < 6 or the absolute values of differences |4, — A;| are stabilized.
Here, 6 is a tolerance number. Otherwise, set i =i+ 1 and go to step 1.

Theorem 10.2. Let A be a diagonalizable matrix, i.e., A = SAS™!, where the ma-
trix A is diag(A1, Az, ..., Ay). Assume that for a given shift & the following inequal-
ities are true:

Ak —o| <|Ai—o| Vi#k. (10.2)
Write S = (s1,52,...,8), where the columns s; are the corresponding eigenvectors
and also satisfy ||si|| = 1. Then the approximate eigenvector computed at step 2 of

Algorithm 10.2 converges to the eigenvector s, which corresponds to A, and the
approximate eigenvalue converges to Ay.

Proof. We start the proof by noting that the matrix A = SAS™! is diagonalizable.
Then A — ol = S(A — oI)S™!, and hence, (A —oI)~' = S(A —ol)~'S~!. Thus
the matrix (A — of)~! has the same eigenvectors s; as A with the corresponding
eigenvalues (A —ol)~!);; = (A, — o)~ !. By assumption, |A; — o[ is smaller than
all the other |A; — &|. This means that (A; — &) ~! is the largest eigenvalue in absolute
value. As in the proof of Theorem 10.1, we write xo = S(S™'xo) = S([)cgo)7 e ,xﬁ,())}T)

and assume x; () # 0. Then we get

(A—cl) = (S(A—c)S™1)---(S(A —o)S™) = S(A —oI)'s™!

i times

where all S~1S pairs cancel. This means that

0
. . )C(O)
(A—ol)"xg=(S(A —ol)~is7H)s | 2
(47 /4) (= 0/ (1~ 0)'
W (o) :
=S : =5 YN —0)7's 1 ,

V(A — o)~ :
(57/5”) (= 0/~ 0

where we put | in the k-th entry. Since by assumption (10.2) all the fractions
|(Ax — 0)/(A — 0)] < 1, the vector in brackets will approximate i; such that
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(A — 1) ~xo|| will be closer to a multiple of Six = s, which is the eigenvector
corresponding to ;. As in Theorem 10.1, we see that A; = x! Ax; also converges to
A O

Remark 10.2.

1. The advantage of inverse iteration over the power method is the ability to con-
verge to any desired eigenvalue (the one nearest the shift ©).

2. By choosing o a very close to a desired eigenvalue, we can converge very quickly
and thus not be as limited by the proximity of nearby eigenvalues as is the original
power method.

3. The method is very effective when we have a good approximation to an eigen-
value and want only its corresponding eigenvector.

To test the performance of the inverse iteration method we run the Matlab pro-
gram of Section A.10 with different shifts o. We tested the same matrices as in the
power method of Section 10.1, except Example 10.1.

Example 10.5. In this example we tested the matrix

010
= (%)

which has the exact eigenvalues A = (0,0) with multiplicity m = 2. Note that in this
example and in all other examples of this section we made the additional transfor-
mation of the original matrix A as A = QT AQ, were Q was an orthogonal matrix that
was generated in Matlab as Q = orth(rand(n,n)), where n is the size of the matrix
A. Running the Matlab program of Section A.10 we observe that the inverse itera-
tion method could converge to the reference eigenvalues for both shifts ¢ = 2 and
o = 10. We also note that by applying the power method to this matrix we could get
only NaN as a result.

Example 10.6. We tested the matrix of Example 10.2. Let us recall that the refer-
ence eigenvalues in this example are A = (12.3246,—11.1644,—0.3246,1.1644).
Running the Matlab program of Section A.10 we observe nice convergence. For
o = 2 we could get the eigenvalue 1.1644 which is the same as the last reference
eigenvalue. This is because the shift o = 2 is closer to this eigenvalue than to all
others. For the shift o = 10 the algorithm converged to the first reference eigen-
value 12.3246, as expected.

This test confirms that the inverse iteration method converges to the eigenvalue
which is closest to the shift ©.

Example 10.7. We tested the matrix of Example 10.3. Running the Matlab program
of Section A.10 allows to get the nice convergence in this case too for both shifts .
Recall that the power method does not converge at all in Example 10.3.

Example 10.8. We tested the matrix of Example 10.4. Again, running the Matlab
program of Section A.10 we observe the nice convergence to the first eigenvalue of
the matrix A for both shifts o = 2, 10.
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10.3 Orthogonal Iteration

In this section we will consider the method of orthogonal iteration which converges
to a p-dimensional invariant subspace (with p > 1) rather than to the one eigenvec-
tor, as it was in the two previous methods. The method of orthogonal iteration is
called sometimes the method of subspace iteration or simultaneous iteration.

Let Qg be an n-by-p orthogonal matrix with p < n. Our goal is to compute eigen-
values and eigenvectors of the square matrix A of order n. To do that we perform the
following iterative algorithm.

Algorithm 10.3. Orthogonal iteration.

0. Seti =0 and initialize a matrix Qy.

1. Compute Y11 = AQ;.

2. Factorize Yy, using QR decomposition (see Section 9.4), to obtain the matri-
ces Q;+1 and R;y ;. The matrix Q;; spans an approximate invariant subspace.

3. Compute T = OF | A Q1.

4. Compute the vector of approximate eigenvalues A, = (il(’“) , ...,LSIH)) from
the real Schur block (see Theorem 4.27, p. 124) of the matrix 7}, . The approxi-
mate eigenvectors will be the columns of Q;.

5. Stop updating the eigenvalues and set Ay = Z,-H, M =i+ 1, if either the
norm || 411 — Ai|| < 6 or the differences ||A;;; — A;| are stabilized or the sub-
diagonal entries of 7; are small enough (smaller than the round-off errors of
size O (|| T;||)). Here, 0 is a tolerance number and € is a machine epsilon.! Oth-
erwise, set i =i+ 1 and go to step 1.

Theorem 10.3. Assume that A= SAS~" is diagonalizable, A = diag(11, A2, ..., Ay),
the eigenvalues sorted so that |Ai| > |A2| > --- > |A,| and | A, > 0 or [Ay| > |Api1],
where p € [1,n— 1] is an integer. Write S = (s1,82,...,8,), where the columns s; are
the corresponding eigenvectors and also satisfy ||s;|| = 1. Let Q;1R;+1 is the OR de-
composition of the matrix Y1 = AQ; on the step 2 and iteration i in Algorithm 10.3.
Then span(Q;) converges to span(S),), the invariant subspace spanned by the first p
eigenvectors, | < p <n.

Proof. We assume that [A,| > |4, 1|. If we set p = 1, then the method of orthogonal
iteration and its analysis are identical to the power method.

Consider now the case when p > 1. Using step 1 of Algorithm 10.3, we can write
that span(Q;11) = span(Y;y;) = span(AQ;). Thus, we conclude that the following
equalities hold: span(Q;) = span(A’Q) = span(SA’S~!Qp). We also note that

! The machine epsilon € represents the upper bound on the relative error due to rounding in the
floating point arithmetic.
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SA'ST'Qg = Sdiag(Al,...,A1)S7'Qy
(A1/2p)"

=AS 1 S7'0o. (10.3)

(An/2p)’

By assumption that |4,| > |A,11|, we have |A;/4,| > 1 for j < pand [A;/4,] < 1
if j > p. Then for the entries of the matrix A we get

(ll/lp)i ypxp
700 = <W.(':—P)><P> =Xi,
(An/Ap)' ’

where the elements of the submatrix W; tend to zero like (4,11/4,)’, and the ele-
ments of the submatrix V; does not converge to zero. This is true, since if V has full
rank (by assumption we have A, # 0), then V; have full rank too. Now we write the

matrix of eigenvectors S = (s1,...,5,) as (S}’,Xp,ﬁ;x("fp)) or S, = (s1,...,5,), then
we get

pPXp

o ; V; : anx (n— -
SAIST10y = M,S<W‘(n—p)x;a> =M\ (S;xpvipxp+szx(n p)Wi(n p)xp) .

1

Thus,

span (Q;) = span (SA'S™'Qp)
= span (SZXP‘/[PXP +§Z>< (H—P)W_(W—P)XP) — Span(S,,Xi) (104)

1
converges to span (S,V;) = span (S, ), the invariant subspace spanned by the first p
eigenvectors, as stated in the theorem. O

The next theorem states that, under certain assumptions, by the method of or-
thogonal iteration we can compute eigenvalues of A from the Schur form of A.

Theorem 10.4. Let us consider Algorithm 10.3 applying to matrix A with p =n
and Qo = 1. If all the eigenvalues of A have distinct absolute values and if all the
principal submatrices S(1: j,1: j) is nonsingular, then the sequence of the matri-
ces T; = Ql-TAQ,- converges to the Schur form of A, i.e., an upper triangular matrix
with the eigenvalues on the diagonal. The eigenvalues will appear in decreasing
order of absolute value.

Proof. Using the assumption about nonsingularity of S(1: j, 1 : j) for all j we have
that Xp in the proof of Theorem 10.3 is nonsingular. This means that no vector in
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the invariant subspace span{sy,...,s;} is orthogonal to span{ii,...,i;}, which is
the space spanned by the first j columns of Qp = I. First note that Q; is a square
orthogonal matrix, so A and 7; = QiTAQi are similar. We can decompose the matrix
Q; into two submatrices as Q; = (Q1;,02;), where Qj; has j columns and Q,; has
n— j columns such that

T T .
Ti _ Q,TAQi _ (Q]iAle QliAQ21> ) (10'5)

01.A01; 03.AQ;

Since span(Q};) converges to an invariant subspace of A, span(AQj;) converges to
the same subspace. Next, Q;AQU converges to Q;QU = 0. This is because we
have Q7 = (Q1:,02)7, and Q! O; = I what means that

T 0. 0.0
1=0]0i=(Q11,02)" (Qi, 021) = (Qi(lg:i Q;Tlgz» - ((I) (I)) '

Since Q;AQ“ converges to zero in (10.5) for all j < n, every subdiagonal entry
of T; converges to zero and thus 7; converges to upper triangular form, i.e., Schur
form. We see that the submatrix QZTl-AQl i=T(j+1:n,1:j) should converge to
zero like |A;41/A;|". Thus, A; should appear as the (j, j) entry of 7; and converge
like max(|4;+1/4;[",|A;/Aj1[). O

Remark 10.3.

1. The use of the QR decomposition keeps the vectors spanning span(A‘Qp) of full
rank despite round-off.

2. The method of orthogonal iteration is effectively running the algorithm for all
p=1,2,...,p at the same time. If all the eigenvalues have distinct absolute val-
ues, the same convergence analysis as in Theorem 10.3 implies that the first p < p
columns of Q; converge to span{si,...,s3} forany p < p.

3. If all assumptions of Theorem 10.4 hold, then we can set p =n and Qg =1 in
Algorithm 10.3 in order to get all eigenvalues and corresponding eigenvectors of
the matrix A.

We test the performance of the method orthogonal iteration, using the Matlab
program of Section A.11, see Appendix. In this program we compute eigenvalues
and corresponding eigenvectors in six different cases which are described below.

Example 10.9. In this example we tested the Hilbert matrix (3.46), p. 85, of or-
der 10. Let us recall that the elements of this matrix are given by 1/(i+ j— 1),
where i, j = 1,2,...,n. From Fig. 10.1 we observe that we have obtained all com-
puted eigenvalues of this matrix which coincides with the reference eigenvalues
already at the 7-th iteration.

Example 10.10. Here we tested the Hilbert matrix of order 20. Again, we have com-
puted almost exact eigenvalues of this matrix at the 8-th iteration, see Fig. 10.1.
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Fig. 10.1 Performance of the method orthogonal iteration.

Example 10.11. This is the same as Example 10.3 in the power method. Fig. 10.1
shows the nice convergence to the one real and two complex eigenvalues of the
matrix A at the 12-th iteration.

Example 10.12. This is the same as Example 10.2 in the power method. Fig. 10.1
shows convergence to the four real eigenvalues of the matrix A at 15-th iteration.

Example 10.13. Here we tested the matrix

37 8 912
5-7 4-7 8
A=1]1 1-1 1-1
4 3 2 17
9 3 2 5 4

which has three real and two complex the reference eigenvalues:
A = (19.9655,—8.2137 +2.3623i,—8.2137 — 2.3623i, —3.4043,—0.1337).

From Fig. 10.1 we observe the convergence of all the computed eigenvalues to the
reference eigenvalues at the 24-th iteration.

Example 10.14. Here we choose the square matrix of order 10, the elements of
which are uniformly distributed pseudorandom numbers on the open interval (0, 1).
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Using Fig. 10.1 we observe the convergence of the computed eigenvalues to the ref-
erence ones at the 101-th iteration.

10.4 QR Iteration

Now we will consider an improvement of the method of orthogonal iteration,
namely, the method of QR iteration. This method reorganizes the method of or-
thogonal iteration and is more efficient, since for the variant with shifts (see the next
section) it does not requires the assumption about distinct absolute eigenvalues of A
in contrast to Theorem 10.4.

Let A be an n-by-n matrix and our goal is to compute eigenvalues and eigenvec-
tors of this matrix. To do that we perform the following iterative algorithm.

Algorithm 10.4. The method of QR iteration.

. Set i = 0 and initialize a matrix Ag.

. Compute QR decomposition of A; such that A; = Q;R;.

. Compute A;j+1 = R;Q;.

. Compute the vector of the approximate eigenvalues Zm = (ilwl), ...,ZL,E’“))
from the real Schur block of the matrix A; ;. The approximate eigenvectors will
be the columns of Q;.

4. Stop updating the eigenvalues and set Ay = Aig1, M =i+ 1, if either the

norm ||A;+1 — A|| < 6 or the differences [|A;41 — A are stabilized or the sub-

diagonal elements of A;;; are small enough (smaller than the round-off errors
of size O(g||Ai+1]). Here, 0 is a tolerance number and € is a machine epsilon.

Otherwise, set i =i+ 1 and go to step 1.

W N = O

By step 2 of Algorithm 10.4, we have A;; = R;Q;. Using step 1, we can also
write that R;Q; = Q7 (QiR;)Q; = QF A;Q;. From both equalities we see that the matri-
ces A;j+1 and A; are orthogonally similar. The next theorem proofs that the matrix A;
computed by QR iteration is identical to the matrix QiTAQi implicitly computed by
the method of orthogonal iteration.

Theorem 10.5. Let A; be the matrix computed by Algorithm 10.4. Then A; = QI-TAQi,
where Q; is the matrix computed from the method of orthogonal iteration (Algo-
rithm 10.3) starting with Qo = I. Thus, A; converges to the Schur form if all the
eigenvalues have different absolute values.

Proof. We use induction. Assume A; = QiTAQ,-. Using step 2 of Algorithm 10.3, we
can write AQ; = Q;1+1R;+1, where Q;4 is orthogonal and R; is upper triangular.
Hence,

Ai = 0FAQ; = O (0i+1Ri41) = (O] Qiv1)Rit1 = OR.

This is the product of an orthogonal matrix Q = Q,»TQ,-H and an upper triangular
matrix R=R;1| = QiTHAQ,- (this is because AQ; = Qj+1R;+1 and thus, multiplying
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by QI., both sides of this equality, we get R = R = Q!, | AQ;). Since the QR
decomposition is unique (except for possibly multiplying each column of Q and
row of R by —1) this is the QR decomposition A; = QR. Then

011AQi+1 = 0]11(AQi0] ) Qi1 = (QF1A0)(Q] Qit1) = Ri+1(Q] Q1) = RQ.

This is precisely how the QR iteration maps A; to A; 1, therefore, A; | = QiTHAQ,-H s
as desired. Thus, the convergence of the method of QR iteration follows from the
convergence of the method of orthogonal iteration. If all the eigenvalues of A have
different absolute values, the proof is similar with the proof of Theorem 10.4 applied
to the matrix A; | = QiTHAQ,'H. O

Example 10.15. We test performance of the method of QR Iteration for six differ-
ent matrices which are chosen the same as for the method of orthogonal iteration.
Running the Matlab program of Section A.12 in Appendix we observe that in the
method of QR iteration we obtain the same rate of convergence as in the method of
orthogonal iteration.

10.5 QR Iteration with Shifts

From previous sections we know that the convergence rate depends on the ratios of
eigenvalues. In order to speed convergence of the method of QR iteration we can
use shifts. Let Ay be an n-by-n matrix and our goal is to compute eigenvalues and
eigenvectors of this matrix. To do that we perform the following iterative algorithm.

Algorithm 10.5. The method of QR iteration with shifts.

. Set i = 0 and initialize a matrix Ag. Choose an initial shift cy.

. Compute the QR decomposition of A; — o;1 such that A; — 6;/ = Q;R;.

. Compute A; 1| = R;Q; + o;l.

. Compute the vector of the approximate eigenvalues 1,~+1 = (ilwl), ...,i,ﬁ’*”)
from the real Schur block of the matrix A; . The approximate eigenvectors will
be the columns of Q;.

4. Stop updating the eigenvalues and set Ay = Aig1, M =i+ 1, if either the

norm || 41 — Ai|| < 6 or the differences ||A;;; — A;| are stabilized or the sub-

diagonal elements of A;;; are small enough (smaller than the round-off errors
of size O (&||Ai11]|)). Here, 0 is a tolerance number and € is a machine epsilon.

Otherwise, set i = i+ 1, choose a shift ¢;, and go to step 1.

W N = O

Lemma 10.1. The matrices A; and A;+1 in Algorithm 10.5 are orthogonally similar.

Proof. From step 2 of Algorithm 10.5 we see that

Aiv1 = RiQi+ i = QT OiR:0; + 6,07 0; = O (QiRi + i) 0;.
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Using step 1 of Algorithm 10.5 we observe that Q7 (Q:R; + 6:1)Q; = Q7 A;Q;, and
thus, A1 = QT A;Q;. O

If R; is nonsingular, we can also get
Air1 = RiQi + 6l = RiQiRiR; ' + GiR:R; ' = Ri(QiR; + Gil )R, ' = RAR; .
Remark 10.4.

1. If o; is an exact eigenvalue of A; then the method of QR iteration with the shift o;
converges in one step. This is because if o; is an eigenvalue, then A; — 6;/ is
singular and R; is singular, which means that some diagonal entry of R; must
be zero. Assume that the (n,n)-th element of the matrix R; is zero, R;(n,n) = 0.
Then the last row of R;Q; is zero and the last row of the matrix A;+1 = R;Q; + ;1
equals G,-i,f where i, is the n-th column of A;.

We can also say that the last row of A;1 is zero except for the eigenvalue o;

appearing in the (n,n)-th entry. This means that Algorithm 10.5 has converged,

because we have obtained that A;;; is a block upper triangular matrix, with an
!/

1-by-1 block 6;: Ajy| = (% gl) . In this matrix the leading (n — 1)-by-(n — 1)
block A’ is a new, where QR iteration can be used again without changing o;.

2. In the case when o; is not an exact eigenvalue, we will have convergence to the
matrix A;y;(n,n) when the lower left block A;j(n,1 : n— 1) is small enough.
Recall the convergence of the method of inverse iteration (see Theorem 10.1) we
expect that A;((n,1:n— 1) will shrink by a factor [Ax — ¢;|/minj|4; — oi,
where |4y — ;| = min; |A; — o;|. This means that if o; is a very good approxima-
tion to eigenvalue A then we will get the fast convergence.

Now we will concentrate on the question: how to choose shifts o; in Algo-
rithm 10.5 in order to get accurate approximate eigenvalue? For the case when we
want to get the good convergence to the n-eigenvalue of the matrix A, then choice
o; = A;(n,n) is a good one choice for a shift. Such choice of the shift means a local
quadratic convergence to a real eigenvalue in Algorithm 10.5. This means that the
number of the correct digits doubles at every step i of Algorithm 10.5. However, it
is difficult to get global convergence with this shift and there exist examples when
the algorithm of QR iteration with this shift does not converge [94].

Another choice of shifts is the Francis' shift where double shifts ¢, & are chosen
as eigenvalues of the 2-by-2 corner of the matrix A;:

apn—1n—1 An—1,n
ann—1 Aan.n

Such choice of shifts allow convergence to either two real eigenvalues in the bottom
2-by-2 corner of the matrix A; or single 2-by-2 block with complex conjugate eigen-
values. Such choice leads to a quadratic convergence asymptotically what means

! John G.F. Francis (born 1934) is an English computer scientist.
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that if values of a,_1 ,—> are small enough its amplitude will rapidly decrease to
zero. However, quite often the method of QR iteration with Francis shift can fail to
converge, see [8, 22].

There exists another option how to choose a shift which is called Wilkinson’s
shift: the shift o; is chosen as an eigenvalue of the matrix

an—1n—1 An—1n
ann—1 Adn.n

which is closest to the value a,, , of the matrix A;.

1

Theorem 10.6. The method of QR iteration with Wilkinson’s shift is globally and
at least linearly convergent. It is asymptotically cubically convergent for almost all
matrices.

The proof of this theorem can be found in [94].

Example 10.16. We test performance of the method of QR Iteration with shift for
the same matrices as in the method of orthogonal iteration. Running the Matlab
program of Section A.13 in Appendix we observe nice convergence to the reference
eigenvalues for the shift chosen as 6 = A,,,, as well as for the Wilkinson’s shift.

10.6 Hessenberg Reduction

All QR algorithms are computationally expensive: one iteration of the QR decom-
position costs O(n?) flops. Assume that we can do only one iteration to find one
eigenvalue, then in this case the cost will be O(n*). The goal of this section is to
present one more technique how to reduce computations. It turns out that if we
first reduce the original matrix A to the upper Hessenberg form and then apply the
method of QR iteration without computing Q, we dramatically reduce computations
and instead of O(n*) flops we perform our computations in O(n*) flops.

A Hessenberg matrix is a special kind of square matrix, one that is “almost”
triangular. More precisely, an upper Hessenberg matrix has zero entries below the
first subdiagonal, and a lower Hessenberg matrix has zero entries above the first
superdiagonal. They are named after Karl Hessenberg”. For example:

2
1
3
1

S O N W
=3 SN
WA 9w

is upper Hessenberg and

! James Hardy Wilkinson (1919 - 1986) was an English mathematician.
2 Karl Adolf Hessenberg (1904-1959) was a German mathematician.
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is lower Hessenberg.
In the case when the matrix A is upper Hessenberg the setting to zero of the
element ay, 1 , of this matrix will bring A into a block upper triangular matrix of the

form (n—p)
X pX(n—p
A— < AfP Al >
B - —1) p(=p)x(n—p+1)
o(n—p)x(p—1) Ay e
with the upper Hessenberg matrices A1 and Aj;. This decomposition of A means
that we can find independently eigenvalues of Aj; and Ap;. If in the process of
Hessenberg reduction any subdiagonal or superdiagonal entry of the matrix A; is
smaller than the round-off errors of size O(€||A]|), then we set this value as zero.
We stop our computations when all these diagonal blocks are of the sizes 1-by-1 or
2-by-2, and our algorithm of finding of eigenvalues of A is finished.
Below we present an algorithm of the reduction of the matrix A of order n to the
upper Hessenberg matrix . Given a real matrix A, we seek an orthogonal Q such that
the matrix QAQT is an upper Hessenberg matrix.

Algorithm 10.6. Reduction to the upper Hessenberg matrix.

Initialize the matrix Q = I and perform steps 1-7 in the loop from i =1 to n — 2.
Take the elements of the vector u; = A(i+ 1 : n,i).

Obtain the first element of the vector u; as u;(1) = u; (1) + sign(u; (1)) |ui].
Compute the elements of the vector u; = u;/||u;||.

Compute the elements of the matrix P, = 1"~ (1= _ 25T

Compute the elements of the matrix A(i+ 1 :n,i:n) = PA(i+1:n,i:n).
Compute the elements of the matrix A(1:n,i+1:n) =A(1:n,i+1:n)P.
Compute the elements of the matrix Q as Q(i+1:n,i:n) =PFO(i+1:n,i:n).

Nk W= o

Proposition 10.1. Hessenberg form is preserved by OR iteration.

Proof. If A; is upper Hessenberg, then A; — ol is also upper Hessenberg. Let us
consider Algorithm 10.5 and perform QR decomposition of the matrix A; — ol.
Since the j-th column of Q is a linear combination of the leading j columns of
the matrix A; — ol, the QR decomposition yields an upper Hessenberg matrix Q.
Then RQ is also upper Hessenberg, as well as RQ + ¢1. This means that Hessenberg
form is preserved by QR iteration. [

Clearly, the convergence analysis of Hessenberg reduction follows from the con-
vergence of the method of QR iteration.

Example 10.17. We test performance of the method of QR iteration via reducing
first the original matrix to the upper Hessenberg matrix, using the Matlab program
of Section A.15, see Appendix. We again test the same matrices as in the method of
orthogonal iteration. In Fig. 10.2 we observe the rapid convergence for all examples.
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Example 1. Nr. of it. in method of QR iteration:2 Example 2. Nr. of it. in method of QR iteration:2
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Fig. 10.2 Performance of the method of QR iteration: first we reduce the original matrix to the
upper Hessenberg form and then apply the method of QR iteration.

Now we illustrate the general pattern of Hessenberg reduction with the matrix A
of order 4. Every matrix Q; below is a Householder reflection matrix! of order 4.

1. Choose Q; so

01A = such that A| = Q1AQT =

S O =® =
== o= o=
= = = =
== o= =
SO =w =
== ==
= = o= o=
== o= =

The matrix Q leaves the first row of QA unchanged, and QlT leaves the first column
of Q1AQT unchanged, including the zeros.
2. Choose Q> such that

! See p. 152.
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Q2Al - and obtain A2 = Q2A] Qg =

SR
O xR o=
Rox ==
ok o= o=
oo =r =
O = o= o=
2ok o= o=
Hom R

The matrix @, changes only the last two rows of A;, and Qg leaves the first two
columns of 0,410} unchanged, including the zeros. The matrix A5 is upper Hes-
senberg. Combining steps 1 and 2, we get: A, = (0,01)A(020:)" = QAQ".

Let us consider an example of obtaining the upper Hessenberg matrix using
Householder reflection.

Example 10.18. In this example we will use the Householder reflection to get the
upper Hessenberg matrix from the matrix

12 =51 4
A= 6 167 —68
—4 24 —41

To do that we need zero out the value of entry (3,1) of this matrix. First, we need
to find the Householder reflection that transforms the first column of the matrix A,
i.e. the vector x = (6, —4)T, to the form |x||i; = (1/62 + (—4)2,0)T = (24/13,0)7.
Now,

u=x+ Qij,

and
u
y=—":
[Ju|

Here, o = —2+/13 and x = (6,—4)". Therefore,
u=(6—2v13,-4)" ~ (—1.21,-4)"
and v = u/||u|| = (—0.29,—0.96)7, and then

01=1-2 <:8§2> (—0.29 —0.96)

_ . (0.1682 0.5568
~ 1705568 1.84

0.8318 —0.5568
—0.5568 —0.84 /-

Now observe that Q1A preserves the first row of the matrix A:

1 0 0 12 =51 4
Q01A=10 0.8318 —0.5568 6 167 —68
0 —0.5568 —0.84 —4 24 —41

12 —51 4

= | 72180 125.5474 —33.7336 |,
0.0192 —113.1456 72.3024
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and the matrix Q1AQ1T preserves the first column of the matrix Q;A:

12 —44.6490 25.0368
Ay =0,A0T = | 7.2180 123.2132 —41.5686
0.0192 —134.3725  2.2655

which is upper Hessenberg matrix.

10.7 Tridiagonal and Bidiagonal Reduction

Suppose now that the matrix A is symmetric. Then the Hessenberg reduction leaves
the matrix A symmetric at every step such that zeros elements will be created in
symmetric positions. This will reduce the number of operation to (4/3)n’ + O(n?)
or (8/3)n* + O(n?) to form matrices Q,_1,...,Q; (see [23]). This procedure is
called tridiagonal reduction. We recall that the eigenvalues of the symmetric ma-
trix ATA are the squares of the singular values of A.! SVD algorithms which we
consider in Section 11.6 used this fact, and the goal of this section is to find a form
for A which implies that AT A is tridiagonal. Our goal is to compute orthogonal ma-
trices Q and V such that QAV is upper bidiagonal matrix, or nonzero only on the
diagonal and the first superdiagonal. This algorithm is called bidiagonal reduction.

Below we present the general procedure of the bidiagonal reduction which is
illustrated on the matrix A of the size 5 x 5.

1. Choose Q) and V; such that

X X X X X x x 000
0 x x x x 0 x x x x
QIA=10 x x x x|and Ay =Q1AVi=| 0 x x x «x
0 x x x x 0 x x x x
0 x x x x 0 x x x x

Here, O, is a matrix obtained after Householder reflection, and V) is another ma-
trix obtained after Householder reflection which leaves the first column of QA un-
changed.

2. Choose Q> and V; such that

xx 000 x x 000
0 x x x x 0 x x 00
DAI=10 0 x x x |andA=A 1V, =10 0 x x x
00 x x x 00 x x x
00 x x x 00 x x x

! See Section 5.1.1, p. 155.
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Here, Q5 is a matrix obtained after Householder reflection that leaves the first row
of A| unchanged. The matrix V; is a Householder reflection that leaves the first two
columns of Q»A; unchanged.

3. Choose Q3 and V3 such that

x x 000 x x 000
0x x 00 0 x x 00
03A =10 0 x x x |andA3=03AV3=]10 0 x x O
000 x x 000 x x
000 x x 000 x x

Here, O3 is a Householder reflection that leaves the first two rows of A, unchanged.
The matrix V3 is a Householder reflection that leaves the first three columns of Q3A,
unchanged.

4. Choose Q4 such that

O4A3 = and V4 =1 soAy = Q4A3.

OO OO =
OO O = =
OO xR = O
O =x % OO
= =x OO O

Here, Q4 is a Householder reflection that leaves the first three rows of A3 unchanged.
Then we obtain the tridiagonal matrix as

AlAy =

SO O = =
SO =R = =
O =R = = O
= = = OO
= =2 OO O

In general case the matrix A has order n. Then applying the above procedure to
this matrix, we get the orthogonal matrices Q = Q,—---Q1andV =V;---V,_» such
that QAV = A’ is upper bidiagonal. Note that A" A’ = VTAT QT QAV = VT AT AV,
so A’TA’ has the same eigenvalues as ATA; i.e., A’ has the same singular values
as A. The cost of the algorithm of bidiagonal reduction is (8/3)n> + 4n* + O(n?),
where 4n3 + O(n?) counts for computations of Q and V.

Example 10.19. In this example we apply the above procedure on the bidiagonal
reduction of the matrix

4 4 3

A=13 6 1

017

using Householder transformation. We proceed in following steps.
First, we need to zero out the second entry in the first column of the matrix A,
the vector x = (4,3,0)”. We compute first o = —sign(x;)||x|| = —5, and then the
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vectors u = x+ oy = (—1,3,0)" and v = u/||u|| = (—1,3,0)7 /+/10. Compute the
Householder matrix P; as

08 06 0
P=I-2nw"=|06-08 0
0 0 1

Compute PjA to zero out the two entries below 5 in the first column:

5 68 3
PA=|0-24 1 (10.6)
0 1 7

Now we want to zero out the (1,3) entry of matrix (10.6). To do that we take the

minor
68 3
M= (—2.4 1)
and compute again for x = (6.8, —2.4): the number a = —sign(x;)||x|| = —7.4324

and then the vectors u = x+ oi = (—0.6324,3)7, v=u/||u|| = (—0.2063,0.9785)T.
Compute the matrix

) oo (09149 0.4037
Vi=I—2w _<0.4037 ~0.9149 )

Construct V; such that

100 1 0 0
vi=|ov/ =0 09149 0.4037
0 0 0.4037 —0.9149

Compute PjAV) to zero out the (1,3) entry:

S 7.4324  0.0005
PAv; = [ 0 —1.7921 —1.8838 | . (10.7)
0 3.7408 —6.0006

It is remains only to zero out the (3,2) entry of the matrix in (10.7). We take the

minor
M= —1.7921 —1.8838
o 3.7408 —6.0006

and compute for x = (—1.7921,3.7408)”: the number & = —sign(x;)||x|| = 4.1479
and the vectors u = x + ai; = (2.3558,3.7408)7, v = u/||u|| = (0.5329,0.8462)T.
Compute the matrix P; of order 2:

;oo [ 04320 —0.9019
R=i-2w = (—0.9019 —0.4321>'
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Construct P; such that the matrix P; is inserted into the identity matrix of order 3:

10 1.0000 0 0
p=|0P = 0 0.4320 —0.9019
0 0 —0.9019 —0.4321

Finally, multiply the matrix P, by the matrix P;AV; obtained in (10.7) to get bidiag-

onal matrix:
5.0000 7.4324 0.0005

PP AV, = | —0.0000 —4.1480 4.5981 | . (10.8)
0.0000 —0.0001 4.2918

10.7.1 Tridiagonal Reduction using Householder Transformation

In this section we present alternative procedure which can be used for tridiagonal
reduction using Householder transformation. This procedure is taken from [12]. To
form the Householder matrix in this procedure, in each step we need to determine
o and r, which are given by:

) n 1
Oc:—81gn(a21) Za?l, r= 5(062—612105).
\/ Jj=2

From « and r, we construct the vector v:

Vi
o |,
Vi
where vi =0, v, = (a; — &)/ (2r), and
-
2r

for k = 3,4,...n. Then we compute the matrix
Pl =120 (NHT

and obtain the matrix A(D) as
A = plap!,

Having found P! and computed A()), the process is repeated for k = 2,3, ...,n as
follows:
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. % 1
o = —sign(ags k) 2 a?kv r= 5(052 — Qi1 £ Q),
j=k+1

k

a — a’
k+1,k k .

v’f —vé— . —vf—O7 vl,§+1 = vlj‘» = —zjr for j=k+2, k+3, ..., n,

Pr =120 (YT Akl — pkg () pk.

Example 10.20. In this example we apply the above algorithm to make the tridiago-
nal reduction of the matrix

5
A= |4 (10.9)
3

— N B
~N - W

using Householder transformation. To do that we proceed in following steps.
First we compute o as

n
a=—sign<a2]>@=—m:_¢m:_s.
j=2

Using o, we find r as

r= \/;(0‘2—02105) = \/2((—5)2—4'(—5)) A

Then we compute the components of the vector v:

vy =0,

ar—a  3V2
V2= 2r :ﬁ’
by V2
3 TauE

and we get
T
S0 [g 3V2 V2
bl 2\/57 2\/5 .

Now we compute the first Householder matrix P! =1 — 2vt) (v“))T to get

1 0 0
P'=10-4/5-3/5
0-3/5 4/5

Finally, we obtain the tridiagonal matrix AW ag
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5 -5 0
AD —plapl = | =5 7.32-0.76
0-0.76 5.68

10.7.2 Tridiagonal Reduction using Givens Rotation

To make the tridiagonal matrix from the matrix A using Givens rotation' we first
recall, that a Givens rotation is represented by a matrix of the form

10+ 0 ---0

G(i,j,0)=1: e

0---0--- 0 --- 1

where ¢ = cos(@®) and s = sin(©) appear at the intersections i-th and j-th rows and
columns. Elements in the Given’s matrix are:

gk =1 fork #1, j,

8ii =€,
8jj=6
gji = -9,

gij=s fori> j.

We note that the sign of elements g;;,g;; switches for j > i. For given a and b our
goal is to find ¢ = cos0 and s = sinO such that

(2)6)=G)

r=+va?+b2,

c=alr,
s=—b/r.

where

Example 10.21. To make the tridiagonal matrix from the matrix (10.9) using Givens
rotation we have to zero out the (3, 1) and (1,3) elements of the matrix A.

! See p. 151.



350 10 Algorithms for the Nonsymmetric Eigenvalue Problem

Thus, we use above expressions to construct the Givens rotation matrix G of the
form

1 0 O
Gi=10 c¢-—s
0 s ¢

We compute then the product G1A to get:

1 00 5 4 3 5 4 3
GIA=10 ¢ —s 4 6 1| =|4c—3s 6¢c—s c—7Ts
0 s ¢ 3 1 7 4s5+3c 6s+c s+7c
The element (3, 1) of the matrix will be zero if 45+ 3¢ = 0. This is true when ¢ =4/5
and s = —3/5. To compute ¢, s we have used formulas:
4 b 3
}":\/(12—"—b2:\/42—1—32:57 629277 S=—=——.
r 5 r 5

Next, to get the tridiagonal matrix we have to compute G{AG, " :

1 0 0 543\ /10 0 55 0
A=GAGT=[04/53/5|461](04/5-3/5]|=157320.76
0-3/54/5) \317) \03/5 4/5 00.76 5.68

10.10)

Example 10.22. As another example, let us now make the upper triangular matrix
from the matrix (10.10), using Givens rotation. To do that we need zero out the
elements (2,1) and (3,2) of (10.10). To zero out the element (2, 1) we compute the
numbers ¢ and s from the knowna =5and b =35 as

)0)-)

r=vVa+b2=1/52+52=5/2~7.0711,

to get:

=% ~07071. s= -2~ 07071,
r

-
The Givens matrix will be

c—s 0 0.7071 0.7071 0
Gy=|s ¢ O0]=/|—-0.70710.7071 0
0 0 1 0 0 1

Finally, we obtain the matrix
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0.7071 0.7071 0 55 0
Ay =GrA1 = | —0.7071 0.7071 O 57.320.76
0 0 1 00.76 5.68

7.7071 8.7116 0.5374
= 0 1.64050.5374 | . (10.11)
0 0.7600 5.6800

Now to zero out the element (3,2) we compute ¢, s from the known a = 1.6405
and b = 0.76 to get:

r=a2+b? = +/1.64052 +0.762 = 1.8080,

a
C=—

~ 09074, s= —b ~ —0.4204.
r r

The last Givens matrix will be

1 0 O 1 0 0
G3=|10 c¢c—s | =10 09074 0.4204
0 s ¢ 0 —0.4204 0.9074

Finally, we obtain the upper triangular matrix

7.0711 8.7116 0.5374
Ay = GsA, = 0 1.80802.8752 |. (10.12)
0 0.0000 4.9279

10.8 QR Iteration with Implicit Shifts

In this section we will first reduce the matrix A to the upper Hessenberg matrix and
then compute it’s QR factorization implicitly. This means that QR factorization will
be computed by construction of the matrix Q using the implicit Q Theorem. This
Theorem improves the efficiency of Hessenberg’s QR iteration algorithm. Next, we
will present how to choose a single shift to accelerate convergence of the method
of QR iteration.

We say that an upper Hessenberg matrix H is unreduced if all elements on its
subdiagonal are nonzero.

Theorem 10.7. Let H and G be unreduced upper Hessenberg matrices of order n
such that H = QTAQ and G = VTAV. Here, Q and V are orthogonal matrices of
order n, where the first columns are the same, or Qiy = Viy with i = (1,0,...,0).
Let X (:,i) denote the i-th column of the matrix X. Then the columns of Q and'V are
the same up to the sign, or Q(:,i) = +V (i) fori =2,3,...,n.

Proof. The assertion on the first columns of the matrices Q and V is obvious. Our
goal is to prove that Q(:,i) = £V (:,i) for i > 1. This is the same if we can prove
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that the matrix W = VT Q = diag(+1, ..., £1). Since, by assumption, W = V' Q we
can write: GW = GVTQ = vTAvvTQ =VvTAQ = VT QQTAQ = VT QH = WH.
Since GW = WH, we have GW (:,i) = (GW)(:,i) = (WH)(:,i) = Z;J;ll H;W (s, j),
and thus, Hip W(:,i+1) = GW(:,i) — Zj-:lHj,-W(:,j). The first column of W is
W(:,1) = (1,0,...,0)7 (this is because Q and V are orthogonal and Q(:,1) =V (:,1))
and G is upper Hessenberg matrix, we can use induction on the index of column i to
show that W; is nonzero only for entries from 1 to i. Thus, W is the upper triangular
matrix. But because W is also the orthogonal matrix thus it can be only diagonal,
or W = diag(£1,...,£1). O

Algorithm 10.7. The single shift QR algorithm.

Theorem 10.7 implies that to compute A; 4| = QiTA,-Q[ from A; in the QR algo-
rithm we will need only to do the following two steps.

1. Compute the first column of the matrix Q;. This column is parallel to the first
column of A; — o;/ and thus, can be obtained just by normalizing this column
vector.

2. Choose other columns of Q; such that Q; is orthogonal matrix and A; | = QiTAiQ,-
is unreduced upper Hessenberg matrix.

Using the above theorem we can conclude that the matrix A;; | in the algorithm
is computed correctly because the matrix Q; is computed uniquely up to signs. The
choice of sign is not matter. This is true since if we will change signs in columns
of Q; then signs in A; — ;1 = Q;R; also will be changed: A; — 6;] = Q;R; = Q;D;D;R;,
where D; = diag(=+1,...,4+1). Then we can write

A1 = 07 A;0; = QT (QiR; + 0:1) Qi = Q! (QiD:DiR; + 0:1) Q;
= D;R;Q;D; + 0;1 = D;(R;Q; +c;I)D; (10.13)

and this is orthogonal similarity that only changes the signs in the columns and rows
of Ai+1 .

As an example, now we will illustrate how the above algorithm works for the
computation of A;11 = Q7 A;Q; for i = 4. In all matrices Q! below values ¢; and s;
can be computed using Givens rotation algorithm. The signs * in the matrices A; are
called “bulge” and should be removed during the iterations on index i in order to
restore Hessenberg form.

1. Choose Q; such that

ci 51000 XXXXX
—s1¢1000 XXXXX
QIT: 0 0100 togetAlelTAlez *X XXX
0 0010 00xxx
0 0001 000xx

2. Choose Q5 such that
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1 0 000
0 c2 §2 00
0 =[0-50200 | togetAy =030, =
00 010
00 001
We note that
XXXXX
XXXXX
QTA = Oxxxx
00xxx
000xx
3. Choose Q3 such that
10 0 00
01 0 00
Q=100 ¢3 530 |togetAs =054,0; =
00 —83 C3 0
00 0 01
We note that
XXXXX
XXXXX
QfAy = 0xxuxx
00xxux
000xx

4. Choose Q4 such that

100 0 O
010 0 O
QI =1001 0 0 |togetAs=0rA;0, =
000 c4 s4
000754C4
We note that
XXXXX
XXXXX
Q£A3: Oxxxx
00xxx
000xx

XXXXX
XXXXX
Oxxxx
Oxxxx
000xx

XXXXX
XX XXX
Oxxxx
00xxx
00x*xx

XXXXX
XXXXX
Oxxxx
00xxx
000xx

353

At step 4 we have obtained the upper Hessenberg matrix As. We observe that, com-
bining all steps 1-4, we can get As = QF 01 0T 0TAQ10,0304 = QT AQ, where the

matrix Q = Q10,0304 is such that
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1 X X XX
SI X X X X
O0=10sx xx
0 0s3 xx
000 s4x

If we now choose the first column of Q whichis Q(:, 1) = (¢1,s1,0,0,0) proportional
to the first column of the matrix A — o/ which is

(A— GI)(:, 1) = (all _67a21707070)T7

then this matrix Q will be the same as in the QR decomposition of A — 1.

We can choose the single shift 6 as 0 = a,, for the matrix A;. This will result
in asymptotic quadratic convergence to a real eigenvalue, see [23] for details how to
choose shifts.

Questions

Doing the following exercises, explain obtained results.

10.1. (Programming)

Use Matlab program PowerM. m of Section A.9 to test the power method and to
compute the largest eigenvalue of the matrix A. Try the following examples when
the matrix A and the tolerance ® in Algorithm 10.1, p. 327, are defined as follows:

1. A= randn(5) and the tolerance ® = {le —5,le —4,1e —3,1e —2,0.1}.

2. A = diag(ones(2n, 1)) 4 diag(ones(2n — 1,1),1) + diag(ones(2n — 1,1),—1) for
each number n = 3,4, 5 and the tolerance @ = {le — 12, le — 10, le — 8,1e — 7}.

3.

1 le6 0 O
o 2 1 0
A= 1 2 3 10 (10.14)
0O 0 -1 4
and the tolerance ©® = {le — 12,1e — 10, le — 8}.
4.
1000 0 O
0210 0 O
0020 0 O
A= 10003 162 1e4 (10.13)
0000 3 1le2
0000 0 3

and the tolerance ® = {le —10,1e —8,le —6,1le —4,1e —3}.

10.2. (Programming)
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Use Matlab program InverselIteration.m of Section A.10 to test the in-
verse iteration method for the computation of the eigenvalue of the matrix A which
is closest to the shift o. Try all examples of matrix A and tolerance ® as in Ques-
tion 10.1. Choose also different shifts o. For stopping criterion using tolerance ©
we refer to Algorithm 10.2, p. 330.

10.3. (Programming)

Use Matlab program MethodOrtIter.m of Section A.11 to test the method
of orthogonal iteration for the computation of the eigenvalues of the matrix A. Try
all examples of matrix A and tolerance @ defined in Question 10.1. For stopping
criterion using tolerance ® we refer to Algorithm 10.3, p. 333.

10.4. (Programming)

Use Matlab program Met hodQR_iter .m of Section A.12 to test the method of
QR iteration for the computation of the eigenvalues of the matrix A. Try all examples
of matrix A and tolerance © defined in Question 10.1. For stopping criterion using
tolerance ® we refer to Algorithm 10.4, p. 337.

10.5. (Programming)

Use Matlab program Met hodQR_shift .m of Section A.13 to test the method
of QR iteration with the shift 6 = A(n,n) for the computation of the eigenvalues of
the matrix A. Try all examples of matrix A and tolerance ® defined in Question 10.1.
For stopping criterion using tolerance ® we refer to Algorithm 10.5, p. 338.

10.6. (Programming)

Use Matlab program MethodQR Wshift .m of Section A.14 to test the method
of QR iteration with Wilkinson’s shift for the computation of the eigenvalues of the
matrix A. Try all examples of matrix A and tolerance @ defined in Question 10.1.
For stopping criterion using tolerance ® we refer to Algorithm 10.5, p. 338.

10.7. (Programming)

Use Matlab program HessenbergQR.m of Section A.15 to test the reduction
of the Matrix A to the upper Hessenberg matrix. Try the following examples when
the matrix A and the tolerance ® are defined as:

1. A= randn(5) and the tolerance ® = {le—7,le —5,1le —4,1e—3,1e—2,0.1}.

2. A = diag(ones(2n,1)) + diag(ones(2n—1,1),1) + diag(ones(2n — 1,1),—1) for
each number n = 3,4, 5 and the tolerance @ = {le — 12, le — 10, le — 8,1e — 7}.

116 0 0
02 le=30

A=1o00 3 10 (10.16)
00 —1 4

and the tolerance ® = {le — 12,1e — 10, le — 8}.

4. Each tolerance from the set ® = {le — 10,1e —8,1e — 6,1¢ —4, le — 3} and the
matrix A = (1,0,0,0,0,0;0,2,1,0,0,0:0,0,2,0,0,0;0,0,0, e, 1, 1;0,0,0,0, 1e2, 1;
0,0,0,0,0,1e4) + diag(ones(5,1),—1).






Chapter 11

Algorithms for Solution of Symmetric
Eigenvalue problem

In this chapter we will discuss algorithms which can solve only symmetric eigen-
value problems using direct non-iterative methods. Recall that in the previous chap-
ter the algorithms which can find all eigenvalues and eigenvectors for the nonsym-
metric eigenvalue problem were based only on the method of QR iteration. However,
there exists a lot of algorithms for the solution of symmetric eigenvalue problem
which are more efficient than algorithms for solution of nonsymmetric eigenvalue
problems. We list now main algorithms and main advantages of every algorithm
which we will consider in this chapter:

1

. Tridiagonal QR iteration. This algorithm can be used to find all the eigenval-

ues, and if needed, all the eigenvectors, of a symmetric tridiagonal matrix. This
method is the fastest numerical method which can compute all the eigenvalues of
a symmetric tridiagonal matrix. If we want apply this algorithm to find also all
the eigenvectors, then it will be efficient only for small matrices of the dimension
up to 25. We note that this algorithm is used in the Mat 1ab command eig.

. Rayleigh quotient iteration. This algorithm is similar to the algorithm of QR iter-

ation, and we present it here to analyze its extremely rapid cubical convergence.

. Divide-and-conquer. This is the fastest method to find all the eigenvalues and

eigenvectors of symmetric tridiagonal matrices which have dimensions larger
than 25.

. Bisection and inverse iteration. Bisection may be used to find a subset of the

eigenvalues of a symmetric tridiagonal matrix on the some subinterval of the
interval where are located the eigenvalues. The algorithm of Inverse iteration de-
scribed in the previous chapter can then be used to find the corresponding eigen-
vectors. In works [29, 42, 90, 91, 92, 96, 97, 115] the inverse iteration method is
developed further to find the close eigenvalues and eigenvectors as fast as possi-
ble.

. Jacobi’s method. This is the first method for the solution of eigenvalue problems

and was developed in 1846 by Jacobi. Compared with all previous methods, the
Jacobi’s method is much slower. However, it is very accurate and can find tiny
eigenvalues much more precise than the previous methods, see details in [25].

357
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11.1 Tridiagonal QR Iteration

This algorithm is very similar to the usual algorithm of QR iteration for the solution
of nonsymmetric eigenproblems which we have considered in the previous chapter.
This algorithm consisted of two stages:

* First we constructed an orthogonal matrix Q via an algorithm 10.6 (reduction
to an upper Hessenberg matrix) such that QAQ” = H is an upper Hessenberg
matrix.

e Then we applied QR iteration on a resulted matrix H and have obtained a se-
quence of upper Hessenberg matrices Hy,H;,H>,..., which converged to real
Shur form.

Algorithm of QR iteration for a symmetric tridiagonal matrix is very similar to
the described above procedure and consists in following steps:

e Use modified algorithm 10.6 (reduction to upper Hessenberg form) to find an
orthogonal Q such that QAQ”T = T is tridiagonal.

e Apply algorithm of QR iteration on a resulted matrix 7' to obtain a sequence of
tridiagonal matrices Ty, 71, 72, . .. which will converge to diagonal form.

We note that algorithm of QR iteration keeps all matrices 7; tridiagonal. This is
because the matrix QAQ” = T is symmetric and upper Hessenberg, and thus, also
lower Hessenberg, or tridiagonal.

We now describe how to choose the shifts at every QR iteration. Let us denote
by 7; the tridiagonal matrix obtained at iteration 7 in the algoithm of QR iteration:

ay by

brz—l

bn—1 ay

We can choose as a shift the single shift o; = a, in the algorithm of QR iteration,
see section 10.8. Then the method is cubically convergent for almost all matrices.
However, in some special cases the method QR iteration does not converge, see p.76
in [94]. Thus, to get global convergence of method one need to compute shift in a
more complicated manner. Let the shift o; called Wilkinson’s shift be the eigenvalue

of
ap—1 bnfl
bu—1 ay
closest to a,.

Theorem 11.1. (Wilkinson). Algorithm of QR iteration with Wilkinson’s shift is
globally, and at least linearly, convergent. This algorithm is asymptotically cubi-
cally convergent for almost all matrices.

We refer to [94] for the proof of this theorem. Efficient implementation of this
algorithm is studied in [43, 95].
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11.2 Rayleigh Quotient Iteration

The Rayleigh! quotient of a symmetric matrix A and a nonzero real vector u is

u’ Au

ulu

p(u,A) =

Evident properties of the Rayleigh quotient p(u,A) are (see Section 4.3.11 for
variational properties of eigenvalues and self-adjoint operators):

* p(yu,A) = p(u,A) for any nonzero scalar .
e IfAg; = A,,'ql', then p(qi,A) =A.

Algorithm 11.1. Rayleigh quotient iteration.

0. Initialization: set i = 0, stopping tolerance 6 and choose a shift . Initialize xq
such that ||xo]| = 1.

1. Compute y; 1 = (A —p;I) " x;.

2. Compute x; 11 = yir1/|[yir12-

3. Compute the approximate Rayleigh quotient p;1 = p(x;41,4).

4. Stop updating the Rayleigh quotient and set py; = pjy1, M =i+ 1, if
|Axit1 — pit1xit1]]2 < 6. Otherwise, set i =i+ 1 and go to step 1.

From results of Section 7.1, p. 217, follows that when the stopping criterion
||Ax; — pixi]|2 < tol in the above algorithm is satisfied then computed Rayleigh quo-
tient p; is within tolerance 6 of an eigenvalue of A.

If we will take shift 6; = a,,, in algorithm 10.5 and then run algorithm 11.1 with
X0 = (0, .oy 0, I)T then o; = p;.

Theorem 11.2. Rayleigh quotient iteration is locally cubically convergent.

Proof. We will analyze only the case when A is diagonal. This is enough since writ-
ing QTAQ = A, where Q is the orthogonal matrix whose columns are eigenvec-
tors, and A = diag(i] Yoo ,in) is the diagonal matrix of eigenvalues, we can write
Rayleigh quotient p; computed at the iteration 7 as

T oT AT A)p oT A o
x:Ax; X QTAQX; X AX; .
pi=p(xi,A) = "— == - = =p(E,A),

Iy OTOR  fTR

where £; = Q" x; and §; = Q”'y;. We observe also that Q9;1 = (A — p:l) ~'Q%;, so
i1 =0 (A—pil) ' 0% = (Q"AQ—pil) "% = (A —pil) 5.

We see, that running Rayleigh quotient iteration algorithm 11.1 with A and xj is the
same as to run the Rayleigh quotient iteration with A and %y. Thus we will assume

! John William Strutt, 3rd Baron Rayleigh (1842 - 1919) was an English physicist.
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that A = A is already diagonal and eigenvectors of A are e;, or the columns of the
identity matrix /.

Assume that x; is converging to e, so we can write x; = e| + d;, where ||d;||» =
€ < 1. To prove cubic convergence, we need to show that x;;| = e; +d;+; with
ldis1]|2 = O(&?). We first note that

1 inTx,' = (e —|—di)T(€1 +di) = 6{61 +2€{di—|-dde,' =1+2d; + €2
so that d;; = —&? /2. Therefore,

pi=xI Ax; = (e1 +di)TA(e1 +d;) = el Aey +2e] Ad; +d! Ad;

- . . (11.1)
= —(—2eTAd;—dl Ad)) =) —m = A — L €2 —d! Ad;,

and since —2el d; = &> we have that N = —2e Ad; — d Ad; = 2,6 — d Ad;. We
see that

In| < A1l Al 13 < |A1]€? + [|A[|2€> < 2]|A|2€,

SO p; = A — n= M+ O(£?) is a very good approximation to the eigenvalue Al
Now, using algorithm 11.1 we see that y; ;| = (A — p;)~'x;. Thus, using remark
above we can write

yir1 = (A—=pi) "

T
_ <~ Xt X _ Xin )
—pi a—pi A pi |

because (A — p;I)~! = diag =

<1+di1 d; din )T
Zl_Pi712_Pi"”7Zn_Pi

becausex; = ey + d;

C(1-€)2 4 d; !

< n ,Zz~7t1+n’m7ini1+n)
because p; = Ay —Nanddy = —&/2

_1—g)2 (1 dinm dinM )T
n "=/ —M+n) T (1-€2/2)(A—Ai+7)

1—¢2/2 .
11/(€1+di+1)~

To bound ||di4 1|2, we will bound every denominator in the above expression
using inequality (see Section 7.1, p. 217, for the definition of gap)

\Aj— 21 +1n| > gap(1,A) — 7|,

as well us using estimate for || in every numerator
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Nl < 1A[e? + [[All21d3 < 2[[A ]l2€>
to get

Jdi [
1= 2/2)(gap(1,A) — [1]

§ 24 e

= (T=e2/2)(@ap(1,A) 2 A2€%)

[di1]l2 < (
(11.2)

In other words, inequality (11.2) means ||dj,||» = O(&?). Finally, by algorithm 11.1
we have that x; = y;/||yi||> and thus

xipt = et +dicr = yir1/|yie |2 (11.3)
or
1-€2/2 .
S8 ey +dy
Yit1 < n (e i+1)

Xitl = etz = 1—¢2)2 R = (e1 +6ii+1)/|\61 +0ii+1|\2-
H(el +dit1)

2

Comparing the above expression with (11.2) we see that ||d; (||, = O(&?).
O

Below we present an example of using algorithm 11.1 on the computation of the
Rayleigh quotient of some predefined symmetric tridiagonal matrix A.

Example 11.1. We compute the Rayleigh quotient of the matrix

1500
5710
0134
0042

A=

using algorithm 11.1. This matrix has four different eigenvalues
A = (—2.0607,—1.3469,6.4239,9.9837),

which we have obtained using the command eig (A) in Matlab. The computed
Rayleigh quotient is p = —1.3469, which is one of the eigenvalues of A. The Matlab-
program RayleighQuotient .m of Section A.16 is available for running of this
test.
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11.3 Divide-and-Conquer

The main advantage of this method is that it is the fastest among existing methods to
compute all eigenvalues and eigenvectors of a tridiagonal matrix of the size n larger
than about n = 25. The Divide-and-Conquer method is not so easy to implement
efficiently in a stable way. It was introduced first in work [21] and the first efficient
and stable implementation of it was presented in [30, 38].

The structure of the algorithm is the following. Let T is a tridiagonal symmetric
matrix:

ag bl 0 0
biap by 0 .. 0
Ay bm—l 0

0 by—1an by 0O 0
00 by ams1 b1 0
00 0 bt

00 0 b1
00 0 0 by—1 an

such that we can decompose it in a following way:

ag b1 0 0

byay b 0 .. 0

e ip—1 bm,1 0

T 0 by_1ay—>0,0 0 0 n ...by by

00 0 am+1 —bm byp+1 0 ...by by

00 0 bm+1

00 0 ee. by

00 0 0 b,_1 ay (11.4)
0
0

(1|0 1 (1|0 T

0
0

Assume that we have eigendecomposition of 77,75 such that 7} = Q1A 1Q1T and
T = QzAng . Then we can write that
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(1|0 r (o0l 0 T
T = < 0 Tz) + b, = < 0 |Q2A2Q§ + b, vy

_ (20 An|0> T><Q1T0>
= (51) () +2o) (Siar)

Let us define the diagonal matrix

(M0
p= ()
and rewrite (11.5) as

(010 (0O 0
T = <T’@) (D + byuu )( 01 0 > (11.6)

We observe that the eigenvalues of T are the same as eigenvalues of

(11.5)

D+ bpuu” =D+ puu” (11.7)

with scalar p = b,,. Thus, our goal now is to find eigenvalues of (11.7). To do that
we proceed in following steps:

Step 1. We assume that diagonal elements of D are sorted such thatd; > ... > d,
and D + A1 is nonsingular.

Step 2. To find eigenvalues we compute the characteristic polynomial

det(D+ puu’ — A1) =0
noting that
det(D + puu’ — AI) = det(D—AD)(I+p(D—AD) " 'uul)). (11.8)
Step 3. By assumption in Step 1 we have
det(D—AI)#0
and thus in (11.8) we should have
det(I+p(D— A1)~ uu”) = 0.

Lemma 11.1. If x and y are vectors, then det(I +xy") = 1+yx.

The proof of this lemma is left to exercise 11.9. Thus, using this lemma we can get
that

n 2
det(+p(D— A1)~ 'w") =1+ p(D—- AN "u=1+p Y, -1 =
i=1%




364 Chapter 11. Algorithms for Solution of Symmetric Eigenvalue Problem

We see that eigenvalues of T are roots of the so-called secular equation f(A) = 0.
The secular equation can be solved using Newton’s method

k

At :/lk—}i(();k)), (11.10)
where 5
N ~ Ui

and k is the number of iteration in Newton’s method. We observe that f'(A¥) > 0

and increasing when p = b,, > 0 except the point A = d;. Thus, the roots of f(A) are

alternated by this d;, and f (1) is monotonic and smooth on every interval (d;,d;+ ).

Then the Newton’s method (11.10) will converge for a starting point A° € (d;,d; ).
To obtain eigenvectors for the found eigenvalues we need following lemma.

Lemma 11.2. Ifj, is an eigenvalue of D+ puu”, then

x=D—-A)"u (11.12)

is its eigenvector.

Proof. If A is an eigenvalue of D+ puu’ and (11.12) is its eigenvector, then we
should have

(D+puu)((D— A1)~ u) = (D — A1) + Al + puu” ) ((D — A1)~ u) G113

—u+A(D =AD" utu(pu” (D—AD)""w).
Now we use expression for the secular equation, or

pu' (D—AN"'u+1=f(A)=0

and thus, ~

pul (D—AD)"'u=—1,
or

(D+puu7)((D—iz)*'u):Lf%(z?—iz)f'bi—u G114
=AD -2 'u=Ax

O

Algorithm 11.2. Finding eigenvalues and eigenvectors of a symmetric tridiagonal
matrix using Divide-and-conquer.

1. If T is 1-by-1
return Q =1,A =T
else
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form T = (](;1 %) +b,v0"
. Compute output matrices Q1 and A; by eigendecomposition of 7;.
. Compute output matrices O, and A, by eigendecomposition of 75.
. Form D—|—puuT from Ay, Az, Oy, Qs.
. Find eigenvalues A and eigenvectors Q' of D + puu’ as roots of the secular
equation (11.9) using Newton’s method (11.10).

. Form Q0 = (Qol QO > Q' = eigenvectors of T
2

6. Return Q, A and stop.

N AW N

[®))

Remark 11.1.

» Eigenvectors can be computed by formula (11.12).

e This formula is not stable in the case when two eigenvalues (ii,ildr]) are lo-
cated close to each other. This means that (D — A;)~'u and (D — Aiy ;) 'u are
inaccurate and far from orthogonal.

* The Lowner’s theorem is used to compute eigenvectors for two eigenvalues
(A, Ai+1) which are close to each other.

Theorem 11.3. (Lowner!). ) )
Let D = diag(dy,...,d,) be diagonal with d, < ... <d\. Let 2, < ... < Ay be
given, satisfying the alternating property

Ay <y <+ <dip) <dip1 <di <A <---<dy <At

Then there is a vector fi such that the A; are the exact eigenvalues of D= D+ " .

The entries of i are:
. 1/2
= (A=) (11.15)
i—1,ji(dj— di)

Proof. The characteristic polynomial of D can be written in two ways:

as
n

det(D— A1) =[](4;— 1) (11.16)
j=1
and using
det(D — AI) = det(D + " — AI) = det(D(I+ D~ 'aa’ ) — AI)
=det((D—AI(I+(D—AI)~"'aa"))

as

I Charles Lowner (1893 - 1968) was an American mathematician. His name was Karel Léwner in
Czech and Karl Lowner in German.
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n n ’\2_ n
:(H(d,—l)) 1+ ) dju—]/l +| I1 @i—2) |4
— j=1
J#i J#i

(11.17)

Now we choose A = d; in (11.16) and in (11.17) for det(D — A1) to get

n

n
[T —d)=a; T] (d;—di)
j=1 j=1
J#i
or .
p adi—da)
Hj:l,j;éi(dj —d;)
Using the alternating property we can show that the right hand side in the above

expression is positive and thus, we get (11.15).
O

Below we give the stable algorithm for computing the eigenvalues and eigenvec-
tors where we have assumed that p = 1.

Algorithm 11.3. Compute the eigenvalues and eigenvectors of D -+ uu’ .

2 ~
1. Solve the secular equation 1+ Y, - =0 to get the eigenvalues A; of D+ uu’ .

2. Use Lowner’s theorem to compute i so that the A; are “exact”
eigenvalues of D+ i’ .
3. Use formula (11.12) in Lemma 11.2 to compute the eigenvectors of D = D+ i’ .
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Below we present an example of using algorithm 11.2 on the computation of
eigenvalues and eigenvectors of some predefined symmetric tridiagonal matrix A.
The Matlab program of section A.17 is available for running of this test.

Example 11.2. We compute the eigenvalues and eigenvectors of the matrix

10.8901 9.5557 O 0 0
9.5557 10.6813 2.6985 0 0
A= 0 2.6985 2.2341 4.0888 0
0 0  4.0888 13.5730 14.8553
0 0 0 14.8553 3.7942

using algorithm 11.2. This matrix has five different eigenvalues
A =(-7.5981,-0.1710,3.5923,20.5154,24.8341)

obtained using the command eig (A) in Matlab. We apply the Matlab program of
section A.17 and compute eigenvalues and eigenvectors of the matrix A above. It
turns out, that the computed eigenvalues and eigenvectors of the above matrix using
the Matlab program of section A.17 are the same as given by the command eig (A7)
in Matlab.

11.4 Bisection and Inverse Iteration

The Bisection algorithm uses Sylvester’s inertia theorem 4.44 to find only such &
eigenvalues which we want.

Recall that Inertia(A) = (v, {, ), where v, { and 7 are the number of negative,
zero, and positive eigenvalues of A, respectively. Suppose that X is nonsingular.
Using Sylvester’s inertia theorem 4.44 we have that Inertia(A) = Inertia(X7 AX).

Now suppose that we use Gaussian elimination to factorize A —zI = LDL” , where
L is nonsingular and D diagonal. Then Inertia(A — zI) = Inertia(D). Inertia of D is
very easy computable since D is diagonal.

Further in our considerations of this section we use notation

#d; <0
which means “the number of values of d;; less than zero.” Then

Inertia(A — zI) = (#d;; < 0,#d; = 0,#d;; > 0)
= (#negative eigenvaluesof A — z/,
#zeroeigenvaluesof A — z/,
#positiveeigenvalues of A — zI)
= (#eigenvaluesofA < z,
#eigenvaluesof A =z,
#eigenvaluesofA > z).
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Let us define
NrofEig(A,z) = #eigenvalues of A < z.

Suppose z; < zz and we compute Inertia(A — z;7) and Inertia(A — z,I). Then the
number of eigenvalues N, ., in the interval [z1,22) equals (# eigenvalues of A < z,)
— (# eigenvalues of A < z1), or

N = NrofEig(A,zp) — NrofEig(A,z;).

21,22)

Algorithm 11.4. Bisection: find all eigenvalues of A inside [a,b) to a given error
tolerance 6.
n, = NrofEig(A,a)
np = NrofEig(A,b)
if n, = np, quit (because there are no eigenvalues in [a,b))
put [a,n4,b,np) onto WorkingArray
/* WorkingArray contains all subintervals of [a,b) containing
eigenvalues from n — n, through n — n; + 1, which the algorithm
will update until they will be less than tolerance 6. x/
while WorkingArray is not empty
remove [low, Rjgy, up,ny) from WorkingArray
if up —low < 0 then
print "there are n,;, — ny,,, eigenvalues in [low, up)”
else
mid = (low+up)/2
nmia = NrofEig(A, mid)
if nyiq > 1oy then print “there are eigenvalues in [low, mid)”
put [low, nysy,, mid , ;4] onto WorkingArray
end if
if nup > nyig then print “there are eigenvalues in [mid, up)”
put [mid, nyiq,up,nyp) onto WorkingArray
end if
end if
end while

From NrofEig(A,z) it is easy to compute Gaussian elimination provided that

ay—z by
by ar—z
A—zl =
bp—o an—1—2 by—y
boo1 an—z (11.18)
1 dp ... ... 14
—1pLT = L 1 dy . 1 ..
............... Iy



11.4 Bisection and Inverse Iteration 369

Using (11.18) we observe that

ay—z=dj,
dily = by,
, e (11.19)
I dii+di=ai—z,
dil; = b;.

Substitute /; = b; /d; into 11»27 1di—1+d; = a; —z to get following recurrent formula:

di=(ai—z)— (11.20)
from which is easy to compute values d; of the matrix D by knowing previous values
d;—1 and known a;, b;. In [26, 27] was shown that since A — z/ is a tridiagonal matrix
then the formula (11.20) is stable.

Below we present an example of using algorithm 11.4. The Matlab program of
section A.18 is available for running of this test.

Example 11.3. We compute eigenvalues of the matrix

16.1984 2.8029 0 0 0
2.8029 9.0301 23.0317 O 0
0  23.0317 12.5310 24.2558 0
0 0  24.2558 10.5238 17.5216
0 0 0  17.5216 10.4891

A

using the Bisection algorithm 11.4. This matrix has five different eigenvalues
A = (—25.0154,—1.2034,15.9244,21.8223,47.2444), which we have obtained us-
ing the command eig (A) in Matlab.

We compute now eigenvalues of the matrix A using the Matlab program of sec-
tion A.18. Since in the Matlab program of section A.18 we require that the left and
right hand side of the input interval in algorithm 11.4 will have difference no more
than the given error tol, then this interval will contain one eigenvalue, and left or
right hand side of this interval can be taken as our desired eigenvalue. The output
information obtained by the Matlab program of section A.18 for the matrix A de-
fined above is the following:

There are 1.0000 eigenvalues in the interval [-25.0154,-25.0154)
-1.2034,-1.2034)
15.9244,15.9244)
There are 1.0000 eigenvalues in the interval [21.8223,21.8223)
There are 1.0000 eigenvalues in the interval [47.2444,47.2444)

Comparing the above results with the exact ones we observe that the computed
eigenvalues using the Matlab program of section A.18 are the same as produced by
the command eig (A7) .

There are 1.0000 eigenvalues in the interval

[
[
There are 1.0000 eigenvalues in the interval [
[
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11.5 Jacobi’s Method

We will not reduce the original matrix A to a tridiagonal matrix 7" as in all previ-
ous methods, but will work on original A. Jacobi’s' method produces a sequence
A;,i=0,...m, of orthogonally similar matrices for a given matrix A = Ao, which will
converge to a diagonal matrix with the eigenvalues on the diagonal. The next matrix
A;y1 is obtained from the previous one A; by the recurrent formula

T
Ay = Ji Aidi,
where J; is an orthogonal matrix called a Jacobi rotation. Thus

Ay = J;_lAm—lJm—l
= J,Z;,]J,ZlszmfZJmfZJmfl =
:J’zil... OTAOJO...JWHI
=JTAJ.

If we choose every J; in some special way then A,, will converge to a diagonal
matrix A for large m. Thus we can write

A~JTAJ
or
JAJT = A,

from what we see that the columns of J are approximate eigenvectors.

To do JTAJ nearly diagonal we will construct iteratively J; to make one pair of
off-diagonal entries of A;;] = J,-TAiJi zero at a time. We will do this by taking J; to
be a Givens rotation, or

Jj k
1
1
J cos®  —sinf
Ji=R(j.k,0) = , (11.21)
k sin O cos O
1
1

where 6 is chosen such that the (j,k) and (k, j) entries of A;1; will be zero out. To
determine O (or actually cos 6 and sin 0), let us consider

! Carl Gustav Jacob Jacobi (1804 - 1851) was a German mathematician.
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ay;rl) a.(il;_l) cos 0 —SinG)T a;? ayk) (cosG —sinf
a/({tjfrl) a/((lk+1) @ @
)

sin@ cos6
where A; and A, are the eigenvalues of

_(c—s ! ayj 052 c—s\Y (MO
“\s ¢ al({"j? a](cik) sc ) N0 X&)
@ 0

ajj a;
(i)
akj ak

Il
7N
a.
=]
>
o
o
w
>

(11.22)

It is easy to compute ¢ = cos 0 and s = sin 8 from (11.22) on every iteration i:

A O ajjc2 +aps? + 2scaj  sclag —ajj)+ ajk(c2 —s?)
0 A /) \sclaw—ajj)+ ajk(c2 —5?) ajjsz +agc? — 2scaji ’
Setting the off-diagonals to zero and solving for 6 we get
0 = sc(a —aj;) +ap(c® —s),

or
ajj—akk7c2fs2700529 B o
= = — =cot20 = 1.

2a; 2sc sin26

We now introduce notation ¢ = £ = tan 6 noting that 1> 421t — 1 = 0. Solving this
quadratic equation we get

. sign(7)
7| +vV1+12

] (11.23)
ViT e

s=tc.

Algorithm 11.5. Compute and apply a Jacobi rotation to A for indices (j,k).

function Jacobi-Rotation (A, j, k)
if |a j| is not too small
T=(aj; —an)/(2aj)
t =sign(7)/(|7]+V1+72)
c=1/V1+12
s=tc
A=RT(j,k,0)AR(j,k,0) /* here, c = cos@ands = sin@ */
J=JR(j,k,0) /*if eigenvectors are desired */
end if
end if
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The general Jacobi algorithm is given below.

Algorithm 11.6. Jacobi’s method to find the eigenvalues of a symmetric matrix.
Perform following steps in loop:

1. Choose a (J, k).
2. Call function Jacobi-Rotation(A, j, k) until A is sufficiently diagonal.

There are different ways how to pick up (j,k) pairs. To measure progress of

convergence we define
off(A) = Y @
1<j<k<n

Thus, off(A) is the root-sum-of-squares of the (upper) off-diagonal entries of A, so
A is diagonal if and only if off(A) = 0. We want to make off(A) = 0 as quickly as
possible.

The next lemma shows that off(A) decreases monotonically with every iteration
in Jacobi rotation.

Lemma 11.3. Let A’ be the matrix after calling procedure Jacobi-Rotation (A, j, k)
for any j # k. Then
off*(A") = off*(A) — a.

The proof of this lemma can be found in [23].
The next algorithm is the original version of the Jacobi algorithm developed in
1846. However, in practical computations this algorithm is too slow.

Algorithm 11.7. Classical Jacobi’s algorithm.

. Seti =0 and tolerance 6.

. Choose (j, k) such that a i is the largest off-diagonal entry in magnitude.

. Call Jacobi-Rotation(4, j, k).

. Compute off;(A).

. Stop and set offp(A) = offij(A), M = i, if offj(A) < 6. Otherwise, set i =i+ 1
and go to step 1.

B LD =O

Theorem 11.4. Let A’ be the matrix after calling Jacobi-Rotation(A, j,k) for any
J # k. After one step of calling Jacobi-Rotation procedure in the classical Jacobi’s

algorithm (11.7), we have
off(A") < 4/1— loff(A)
— N )
n(n—1)

where N = ==— is the number of superdiagonal entries of A. After k steps of
calling Jacobi-Rotation procedure we have

k)2
off(A") < (1 - ;}) off(A).
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Proof. By Lemma 11.3 after one step of Jacobi rotation we have
off*(A") = off*(A) — a,

where a i is the largest offdiagonal entry. Thus,

—1
off?(A) < n(nz )aik,
or .
2 2
(A
2 am=n oA
such that

1
off(A) —aj < (1 - N) off?(A)

from what follows statements of theorem 11.4.
O

Summarizing we have that the classical Jacobi’s algorithm converges at least

linearly with the error decreasing by a factor of at least /1 — % at a time.

Theorem 11.5. Jacobi’s method is locally quadratically convergent after N steps.
This means that for a large i

off(Ai n) = O(off>(A;)).

The proof of this theorem is given in [113]. In practice, we do not use the classical
Jacobi’s algorithm because searching for the largest entry is too slow. We use the
following simple method to choose j and k.

Algorithm 11.8. Cyclic-by-row-Jacobi: run through the off diagonals of A rowwise.

Loop
forj=1ton—1
fork=j+1ton
call Jacobi-Rotation (A, j, k)
end for
end for
until A is sufficiently diagonal.

A no longer changes when Jacobi-Rotation(A, j,k) chooses only ¢ = 1 and s =0
for an entire pass through the inner loop. As was shown in [113] the cyclic Jacobi’s
algorithm is also asymptotically quadratically convergent like the classical Jacobi’s
algorithm.

The cost of one loop in algorithm (11.8) is around half the cost of the tridiagonal
reduction and the computation of eigenvalues and eigenvectors via QR iteration, as
well as more than the cost using Divide-and-conquer. For convergence of Jacobi’s
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method is needed to perform from 5 to 10 loops in (11.8) and thus this method is
much slower than other methods.

Below we present an example of using the classical Jacobi algorithm 11.7. The
Matlab program of section A.19 is available for running of this test.

Example 11.4. We compute eigenvalues of the matrix

14.7776 4.9443 0 0 0

4.9443 18.2496 28.3358 0 0
0  28.3358 10.8790 2.5361 0 (11.24)
0 0 2.5361 11.0092 18.9852
0 0 0 18.9852 15.0048

A

using the classical Jacobi algorithm 11.7. This matrix has five different eigenvalues
A = (—14.6416,—5.8888,14.6644,32.0314,43.7547)

which we have obtained using the command eig (A) in Matlab. We run the Mat-
lab program of section A.19 until the matrix A is sufficiently diagonal, i.e. until
of f(A) < tol for tol = 0.005. The computed final matrix A obtained after all Jacobi
rotations is the following:

14.6644 0.0000 —0.0000 0.0029 0.0001
0.0000 43.7547 —0.0000 0.0000 —0.0008
A= | —0.0000 —0.0000 —14.6416 0.0000 —0.0000
0.0029 0.0000 0.0000 —5.8888 0.0000
0.0001 —0.0008 —0.0000 0.0000 32.0314

We observe that values lying on the diagonal of the above matrix A are the eigen-
values of the initial matrix A given in (11.24).

Comparing these values with the exact ones we observe that the computed eigen-
values using the Matlab program of section A.19 are almost the same (depending
on the input tolerance fol) as produced by the command eig(A).

11.6 Algorithms for the Singular Value Decomposition

Algorithms for the solution of the symmetric eigenvalue problem can be trans-
formed to the algorithms for SVD of a symmetric matrix A. Eigendecomposition
of a symmetric matrix A, except Jacobi’s method, can be performed in the following
steps:

1. Reduce A to tridiagonal form 7" with an orthogonal matrix Q:
A=QiTOf.

2. Find the eigendecomposition of 7':
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T=0A0%,

where A is the diagonal matrix of eigenvalues and Q; is the orthogonal matrix
where columns will be eigenvectors.
3. Combine these decompositions to get

A=(0102)A(0102)".
The columns of Q = Q10> will be the eigenvectors of A.

All the algorithms for the SVD of a general matrix G, except Jacobi’s method,
have an analogous structure which is the following:

1. Reduce G to bidiagonal form B, which have nonzero elements only on the main
diagonal and first superdiagonal, with orthogonal matrices U; and V; such that

G=UBV!.

2. Find the SVD of B
B=U,xV],

where X is the diagonal matrix of singular values, and U and V; are orthogonal
matrices whose columns are the left and right singular vectors, respectively.
3. Combine these decompositions to get

G = (U U)Z(ViW)T.

The columns of U = U U, and V = V|V, are the left and right singular vectors of
G, respectively.

Lemma 11.4. Let B be an n-by-n bidiagonal matrix such that
B=1] ... ... (11.25)

There are following possibilities to convert the problem of finding the SVD of B
to finding the eigenvalues and eigenvectors of a symmetric tridiagonal matrix.

1. Let the matrix A will be such that

0 BT
A= (B 0 ) ’
Let P be the permutation matrix

P= (61,€n+],€2,€n+2, R 7€n7€2n)'



376 Chapter 11. Algorithms for Solution of Symmetric Eigenvalue Problem

Here, e; denote the i-th column of the identity matrix of the size 2 x 2. Then the
matrix
Tprop = PTAP

is symmetric tridiagonal such that

0 (2

aj 0o .....

TPTAP: ......
by—1 0 ay,

Tpr op has all zeros on its main diagonal, and its superdiagonal and subdiagonal
isay,by,az,by,....bp—1,an.
If (Ai,x;) is an eigenpair for Tpr sp, with x; a unit vector such that

Tpr spXi = Aixi,

V;
tu;

then i,- = +0;, where o; is a singular value of B, and Px; = % (

and v; are left and right singular vectors of B, respectively.
2. Let Tygr = BBT. Then Typr is symmetric tridiagonal

). Here, u;

a% + b% arby
arb a% + b%
Tgpr =
@y by anbn—i
a,b,—1 aﬁ
with diagonal a} + b%,a3 + b3,...,a>_, +b>_,,a%, and superdiagonal and sub-
diagonal a>by,a3bs,. .. ,a,b,_1. The singular values of B are the square roots of
the eigenvalues of Tggr, and the left singular vectors of B are the eigenvectors of
Typr.
3. Let Tyr g = BT B. Then Tyrg is symmetric tridiagonal

a% a1b1

aiby a%er%
TBTB:
at_  +b>_, a,_1b
n—1 n—2 '21—1 '21—1
an—1b,—1 an—‘rbn_l

with diagonal a%,a% + b%, a% + b%7 cai bﬁ_l and superdiagonal and subdiag-

onal a1by,arby,...,a,—1b,—1. The singular values of B are the square roots of

the eigenvalues of Tgrp, and the right singular vectors of B are the eigenvectors

Of TBTB.

Proof of the first statement of this lemma follows from Theorem 9.6 and proof of
the second and third statements follows from Theorem 9.4.
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However, direct application of Lemma 11.4 for computing SVD of a symmetric
tridiagonal matrices using algorithms of QR iteration, Divide-and-conquer or Bi-
section is inefficient since by Lemma 11.4 in the case of matrix Tpr,p We need to
compute not all, but only positive eigenvalues, as well as there are problems of com-
puting singular vectors for tiny singular values: numerical computing of entries for
Typr , Tgrp 1s unstable because of rounding in floating point arithmetic.

Thus, there exist following stable algorithms for computing the SVD numeri-
cally:

1. Different versions of QR iteration. This is the fastest algorithm for small matrices
up to size 25 to find all the singular values of a bidiagonal matrix.

2. Divide-and-conquer. This is the fastest method to find all singular values and
singular vectors for matrices larger than 25.

3. Bisection and inverse iteration. In this algorithm the first part of the lemma 11.4
is applied for Tpr 4p = PTAP to find only the singular values in a desired interval.
Singular values are computed with high accuracy but singular vectors can loss
the orthogonality.

4. Jacobi’s method. SVD of a dense matrix G is computed implicitly applying of
Jacobi’s method - algorithm 11.5 - for GGT or GTG.

11.7 Different Versions of QR Iteration for the Bidiagonal SVD

In this section we will present so-called algorithm dqgds (“differential quotient-
difference algorithm with shifts” [99]) which was originally derived in [28] and
later updated in [32] for the case when we want to compute only singular values.
We refer to [95] for survey of different versions of QR Iteration for the SVD.

To derive dgds algorithm we will start with algorithm of LR iteration which
can be applied for the symmetric positive definite (s.p.d) matrices. Let Ty be any
symmetric positive definite matrix. The following algorithm produces a sequence of
similar symmetric positive definite matrices 7;:

Algorithm 11.9. LR iteration.

0. Set i =0 and initialize s.p.d Ty. Perform steps 1-4 in loop:
1. Compute a shift 77 such that it is smaller than the smallest eigenvalue of T;.
2. Compute the Cholesky factorization of 7; — 21 = B! B;, where B; is an upper
triangular matrix with all positive elements on diagonal.
. Update T;| = B;BT + 721
4. Stop updating 7; and set Ty = T;y1, M =i+ 1,if || T;41 — T;||2 < 0. Here, O is a
tolerance number. Otherwise, set i =i+ 1 and go to step 1.

(O8]

Algorithm of LR iteration is very similar to QR iteration: we compute a factor-
ization, and multiply the factors in reverse order to get the next iterate 7; ;. It is easy
to see that 71 and 7; are similar:
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Ti1 = BiB! +121=B; "B BB +?B; "B

—T pT 2\ pT —-T T (1 1'26)

=B, (B;Bi+1)B; =B; 'TB; .

The following lemma states that when we choose the shift ’L',-2 = 0, then two steps
of LR iteration produce the same 75 as one step of QR iteration.

Lemma 11.5. Let T, be the matrix produced by two steps of algorithm 11.9 with
’L’i2 = 0. Let T' be the matrix produced by one step of OR iteration such that QR = Ty,
T'=RQ.ThenT, =T'.

Proof. Using the property that 7y is symmetric we factorize TO2 in two ways:

1. First factorization is:
Ty =Ty Ty = (QR)"OR = R"R,

where R” is a lower triangular matrix. We assume that R;; > 0. By uniqueness of
Cholesky factorization it is unique.
2. The second factorization is

T3 = BIBoB! By.
Using algorithm 11.9, we have
Ty = BoBl = B B;.
Using the second factorization and then the above expression we can rewrite
T¢ = BY BoBY By = BY (BT B1)By = (B1Bo)” B1 By,

where (B1By)T is a lower triangular matrix. This must be the Cholesky factorization
since Tp is s.p.d. By uniqueness of the Cholesky factorization, we conclude that
R = BBy and two steps of LR iteration is the one step of QR iteration. We can show
it also in a following way: since Tp = QR and Ty = OR we have

T'=RQ =RO(RR™ ") =R(QR)R"' =RTHR™".

Substituting R = BBy, and Ty = Bg By into the right hand side of the above equation
we get:

T' = (B1Bo) (B} Bo)(B1Bo) ™" = B1BoB{ BoB, ' B! = B1(BoB})B;"
Using the fact BoB] = T\ = B! By we finally get:
T =B(B'B))B; ' =BB] =T.
O

Remark 11.2.
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e We observe that algorithm 11.9 and lemma 11.5 depends on s.p.d. 7o which
should not be tridiagonal.

* Because of similarity of LR iteration and QR iteration stated in lemma 11.5,
analysis of LR iteration follows from the analysis of QR iteration.

e We observe that matrices 711 = BiBiT + Tf[ in algorithm 11.9 are constructed
explicitly and this can be unstable procedure because of rounding in floating
point arithmetic.

The next dgds algorithm mathematically is the same as the algorithm of LR
iteration. However, of dgds algorithm is that matrices By are computed directly
from B; without constructing 7jy| = B,-BiT + TiZI .

Let B; have diagonal ay,...,a, and superdiagonal by,...,b,—1, and B;+ have
diagonal dy,...,d, and superdiagonal 51 e ,13,,4. We assume that by = 130 =b,=
b, =0. Using algorithm 11.9 we have that

Bl \Bii1+ 14 I =T = BBl + 771 (11.27)
Writing (11.27) for the (, j) entries for j < n we get
G+b 4+t =a + b+ T
and expressing ﬁ? from it we have:

B=d B, 5, (11.28)

where 0 = Ti2+1 — 72, The shift 7> should be chosen in a special way - see step 1 in

algorithm 11.9. Writing (11.27) for squares of (j, j+ 1) we have:
2272 2 12
Cljbj = aj+1bj,
and expressing E? from it we get:
b5 = a3, b5 /a3 (11.29)

Combining two equations (11.28) and (11.29) we get the intermediate algorithm.

Algorithm 11.10. Intermediate algorithm.
forj=1ton—1
G =ai+bi—b;_ =8
B =33,/
end for

P2=a-b_ -5

We observe that algorithm 11.10 maps directly the squares of the entries of B;

to the squares of the entries of B;;1. Thus, the square roots are taken only at the end
of the algorithm.
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In the next algorithm we rewrite algorithm 11.10 in the classical notations of [99]
using the change of variables

_ 2 5. _ 12
qj=aj,ej=">bj.

Algorithm 11.11. One step of the gds algorithm.
forj=1ton—1
jj=qj+ej—éj-1-9
¢j=ej(qjr1/4))
end for
qAn :qnfénfl -0

The final dgds algorithm is the same as gds but will be more accurate. To derive
dgds algorithm we take the part ¢; —é;_; — 6 from §; of algorithm 11.11, and use
first (11.29) to express é;_; and then (11.28) to express g, to get:

; gjej-1
di=qj—éj1—-8=gq;- Z},j_l —6
q.<67f191‘1)5q.<‘1f‘éf25>5 (11.30)
A ! gj-1
i g, -5

qj—1

Using (11.30) we can rewrite the inner loop of algorithm 11.11 as

gj=dj+ej,
éj:ej(qj+1/cjj)7 (1131)
djiv1=4d;(q;+1/4;) — 6.

To get final algorithm, we note that d;; can overwrite d;:

Algorithm 11.12. One step of the dgds algorithm.
d= q1 — o
forj=1ton—1
12,' =d+ e;j
t=(qj+1/4;)
éj =ejt
d=dt—0
end for
gn=d

The dgds algorithm 11.12 has the same number of floating point operations in
its inner loop as gds algorithm 11.11. How to choose a shift 7; in § = Ti2+1 — ,L.iz and

analysis of convergence of these algorithms are presented in [32].
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11.8 Jacobi’s Method for the SVD

In this section we will present algorithms which can find SVD of a dense matrix.
These algorithms will use Jacobi’s algorithm 11.8 for the symmetric matrix

A=GTG.

Similarly with algorithm 11.8 algorithms of this section are very slow for computa-
tion of SVD compared with methods which we have considered. However, Jacobi’s
method can compute the singular values and singular vectors much more accurate
than other discussed algorithms.

The first Jacobi algorithm computes Jacobi rotation matrix J at every iteration
step and updates G” G to JT GT GJ. Since we compute only GJ instead of computing
GT G or JTGT GJ this algorithm is called one-sided Jacobi rotation.

Algorithm 11.13. One-sided Jacobi rotation of G.

function One-Sided-Jacobi-Rotation (G, j, k)
Compute ajj = (GTG)jj, Aj = (GTG)jk, and Ak = (GTG)kk
if |aji| > & /ajja
T = (ajj—au)/(2aj)
t =sign(t)/(|t]+V1+12)
c=1/V1+12
s=ct
G=GR(j,k,0) /* here c = cos 0 and s =sin O */
/* if right singular vectors are desired */
J=JR(j;k,0)
end if
end if

We note that the entries a;j, aji, and a of A = G" G are computed by algorithm
11.13 where the Jacobi rotation R(j, k, 6) is computed using algorithm 11.5.

In the next algorithm we assume that G is of the size n x n. We compute the
singular values o;, the left singular vector matrix U, and the right singular vector
matrix V such that G = UXVT, where I = diag(o;).

Algorithm 11.14. One-sided Jacobi.

Loop
forj=1ton—1
fork=j+1ton
call One-Sided-Jacobi-Rotation (G, j, k)
end for
end for
until GT G is diagonal enough
Set 0; = ||G(:,i)||2 (the 2-norm of column i of G)
SetU = [uy,...,u,|, where u; = G(:,i)/0;
Set V = J (product of Jacobi rotations)
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The following theorem shows that one-sided Jacobi algorithm 11.14 can compute
the SVD with a high accuracy.

Theorem 11.6. Let G = DX be an n X n matrix, where D is diagonal and nonsin-
gular, and X is nonsingular. Let G be the matrix after calling One-Sided-Jacobi-
Rotation (G, j,k) m times in floating point arithmetic. Let 6y > ... > ©, be the
singular values of G, and let & > ... > 6, be the singular values of G. Then

A

|o: — 6
O;

< O(me)x(X),

where k(X) = ||X|||X~"|| is the condition number of X.

The proof can be found in [23].
In the example presented below we will illustrate performance of the one-sided
Jacobi algorithm 11.14 using the Matlab program of section A.20.

Example 11.5. We compute the SVD decomposition of the matrix

3.8373 16.5466 0 0 0
16.5466 17.7476 5.5205 00
A= 0 5.5205 11.4120 7.1830 0 (11.32)
0 0 7.1830 11.4657 8.7969
0 0 0 8.7969 18.5031

using the one-sided Jacobi algorithm 11.14. We run the Matlab program of section
A.20 until the matrix ATA is sufficiently diagonal, i.e. until of f(ATA) < tol for
tol = 0.005. Computed SVD decomposition of the matrix A = UXVT obtained by
applying the Matlab program of section A.20 is the following:

—0.8000 0.4934 —0.2008 —0.2157 —0.1723
0.5608 0.7867 0.0260 —0.1254 —0.2241
U=| —0.1934 0.2983 0.5262 0.7440 0.2077 |,
0.0853 0.1764 —0.7317 0.3083 0.5754
—0.0286 0.1324 0.3830 —0.5377 0.7388

7.7615 0 0 0 0
0 302188 O 0 0
X = 0 0 1.690 0 0 ,
0 0 0 134582 O
0 0 0 0  25.3541

0.8000 0.4934 —0.2008 —0.2157 —0.1723
—0.5608 0.7867 0.0260 —0.1254 —0.2241
V=1 0.1934 0.2983 0.5262 0.7440 0.2077
—0.0853 0.1764 —0.7317 0.3083 0.5754
0.0286 0.1324 0.3830 —0.5377 0.7388
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For comparison, computed SVD decomposition of the matrix A = UXV7T given in
(11.32) using the svd command in Matlab gives the following resultat:

—0.4934 —0.1723 —0.2157 —0.8000 —0.2008
—0.7867 —0.2241 —0.1254 0.5608 0.0260
U= —0.2983 0.2077 0.7440 —0.1934 0.5262 |,
—0.1764 0.5754 0.3083 0.0853 —0.7317
—0.1324 0.7388 —0.5377 —0.0286 0.3830

30.2188 0 0 0 0
0  25.3541 0 0 0
r= 0 0 134582 0 0 ,
0 0 0 77615 0
0 0 0 0 1.6960

—0.4934 —0.1723 —0.2157 0.8000 —0.2008
—0.7867 —0.2241 —0.1254 —0.5608 0.0260
V=1 —-0.2983 0.2077 0.7440 0.1934 0.5262
—0.1764 0.5754 0.3083 —0.0853 —0.7317
—0.1324 0.7388 —0.5377 0.0286 0.3830

Questions

11.1. Prove that 5 is an eigenvalue of the matrix

6331

0745
A= o054l (11.33)

0008
Compute an eigenvector of A which corresponds to the eigenvalue 5.
11.2. Compute eigenvalues and corresponding eigenvectors for the matrix
12 -4
A=1021 |. (11.34)
00 3

11.3. Compute eigenvalues and corresponding eigenvectors for the matrix

14
A::(ll). (11.35)

a) Compute estimate to eigenvalue of A by the Rayleigh quotient with vector
x=(1,1)T.
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b) If we will apply the method of inverse iteration to A, to which one eigenvector
of A this method will converge?

c) If we will apply the method of inverse iteration with a shift ¢ = 2, what eigen-
value of A will be obtained?

d) If we will apply the method of QR iteration to A, to what form this matrix will
converge: diagonal or triangular? Why?

11.4. Assume that GT G converges to a diagonal matrix. Prove that algorithm 11.14
implements the SVD decomposition of the matrix G.

11.5. Let x is the unit vector and y is the any orthogonal to x vector. Prove that
[(x+y)a" =12 = [|x+ll2.

11.6. Let A = D+ puu’, where D is the diagonal matrix D = diag(dj, ...,d,) and u
is the vector u = (uy,...,u,)".

a) Prove that d; is an eigenvalue of A if d; = d;11 or u; = 0.

b) Prove that the eigenvector corresponding to d; is e; (the i-th column of 1), if
up = 0.

C

11.7. Show how to compute scalars ¢ and ¢ in the function f(1) = ¢+ 55 if we

know that at A = & we have f(§) = w and f/(§) = y'. Here, v,y are known
scalars.

11.8. Let A = G'G in algorithm 11.14. Her, A and G are of the size n X n. Assume
that \ajk| < €. /ajjark forall j # k. Let 0, < 0,—1 < ... < 0] are the singular values
of G and ),,,2 <...< ),12 are the sorted diagonal entries of A. Prove that |o; — A;| <
ne|A;|, where A; are the singular values computed with high relative accuracy.

11.9. Prove Lemma 11.1.

11.10. Let A is a symmetric matrix and consider algorithm 10.5 with a Rayleigh
quotient shift o; = ay,. Consider also algorithm of Rayleigh quotient iteration 11.1
starting with xo = (0,...,0,1)7 which computes Rayleigh quotients p;. Show that
sequences 0; = p; are the same for all i. Hint: to prove this statement we can use the
same arguments as we have used to prove connection between the algorithm of QR
iteration and algorithm of inverse iteration.

11.11. Prove part 1 of Lemma 11.4.
11.12. Prove parts 2 and 3 of Lemma 11.4.
11.13. Let the matrix A is defined as

A:(JE?IT]IB)’ (11.36)

where B is the Hermitian matrix with ||B||> < 1. Prove that

1+IB])2

K(A) = A7 2lAll2 = T
I=|Bl2
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11.14. (Programming)

Use Matlab-program RayleighQuotient .mof Section A.16 to test Rayleigh
Quotient iteration algorithm 11.1. Try your own examples of the symmetric matrix
A and different tolerances tol.

11.15. (Programming)

Use Matlab-program DivideandCong.m of Section A.17 to test Divide-and-
Conquer algorithm 11.3. Try your own examples of the symmetric matrix A and
different tolerances in the Newton’s method for the solution of secular equation.

11.16. (Programming)
Use Matlab-programs of section A.18 to test Inverse Iteration algorithm 11.4.
Try your own examples of the symmetric matrix A and different tolerances tol.

11.17. (Programming)
Use Matlab-programs of section A.19 to test Classical Jacobi algorithm 11.4. Try
your own examples of the symmetric matrix A and different tolerances tol.

11.18. (Programming)

Use Matlab-programs of section A.20 to test SVD decomposition of a symmetric
matrix A using the one-sided Jacobi algorithm 11.14. Try your own examples of
matrix A and different tolerances tol.






Chapter 12

Introduction to Iterative Methods for Solution of
Linear Systems

In this chapter we will discuss iterative algorithms for solution of linear system of
equations (LSE) Ax = b. These algorithms are used when direct methods take a lot
of time and computer space to solve this system, or in other words, they are not
efficient.

Most of the methods presented in this chapter are described with more details
in [9, 23]. We also refer to the books on the iterative methods [4, 49, 100]. Parallel
implementation of many of discussed iterative methods is presented in [98]. The
goal of this chapter introduce the reader into the topic of iterative algorithms.

In sections 12.1 - 12.6 we will discuss basic iterative methods such as Ja-
cobi, Gauss-Seidel and Successive overrelaxation, and in section 12.7 we introduce
Krylov subspace methods. Further, conjugate gradient method (CG) and precondi-
tioned conjugate gradient method (PCG) are presented in sections 12.8, 12.9, re-
spectively. We refer to [4, 44, 49, 100] for a survey on a Krylov subspace methods
and different preconditioning techniques.

12.1 Basic Iterative Methods

The basic iterative methods for the solution of system of linear equations Ax = b
are:

1. Jacobi.
2. Gauss-Seidel.
3. Successive overrelaxation (SOR).

These methods produce a sequence of iterative solutions x,, of a linear system
Ax = b which converge to the solution x = A~ provided that there exists an initial
guess xp. To use iterative methods we will introduce a splitting:

A=M-K,

387
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where detM # 0. Applying this splitting to Ax = b we get:
Ax =Mx— Kx =b.
From the equation above we have
Mx=b+Kx

and thus,
x=M"Yb+Kx)=M'b4+M'Kx.

Let us define
Rx=M""Kx, c=M""b.

The iterative update for x,, can be written as:
Xm+1 = Rxm + ¢, (12.1)
where m is the number of iteration.

Lemma 12.1. Let ||R|| = max %. If ||[R]| < 1 then iterations (12.1) will con-

verge for all initial guesses xy.

Proof. For exact x we have:
x=Rx+c. (12.2)

Subtracting (12.2) from (12.1) we get:
Xmt1 —X = R(xy — X). (12.3)
Taking norms we have:
[P =2l = R = )| < IRI| [l = x]] < [R™] [0 — x]- (12.4)
Inequality will converge to zero since |[R|| < 1. O

Another convergence criterion needs introduction of the definition of spectral
radius for R. Let (A1, ..., 4,) be the (real or complex) eigenvalues of a matrix R. The
spectral radius of Ris p(R) = maxy, ;- __,|Ail.

Lemma 12.2. For all operator norms p(R) < ||R||. Then VYR and Y€ > 0 there exist
operator norm || - ||(g ¢y such that ||R|[|(g &) < p(R) + €.

Proof of this lemma can be found in [23].

Theorem 12.1. Let [|R|| = max, %. If p(R) < 1 then iterations (12.1) will con-
verge for all initial guesses Xx.

Proof. Using (12.5) we have:
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et =[] = 1R Com =) < IR b =] < IR [lxo =} = A" (30 — ).
(12.5)
Since p(R) < 1 then using lemma 12.2 we choose a such operator norm that
[R|l(re) < 1. Then by lemma 12.1 iterations (12.1) will converge for all initial
guesses xo. O

The rate of convergence r(R) of iterative procedure x,,1 1 = Rx,, + ¢ is defined as

r(R) = —log)yP(R).

In the iterative methods considered below we want to have efficient splitting
A =M — K as possible. Let us introduce following notations. If matrix A has no
zeros on its diagonal we will write the splitting as

A=D-L-U=D(I-L-U), (12.6)

where D is a diagonal matrix, —L is the strictly lower triangular part of A such that

DL=L

)

and —U is the strictly upper triangular part of A such that

DU =U.

12.2 Jacobi Method

The splitting for Jacobi method is:
A=D—(L+0). (12.7)
Applying it to the solution of Ax = b we have:
Ax=Dx— (Lx+Ux) = b.
From the equation above we can get
Dx=b+Lx+Ux

and thus
x=D"Yb+Ix+Ux)=D"'b4+D 'Ix+D'Ux.
Let us define
R;=DY(L+U)=L+U,

12.8
C‘]EDilb. ( )
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Then iterative update in the Jacobi method can be written as:
Xm+1 = Ryxy + cg. (12.9)
Formula (12.9) can be also written as
Dxyyi1 = b+ Lxy, + Uxyp, (12.10)

or using the definition of the matrix D on the element level the same formula can be
represented as

aj jxme1j =bj— Y ajXmp. (12.11)
k#j
Algorithm 12.1. One step in the Jacobi method.
forj=1ton
bj— YartjajiXmk
Xmpl,j = ———"————
aj,j
end

In the case of the model problem for the Poisson’s equation of section 8.1.3 on a
square we will have the following Jacobi’s method:

Algorithm 12.2. One step in the Jacobi method for two-dimensional Poisson’s
equation.

fori=1toN
forj=1toN
Um,i—1,j + Um,it1,j + Um i j—1 + Ui 1 + 1 fij
Umn+1,i,j — 4
end
end

Example 12.1. In this example we present the numerical solution of the Dirichlet
problem for the Poisson’s equation (8.11) in two dimensions using iterative Jacobi
method. We define the right hand side f(x) and the coefficient a(x;,x;) in (8.11) the
same as in example 8.2 of Chapter 8. We produce the same mesh as in this example
and solve then the linear system of equations Au = f. The Matlab program of Sec-
tion A.21 is available in Appendix for running of this test. We have implemented
three different version of Jacobi method in this program: the first version uses the
formula (12.9), the second - the algorithm 12.1 and the third - the algorithm 12.2.
For all three algorithms we have used the stopping criterion |u”! — u™|, < tol,
where chosen tolerance was tol = 1077,

The results of our numerical simulations are the same as on Figure 8.1 for the
number of the inner points N = 20 and for the tolerance ol = 10~ in the iterative
update (check it by running the Matlab program of Section A.21).
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12.3 Gauss-Seidel Method

To get the Gauss-Seidel! method we use the same splitting (12.7) as for the Jacobi
method. Applying it to the solution of Ax = b we have:

Ax=Dx— (Lx+Ux) = b.
Next, we rearrange terms in the right hand side of the above equation to get:
Dx—Lx=b+Ux, (12.12)
and thus, the solution of (12.12) is computed as
x=D-L)"Yb+Ux)=(D—-L)"'b+(D-L)"'0x.

We can rewrite the above equation using notations DL = L and DU = U to get:

x=D-L) '+ (D-L)"'Ux
=(D-DL)"'b+(D—DL)"'Ux 1213
=(-L)" "D+ (-L)"'D70x '
=(I-L)'D7 b+ (1-L)"'Ux.
Let us define
Res=(I-L)"'U,
6s=(-1) L (12.14)
CGS = (I—L)_ D™ b.
Then iterative update in the Gauss-Seidel method can be written as:
Xm+1 = RGsxm + ¢Gs.- (12.15)
We can also write the formula (12.13) via an iterative update as
(I —L)Dxp+1 = b+ DUxyp, (12.16)
or using the definition of matrices D, L,U on the element level as
j=1 n
aj jXmy1,j =bj— aj i Xmr1k — Z aj (X k- (12.17)

k=1 k=j+1

Here, Zi;f ajjXm+1,k represent already updated terms with values of x,,11, and
terms Y;_ j+1d) kXmk are with older values of x;,, which we have updated on the
iteration m.

! Philipp Ludwig von Seidel (1821 - 1896) was a German mathematician.
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Algorithm 12.3. One step in the Gauss-Seidel method.

forj=1ton

Jj—1 n
bj— X1 AjXm+1k — L= jy1 GjkXmk

Xm+1,j = —
aj,j
end

If we want apply the Gauss-Seidel method for the solution of the model problem
for the Poisson’s equation of section 8.1.3 we need organize ordering for the new
m+ 1 variables and old already computed values m. We will use such called red-
black ordering based on the chessboard-like coloring. Let B nodes correspond to the
black squares on a chessboard, and R nodes correspond to the weight squares. The
Gauss-Seidel method for the solution of the two-dimensional Poisson’s equation on
a square becomes the following.

Algorithm 12.4. One step in the Gauss-Seidel method for two-dimensional Pois-
son’s equation.

for all R red nodes i, j

2
Um,i—1,j + Um,it1,j + Umi j—1 + Umi j+1 + I fi )
uerl,i,j = 4

end
for all B black nodes i, j

U1, 1, + Um0, U i j—1 F U1 i j1 + RS
Uil = 2

end

Example 12.2. Here we present the numerical solution of the Dirichlet problem
for the Poisson’s equation (8.11) in two dimensions using iterative Gauss-Seidel
method. The set-up for our numerical experiments is the same as in example 8.2 of
Chapter 8. The Matlab programs of Sections A.22 and A.23 are available in Ap-
pendix for running of this test. The Matlab program of Section A.22 implements
algorithm 12.3 while the Matlab program of Section A.23 implements the algorithm
12.4, the Gauss-Seidel method with Red-Black ordering. In both cases we have used
the computation of the residual in the stopping criterion ||Au"*! — b||, < tol, where
chosen tolerance was tol = 10~°.

The results of our numerical simulations are the same as on Figure 8.1 for the
number of the inner points N = 20 and for the tolerance ol = 10~ in the iterative
update (check it by running the Matlab programs of Sections A.22, A.23). However,
the convergence of the Gauss-Seidel method (665 iterations in usual Gauss-Seidel
method and 634 iterations in Gauss-Seidel with Red-Black ordering) is much faster
than in the usual Jacobi method which converged in 1204 iterations.
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12.4 Successive Overrelaxation SOR(w) Method

The method of successive overrelaxation improves the Gauss-Seidel method in the
following way: it takes weighted average of values x,,1| and x,, such that:

Xmi1,j = (1 — @)X j + OXimi1 j, (12.18)

where o is a weight called also relaxation parameter. When @ = 1, then we will get
usual Gauss-Seidel method, when @ < 1 we get underrelaxation method, and when
® > 1 - overrelaxation method. We will investigate all three cases in Section 12.6.

To get SOR(®@) method in a matrix form, we again apply splitting (12.7) and
obtain equation similar to (12.12), but only in the iterative form:

(D—L)xps1 =b+Uxy,. (12.19)
Applying now weighted average (12.18) to this equation we have:
(D— oL)xy1 = 0b+ ((1—®)D+ @U)x,. (12.20)
Using notations DL = L and DU = U the equation (12.20) can be rewritten as

Xmi1 = (D— L) 'ob+ (D—oLl)~'((1— 0)D+ ol)x,

L | (12.21)
=({I—-oL) "' D" wb+(I—oL)” ((1— o)+ oU)x,.
Now defining
Rsor = (I— oL) (1 — ®)] + oU),
sor = (1=aL)” (1 ~o)-+oU) 120
CSOR = (I* (DL)_ D™ wb
we can rewrite (12.21) in the form
Xm+1 = RsoRXm + CsOR- (12.23)

To get SOR(w) for implementation, we take x,,41,; in the right hand side of
(12.18) from the Gauss-Seidel algorithm 12.3 and obtain the following algorithm:

Algorithm 12.5. One step in the SOR(®) method.

forj=1ton

j-1 "
bj = Y1 @jkXmi1 k= g1 4j¥mk

Xmttj= (1= @)xm;+ 0 o
I

end
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To apply the SOR(w) method for the solution of the model problem for the Pois-
son’s equation of section 8.1.3 we will use the red-black ordering as in the Gauss-
Seidel method. The SOR(®) method will be the following.

Algorithm 12.6. One step in the SOR(w) method for two-dimensional Poisson’s
equation.

for all R red nodes i, j

2
(Um,i—1,j + Um,it1,j + Um,ij—1 + Um,i 1 +hfij)
4

w
Um+1,i,j = (1 - C())I/tmﬁi,j +

end
for all B black nodes i, j

2
(U 1i—1,j F Ut i1, U 1i j—1 F Ui 1 H R fij)

w
un1+l,i,j:(1_w>um7i,j+ 4

end

12.5 Symmetric Successive Overrelaxation SSOR(®) Method

The main scheme of all iterative methods which we studied before was to construct
an iterative procedure x; | = Rx; + ¢ such that all x; will converge to the exact solu-
tion x of the system of linear equations Ax = b under the condition that p(R) < 1.
The method of symmetric successive overrelaxation constructs a such sequence of
solutions of Ax = b which improve already obtained approximations x;. In other
words, we are interested in the answer to the question: for already computed ap-
proximations x; can we construct a such linear combination £, = Y.\ @; ,x; where
coefficients @; , satisfy Y/, &t » = 1 and which will be better approximation of the
exact solution x ?

Suppose, that we have positive answer to this question. Then the error e = x — %,
in the new computed £, can be computed as:

n n n
e=%,—x= Z O pXi — X = Z O (xi —x) = Z 0 nR' (xo —x) = P,(R)(x0 — x),
i=0 i=0 i=0

l (12.24)
where P,(R) =Y (wai is a polynomial of degree n such that P, (1) =YL ¢ty =
1. Usually, classical Chebyshev polynomials satisfy this condition. The Chebyshev
polynomials of the first kind are defined by the reccurent formula

Ti(x) = x (12.25)
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Properties of the Chebyshev polynomials are listed in [109]. We are going to con-
struct a polynomial in the form

_ T(x/p)
T.(1/p)

such that the spectral radius of P,(R) is as small as possible. The polynomial P, (x)
in (12.26) has following properties:

Py (x) (12.26)

P(1)=1,
| (12.27)

max )|Pn(x) <&

—p(R)<x<p(R

for small tolerance & > 0. By the spectral mapping theorem (since P, (R) = Y & ,R!
is a polynomial of degree n) we have that the eigenvalues of P,(R) are P,(A(R)),
where A are eigenvalues of R. Combining this observation with (12.27) we can con-
clude that the spectral radius of R will be small and thus, polynomials in the form
(12.26) are well suitable for our goals.

Let us define now |
= — 12.28
= (1 p) (12:28)

Then (12.26) can be written for x = R in terms of y, as

Py(R) = 1, Tu(R/p). (12.29)
Writing (12.25) for x = 1/p and using (12.28) we get

ui:ml/m —2/pTy1(1/p) ~ Tra(1/p). (1230)

Writing (12.25) for x = R/p we have

T.(R/p) = %an_](R/p) T, (R/p). (12.31)

We now substitute equations (12.29), (12.31) into the error equation (12.24) to ob-
tain:

€= %0 —x = Py(R)(x0— %) = T, (ﬁ) (x0— )

3R (12.32)
i (2501 (R/p) 30 -0~ Tuoa(R /)50 )
Writing (12.28) for x = R and different indices n we get
Pi—1(R)=up—1T,—1(R/p),
1(R) = tn—1Th—1(R/p) (12.33)

Pi—2(R) = 2T, —2(R/p).
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We use equations (12.33) in the last row of (12.32) to obtain

e :)en —Xx= U, (MPH—I(R/p)(‘xO_‘x) _ Pn_z(R/p)(xO_‘x)> . (1234)
P Hn—1 Hn—2

Using (12.24) we can write the error for different indices » as

e=%1 _x:Pn—l(R)(XO_x)7

N (12.35)
e=%—2—x=PF_2(R)(xo —x).
Substituting (12.35) in (12.34) we have
e=f —x=u (2R£n—1 —x xAn—Z_x)
" "\Pp Mt Hn—2
.y 2R X, 2R «x
= U, — Y s
,\p Hn—1 P Hn—1 (12.36)
- Xn_2 +o X
n“n—Z n“n—Z
2R %1 X2
= Up— - +Cy(x),
Hn P Hp—1 'un“n—Z 1( )
where 2R
X X
Ci(x)= — Uy— . 12.37
1) “n.un—z o P Hp—1 ( )
Adding x to both parts of (12.36) we get
2R xAnfl Xn—2
Xn = LW - + G (x), 12.38
n = Hn P TR 2() ( )
where R
X X
Cy(x) =x+ Uy, — Wy — (12.39)
2( ) H My — H P Hu—1

Further, noting that for the exact x we have x = Rx+ ¢ and thus, R = (x — ¢) /x,
the function C;(x) can be written as

x  2(x—c) My

Co(x) =x+ Uy
Hp—2 p Hn—1 (1240)
( 1 1 2 > 2U,¢
= x,uvn — + - + .
Up Hp—2  PHp—1 PUn—1
Noting that by (12.28) and (12.25) we have
! 2 ! (12.41)

Un PHa—1  Hn—2
Then (12.40) can be simplified to



12.5 Symmetric Successive Overrelaxation SSOR(@) Method 397

2U,c
Cz(x) = p571 .

(12.42)

Combining (12.38), (12.41) and (12.42) we can formulate following accelerating
algorithm for iterations x; ;| = Rx; +c.

Algorithm 12.7. Chebyshev acceleration algorithm.

Step 0O: Initialization:
set N, &, to = 1, 11 = p(R), %o = x0; %1 = Rxy +c.

Step l: forn=1to N
1

Up=——> 71—

PRy Hy—2
& 2R o _ _Hp a zﬂnc
Xn = Hn 5y, =17 p, =2 5w,

if || £, — £y—1]] < € quit
else set n:=n+ 1 and go to Step 1.
end

The algorithm 12.7 requires that the matrix R has real eigenvalues. Thus, this
algorithm can not be applied to SOR(w) since the matrix Rsog defined in (12.22)
can have complex eigenvalues. However, if we will write iterations in SOR(®) as
Xip] = Rx; + ¢ with a matrix R which has real eigenvalues, then the algorithm 12.7
can be used.

Assume that we have a symmetric matrix A such that A = D(I — L —U) with
U = L. Recall now iterations in (12.21) in SOR(®) and let us write them in two
steps:

e Stepl:

X = (I—oL)"'D7'ob+ (I—oL) "' (1 — 0)]+ oU)x;

. (12.43)
= (I— L)™' ((1 - @)+ oU)x; + const. := Lx; + const.

e Step2:

xip1 = (I — oU) (1 — @)1+ L)X} + const. := Ux! + const.  (12.44)

Substituting (12.43) into (12.44) we get iterations x; | = Rx; + ¢, where a matrix
R := LU has only real eigenvalues since the similar symmetric matrix (I — @U)R(I —
®U)~! has real eigenvalues:

(I—wU)R(I—oU) ' =1+ 2-0)*I-oL) (I -oU)™!
+(0—-2)I—0oU) ' +(0—-2)I-wL)"!
=I1+2-0)*(l-oL)'(I-oL)™!
+(@-2)I-oL") '+ (0—-2)(I-wL)™".

(12.45)
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Thus, we can formulate following symmetric successive overrelaxation SSOR()
algorithm for iterations x;11 = Rx; +c.

Algorithm 12.8.  Step 1.  Apply one step of SOR(®) algorithm 12.5 for j =1
to n to compute X; 1, ...,X; »-

Step 2. Apply one step of SOR(w) algorithm 12.5 backwards for j = n to
1 to compute X; , ..., X; 1.

12.6 Study of Convergence of Main Iterative Methods

Theorem 12.2. If the matrix A is strictly row diagonally dominant (i.e. such that
|aii| > ¥izjlaij|), then Jacobi and Gauss-Seidel methods converge such that

IRGslloo < [Rslloc <1, (12.46)
where Rgs and Ry are defined in (12.14), (12.8), respectively.
Proof. We can rewrite (12.46) with e = (1,...,1)T as
IRGslloo = Il Ras] elloc < [[Rilloc = || IRs] €lloc <1, (12.47)
Using definitions (12.14) and (12.8) we can get from the above inequality:
[1Ras| elloo = (T =L) U] elloc < || IRs| elloo = | IL+U| e]|oc < 1. (12.48)

Further, the triangle inequality, the facts that L" = 0 and (I — |L|)~! ~ Z?;OI IL|
imply that

n—1

(I-L)"'U[e<|(-L)"'[U]ex~] ) L |U]e

1 =0 (12.49)
n—
< Y LI |Ulem(I—IL)7 U] e.
i=0
Using the assumption
[Rilcc =p <1 (12.50)

together with the fact that all entries of (I —|L|)~! ~ ¥/~ |L|' > 0 we have that

0<(I—IL|—1U))e. (12.51)
By assumption (12.50) we have
[Rile= (L[ +[U]) e <e.

Next, multiplying (12.51) by |L| we obtain
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0 <[LI(I~[L| = |U]) e = (IL] = |LP* = [L]|U]) e.
Then adding |U]| e to both sides of the above inequality we get

Ul e < (I=|LD(L[+|U]) e = (L] = [L = |L|[U|+|U]) e,
from which follows (12.48) and thus (12.46). O

Theorem 12.3. Let the spectral radius of Rsog is such that p(Rsor) > |@ — 1|. Then
0 < @ < 2 is required for convergence of SOR().

Proof. We write the characteristic polynomial for Rgor as

(p(;L) = det()LI*RSOR) = det((l — COL) (/'LI 7RSOR))

=det(A+o—1)— wAL— oU). (12.52)

From the equation above we have
0(0) = =] JMi(Rsor) = £det((0—1)I) = £(0 —1)",
and thus
mlglx|li(R50R)| > lo—1],
from what follows that p(Rsor) > |0 —1|. O

Theorem 12.4. If A is s.p.d matrix then p(Rsor) < 1 for all 0 < @ < 2 and thus,
SOR converges for all 0 < @ < 2. If we choose ® = 1 then we obtain usual Gauss-
Seidel method which also converges.

Proof of this theorem can be found in [23].
Assume that for any matrix M which can be written as

M=D-L-U

the Ry( ) is the matrix which is defined as
IRV BN
Ri(a)=o0D™ L+ aD U

for any scalar o > 0. The matrix M is called consistently ordered if eigenvalues of
R; (o) are independent on .

Theorem 12.5. Assume that A is consistently ordered and @ # 0. Then following
statements are fulfilled:

1. The eigenvalues of Ry appear in pairs with +,
2. Assume that A is an eigenvalue of R; and the following equation is true

A+0—1)7=10*A% (12.53)

Then A is an eigenvalue of Rsog.
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3. If A # 0 is an eigenvalue of Rsog, then A in (12.53) is an eigenvalue of R;.

Proof. 1. Since A is consistently ordered, then R;(1) = Ry and R;(—1) = —R; have
the same eigenvalues and thus appear in + pairs.
2. Assume that A = 0, then from (12.53) we have

(@—1)?=0. (12.54)

We see that @ = 1 and Rgop(1) = Res = (I — L)~'U. Thus, A = 0 is eigenvalue
of Rsor. Otherwise we can write that

0= det(l[ _RSOR) = det((l — COL) ()LI _RSOR))
=det(A+w—1)—wAL— oU)

- det(\/Ia)((lT/;(; Y varL- %u)) (12.55)
= det((%)I—L—U)(\/Iw)".
Defining
i— 7%@(;1 (12.56)

we see that it is an eigenvalue of L+ U = R; and thus, the equation (12.53) is
true.
3. If A # 0 then we use previous proof in opposite direction.
O

From theorem 12.5 follows, that if A is consistently ordered, then p(Rgs) =
p(R 1)2. We can see it from (12.53) since for w = 1 we have Gauss-Seidel method,
and thus (12.53) can be written as

A2 =A%, (12.57)

or .
A=21% (12.58)
Thus, p(Rgs) = p(R;)?, or the Gauss-Seidel method is twice faster than the Ja-
cobi method.

Theorem 12.6. Assume that A is consistently ordered, Ry has real eigenvalues such
that A = p(Ry) < 1. Then following statements are fulfilled:

* The optimal relaxation parameter @,y in SOR(®) can be computed as

Oopt (12.59)

2
C1+V1-22

e The spectral radius P(RSOR(w,,,,,)) for @y, defined by (12.59) can be computed
as
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solution u(x 1,xz) in SOR method , N =60, iter. = 282 ©10°3 solution u(x 1'X2) in SOR method, N =60, iter. = 282 103

5 %10 5

coefficient a(x J,><2) with A=12 f(x ],xz) with A (= 1

a(xl‘xz)

Fig. 12.1 Solution of problem (8.11) in the example of Section 8.1.3 on the unit square with mesh
60-by-60 points.

12
P(RsoR(wyp)) = Qopt — 1 = ————=—=—
SOR(@opr) pt (H—ﬂ)z

* The spectral radius p(Rsog(w)) for 0 < @ < 2 can be computed as

(12.60)

-0+ 10?22+ 0 V1 -0 +0250212, if © € (0, 0pp),
0)—1, lfwe[wopt72)7
(12.61)

P (Rsor(w)) =

Proof. The proof follows from the solution of equation (12.53) for A. O

Example 12.3. The matrix A in the model problem for the Poisson’s equation of
section 8.1.3 is s.p.d.. Thus, by theorem 12.4 the SOR(w) for this problem will
converge forall 0 < @ < 2.

We present the numerical solution of the Dirichlet problem for the Poisson’s
equation (8.11) in two dimensions using iterative SOR(®) method. The set-up for
our numerical simulations is the same as in example 8.2 of Chapter 8. The Matlab
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Fig. 12.2 Convergence of SOR(®w) computed for the model problem (8.11) in the example of
Section 8.1.3 on the unit square for different discretizations. On the left figures we plot the number
of iterations in SOR depending on @ (blue line) and corresponding optimal relaxation parameter
@ppr (red line). The computed spectral radius p(Rgog(w)) is presented on the right figures.

program of Section A.24 is available in Appendix for running of this test. This
program implements two algorithms: first is implemented the algorithm 12.5 and
then follows the algorithm 12.6, or SOR(®@) method with Red-Black ordering. We
have used the stopping criterion ||u”"*! — ||, < tol, where chosen tolerance was
tol =107°.

The results of our numerical simulations are the same as on Figure 8.1 for the
number of the inner points N = 20 and for the tolerance ol = 10~ in the iterative
update (check it by running the Matlab programs of Section A.24). Figure 12.1
presents the numerical solution for the number of the inner points N = 60, relaxation
parameter ® = 1.95 and the tolerance tol = 10~°,

We perform computations for different relaxation parameters @ € (0,2). We
also compute the optimal relaxation parameter @,,;, as well as the spectral ra-
dius p(RSOR(a,>) using formulas (12.59), (12.61), respectively. Figure 12.2 presents
results of these computations. Left figures of Figure 12.2 show convergence of
SOR(w) for different @ € (0,2) (blue line) and corresponding optimal relaxation pa-
rameter @,,; computed by (12.59) (red line). Right figures of Figure 12.2 show the
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spectral radius p (Rsor(w)) computed by (12.61) with @, implemented by (12.59)

and A given by (12.56). Using this figure we also conclude that the convergence
of SOR(w) is much faster than both convergence of Gauss-Seidel method and of
Jacobi method.

12.7 Krylov Subspace Methods

Krylov!' subspace methods are used for the solution of large system of linear equa-
tions Ax = b and for finding eigenvalues of A avoiding matrix-matrix multiplication.
Instead, these methods use multiplication of matrix by the vector.

The Krylov subspace generated by matrix A of the size n x n and vector b of the
size n is the linear subspace spanned by powers of A and multiplied by b:

K,(A,b) = span{b,Ab,A’D,...,A""'b}. (12.62)

For the symmetric matrix A we can write the decomposition Q7 AQ = H, where
Q is the orthogonal transformation and H is the upper Hessenberg matrix which
also will be a lower Hessenberg, and thus, tridiagonal matrix. Writing Q as Q =
{q1,--,qn} and using AQ = QH we have

J+l1
Agj =Y hijgi- (12.63)
i=1
By multiplying both sides of the above expression by orthonormal vectors g2,
and using the fact that g; are orthonormal we obtain:

Jjt1

abAg; =Y hijghgi=hmj, 1 <m< . (12.64)
i=1
We can rewrite (12.63) as
j
hitjdj =Ag;— Y hi jgi. (12.65)

i=1

Two formulas (12.64) and (12.65) are used in the Arnoldi®> algorithm for the
reduction of the matrix A to an upper Hessenberg form. Let r will be the number
of columns in the matrices Q and H which we need to compute. We now formulate
the Arnoldi algorithm which performs partial reduction of the matrix A to the upper

! Aleksey Krylov (1963 - 1945) was a Russian naval engineer, applied mathematician and mem-
oirist.

2 Walter Edwin Arnoldi (1917 - 1995) was an American engineer.
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Hessenberg form. The vectors g; computed in this algorithm are called Arnoldi
vectors.

Algorithm 12.9. Arnoldi algorithm.

Initialization: ¢, = 12—

15112
forj=1tor
Z:qu
fori=1toj
hij=q}z
ZZZ—hiﬁjq;
end

hjtrj = llzll2

if hj+17j =0 quit
z

J+Lj

qit1 =3
end

Let us define Q = (Q,, Q,) with O, = (q1,...,q,) and O, = (¢r+1, ..., qn). We have
following structure of the matrix H after r steps of the Arnoldi algorithm 12.9:

H = QTAQ = (Qeru)T A (QHQM)

~ (0TAQ, 0TAQ,\ ([ H, H, (12.66)
B TAQV QZAQF N Hru Hu ’

u

where H, is the upper Hessenberg matrix. We know only H, and H,, with H,, and
H,, still being unknown.

For the case of a symmetric matrix A the Arnoldi algorithm can be simplified
since the matrix H is symmetric and tridiagonal what means that

oy Bi
Bi
H=| ... .. (12.67)

Rewriting (12.63) for the case of the symmetric and tridiagonal H given by (12.67)
we have

Aqj=Bj-19j-1+q;+Bjqj1. (12.68)
We note that columns of Q are orthonormal. Thus, multiplying (12.68) by qu we get
4Aq; =g} (Bj—1qj—1 + %q; + Bjgjr1) = o). (12.69)

From (12.68) we can obtain expression for computing ¢ 1:

gj+1=(Aqj—Bj—19j—1 — ajq;)/Bj, (12.70)
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which is used in the Lanczos' algorithm. Combining (12.69) and (12.70) we get

Lanczos algorithm for partial reduction of a symmetric matrix A to the symmetric
tridiagonal form.

Algorithm 12.10. Lanczos algorithm.
Initialization: ¢ = ﬁ, Bo=0,90=0

forj=1tor

Z:qu

OCj = q;z

z=z—ajq;—Bj—1q9j—1  /* no reorthogonalization */
Bj = llzl2

if Bj = 0 quit

qiv1 = BL/

end

The vectors g; computed by the algorithm 12.10 are called Lanczos vectors. The
vectors g, computed in the Lanczos or Arnoldi algorithm create orthonormal ba-
sis of the Krylov subspace K, defined in (12.62). The matrix H, = Q7 AQ, in both
algorithms is called the projection of A to the Krylov subspace K.

Taking into account (12.66) we can write following structure of the matrix 7T
after r steps of the Lanczos algorithm 12.10:

T =0"A0=(0:.0,)" A (Qr. Q)
_(07TAQ, QTAQ,\ _ (T, Tu\ _ (T, T}, (12.71)
h ( wAQ; Q,TAQ,> h (Tm T, > B <Tm T, >
We can compute elements of 7, and 7,, = T,. since the matrix A is symmetric.
However, elements of 7,, are not known.
Our goal now is to use r steps in the Lanczos or Arnoldi algorithms to solve linear

system Ax = b. To do that we seek the best approximation x, to the exact solution
x=A~'b given by

;
x=Y zjq; = 0z, (12.72)

j=1
where z = (zl,...,zr)T. Let us define the residual as R, = b — Ax,. For the case
of s.p.d. matrix A we can define the norm ||R||,—1 := (RTA™'R)!/2. We note that
IR|| 4—1 = ||x — x||a. Thus, the best computed solution x, will minimize ||R||4—1.

The algorithm which can compute such vector x, is called the conjugate gradient
algorithm (CG).

Theorem 12.7. Let A is a symmetric matrix, H, = Q,TAQ, and residuals are defined
as R, = b—Ax,Vx, € K,. When H, is not singular we can define

xr = O,H ey b2, (12.73)

! Cornelius Lanczos (1893 - 1974) was a Hungarian mathematician and physicis mathematician.
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where ey = (1,0,...,0)". Then QT R, = 0.
Let A is also positive definite matrix. Then H, must be nonsingular and x, defined
as in (12.73) minimizes |Ry||,—1 for all x, € K, where R, = £||R/||2gy+1.

The proof of this theorem can be found in [23]. Numerical exploration of the
convergence of the Lanczos algorithm 12.10 is provided in [23]. We note that the
round-off errors destroy the orthogonalization property of the Lanczos algorithm
12.10: the vectors g; can lose orthogonality and become linearly dependent. Below
we present more expensive but algorithm with full orthogonalization for finding
eigenvalues and eigenvectors of a symmetric matrix A. We say that the algorithm
make full orthogonalization since we perform the Gram-Schmidt orthogonalization
process twice to be sure that we will make z orthogonal to all gy, ...,q;—1, see dis-
cussion in [94].

Algorithm 12.11. Lanczos algorithm with orthogonalization.
Initialization: ¢ = ﬁ,ﬁo =0,q0=0
forj=1tor
= Aq j
oj=qlz
z=z— Z{;l (z"qi)q;  1* make twice reorthogonalization */
=2 (" a)a

B; = llzll2

if B; = 0 quit
Giv1 = 3%
end

We can see that the r steps of the Lanczos algorithm with full orthogonaliza-
tion 12.11 takes O(r?n) flops compared with O(rn) flops of the Lanczos algorithm
12.10. Selective reorthogonalization process takes advantages of both algorithms
and make Lanczos vectors nearly orthogonal sufficiently cheap, see details in [23].
To formulate the Lanczos algorithm with selective reorthogonalization we define
the Rayleigh-Ritz' procedure. In this procedure eigenvalues of A are approximated
by the eigenvalues of 7, = Q7 AQ, with T, defined in (12.71), and are called by Ritz
values. Let us define T, = VAV the eigendecomposition of 7,. The Ritz vectors are
the columns of O,V which are also eigenvector approximations of 7,’s eigenvectors.

The next theorem provides criterion for selective orthogonalization of Lanczos
vectors.

Theorem 12.8. (Paige?).
Let the j-s step of the Lanczos algorithm 12.10 can be written as

Bigj+1+fi=Aq;—aiqg;—Bj-1qj-1, (12.74)

! Walther Ritz (1878 - 1909) was a Swiss theoretical physicist.
2 Constantin Marie Le Paige (1852 - 1929) was a Belgian mathematician.
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where fj is the round-off error and || f||» < O(g||A||) with € representing the ma-
chine epsilon. Let T, = VAV be the eigendecomposition of T, with orthogonal
V =1,...,v), and A = diag(0y,...,0,). Let columns y; » = Q,v; of Q,;V with or-
thogonal Q = (qi,...,q,) be the Ritz vectors with ©; being a Ritz values. Then

O(e||A]])
T _
y17rqr+1 - ﬁr'vi(r” )

where vi(r) is the r-th entry of v;,i = 1,...,r, and B, = ||T,,||>» with T,, defined in
(12.71).

The proof of this theorem is given in [23].

Using Paige’s theorem 12.8 we can design the simplest version of Lanczos algo-
rithm with selective orthogonalization. In this algorithm we check values of f3,|v;(r)|
at every step of algorithm, and then for small values of B,|v;(r)| we orthogonalize
the values of vector z.

Algorithm 12.12. Lanczos algorithm with selective orthogonalization.

Initialization: ¢, = ﬁ, Bo=0,90=0

forj=1tor
= AC]j
o = q;z
z=z—0ajq;—Bj—1q9j—1  /* no reorthogonalization */
fori<r
if Brvi(r)| < Ve|T|
Yir = Opvi /* Ritz vectors */
z=z— (yfrz)yi,, /* selective reorthogonalization */
end if
end for
Bi = llzll2
if B; = 0 quit
L= Z
qi+1 = B;
end

The algorithm 12.12 still can be improved using recurrence formula given in
[107] since it is not necessary that the condition fB,|v;(r)| < v/€||T;|| should be
checked at every iteration. Thus, a lot of steps in selective reorthogonalization can
be eliminated. See also [40] where is presented a shifted block Lanczos algorithm
with standard implementation.

However, when the matrix A is nonsymmetric, then all above considered Lanczoz
algorithms are not valid. This is because eigenvalues of A can be complex or badly
conditioned. We refer to [5, 6, 20, 100, 102] for theory and implementation of the
Lanczos algorithm for the nonsymmetric matrix.
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12.8 Conjugate Gradient Method

In this section we will present main steps of derivation of the CG algorithm. We will
start to use the Lanczos algorithm 12.10 and combine it with formula (12.73). Then
using Theorem 12.7 we will conclude that the residuals R, = b — Ax, are parallel to
the Lanczos vectors g, .

Let us introduce conjugate gradients vectors p,. The p, are called gradients be-
cause in a single step of the CG algorithm we compute the approximated solution
as x, = x,—1 + vp, with some scalars v (see algorithm 12.13), and this solution
minimizes the residual norm ||R,||,—1 = (RTA~'R,)!/2. The vectors p, are called
conjugate, or more precisely A-conjugate, because pl Ap i =0if j#r.

Since A is symmetric positive definite, then the following matrix H, = QT AQ, is
also symmetric positive definite. Thus, we can use Cholesky decomposition on H,
to get

H =011 =L.D,LT, (12.75)

where L, is unit lower bidiagonal and D, is diagonal. Then using the formula (12.73)
we get
X = Q:H er]|b|2
= 0:(L; "D Ly Ve ||b]]2
= (0L ") (DL e[ ]2)
= (P)0r),

where P, = Q,L,; T and y, = D, 'L, 'e,||b||2. Let P, = (p1,..., pr). The conjugate
gradients p; will be parallel to the columns j; of P,.

Lemma 12.3. The columns p; of the matrix P. are A-conjugate. This means that
f’rT AP, is diagonal.

Proof. We can write

PTAP, = (Q.L7)A(Q,LT) = L (QTAQ )L™ = Ly (H )Ly

r r r

=L Y (L,D,L"L T =D,.
O

Let us define the following iterative update for x,:

D D ~ Yr—1
Xr =LrYr= (Pr—lapr) ( n ) (12.76)
=Py +pNr =Xr—1+ PNy
To be able use this formula we need compute the scalars 7,. Since H,_ is the

leading (r— 1) x (r — 1) submatrix of H,, L, and D,_ are also the leading (r —
1) x (r — 1) submatrices of L, and D,, respectively. Thus, we can write
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o1 P
| P = L,D,LT =
- ' ﬁr—l
ﬁr—l o
1 4 1 !
l] ll '
N d,_ oo
L1 dy L1

L ( ) L !
= dlag D _1,d )
Lyl | 1 B WA

where ¢/, =(0,...,0,1) and dimé’_| =r—1.
We also see that D;ll and L;ll,

matrices D; ' = diag(D_',,d-") and

r—1"%r
—1
. Lo
L :< . 1)’

respectively. Below we show that the vector defined as y,_; = Dr__llLr__llél 1612,
where dimé; = r — 1, is the same as the leading » — 1 components of the vector y,.
We have:

are the leading (r — 1) x (r — 1) submatrices of

1y D! L' .
=il = (P ) (B ) alel:

_ <D;_11L;_llél|b||2) _ (yr—1>'
nr Nr

Now to be able use the formula (12.76) for computing x, we need derive iterative
formulas for the columns of P, = (py, ..., p,) and 1,.

We start first to derive P, = (py,..., p,). We observe that LrT_1 is upper triangular
and thus the matrix Lr_fl is also upper triangular and it forms the leading submatrix
of LT of the size (r — 1) x (r—1). Therefore, P,_ is identical to the leading r — 1
columns of B.:

-7
i)r = QrL;T = (Qr—laQr) (Lro—l 1) = (Qr—lL:,Tlaﬁr) = (pr—lvar)-

From P. = oL~ T we get
BLT =0,

Now equating the r-th column on both sides of the above equation, we obtain the
iterative formula for updating p,:
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Pr=qr—lr—1pr-1. (12.77)

Iterative formulas (12.77) for updating p,, g, (from the Lanczos algorithm ) and
finally (12.76) for computing x, provide main steps in the CG algorithm. We will
additionally simplify these formulas to obtain the ultimate CG algorithm. By Theo-
rem 12.7 residuals R, and vectors g, are parallel. Thus, we can replace the Lanc-
z0s vectors g,+1 with the residuals R, = b — Ax,. We now multiply both sides of
Xr = X;—1 + NrPr by A and subtract from b to get:

Ro=b—Ax, =b—A(X,_1 +Npr) = Re_i — NAp,. (12.78)

The above formula yields the following iterative updates:

Ry = Ry—1 — AP, (12.79)
from (12.76) we get:
X=Xyt + TP, (12.80)
from (12.77) we get:
ﬁr:qr—lr_lﬁr_l, (12.81)

Next step is eliminate g,. To do that, we substitute R,_| = g,||R,—1]||2 and p, =
[|R,—1||2 P into (12.79)-(12.81) to get

R=R1——  Ap =R, —v,Ap,, (12.82)
|[Rr—1]2
- Nr _
Xr =Xp—1+ T Pr=Xr—1 + Vi Dr, (1283)
|[Rr—1]2
Ry_1l|l,—
pr=Rooy = Wit pe (12.84)
||Rr—21]2

Analyzing (12.82)-(12.84) we observe that we need formulas for the scalars v,
and y,. For derivation v,, we multiply both sides of (12.84) on the left by pT A and
use the Lemma 12.3 to get

prApr=pLAR, 1 +0=Rl_|Ap,. (12.85)

Multiplying both sides of (12.82) on the left by R”_,, using the equality R’ R, =0

r—1°
(since the R; are parallel to the columns of the orthogonal matrix Q) and then (12.85)

we obtain , ,
R" R, R R._
v = el e L (12.86)
R, _|Ap; PrApr

Finally, we derive a formula for u,. Multiplying both sides of (12.84) on the left
by p!_,A and using the Lemma 12.3 (by this Lemma p, and p,_ are A-conjugate)
we obtain
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- pz;lAerl
PrT_lAPr—l .

We can derive alternative formulas for v, and p,. Multiplying both sides of
(12.82) on the left by RT, using that R7_,R, = 0, and solving for v, we get

1 = (12.87)

RTR
=T 12.88
v RTAp, ( )

Equating the (12.86) and the (12.88) for v,_; and comparing with equation
(12.87) yields different formula for computation p,:

_PI_jAR—1 _ RT_|R—
pZL1APr—l RZLer—Z .

W — (12.89)

Combining (12.82), (12.83), (12.84), (12.86) and (12.89) yields the conjugate
gradient algorithm .

Algorithm 12.13. Conjugate gradient algorithm.
Initialization: r =0; x0=0; Ro=b; p1=0>;

repeat
r=r+1
z=Apr

Ve = (R R—1)/(P]2)

X =Xp—1+ ViDr
Ry=R,—1—V2

W1 = (RIR,)/(RI_ R,—1)
Dr+1 =Ry + W1 Dy

until ||R,||, is small enough

Convergence analysis of this algorithm is presented in [23]. From this analysis
follows, that
IRellat 1

IRolla=1 — H-(1+27)’

(12.90)

where k = % is the condition number of A. Estimate (12.90) tells us that when the
condition number k ~ 1, the term in the right hand side of (12.90) is small and we
have rapid convergence in CG algorithm 12.13. If the condition number k is large
then the estimate (12.90) can be rewritten as

[Rollamr _ 1 I

— 2 S 2 b
[Rolla—1 — H(1+25) ~ (14 )

(12.91)

and convergence is slower.
We note that when the matrix A is simply symmetric then the norm ||R,||» is
minimized using the minimum residual algorithm MINRES [93]. When the matrix
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A is nonsymmetric then for minimization of ||R,||» is used generalized minimum
residual algorithm GMRES [101].

Example 12.4. We present the numerical solution of the Dirichlet problem for the
Poisson’s equation (8.11) in two dimensions using conjugate gradient method . The
set-up for our numerical experiments is the same as in example 8.2 of Chapter 8.
The Matlab program of Section A.25 which implements algorithm 12.13 is available
in Appendix for running of this test. We have used computation of the residual R,
in the stopping criterion ||R,||2 < tol, where chosen tolerance was tol = 10~°.

The conjugate gradient method converged in 33 iterations for number of the inner
points N = 20. Our computed solution is the same as presented on Figure 8.1 (check
it by running the Matlab programs of Section A.25).

12.9 Preconditioning for Linear Systems

Preconditioning technique is used for the reduction of the condition number of the
considered problem. For the solution of linear system of equations Ax = b the pre-
conditioner matrix P of a matrix A is a matrix P~'A such that P~'A has a smaller
condition number then the original matrix A. This means that instead of the solution
of a system Ax = b we will consider solution of the system

P 'Ax=P'b. (12.92)

The matrix P should have the following properties:

e Piss.p.d. matrix;
+ P~ 'Ais well conditioned;
* The system Px = b should be easy solvable.

The preconditioned conjugate gradient method is derived as follows. First we
multiply both sides of (12.92) by P'/? to get

(P~12AP~1/2)(P'/2x) = p~1/%p, (12.93)

We note that the system (12.93) is s.p.d. since we have chosen the matrix P such
that P = QA QT which is the eigendecomposition of P. Then the matrix P'/2 will be
s.p.d. if it is defined as P'/2 = QA'/2QT . Defining

(12.94)

we can rewrite (12.93) as the system A% = b. Matrices A and P~'A are similar since
P~'A =P Y2AP"/2 Thus, A and P~'A have the same eigenvalues. Thus, instead



12.9 Preconditioning for Linear Systems 413

of the solution of P~'Ax = P~ b we will present preconditioned conjugate gradient
algorithm (PCG) for the solution of A% = b.

Algorithm 12.14. Preconditioned conjugate gradient algorithm.
Initialization: r =0; xo=0; Ro=b; p;= P_lb;yo = P_IRO

repeat
r=r+1
z=Apr

vr = (y/_1Re—1)/(pf2)

Xr =Xr—1+ViDr

R =R, _1—Vz

Yr= P_er

Hry1 = (yer)/(yZ_er—l)
Pre1 = Yr+ Hre1Pr

until ||R,||> is small enough

Common preconditioner matrices P are:

 Jacobi preconditioner P = diag(ay, ..., dn, ). In [108] was shown that such choice
of the preconditioner reduces the condition number of P~!A around factor n of
its minimal value.

e block Jacobi preconditioner

P=1 .. (12.95)

A171 AL
A= o o (12.96)

with square blocks A;;,i = 1,...,r. In [24] was shown that choice of precon-
ditioner P given by (12.95) minimizes the condition number of P~124p—1/2
within a factor of r.

e Method of SSOR can be used as a block preconditioner as well, see details in
[100].

+ Incomplete Cholesky factorization [62, 100, 111] with A = LLT is often used for
PCG algorithm 12.14. In this case a sparse lower triangular matrix L is chosen to
be close to L. Then the preconditioner is defined as P = LLT .

e Incomplete LU preconditioner [100].

¢ Domain decomposition methods [23].

Some of these preconditioners are implemented in the software package PETSc
[98]. An example of using PETSc for the solution of the Dirichlet problem for the
Poisson’s equation (8.11) in two dimensions is presented below.
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Example 12.5. In this example we demonstrate how PETSc [98] can be used for the
solution of the Dirichlet problem for the Poisson’s equation (8.11). The set-up for
our problem in this and the next example is the same as in example 8.2 of Chapter
8. The PETSc programs of Section A.27 are available for running of this example.
We have executed these programs by running the main program Main . cpp using
version of PETSc petsc —3.7.4 on 64 bits Red Hat Linux Workstation. Example of
Makefile used for compilation of PETSc programs of Section A.27 we show below:

PETSC_ARCH=/sup64/petsc-3.7.4

include ${PETSC_ARCH}/lib/petsc/conf/variables

include ${PETSC._ARCH}/lib/petsc/conf/rules

MPI_INCLUDE = ${PETSC.ARCH}/include/mpiuni

CXX=g++

CXXFLAGS = -Wall -Wextra —-g -00 -c —-Iinclude
-I${PETSC_ARCH}/include -I${MPI_INCLUDE}
LD=g++

LFLAGS=

OBJECTS=Main.o CG.o Create.o DiscretePoisson2D.o
GaussSeidel.o Jacobi.o PCG.o Solver.o SOR.o

Run=Main

all: $(Run)

S (CXX) $(CXXFLAGS) -o $@ $<

S (Run) : $ (OBJECTS)

$(LD) $(LFLAGS) $(OBJECTS) $(PETSC_LIB) -o $@

Different iterative methods are encoded by numbers 1 — 7 in the following order:
1 - Jacobi’s method, 2 - Gauss-Seidel method, 3 - Successive Overrelaxation method
(SOR), 4 - Conjugate Gradient method, 5 - Conjugate Gradient method (algorithm
12.13), 6 - Preconditioned Conjugate Gradient method, 7 - Preconditioned Conju-
gate Gradient method (algorithm 12.14). Methods 1-5 use inbuilt PETSc functions,
and methods 6,7 implement algorithms 12.13, 12.14, correspondingly. For example,
to run Main. cpp with SOR method, one should run this program, for example, as
follows:

> hohup Main 3 > result.m

Then results will be printed in the file result .m and can be viewed in mat-
lab using the command surf (result) (note that before loading file result.m
in matlab one need remove the first two rows in the output file informing about
chosed method and number of iterations when convergence have been achieved).
Additional file with result called solution.m also will be created. By doing so,
we simply illustrate different possibilities for output of results in PETSc. Using the
command surf (solution) the computed solution of the Dirichlet problem for
the Poisson’s equation (8.11) can be observed.

Example 12.6. In this example we present the numerical solution of the Dirichlet
problem for the Poisson’s equation (8.11) in two dimensions using preconditioned
conjugate gradient method (algorithm 12.14) implemented in Matlab. The Matlab
program of Section A.26 is available in Appendix for running of this test. In this
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program we can choose between three preconditioners as the preconditioner matrix
P in the algorithm 12.14: Jacobi preconditioner, Block Jacobi Preconditioner and
the incomplete Cholesky factorization [62, 100, 111] with A = LLT. We also use
computation of the residual R, in the stopping criterion ||R,||2 < tol, where chosen
tolerance was tol = 1077,

The preconditioned conjugate gradient method converged in 17 iterations for the
preconditioner matrix P constructed using the incomplete Cholesky factorization for
number of the inner points N = 20 and for the tolerance ol = 10~°. We note that
by choosing Jacobi or Block Jacobi Preconditioners we have the same convergence
as in usual conjugate gradient method . Our final solution is the same as on Figure
8.1 (check it by running the Matlab programs of Section A.26).

Questions

12.1. Find values of the real parameter & such that the matrix

10«
420 (12.97)
653

a) has all real values;
b) has all complex eigenvalues with positive imaginary parts.

12.2. Let A is a Hermitian matrix of the size n X n and let A and u such that A # u be
eigenvalues of A with corresponding eigenvectors x and y. Prove that eigenvectors
corresponding to different eigenvalues are orthogonal, i.e. 7/ x = 0.

12.3. Let the matrix A of the size n X n has the block triangular form

(A Ap
A_< ) An), (12.98)
where the block Aj; is of the size r x r and the blocks Aj»,A»; are of the size (n—
r) x (n—r). Prove that A is an eigenvalue of A if A is an eigenvalue of Aj; and x is

the corresponding eigenvector. Hint: construct a vector y of the size n — r such that
(x,y)T is an eigenvector of A for the eigenvalue 7.

12.4. Let the matrix A of the size dimA = n x n has the spectral radius p(A) < 1.
a) Show that the matrix I — A is nonsingular;
b) Show that

(I1-A)~'= iA".
i=0

12.5. Let the complex Hermitian matrix C of the size n X n can be presented as C =
A+ iB where matrices A and B are the real and imaginary parts of C, respectively.
Let us define the real matrix C of the size 2n x 2n as
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~ A —-B
C= <B 4 ) (12.99)

a) Show that C is a symmetric matrix.

b) Let A is an eigenvalue of C with the corresponding eigenvector x + iy. Show
that A is an eigenvalue of C, where both (x,y)” and (—y,x)” are corresponding
eigenvectors.

12.6. Find eigenvalues of the following matrix

2i 1
( ) 0). (12.100)

How many linearly independent eigenvectors does it have?

12.7. Let A be an eigenvalue of the orthogonal matrix Q. Show that |A| = 1. What
are the singular values of an orthogonal matrix?

12.8. Let the matrix A is real symmetric tridiagonal matrix which has no zero ele-
ments on its subdiagonal. Show that the matrix A should have distinct eigenvalues.

12.9. (Programming)

Implement the Arnoldi and Lanczos algorithms 12.9, 12.10. First, run both algo-
rithms on A with starting vector for ¢ as in algorithms 12.9, 12.10. Then run both
algorithms on QT AQ with the starting vector for g given by Q7 ¢. Confirm that you
will obtain identical upper Hessenberg matrices H, in algorithm 12.9 or tridiagonal
matrices 7, in algorithm 12.10 in both cases.

12.10. (Programming)

Implement different versions of Lanczos algorithms 12.10, 12.11, 12.12. Present
the following results on the graphs depending on the step i of the Lanczos algo-
rithms:

1. some largest and smallest computed eigenvalues A;(A) of A;
2. the global errors in the computed eigenvalues A;(7}) of item 1 given by

|4i(T,) — Ai(A)| |
i)

3. the local errors of item 1 given by

min |Ai(T) — A;(A)]
J |4i(A)] ’

where A;(A) is the nearest to A;(7,) eigenvalue of A. Sometimes these errors are
smaller than the global errors.
4. the error bounds of item 1

|Brvi(r)|

|Ai(A)]
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12.11. Prove that the conjugate vectors p, in algorithm 12.13 are orthogonal with
respect to the inner product defined by A.

12.12. Prove that if A of the size dimA = n X n is symmetric positive definite, then
H, = QTAQ,, where dim Q = n x r with a full column rank, is also symmetric posi-
tive definite. Here, the matrix Q has a full column rank and not orthogonal.

12.13. (Programming)

Modify Matlab program of section A.21 which implements the Jacobi method
of the algorithm (12.2), and using this program solve the model problem for the
Poisson’s equation of section 8.1.3 in three dimension on a unit cube.

12.14. (Programming)

Modify Matlab program of section A.22 which implements the Gauss-Seidel
method of the algorithm (12.4), and using this program solve the model problem
for the Poisson’s equation of section 8.1.3 in three dimension on a unit cube.

12.15. (Programming)

Modify Matlab program of section A.24 which implements the SOR(®) method
of the algorithm (12.6) for different @, and using this program solve the model
problem for the Poisson’s equation of section 8.1.3 in three dimension on a unit
cube. For which @ and why the SOR(w) method will converge?

12.16. (Programming)

Write Matlab program for implementing of SSOR(w) algorithm (12.8) with
Chebyshev acceleration of x;;1 = Rx; + ¢ for different . In [46] was shown that
the choice ® = 2 is a good one. In this case p(R) ~ 1 — 2, where N is

v2(1-p) w

the number of the points in the mesh. Compare performance of SSOR(@,;) and
SOR(@, ;) with optimal ®,,, given by (12.59).

12.17. (Programming)

Write a program for implementing the Arnoldi algorithm 12.9. Test the program
on a real symmetric matrix A of the size n x n with eigenvalues 1,2,...,n. Hint: to
generate a such matrix A first generate a matrix B of the size n x n with randomly
distributed entries on the interval [0, 1) and compute QR factorization of it: B = QR.
Then construct a matrix A as A = QDQ' with diagonal matrix D = diag(1,...,n).
Run the Arnoldi algorithm 12.9 for n iterations.

12.18. (Programming)

Write a program for implementing the Lanczos algorithm 12.10. Test the pro-
gram on a real symmetric matrix A as in the question 12.4. Run the Lanczos algo-
rithm 12.10 for 7 iterations.

12.19. (Programming)

Modify Matlab program of section A.25 which implements the Conjugate Gra-
dient algorithm 12.13, and using this program solve the model problem for the Pois-
son’s equation of section 8.1.3 in three dimension on a unit cube.
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12.20. (Programming)

Modify Matlab program of section A.26 which implements the Preconditioned
Conjugate Gradient algorithm 12.13, and using this program solve the model prob-
lem for the Poisson’s equation of section 8.1.3 in three dimension on a unit cube.

12.21. (Programming)

Modify PETSc programs of section A.27 which solve the Dirichlet problem for
the Poisson’s equation (8.11) and apply them to solve this problem in three dimen-
sions on a unit cube. See details of running PETSc programs in example 12.5.



Appendix A
Matlab Programs

A.1 Matlab Programs for Gaussian Elimination using LU
Factorization

function [L,U,P]=LU_PP (A)

LU factorization with partial pivoting

This function calculates the permutation matrix P,
the unit lower triangular matrix L,

and the nonsingular upper triangular matrix U
such that LU=PA for a given nonsingular A.

o0 d° o oe

o\

[n,n]=size (A);
P=eye (n); L=eye(n),; U=A;
for i=1:n-1
[pivot m]=max (abs(U(i:n,1i)));
m=m+1i-1;
if m~=1
% swap rows m and i in P
temp=P (i, :);
P(i,:)=P(m, :);
P(m, :)=temp;
% swap rows m and i in U
temp=U (i, :);
U(i, :)=U(m, :);
U(m, :)=temp;
% swap elements L(m,1:i-1) and L(i,1:i-1) in L
if 1 >= 2
temp=L(i,1:1-1);
L(i,1:i-1)=L(m,1:1i-1);
L(m,1l:i-1)=temp;
end
end
L(i+l:n,1i)=U(i+1l:n,i)/U(i,1);
U(i+l:n,i+1:n)=U(i+1l:n,i+1l:n)-L(i+1:n,i)*U(i,i+1l:n);
U(i+l:n,1)=0;

419
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end

function x=ForwSub (L, Db)

This function computes the vector x, of length n,

given Lx=b where L is an nxn, nonsingular lower triangular matrix
and b is an known vector of length n,

by using forward substitution.

oe

o oo

o\

%% Compute x by forward substitution.

s=size (L) ;

n=s(1);

x=zeros (n,1);

% L(i,i)*x(1i)=b(1i)-sum_{j=1}"{i-1}

% First set x(i)=b (i), then subtract known values.

% Lastly divide by diagonal entry L(i,1)

x(1)=b(1)/L(1,1);

for i=2:n
x(1)=(b(1)-L(i,1:(1-1))*x(1:(1i-1)))/L(i,1);

end

end

function x=BackSub (U, Db)

This function computes the vector x by backward substitution.

We solve Ux=b, where U is an nxn, nonsingular upper triangular matrix
and b is a known vector of the length n, we find the vector x.

o oo o

o

% Compute x by backward substitution.
=size (U);

s(1);

=zeros(n,1l);

% U(i,1)*x(i) = b(i)-sum_{Jj=i+1}"{n}
x(n)=b(n)/U(n,n);

for i=n-1:-1:1
x(1)=(b(1)-U(i, (i+1) :n)*x((i+1):n))/U(i,1);

S
n
X

end
end

% main program for the solution of Poisson's equation
% - a laplace = f in 2D

%$Define input parameters
n=20; % number of inner nodes in one direction.

a_amp 12; % amplitude for the function a(x_1,x_2)
f_amp = 1; % 1, 50, 100 choose const. f value
x_0=0.5;

y_0=0.5;

c_x=1;

c_y=1;
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h = 1/(n+l); % define step length

92}

= DiscretePoisson2D (n);

% factorize A using LU decomposition with pivoting
[L,U,P]=LU_PP (S);

%% generate coefficient matrix of a((x_1)_i, (x_2)_3) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n
for j=1:n
C(i,J) = 1 + a_amp*exp(—((ixh-x_0) "2/ (2xc_x"2) ...
+(j*h-y_0) "2/ (2%xc_y"2)));
end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D(j+nx (i-1), j+n*(i-1)) = C(i,J);
end
end

%% calculate load vector f

If £ is constant.
% f = f_ampxones(n”2,1);

% If £ is Gaussian function.
f=zeros(n"2,1);
for i=1:n
for j=1:n
f(n*x (1-1)+j)=f_amp*exp (- ((1xh-x_0) "2/ (2*«c_x"2) ...
+(Jxh-y_0) "2/ (2xc_y"2)));

1. Compute vector of right hand side
b = D" (-1)*f given by b (i, J)=f(i,j)/a(i,])

o oP

b=zeros(n"2,1);
for i=1:n
for j=1:n
b(n% (i-1)+j)=£f(nx(i-1)+73)/C(i,3); % Use coefficient matrix C or
% diagonal matrix D to get a (i, j)
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end
end

We now have system to solve: 1/h"2 A u =Db
Use first LU decomposition: 1/h"2 L Uu =b
2. Compute v = L" (-1)xb by forward substitution.

o o° oe

v=ForwSub (L, Pxb) ;

o

We now have system 1/h"2 U u = v
3. Compute w = U” (-1)+v by backward substitution.

o

w=BackSub (U, v) ;
% 4. We now have system 1/h"2 u = w

Compute finally solution as: u=h"2+w
u=h"2+*w;

% sort the data in u into the mesh-grid, the boundary nodes are zero.

Z zeros (n+2,n+2);
for i=1:n
for j=1:n
Z(i+1,3+1) = u(j+n=*(i-1));
end
end
%% plotting
x1=0:h:1;
y1=0:h:1;
figure (1)
surf(xl,yl,Z) % same plot as above, (xl1, yl are vectors)
view (2)
colorbar
xlabel ("x_1")
ylabel ('x_2")
zlabel ("u (x_ l x_2)")
title( ['u(x_1,x_2) with A = ',num2str (a_amp),
', N = ,numZStr( n)l)
figure (2)
surf(xl,yl,Z) % same plot as above
colorbar
xlabel ('x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( 'u(x_1,x_2) with A = ',num2str (a_amp),

[
', N = '",num2str(n)])
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% Plotting a(x,vy)
Z_a= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_a(i,J)= 1 + a_amp*exp (- ((irh-x_0) "2/ (2xc_x"2) ...
+(Jxh-y_0) "2/ (2xc_y"2)));
end
end
figure (3)

)
2) with A = ',num2str (a_amp)])

% plott the function f(x,y)
7Z_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_f(i,3)=f_amprexp (- ((x1(1)-x_0)"2/(2xc_x"2) ...
+(y1(3)-y_0) "2/ (2%xc_y"2)));
end
end
figure (4)

ylabel ('x_2
zlabel ('f(x_1,x_2)")
title( ['f(x_1,x_2) with A_f = ',num2str(f_amp)])

function A=DiscretePoisson2D (n

99900090000 000000000000000000900000900000000000000000000009000000000000000000 29900900
6700000000660 060000060600606660606000060606060606660606060600006006060666060606000600606006660680606060060606060606660666606806806060

The function for 2D discretization of the Laplace operator

% with sign minus: - laplace
% Input parameters:
% n — number of inner nodes, which is assumed to be the same in both

% the x_1- and x_2 directions.

A = zeros(n*n,n=*n);
% Main diagonal
for i=1l:n*n
A(i,1)=4;
end
% lst and 2nd off-diagonals
for k=1:n % go through block 1 to n
for i=1:(n-1)
A(n* (k-1)+1i,nx (k-1)+i+1)=-1; %
A(n* (k=1)+i+1,n* (k=-1)+1)=-1;
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end
end

% 3rd and 4th off-diagonals

for i=l:n%*(n-1)
A(i,i+n)=-1;
A(i+n,1i)=-1;

end

end

A.2 Matlab programs for Cholesky decomposition

% main program for the solution of Poisson's equation
% — a laplace = f in 2D using Cholesky decomposition

close all
%$Define input parameters
n=20; % number of inner nodes in one direction.

A_1l = 10; % amplitude 1 for the rhs
A_2 = 10; % amplitude 2 for the rhs

1/(n+l); % define step length

% Generate a n*n by nxn stiffness matrix
S = DiscretePoisson2D (n);

% factorize A=L*L"T using Cholesky decomposition
[L]=Cholesky (S);

%% generate coefficient matrix of a((x_1)_1i, (x_2)_3) = a(ixh, jxh)
C = zeros(n,n);
for j=1:n
for i=1:n
c(i,3) = 1;
end
end

%% compute load vector f

f=zeros(n"2,1);
for j=1:n
for i=1:n
f(nx(i-1)+J)= A_lxexp(—((ixh-0.25)"2/0.02...
+(j*h-0.25)"2/0.02))+ A_2+exp (- ((ixh-0.75)"2/0.02...
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+(3*h=0.75)"2/0.02)) ;

oo

We have system A u = 1/h"2 (C+xL*L"T) u = f

1. Compute vector of right hand side
as b(i,3)=£(1i,3)/a(i, )

o oe

b=zeros(n"2,1);
for j=1:n
for i=1:n
b(n* (i-1)+7j)=f(nx (i-1)+73)/C(i,3); % Use coefficient matrix C

end
end

o

We now have system to solve: 1/h"2 A u = b
Use first LU decomposition: 1/h"2 (L L"T) u =>n
2. Compute v = L~ (-1)+b by forward substitution.

o oo

v=ForwSub (L, b) ;

o

We now have system 1/h"2 L°T u = v
3. Compute w = L"T" (-1)*v by backward substitution.

o\

w=BackSub (L', v);

o

4. We now have system 1/h"2 u = w
% Compute finally solution as: u=h"2*w
u=h"2+*w;

% sort the data in u into the mesh-grid, the boundary nodes are zero.

Z zeros (n+2,n+2);
for j=1:n
for i=1:n
Z(i+1,3+1) = u(n* (i-1)+7);
end
end
%% plotting
x1=0:h:1;
y1l=0:h:1;
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figure (1)
surf(xl,yl,Z) % same plot as above, (xl1, yl are vectors)
view (2)

colorbar
xlabel ("x_
ylabel ("x
zlabel ('u

_< x_2)")
title( ['u

1)
2")
X_ l
(x_1,x_2) with N = ',num2str(n)])
figure (2)
surf(xl,yl,Z) % same plot as above
colorbar
xlabel ("x_1"
ylabel ('x
zlabel ('u
A}

)
title( [ _2) with N = ',num2str(n)])

function L=Cholesky (A)

% Function factorizes square matrix A, assuming that A is s.p.d. matrix,
into A=LL', where L' is the transpose

of L, and L is non-singular lower triangular matrix.

o oo

o
Il oe

s=size (A);
n=s(1);
L=zeros (n);

diagonal elements i=j
a_jj=v_ij*v_7j'=1_731"2+1_32"2+...+41_33°2 (sum has j-terms)

o oo

elements below diagonal, i>j
a_ij=v_ixv_3j'=1_4i1 1_7J1 + 1_i2 1_3j2 + ... + 1_13j 1_33 (sum has j terms)

o oo

for j=1:n % go through column 1 to n

o

% Compute diagonal elements, i=j
L(3,3)=A(3,3);
for k=1:(j-1)
L(3,3)=L(3,3)-L(3,k)"2;
end
L(jlj)=L(jrj) h (1/2)
% Compute elements below diagonal, i>j
for i=(j+1):n

L(ilj)=A(ilj);

for k=1:(j-1)
L(ilj)=L(ilj)_L(ilk) *L(j/k);

end

L(ilj)=L(ilj)/L(jlj);

end
end
end
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A.3 Matlab Programs testing Hager’s condition estimator

A.3 Matlab Programs testing Hager’s condition estimator

for the input matrix A

the function HagerCond(A)

Hager's algorithm

o
°

computes

o
©

the lower bound of the one-norm of the matrix A.

o
]

matrices

symmetric

First we generate some random

o
)

=5;

n
A

zeros (n) ;

n

=1:

for i

n

=1:

for j

randx30;

tal

’

=randx*20
tal
tal

A(i,1)

=tal;

A(i,3)

’

A(3,1)

end

end

)i

The input matrix A 1is

disp ('

1)

is

The computed lower bound of |[A]]_1

disp ('

HagersAlg (A)

HagersEst

)i

result of norm(A,1l) is

disp ("'
norm (A, 1)

Run Hager's algorithm.

=
]

= HagersAlg(B)

[LowerBound]

function

x=(1/length(B)) *ones (length(B),1);

=1;

iter

while iter < 1000

2

z B'*x1

sign (w);

w=B#*x; xXi=
if max (abs(z))

z "' *x

<=

break

else

= abs(z));

(max (abs (z) )=

xX=

end

= iter + 1;

iter
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end
LowerBound = norm(w,1);
end

A.4 Matlab Program FitFunctionNormaleq.m to test fitting
to a polynomial using method of normal equations

% Solution of least squares problem min
% using the method of normal equations.

% Matrix A is constructed as a Vandermonde matrix.
% Program performs fitting to the function y i

o 000 0000000000000000000000000000000900000000

2
x
b
X
I
=

|
N

d=5; % degree of the polynomial
m=10; $number of discretization points or rows in the matrix A

x=zeros (1,m);

x = linspace(-10.0,10.0,m);
% exact function which should be approximated
y(i)= sin(pixx(i)/5) + x(1)/5;

end

)

% construction of a Vamdermonde matrix

for i=1:1:m
for j=1:1:d+1
A (i, j)=power (x(i),3j-1);
end
end

% computing the right hand side in the method of normal equations
C=A'xy';

% computing matrix in the left hand side in the method of normal equations
C=A'*A;

l=zeros (d+1);

)

% solution of the normal equation using Cholesky decomposition

for j=1:1:d+1
s1=0;
for k=1:1:j-1
sl=s1+1(j,k)*1(3,k);
end
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1(3,3)=(C(3,3)-s1)"(1/2);
for i=j+1:1:d+1
s2=0;
for k=1:1:j-1
s2=s2+1(i,k)*1(j,k);

end
l(ilj)=(c(ilj)_52)/l(jlj);
end
end
for i=1:1:d+1
for k=1:1:i-1
c(i)=c(i)-c(k)*1(i,k);
end
c(i)=c(i)/1(i,1);
end

for i=d+1:-1:1
for k=d+1:-1:i+1
c(i)=c(i)-c(k)*1(k,1);

end
c(i)=c(i)/1(i,1);
end
figure (1)
plot(x,y,'o- r', 'linewidth',1)
hold on

% compute approximation to this exact polynomial with comp. coefficients

approx = Ax*C;

plot (x,approx, '«— b', 'linewidth',1)

hold off

str_xlabel = ['poly.degree d=', num2str(d)];

legend('exact sin(pixx(i)/5) + x(i)/5"',str_xlabel);

xlabel ('"x")

oe

computation of the relative error as

% norm(approx. value - true value) / norm(true value)
el=norm(y'- approx)/norm(y")

A.5 Matlab Program FitFunctionQRCGS .m to test fitting to a
polynomial using QR decomposition via CGS

% Solution of least squares problem min_x || A | 1_2
% using QR decomposition. QR decomposition is performed via classical

X
|
<
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Gram—-Schmidt (CGM) orthogonalization procedure.
Matrix A is constructed as a Vandermonde matrix.
fitting to the function y = sin(pi*x/5)

o o° o oe

d=5; % degree of polynomial
m=10; $number of discretization points or rows in the matrix A
p=ones (1l,d+1l);
x=zeros (1,m);
y=zeros (l,m);
A=[];
for i=1:1:m
x = linspace(-10.0,10.0,m);
% exact function which should be approximated
y(i)= sin(pi*x(i)/5) + x(i)/5;
end

% construction of a Vamdermonde matrix
for i=1:1:m
for j=1:1:d+1
A (i, J)=power(x(i),J-1);
end

[]

q i
r=[1;

%$QR decomposition via CGM

for i=1:1:d+1

1,3) A, 1)
i) - (3, 1) *a(:,3)

r(i,i)=norm(g(:,1i));
g(:,i)=qg(:,1)/r(i,1);

b=q'xy";
for i=d+1:-1:1
for k=d+1:-1:1i+1
b(i)=b(i)-b(k)*r (i, k);
end
b(i)=b(i)/r(i,1);
end

figure (1)
plot(x,y,'o- r', 'linewidth',1)
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hold on
% compute approximation to this exact polynomial with comp.
approx = Axb;

plot (x,approx, '«— b', 'linewidth',1)

hold off

str_xlabel = ['poly.degree d=', num2str(d)];

legend('exact sin(pixx(i)/5) + x(i)/5"',str_xlabel );

xlabel ('x")

oe

computation of the relative error as
norm (approx. value — true value) / norm(true value)
el=norm(y'- approx)/norm(y")

o\

431

coefficients Db

A.6 Matlab Program CGS . m performing QR decomposition via

CGS

o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\
o\

% Classical Gram-Schmidt (CGS) orthogonalization

% and solution of the linear least square problem using CG
S 2900900000000 000000000000000000000000000000000000000000000
S ST 55T855555%%5%5%%

% size of our matrix A is m-by-n
m= 6;
n=3;

% vector of the right hand side
y=zeros (l,m);

A=[1,0,0;
0,1,0;
0,0,1;
_11 l/ O;
-1,0,1;
Ol_ll 1]/'

y = [1237,1941,2417,711,1177,475];

)

% allocate matrices g and r for QR decomposition
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%QR decomposition using classical Gram-Schmidt orthogonalization
for k=1:1:n

CI( yk)=A(:,k);
for j=1:1:k-1
r(J,k)=q(:,J) "*A(:,k);
g(:,k)=q(:,k)-r (3, k)~a(:,7I);
end

r(k,k)=norm(q(:,k));

a(:,k)=q(:,k)/r(k,k);
end
Scompute solution of the system Ax = QR x = y
% by backward substitution: R x = Q"T y

b=[];

% compute right hand side Q°T y

b=g'*y";
% perform backward substitution to get solution x = R™(-1) Q°T vy
% obtain solution in b

for i=n:-1:1
for k=n:-1:i+1
b(i)=b(i)-b(k)*r (i, k);
end
b(i)=b(i)/r(i,1i);
end

A.7 Matlab Programs to fit a function using linear splines. The
main program is MainHatFit .m

% Solution of least squares problem min_x || Ax - vy |]|_2

% using the method of normal equations, QR decomposition

% and SVD decomposition.

% Matrix A is constructed using linear splines.

% Program performs fitting to the function y = sin(pixx/5) + x/5

S 5555555555555 5555555555555 5555555555555%555%555%5%555%555%55%55%5%555%%5%%%
clc

clear

clf

format long
close all

o

% Define number of measurements or data points. This is
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[

% also number of columns in matrix A.
m=100;

Snumber of Jjunction points
K=5;

x = linspace(-10,10.0,m)"';
T=linspace(-10,10.0,K)"';

% function whcih we want to fit
b=sin(pixx/5) + x/5;

A=zeros (m,K) ;

% construct matrix A using linear splines
for k=1:K

A(:,k)=fihatt (k,x,T);

end

% compute condition number of A
cond (A)

% solution of linear system Ax = b by different methods

% using method of normal equations
xHatChol=LLSChol (A, b) ;

%using QR decomposition of A
xHatQR = LLSQR (A, Db) ;

% using SVD decomposition of A
xHatSVD = LLSSVD (A, Db);

disp (' Computed relative error ')
disp (' Method of normal eq. OR SVD"'")
disp('")

disp ([norm(Ax*xHatChol-b) /norm(b) norm(AxxHatQR-b) /norm(b) norm(A+xHatSVD-b) /norm(b)])
% Method of iterative refinement via Newton's method

tol = 0.07;
refinedC=newtonIR (A, xHatChol,b,tol);
refinedQ=newtonIR (A, xHatQR, b, tol);
refinedS=newtonIR (A, xHatSVD, b, tol);

disp('Computed relative error after iterative refinement via Newton method ')
disp (' Method of normal eq. OR SVD'")
disp("'")

disp([norm(AxrefinedC-b) /norm(b) norm(A+xrefinedQ-b) /norm(b)
norm (AxrefinedS-b) /norm(b) ])
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% Plot exact and computed functions

% choose number of points to plot solution
x = linspace(-10,10.0,100)";
b=(sin(pi*x/5) + x/5);

A=zeros (100,K) ;

for k=1:K
A(:,k)=fihatt (k,x,T);
end

% Choose method to be plotted

Here, A is constructed by linear splines, approximated function is computed
via the method of normal equations (Cholesky decomposition)
$method=AxxHatChol;

3
©
o
°

Here, A is constructed by linear splines, approximated function is computed
via iterative refinement of the Cholesky-solution throught the Newton method
method=AxrefinedC;

3
©
o
]

Here, A is constructed by linear splines, approximated function is computed
via QR decomposition
$method=A+*xHatQR;

o
©
o
]

% Here, A is constructed by linear splines, approximated function is computed
% via iterative refinement of the QR-solution throught the Newton method
$method=refinedQ;

% Here, A is constructed by linear splines, approximated function is computed
% via SVD decomposition
$method=AxxHatSVD;

% Here, A is constructed by linear splines, approximated function is computed
% via iterative refinement of the SVD-solution throught the Newton method
$method=AxrefinedsS;

figure (1)

plot(x,b,'o r', 'linewidth',1)

hold on

plot (x,method,' % b', 'linewidth',1)
hold on

legend('function', 'approx');
figure ('Name', '"Hat functions')
plot(x,A, 'k")

o
Input arguments: T - column vector with junction points,

x are measurement ponts (discretization points).
Returns column with number k to the matrix A.

o o° o oe
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=fihatt (k,x,T)

function £

diff (T);

h
N

length(T);

zeros (size(x));

f=
if k>1

& x<=T(k));

find (x>=T (k-1)

I=

end

if k<N

ind (x>=T (k) & x<=T(k+1));

f
£(I)=(T (k+1)-x(I)) /h(k);

I=

end

Iterative refinement using Newton's method.

o\

the vector of the rhs b is of the size n.

m > n,

Matrix A is m-by-n,

newtonIR (A, x,b,tol)

function w

:1,-

relative_error
0;

iter

while relative_error > tol

$compute residual

Axx-b;

d=A\r;

x=x-d;
iter

iter+l

norm (A*x — b)/norm(b)

relative_error

here we introduce the maximal number of iterations

in Newton's method
is not rediced

>3
]

if the relative error
we terminate computations

o
°

o
©

> 100

if iter
break
end
end

w

=X;

Solution of the system of linear equations A"T Ax = A"T b

using Cholesky factorization of AT A.

oe

the vector of the rhs b is of the size n.

m > n,

Matrix A is m-by-n,

oe
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function x=LLSChol (A,Db)

ATb=A"xb;

ATA=A"«A;
n=length(A(1l,:));
lowerChol=zeros (n);

$Cholesky factorization
for j=1:1:n
s1=0;
for k=1:1:3-1
sl=sl+lowerChol (j, k) *xlowerChol (j, k);
end
lowerChol (j, J)=(ATA(j, J)—-sl) " (1/2);
for i=j+1:1:n
s2=0;
for k=1:1:j-1
s2=s2+lowerChol (i, k) xlowerChol (j, k) ;
end
lowerChol (i, j)=(ATA (i, j)—-s2)/lowerChol (j, J);
end
end

o

Solver for LL"T x = A"Tb:
Define z=L"Tx, then solve
Lz=A"T b to find z.

After by known z we get x.

o oo

o\°

o\

forward substitution Lz=A"T b to obtain z

for i=1:1:n
for k=1:1:i-1
ATb (i)=ATb (i) -ATb (k) *lowerChol (i, k) ;
end
ATb (i)=ATb (i) /lowerChol (i, 1i);
end

[

% Solution of L"Tx=z , backward substitution

for i=n:-1:1
for k=n:-1:i+1
ATb (i)=ATb (i) -ATb (k) rlowerChol (k, i) ;
end
ATb (1)=ATb (i) /lowerChol (i, 1) ;
end

% Obtained solution
x=ATb;
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QR decomposition of a matrix A.

o
°

the vector of the rhs b is of the size n.

QR decomposition of A is done via classical

Gram—-Schmidt

m > n,

Matrix A is m-by-n,

o
°

orthogonalization procedure.

(CGM)

o
©

=LLSOR (A, b)

function x

=1:1:n

for i

1:1i-1

r(j,1)

=1

for j

=q(:,3) "*A(:,1);
i)-r(3,1) *al

2, 3)

.7

1, 1) =g¢(

al

end

i));

t,1)/r(i,1);

.7

=norm (q (
a

r(i,i)

t,1)=

ql

end

compute right hand side in the equation

o
°

q'*b;

Rx

compute solution via backward substitution

o
°

1

=n:-1:
for k

for i

n:-1:i+1

Rx (1)

Rx (i) -Rx (k) *xr (i, k);

end

’

Rx (1) /r(i,1)

Rx (1)

end

x = Rx;

b via

Solution of the system of linear equations Ax

SVD decomposition of a matrix A.

o\

SVD decomposition is done via matlab function svd.

the vector of the rhs b is of the size n.

m > n,

Matrix A is m-by-n,

=LLSSVD (A, b)

function x

U'xb;

UTb=

choose tolerance

o
]
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tol=max (size (A))*eps(S(1,1));
s=diag(S);
n=length (A (1, :));

% compute number of singular values > tol
r=sum(s > tol);

w=[(UTb(l:r)./s(l:r))"' zeros(l,n-r)]"';
X=V*W;

A.8 Matlab Programs to fit a function using bellsplines. The
main program is MainBellspline.m. Functions
newtonIR.m, LLSChol.m, LLSQR.m, LLSSVD.m are the
same as in section A.7.

©90990090090009009900900090090099009009009900900900099009009000900900900099009020090
S S s e T et eSS L555%5%%
% Solution of least squares problem min_x || Ax - y |]|_2

% using the method of normal equations, QR decomposition

% and SVD decomposition.

% Matrix A is constructed using bellsplines.

% Program performs fitting to the function y = sin(pixx/5) + x/5

S 990990090009009009200900900090900900900990090090099009009000900900900099009020090
R R R R R R R Rk R e ol R ol el R e R R o R R R R R R R
clc

clear

clf

close all
format short

% input interval on which we fit the function
interval=10;

)

% junction points

T=linspace (-10,interval, 7)"';

% Define number of measurement points m
m=30;

x=linspace (=10, interval,m)';

%$exact function to be fitted
b=sin(pixx/5) +x/5;

% construct matrix A with bellsplines
$Number of bellsplines should be number of junction points +2

A=fbell (x,T);
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%$solution of system Ax = b using different methods for solution
% of least squares problem.

tic

% use method of normal equations

xHatChol = LLSChol (A,Db);

toc

tic

%use SVD decomposition of A

xHatSVD = LLSSVD (A,Db);

toc

tic

% use QR decomposition of A

xHatQR = LLSQR (A, Db);

toc

% compute condition number of A

cond (A)

% use iterative refinement of the obtained solution
via Newton's method
choose tolerance in Newton's method

ol =0.2;

o oo

I

y= newtonIR(A,xHatChol,b,tol);
y1l= newtonIR (A, xHatQR,Db,tol);
y2= newtonIR(A,xHatSVD,b,tol);

)

% compute relative errors

eC=norm (AxxHatChol-b) /norm(b) ;
eS=norm (AxxHatSVD-b) /norm (b) ;
eQ=norm (AxxHatQR-b) /norm(b) ;

disp(' —————————— Computed relative errors ——————————————————— ")
disp ("' Method of normal eq. OR SVD')
disp('")

disp([eC eS eQ 1)

disp('Computed relative errors after iterative refinement via Newton method ')
disp ("' Method of normal eq. OR SVD"')

disp('")

disp ([norm(Axy-b) /norm(b) norm(Axyl-b)/norm(b) norm(Axy2-b)/norm(b)])

% Plot results

figure (1)
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$plot (t,A, 'linewidth', 2)
plot (x,A, '"linewidth', 2)

m =size(A,2);
str_xlabel = [' number of bellsplines=', num2str(m)];
title (str_xlabel)

figure ('Name', 'Cholesky')

title('Cholesky")

plot(x,b,'o- r', 'linewidth',2)

hold on

plot (x,AxxHatChol,"' - b', 'linewidth',?2)
legend('exact ', 'B-spline degree 3, Cholesky');

figure ('Name', "QR")

plot(x,b,'o- r', 'linewidth',2)

hold on

plot (x,A*xHatQR, '« — b', 'linewidth',2)
legend('exact ', 'B-spline degree 3, QR'");

figure ('Name', 'SVD")

title('SVD")

plot(x,b,'o- r', 'linewidth',2)

hold on

plot (x,A*xHatSVD, '«— b', 'linewidth',?2)
legend('exact ', 'B-spline degree 3, SVD');

% Matrix B is constructed using bellsplines.

% Input arguments: T - column vector with Jjunction points,

% x are measurement ponts (discretization points).

S 99099009000900900900090090099009009009900900900090090090009009009009900900090
I R R R R R R R e e b R R ol R R e R R R o Rk R R R R R R ek o R

function B=fbell (x,T)

m=length (x) ;
N=length(T);
epsi=le-14;

%$construct N+6 column vector
a=[T(1)~[1 1 11'; T; T(N)*(l+epsi)=*[1 1 11'1;
n=N+5;
C=zeros (m,n);
for k=1:n
I=find(x>=a (k) & x<a(k+1l));
if ~isempty (I)
C(I,k)=1;
end
end
for j=1:3
B=zeros (m, n-j);
for k=1:n-j
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dl=(a(k+j)-a(k));
if abs(dl)<=epsi
dl=1;
end
d2=(a (k+j+1)-a(k+1));
if abs (d2)<=epsi
dz2=1;
end
B(:,k)=(x-a(k)).*xC(:,k)/dl + (a(k+j+1)-x).xC(:,k+1)/d2;
end
C=B;
end

A.9 Matlab Program PowerM.m to Test Power Method

clear all
close all
eps = le-7;
fig = figure;

for 1 =1:4
if (i==1)
% Matrix not diagonalizable

n=2;

A =[0 10;0 01];
% Matrix has two real eigenvalues with the same sign
=3;
=[5 0 0;0 2 0;0 0 -57;
lseif (i==2)

Matrix has four real eigenvalues with the same sign
n =4;
A=[3,7,8,9;5,-7,4,-7;1,-1,1,-1;9,3,2,51;

elseif (i ==3)
Largest eigenvalue is complex
n =3;
A =[0 -52; 6 0 -12; 1 3 0];

elseif (i==4)
n
A

o
5
o
S

do 0 3

o\

=[7 -2;3 0];

% get reference values of eigenvalues
exact_lambda = eig(A);

% set initial guess for the eigenvector x0

441
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x0=rand(n,1);

x0=x0/norm (x0) ;

lambda0 = inf ;

% lambdal = 0;

lambdavec =[];

% counter for number of iterations
count =1;

% main loop in the power method

while (count <1000)

y1=A*x0;

% compute approximate eigenvector
x1=yl/norm(yl);

)

% compute approximate eigenvalue

lambdal = transpose(xl)*Axx1;
lambdavec (count)= lambdal ;
x0=x1;

if (abs (lambdal - lambdaO )<eps )
break ;

end

lambda0 = lambdal;
count = count + 1;

end

% Print computed eigenvalue

str =['Computed eigenvalue:' num2str (lambdal)];

str=[str, ', Exact eigenvalues:' num2str (exact_lambda',?2)];
subplot (2 ,2,1)

plot (lambdavec, 'LineWidth', 3)

xlabel ('Number of iterations in Power method')

ylabel ('Computed eigenvalue')

title (str, 'fontsize',10)

end

A.10 Matlab Program InverseIteration.m to Test Inverse

.

Iteration Method
©9900000000000909090900000000000000090990900000000000000090909090900000000000000
5555555555555 5555555555555 5555%5%55555555%555555555555%5%%%
% Inverse Iteration or Inverse Power method

% Computes eigenvalue closest to sigma and corresponding eigenvector
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eps = le-17;
fig = figure;

for 1 =1:4
if (i==1)
% Matrix not diagonalizable

N

n=2;
A =[0 10;0 0];
% Matrix has two real eigenvalues with the same sign

% n=3;

% A =[50 0;0 2 0;0 0 -57];

elseif (i==2)

% Matrix has four real eigenvalues with the same sign
n =4;

A=[31 7/ 8/ 9;51_71 41_7;11_11 11_1;91 3/21 5];
elseif (i ==3)
% Largest eigenvalue is complex
n =3;
A =[0 -52; 6 0 -12; 1 3 01;
elseif (i==4)
n =2;
A =[7 -2;3 0];
5

o oo

n= r
A=rand (5,5);
end

% get reference values of eigenvalues
exact_lambda = eig(A);

$make orthogonalization
Q=orth (rand(n,n));

A= Q'*AxQ;

% set initial guess for the eigenvector x0
x0=rand(n, 1) ;

x0=x0/norm (x0) ;

lambda0 = inf;

% choose a shift: should be choosen as closest to the desired eigenvalue

sigma=10;

% lambdal = 0
lambdavec =]
count =1;

% main loop in the power method
while (count <1000)
A_shift = A - sigmaxeye(size(A));
yl= inv (A_shift) xx0;
x1=yl/norm(yl);

lambdal = transpose(xl)*xAxx1l;

lambdavec (count)= lambdal ;

17
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x0=x1;

if (abs (lambdal - lambdaO )<eps )
break ;

end

lambda0 = lambdal ;

count = count + 1;

end

% Print computed and exact eigenvalue

str =['Example ' num2str(i)];
str =[str, '. Comp. eig.:' num2str (lambdal)];
str=[str, ', Ref. eig.:' num2str (exact_lambda',2)];

subplot (2 ,2,1)

plot (lambdavec, 'LineWidth', 3)

xlabel (" Number of iterations in Inverse Power method')
ylabel ('Computed eigenvalues')

title (str, 'fontsize',612)

end

A.11 Matlab Program MethodOrtIter.m to Test Method of
Orthogonal Iteration

t
eigenvalues and ei
cosocooe coooe

eps = le-07;
fig = figure;

N=10;

for 1 =1:6

if (i==1)

n=N;

A=hilb (N);

elseif (i==2)

n=20;
A=hilb (20);

elseif (i ==3)

% Largest eigenvalue is complex

n =3;

A =[0 -5 2; 6 0 -12; 1 3 01;

elseif (i==4)

% Matrix has four real eigenvalues
n =4;
A=[3,7,8,9;5,-7,4,-7;1,-1,1,-1;9,3,2,51;
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elseif (i==5)
n =5;

oe

A=[3l 7, 8! 9! 12;51_71 4,-7, 8;11 1,-1, 11_1;413121 1, 7;913121 5,41;

elseif (i==6)
n=Nj;
A= rand(N,N) ;
end

lambdalO= inf (n,1);
count = 1;
iter =1;

% get exact eigenvalues in sorted order
exact_lambda = sort (eig(A));
%*‘k‘k‘k**‘k‘k‘k‘k**‘k‘k‘k**‘k‘k‘k**‘k‘k‘k‘k**‘k*‘k**‘k*‘k****‘k**********‘k****

%$%% Method of orthogonal iteration

% end
T=Q"'*A*Q;
%end

%*‘k‘k‘k**‘k‘k‘k***‘k‘k‘k************************

% $%%%%%%%% Find eigenvalues from Real Schur block
j =2; count =1;
eigs = zeros(1l,n);

while (j <=n)

%$real eigenvalues
if(abs(T(j,J-1)) < le-3)
eigs(j-1) =T(j -1,3 -1);
count= j -1;
else
% Complex eigenvalues

eigs(j-1: J)= eig(T(J -1:3,3 -1:3));

count =7j;

j=3 +1;

end

j=3 +1;

end

if (count < length (eigs))

eigs (n)=T(n,n);

end

%**‘k‘k*‘k*‘k‘k‘k**************‘k****‘k*

computed_lambda = sort (eigs);
computed_lambda = computed_lambda';

if (norm(abs (computed_lambda - lambdaO ))<eps )
break ;

445
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end

lambdaO = computed_lambda ;
iter = iter + 1;
end

%*‘k‘k‘k*‘k*‘k‘k‘k‘k*‘k‘k‘k**************‘k*********

str =['Comp. eig.:' num2str (computed_lambda')];

str=[str, ', Ex. eig.:' num2str (exact_lambda',2)];

str_xlabel =

["Example ',num2str(i), '. Nr. of it. in method of Orth. it.:', num2str(iter)];

subplot (3,2,1)

plot (exact_lambda, 'o b', 'LineWidth',2, 'Markersize',10)
hold on

plot (computed_lambda,'+ r', 'LineWidth',2, 'Markersize',10)
% xlabel (str, 'fontsize',10)

xlabel ('"Real part of eigenvalues');

ylabel ('Imag. part of eigenvalues');

exact_lambda
computed_lambda
legend ('Exact eigenvalues', 'Computed eigenvalues')

title(str_xlabel, 'fontsize',12)

end

A.12 Matlab Program MethodQR_iter .m to Test Method of
QR Iteration

R R R Rl R e E e e R R R e e R R R e R R R R R R R R R R el R Rl R R R Rl b R R
% Method of QR iteration. This method reorganizes the method of
% orthogonal iteration and is more efficient since it does not requires
% assumption about distinct absolute eigenvalues of A.
s S sE s S TS L55555555%5%%%
clc
% clear all
% close all
eps = le-07;
fig = figure;
N=10;
for i

=1:6
if (i==1)
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n=N;

A=hilb (N)
elseif (i==
n=20;

A=hilb (20);
elseif (i ==3)

o

% Largest eigenvalue is complex

2)

n =3;

A =[0 -5 2; 6 0 -12; 1 3 01;
elseif (i==4)

% Matrix has four real eigenvalues
n =4;

A=[31 7/ 8! 9;51_71 41_7;11_11 11_1;91 3!21 5];
elseif (i==5)
n =5;

o

A=[31 7/ 8/ 9/ 12;51_7/ 41_7/ 8;1/ 11_11 11_1;4/ 3121 l/ 7;9/ 3/21 5/ 4];

elseif (i==6)
n=N;
A= rand(N,N) ;
end

lambdaO= inf(n,1);
count = 1;

iter =1;

% get exact eigenvalues in sorted order
exact_lambda = sort (eig(A));

%*‘k‘k***‘k‘k‘k***‘k‘k***‘k‘k***‘k‘k‘k***‘k‘k***‘k‘k*****‘k***************

%$%% Method of QR iteration

for k = 1:100

%*‘k‘k****‘k****‘k**************************
2900090900

% $%%%%%%%% Find eigenvalues from Real Schur block
j =2; count =1;
eigs = zeros(l,n);

while (j <=n)

%real eigenvalues
if(abs(A(j,J-1)) < le-10)
eigs(j-1) =A(j -1,3 -1);
count= j -1;
else
% Complex eigenvalues

eigs(j-1: 3J)= eig(A(3 -1:3,3 -1:3));

count =j;

=3 +1;

end

j=3 +1;

end

if (count < length (eigs))
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eigs (n)=A(n,n);
end

%**‘k‘k***‘k‘k‘k*********‘k****‘k****‘k*

computed_lambda = sort (eigs)';

if (norm(abs (computed_lambda - lambdaO ))<eps )
break ;

end

lambdaO = computed_lambda ;

iter = iter + 1;

end

%*‘k‘k‘k***‘k‘k‘k‘k*‘k‘k‘k*********‘k****‘k*****‘k***

str =['Comp. eig.:' num2str (computed_lambda')];
str=[str, ', Ex. eig.:' num2str (exact_lambda',2)];
str_xlabel =
["Example ',num2str(i), '. Nr. of it. in method of QR it.', num2str(iter)];

subplot (3,2,1)

plot (exact_lambda, 'o b', 'LineWidth',2, 'Markersize',10)
hold on

plot (computed_lambda,'+ r', 'LineWidth',2, 'Markersize',10)

% xlabel (str, 'fontsize',10)

xlabel ('Real part of eigenvalues');
ylabel ('Imag. part of eigenvalues');

exact_lambda
computed_lambda

legend ('Exact eigenvalues', 'Computed eigenvalues')

title(str_xlabel, 'fontsize',12)
end

A.13 Matlab Program MethodQR shift .m to Test Method of
QR Iteration with Shift c = A(n,n)

%close all
eps = 1le-09;
fig = figure;
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N=10;
for i =1:6
if (i==1)
n=N;

A=hilb (N);
elseif (i==2)
n=20;

A=hilb (20);
elseif (i ==3)

o°

n =3;
A =[0 -52; 60
elseif (i==4)

Matrix has four real eigenvalues

n =4;

A=[3,7,8,9;5,-7,4,~-

elseif (i==5)
n =5;

o\

A=[3l 71 8! 9! 12;51771 41771 8;11 11711 1171;413121 lr 7;913121 51 4];

elseif (i==6)
n=Nj;
A= rand(N,N) ;
end

lambdaO= inf (n,1);

count = 1;
iter =1;
%$choose shift
$sigma=1.0;
sigma=A(n,n);
$sigma=A(1l,1);

)

exact_lambda =

for k

1:100

A = A - sigmaxeye(n);

[Q,R] = gr(A);
% end

A = RxQ + sigmax*eye(n);

%compute shift
sigma=A(n,n);

% $%%%%%%%% Find eigenvalues from Real Schur block

=2; count =1;

J
eigs = zeros(l,n);

Largest eigenvalue is complex

-1, 11_1;91 3121 51;

% get exact eigenvalues in sorted order
sort (eig(RA));
%$%% Method of QR iteration with shift

449
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while (j <=n)

%$real eigenvalues
if(abs(A(3,J-1)) < le-7)
eigs (3-1) =A(j -1,73 -1);
count= j -1;
else
% Complex eigenvalues

eigs(j-1: j)= eig(A(J -1:3,3 -1:9));

count =7j;

Jj=3 +1;

end

Jj=3 +1;

end

if (count < length(eigs))

eigs (n)=A(n,n);

end

%*‘k‘k‘k‘k*‘k‘k‘k‘k*********‘k****‘k******

computed_lambda = sort (eigs)';
if (norm(abs (computed_lambda - lambdaO ))<eps )
break ;
end
lambdaO = computed_lambda ;
iter = iter + 1;
end
%***************************************
str =["Comp. eig.:' num2str (computed_lambda')];
str=[str, ', Ex. eig.:' num2str(exact_lambda',2)];
str_xlabel =
["Example ',num2str(i), '. Nr.it. in OR it. with shift:', num2str(iter)];

subplot (3,2,1)

plot (exact_lambda,'o b', 'LineWidth',2, 'Markersize',10)
hold on

plot (computed_lambda,'+ r','LineWidth',2, 'Markersize',10)
% xlabel (str, 'fontsize',10)

xlabel ('Real part of eigenvalues');

ylabel ('Imag. part of eigenvalues');

exact_lambda
computed_lambda
legend('Exact eigenvalues', 'Computed eigenvalues')

title(str_xlabel, 'fontsize',12)

end
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A.14 Matlab Program MethodQR Wshift .m to Test Method of
QR Iteration with Wilkinson’s Shift

o

%clear all
%close all
eps = 1le-09;
fig = figure;

N=10;

for i =1:6

if (i==1)

n=N;

A=hilb (N);
elseif (i==2)
n=20;

A=hilb (20);

elseif (i ==3)

% Largest eigenvalue is complex

n =3;

A =[0 -52; 6 0 -12; 1 3 0];

elseif (i==4)

% Matrix has four real eigenvalues
n =4;
A=[3,7,8,9;5,-7,4,-7;1,-1,1,-1;9,3,2,51;

elseif (i==5)

n =5;

o

A:[3l 7/ 8! 9! 12;51771 41771 8;11 11711 1171;413121 1! 7;91 3121 5! 4];

elseif (i==6)
n=N;
A= rand(N,N) ;
end

lambdaO= inf (n,1);
count = 1;
iter =1;

$Wilkinson's shift
eig_w = eig([A(n-1,n-1),A(n-1,n); A(n,n-1),A(n,n)]);

abs_eigl = abs(A(n,n) - eig_w(l));
abs_eig2 abs(A(n,n) - eig_w(2));

if abs_eigl < abs_eig?2
sigma eig_w(1l);
else
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sigma = eig_w(2);
end

% get exact eigenvalues in sorted order
exact_lambda = sort (eig(A));
%****~k~k**~k******~k***~k**********~k~k************************

%$%% Method of QR iteration with shift

Hh
o
[}
~
1

1:100
A = A - sigmaxeye(n);

[Q,R] = gr(A);
% end

A = RxQ + sigmaxeye(n);

)

% compute Wilkinson's shift

eig_w = eig([A(n-1,n-1),A(n-1,n); A(n,n-1),A(n,n)l);
abs_eigl = abs(A(n,n) - eig_w(l));
abs_eig2 = abs(A(n,n) - eig_w(2));

if abs_eigl < abs_eig?2

sigma = eig_w(l);
else
sigma = eig_w(2);
end
% $%%%%%%%% Find eigenvalues from Real Schur block
j =2; count =1;
eigs = zeros(l,n);

while (j <=n)
%$real eigenvalues

if (abs(A(j,J-1)) < le-7)
eigs(j-1) =A(j -1,3 -1);
count= j -1;

else

% Complex eigenvalues
eigs(j-1: J)= eig(A(3 -1:3,3 -1:3));
count =7j;

j=3 +1;

end

j=3 +1;

end

if (count < length (eigs))
eigs (n)=A(n,n);

end

%*‘k‘k‘k*‘k*‘k‘k‘k**************‘k****‘k*

computed_lambda = sort (eigs)';
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if (norm(abs (computed_lambda - lambdaO ))<eps )
break ;

end

lambdaO = computed_lambda ;

iter = iter + 1;

end

%*‘k‘k‘k***‘k‘k‘k‘k*‘k‘k‘k*********‘k****‘k*********

str =["Comp. eig.:' num2str (computed_lambda')];

str=[str, ', Ex. eig.:' num2str (exact_lambda',2)];

str_xlabel =

["Example ',num2str(i), '. Nr.it. in OR it. with W.shift:', num2str(iter)];

subplot (3,2,1)

plot (exact_lambda,'o b', 'LineWidth',2, 'Markersize',10)
hold on

plot (computed_lambda,'+ r','LineWidth',2, 'Markersize',10)
% xlabel (str, 'fontsize',10)

xlabel ('Real part of eigenvalues');

ylabel ('Imag. part of eigenvalues');

exact_lambda
computed_lambda
legend('Exact eigenvalues', 'Computed eigenvalues')

title(str_xlabel, 'fontsize',12)

end

A.15 Matlab Program HessenbergQR.m: First we Use
Hessenberg Reduction and then the Method of QR

.
Iteration
©900000000000000909900000000000000000909909000000000000000909090900000000000
ST NSTTTTTLHR55555%%%
% Matlab program HessenbergQR.m: we will first reduce the matrix A
% Hessenberg matrix and then compute it's QR factorization
©9900009000000000000090000000000000000000000000000000090000000000000000
5555555555555 5%555555 5555555555555 %%%555%5%5%5%%%555%5%%5%%5%5%5%5%5%%%
clc

clear all
close all
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eps = le-07;
fig figure;
N=10;
for i =1:6
if (i==1)
n=N;
A=hilb (N);
elseif (i==2)
n=20;
A=hilb (20);
elseif (i ==3)
% Largest eigenvalue is complex
n =3;
A =[0 -52; 6 0 -12; 1 3 0];
elseif (i==4)
% Matrix has four real eigenvalues
n =4;
A=[3,7,8,9;5,-7,4,-7;1,-1,1,-1;9,3,2,51;
elseif (i==5)
n =5;

o\

A=[3,7,8,9,12;5,-7,4,-7,8;1,1,-1,1,-1;4,3,2,1,7;9,3,2,5,41;
elseif (i==06)

n=N;

A= rand(N,N) ;

end

lambdaO= inf(n,1);
count = 1;

iter =1;

% get exact eigenvalues in sorted order
exact_lambda = sort (eig(A));

[

% First we reduce matrix A to upper Hessenberg

for k=1:n - 2
x= A(k+1l:n,k);

u=x;

u(l) = u(l)+ sign(x(1l))*norm(x);
u=u/norm (u);

P= eye(n-k) - 2x(uxu') ;

A(k +1:n,k:n) =PxA(k +1:n,k:n) ;
A(l:n,k +1:n)=A(l:n,k+1:n)*P;
end
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%%%%%%%%%% Find eigenvalues from Real Schur
j =2; count =1;

eigs = zeros(l,n);

while (j <=n)
%real eigenvalues

if(abs (A (3, J-1)) < le-3)

eigs(3j-1) =A(j -1,3 -1);

count= j -1;

else

% Complex eigenvalues
eigs(j-1: j)= eig(A(]J -1:3,3 -1:3));
count =j;

j=3 +1;
end

j=3 +1;
end
if (count < length(eigs))
eigs (n)=A(n,n);

computed_lambda = sort (eigs)';

block

if (norm(abs (computed_lambda - lambdaO ))<eps )

break ;

end

lambdaO = computed_lambda ;
iter = iter + 1;

str =["Comp. eig.:' num2str (computed_lambda

)17

str=[str, ', Ex. eig.:' num2str(exact_lambda',2)];

str_xlabel =

['Example ',num2str(i), '. Nr. of it. in method of QR it.:',

subplot (3,2,1)

plot (exact_lambda, 'o b', 'LineWidth', 2, 'Markersize',10)

hold on
plot (computed_lambda,'+ r','LineWidth', 2,

% xlabel (str, 'fontsize',10)

xlabel ('Real part of eigenvalues');
ylabel ('Imag. part of eigenvalues');

exact_lambda
computed_lambda

'Markersize',10)

legend ('Exact eigenvalues', 'Computed eigenvalues')

title(str_xlabel, 'fontsize',12)

end

455

num2str (iter)];
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A.16 Matlab Program RayleighQuotient .m for computation
the Rayleigh Quotient

Program which generates predefined random tridiagonal matrices A of dim(A)=n

and then calls the function

o
]

RayleighQuotient.m

o
°

n=10;
A=zeros (n);

:n
tal

=2

for i

randx30;

=rand*20;

A(i, 1)

=tal;
tal

A(i,1i-1)

i

A(i-1,1)

end

=22xrand;

A(l,1)

%$run algorithm of Rayleigh Quotient Iteration

RayleighQuotient (A);

[rq]

D)

disp ('Computed Rayleigh Quotient is

disp(rq)

Rayleigh Quotient rg which is in the tolerance

tol from an eigenvalue of A
RayleighQuotient (&)

Computes value of
function rqg

o
5
o
5

=size (A);
zeros (n, 1)

[n,~]
%0

i

initialize initial vector x0 which has norm 1

x0(n)=1

o

)

S

2

le-10
x0/norm (x0, 2)

tol
xi

’

Rayleigh Quotient for x0

(x1"*A*x1) / (xi'*x1i);

initialize
rq

o

[
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> tol

while norm( (Axxi-rgxxi),2)

’

(A-rgxeye (size (A))) \xi

yi/norm(yi,2);

vi

(x1"*Axx1) / (xi"*x1)

xi=
rq =
i=i+1

;

end
end

deandCong.m

ivi

A.17 Matlab Program D

=n

Program which generates predefined random tridiagonal matrices A of dim(A)

o
°

DivideandCong.m

and then calls the function

o
]

symmetric tridiagonal matrices

Program which generates some random

o
]

n=>5;

zeros (n) ;

A=

:n
tal

=2

for i

rand30;

2

=randx*20

A(i, 1)

=tal;
tal

A(i,1i-1)

i

A(i-1,1)

algorithm

7

22xrand
DivideandCong (A)

eigenvalues will be roots of the secular equation and will lie

on the diagonal of the output matrix L.
In the output matrix Q will be corresponding eigenvectors.

$run Divide—and-Conquer
Computes algorithm of Divide-and-Conquer

end
A(1l,1)
[Q, L]

o
5
o
5

DivideandCong(T)

[Q,L]

function

Compute size of input matrix T

[m, n]

©

)

size(T);

0 we shall return

here we will divide the matrix

m2 = floor (m/2);

$1if m

o
]
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=1; L = T;

return;

%el
else

Cre

se we perform recursive computations
[T, T1,T2,bm,v] = formT(T,m2);
%$recursive computations

[Q1,L1] = DivideandCong(T1);

[Q2,L2] = DivideandCong(T2);

%$pick out the last and first columns of the transposes:

Q1T = Q1';
Q2T = Q2';
u = [Q1lT(:,end); Q2T (:,1)]1;

%Creating the D-matrix:

D = zeros(n);
D(1l:m2,1:m2) = L1;
D((m2+41) :end, (m2+1) :end) = L2;

The Q matrix (with Q1 and Q2 on the "diagonals")
Q = zeros(n);

Q(l:m2,1:m2) = Q1;

Q((m2+1) :end, (m2+1) :end) = Q2;

o

ating the matrix B, which determinant is the secular equation:

% det B = f(\lambda)=0

B = D+bmxuxu';

Compute eigenvalues as roots of the secular equation
f(\lambda)=0 using Newton's method

eigs = NewtonMethod (D, bm,u);

Q3 = zeros(m,n);

o° oo

% compute eigenvectors for corresponding eigenvalues
for i = l:length(eigs)

Q3(:,1) = (D-eigs(i)=xeye(m))\u;

Q3(:,1) = Q3(:,1)/norm(Q3(:,1));
end

$Compute eigenvectors of the original input matrix T
Q = 0*03;

Present eigenvalues of the original matrix input T

% (they will be on diagonal)

end

end

L = zeros(m,n);
L(l:(m+l):end) = eigs;
return;
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Compute T1l, T2 constant bm and the vector v
from the input matrix A.

o
©
o
°

function [T,T1,T2,bm,v] = formT (A, m)

Tl = A(l:m,1:m);
T2 A((m+l) :end, (m+1l) :end) ;
bm = A(m,m+1);

Tl (end) = T1 (end)-bm;
T2 (1) = T2(1l)-bm;

v = zeros(size(A,1),1);
v(m:m+l) = 1;

T = zeros(size(A));
T(l:m,1l:m) = T1;
T((m+1l) :end, (m+1l) :end) = T2;

end

% compute eigenvalues in the secular equation
% using the Newton's method

function eigs = NewtonMethod (D, p,u)

[m,n] = size(D);

%$The initial guess in the Newton's method

% will be the numbers d_i
startingPoints = sort (diag(D));

%$1if p > 0 we have an eigenvalue on the right, else on the left

if p >= 0

startingPoints = [startingPoints; startingPoints (end)+10000];
elseif p < 0

startingPoints = [startingPoints(1)-10000; startingPoints];
end
eigs = zeros(m,1);

[

% tolerance in Newton's method
convCriteria = 1le-05;

step in the approximation of the derrivative
in Newton's method
dx = 0.00001;

o
©
o
°

$plot the secular equation
X = linspace(-3,3,1000);
for t = 1:1000
vy (t) =SecularEgEval (D,p,u,X(t),m,n);
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end

plot (X,y, 'LineWidth',2)

axis([-3 3 -5 5])

legend('graph of the secular equation f(4)=0")

%$Start Newton's method

for i = 1:m
%the starting value of lambda
currentVal = (startingPoints (i)+startingPoints(i+l) )/ 2;

% this value is used inthe stoppimg criterion below

currentVal2 = inf;

% computed secular equation for \lambda=currentVal
fCurr = SecularEgEval (D,p,u,currentVal,m,n);

rands = 0;

k =0;

j = 0;

if ~((startingPoints(i+l)-startingPoints(i)) < 0.0001)
while ~(abs (fCurr) < convCriteria)

Scompute value of the function dfApprox with small step dx to
%approximate derivative

fval2 = SecularEgEval (D,p,u,currentVal+dx,m,n);
fvall = SecularEqgEval (D,p,u,currentVal,m,n);
dfApprox = (fval2-fvall) /dx;

o°

compute new value of currentVal in Newton's method,
or perform one iteration in Newton's method
currentVal = currentVal - fCurr/dfApprox;

o\

% check: if we are outside of the current range, reinput inside:
if currentvVal <= startingPoints (i)
currentVal= startingPoints (i)+0.0001;
k=k+1;
elseif currentvVal >= startingPoints (i+l);
currentVal= startingPoints (i+1)-0.0001;
k=k+1;
elseif dfApprox == Inf || dfApprox == -Inf
currentVal= startingPoints (i) +
randx (startingPoints (i+1)-startingPoints (i));
rands = rands+1l;
end

J=3+1;
fCurr = SecularEgEval (D,p,u,currentVal,m,n);
if k > 10 || 3 > 50;

tempVec = [startingPoints(i),startingPoints (i+1)];
[val,ind] = min(abs([startingPoints (i), startingPoints (i+1)]-currentVal));
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if ind == 1
currentVal = tempVec (ind)+0.00001;
else
currentVal = tempVec (ind)-0.00001;
end
break;
elseif
currentVal2 == currentVal || rands > 5 || isnan(currentVal) || isnan (fCurr)
currentVal = currentVal2;
break;
end
%$save last value:
currentVal2 = currentVal;

end
end

%$assigning eigenvalue in the right order
eigs (i) = currentval;

end
end
evaluate the secular equation in Newton's method for the computed

eigenvalue x
function fval = SecularEgEval (D,p,u,x,m,n)

o
5
o
5

fval = Il+p*xu'+inv ((D-x*eye (m,n))) *u;
end

A.18 Matlab Program Bisection.m

220000000090 0000000000000000000000000000000900000000000000009000000000000000009090000
S 5555555555555 55555555555555%5%%%%
°

% Find all eigenvalues of the matrix A ion the input interval [a,b)

22000000000 0000000000000000000000000000000900000000000000009000000000000000009090000
S 5555555555555 5555%%%%

o

% define size n of the n-by-n matrix A
n=5;

% Generate the symmetric tridiagonal matrix A
A=randomTridiag(n);

% Set bounds for the interval [a,b) in the algorithm and the tolerance
a=-100;b=100;

tol=0.000001;

%$Define functions for the worklist

DeleteRowInWorklist=@ (Worklist,linenr) ChangeRowInWorklist (Worklist,linenr, 'delete');
InsertRowInWorklist=Q@ (Worklist,LineToAdd) ...
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ChangeRowInWorklist (Worklist,LineToAdd, 'add");

% Set the info for the first worklist
na=Negcount (A, a) ;

nb=Negcount (A, b) ;

Worklist=[];

$If no eigenvalues are found on the interval [a,b) then save an empty worklist
if na~=nb

Worklist=InsertRowInWorklist (Worklist, [a,na,b,nbl]);
end

while numel (Worklist) ~=0
[Worklist, LineToWorkWith ]= DeleteRowInWorklist (Worklist,1);

low=LineToWorkWith (1) ;
n_low=LineToWorkWith (2) ;
up=LineToWorkWith (3);
n_up=LineToWorkWith (4);

% 1if the upper and lower bounds are close enough we print out this interval
if (up-low)< tol
NrOfEigVal = n_up-n_low;
fprintf ('There are %4.4f eigenvalues in the interval [%4.4f,%4.4f) \n',
NrOfEigVal, low, up) ;
else
% Perform the bisection step
mid= (low+up)/2;
n_mid= Negcount (A, mid) ;
if n_mid > n_low
Worklist = InsertRowInWorklist (Worklist, [low,n_low,mid,n_mid]);
end
if n_up>n_mid
Worklist = InsertRowInWorklist (Worklist, [mid,n_mid,up,n_upl);

end

end
end
5555555555555 5555555555555 5555555555555 555%555555555%5%55555%555555%5%%%
% Add or remove rows to the WorkList
% If action = 'add' then add a line to the Worklist, return Worklist and
% new line
% If action = 'delete' then delete the given line from the Worklist, return
% Worklist and deleted line
5555555555555 5555555555555 5555555555555 55%555555555%5%55555%555555%5%%%
function [ Worklist , LineInQuestion] = ChangeRowInWorklist (Worklist,LINE,action)

if strcmp (action, 'delete')
if (length (Worklist(:,1)) == 1)
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Worklist;

LineInQuestion
Worklist

elseif

[1;

/1))

(LINE==length (Worklist (

= Worklist (LINE, :);

LineInQuestion
Worklist

elseif

(end-1),

Worklist (1:

(LINE==1)

= Worklist (LINE, :);

LineInQuestion

Worklist

’

:)

Worklist (2:end,

else

= Worklist (LINE, :);

LineInQuestion

Worklist

)1

end,

:);Worklist ((LINE+1)

(LINE-1),

[Worklist (1:

LINE;

(length (Worklist)

LineInQuestion

if

end
elseif strcmp(action, 'add')

LINE;

Worklist

else

[Worklist; LINE];

Worklist

fprintf ('The third argument must be either delete or add!')
which are less then z

end
Compute number of eigenvalues of a tridiagonal matrix A

% (without pivoting)

else
en
en

)

)

)

Negcount ( A,z

[ neg ]

function

zeros (length (A),1);

d(l)=A(1,1)-z;

d=
for i

2:length (A)

;

0

d(i)=(A(i,1)-z)-(A(i,1-1)"2)/d(i-1);
for i

compute number of negative eigenvalues of A

end
neg

°

o

l:length(A)

if d(1)<0

= neg+l;

neg
end

end
end
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generation of the random tridiagonal symmetric matrix

o
°

randomTridiag(n)

[A]

function

zeros (n) ;

A

tn
num

=2

for i

;

’

= rand*30
=rand=*20

A(i, 1)

=num;
num

A(i,i-1)

i

)

-

A(i-1,

7

22xrand

Program which generates predefined random tridiagonal matrices A

and the calls the function RunJacobi.m

zeros (n) ;

5;

end

A(1,1)

end

A.19 Matlab Program testClassicalJacobi.m
n=

A=

=2

for

;

2

tal = randx30
A(i,1i)=randx20

=tal;
tal

A(i,i-1)

i

A(i-1,1)

i

22xrand

initialization of matrix

end
A(1l,1)

rand(5,5) «10;

$A=

Ainit

=A

=AxA"

$Ainit

run classical Jacobi algorithm

]

A

RunJacobi (Ainit)

$Print out computed by Jacobi algorithm eigenvalues

disp ('computed by Jacobi algorithm eigenvalues

eig(a)

)
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% Print out eigenvalues of the initial matrix A using eig(Ainit)
disp('eigenvalues of the initial matrix Ainit using eig(Ainit):');
eig(Ainit)

function [A] = RunJacobi (A)
tol=0.005;
iter=1;

$compute initial off's
[sum, v]=0ff (A);

while sum >tol && i1iter<100000

% search for maximal values of off's
Jj=v(2,max(v(l,:)) == v(l,:)); %get index j
k=v (3, max(v(l,:)) == (1,:)); %get index k

$perform Jacobi rotation for indices (j,k)
A=jacobiRot (A, j, k) ;
[sum,v]=0ff (A);
iter=iter+1;
end

end

% Run one Jacobi rotation

function [A] = jacobiRot ( A, 3,k )
tol=0.0001;

if abs(A(j,k))>tol
tau=(A(3,3) -A(k,k))/(2*A (], k));
t=sign(tau)/ (abs (tau)+sqrt (1+tau”2));
c=1/(sqrt (1+t~2));
s=cx*t;

R=eye (length (A));

R(J,J)=c;
R(k, k)=c;
R(jlk)=7s;
R(k,J)=s;
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end

end

% Compute off's: the square root of the sum of squares
% of the upper off-diagonal elements.

% v is a matrix that holds the information needed.

function [sum,v] = off (4)

sum=0;
%create array v for off's:

% in the first row will be sum of square root of the squares of computed off's
% in the second row: the index j

% in the third row: the index k

v=1[0;0;0];

for i=1:(length(A)-1)
for j=(i+1l) :length(A)
sum=sum+A (i, j) *A (i, J);
v=[v, [sqrt (A(i,J) »A(i,3));1i;311;
end
end
sum=sqgrt (sum) ;
v=v(:,2:end);

end

A.20 Matlab Program testSVDJacobi.m

3555555555555 5555555555555 5555555555%5555555555555555%55%555%55%55%%55%5%5%5%%%
% Program which generates predefined random tridiagonal matrices A

% and the calls the function RunSVDJacobi.m
20990090090209090090090009009009900900900990090090009009009000900900900909000900090009
R R R R R R R R e R Rl R ol R o R R o Rl e R R R o e R TR R b R o R
n=>5;

for i=2:n
tal = randx30;
A(i,i)=rand*20;
A(i,i-1)=tal;
A(i-1,1i)=tal;

end

A(l,1)=22+rand;

Ainit=A

disp ('computed by one-sided Jacobi algorithm SVD decomposition:');
[U,S,V]= RunSVDJacobi (Ainit)
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disp ('computed SVD decomposition using svd command (for comparison):');
[u,sigma, v]=svd (Ainit)

CC00000000000000000000000000000000000600000000000000060060000000000600600060060060006006700
% Computes the SVD decomposition of the matrix G

% using the one-sided Jacobi rotation

00 0000000000000000000000000000000000000900000800000000000000000000000008008000000000

function [U,S,V] = RunSVDJacobi (G)

% input tolerance
tol=0.005;

J=eye (length (G)) ;
iter=1;

[sum, v]=0ff (G'*G);

while sum>tol && iter<1000
for j=1:(length(G)-1)
for k=j+1l:1length (G)
[G,J]l=oneSidedJacobiRot (G, J, j, k) ;
end
end

[sum, v]=0ff (G'*G);
iter=iter+1;

end

% elements in the matrix sigma will be the two-norm
% of i-column of the matrix G

for i=1:length(G)
sigma (i)=norm(G(:,1));
end
U=[1];
for i=1:length(G)
U=[U,G(:,1)/sigma(i)];
end
v=J;
S=diag(sigma) ;
end

[

% compute one-sided Jacobi rotation for G

function [G,J] = oneSidedJacobiRot (G,J, j, k )
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tol=0.0001;
A= (G'*G);

ajji=A(3,3);
ajk=A (3, k);
akk=2a (k, k) ;

if abs(ajk)>tol
tau=(ajj-akk)/ (2xajk);
t=sign(tau)/ (abs (tau)+sqrt (1+tau”2));
c=1/(sqrt (1+t"2));
s=cx*t;

R=eye (length(G));

R(J,J)=c;
R(k, k)=c;
R(j,k)——S;
R(k,J)=s;
G=G*R;

% if eigenvectors are desired
J=J*R;
end
end

Compute off's: the square root of the sum of squares
of the upper off-diagonal elements.
v is a matrix that holds the information needed.

o oo

o\°

function [sum,v] = off (A)

sum=0;

%create array v for off's:

in the first row will be sum of square root of the squares of computed off's
in the second row: the index j

% in the third row: the index k

o oo

v=[0;0;01;
for i=1:(length(A)-1)
for j=(i+1l) :length(A)
sum=sum+A (i, j) *A (i, J);
v=[v, [sqrt (A (i, J)*A(1,3));1;311);
end
end
sum=sqgrt (sum) ;
v=v(:,2:end);

end
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A.21 Matlab Program Poisson2D _Jacobi .m. The function
DiscretePoisson2D.mis given in section A.1.

close all

clc

clear

clf

%$Define input parameters

n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)

f_amp = 1; % we can choose f=1, 50, 100
x_0=0.5;

y_0=0.5;

c_x=1;

c_y=1;

% Generate a nxn by nxn stiffness matrix
S = DiscretePoisson2D(n);

%% generate coefficient matrix of a((x_1)_i, (x_2)_3) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n
for j=1:n
C(i,J) = 1 + a_amp*exp(—((i*h-x_0) "2/ (2xc_x"2) ...
+(Jxh-y_0) "2/ (2%xc_y"2)));
end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D(j+n* (i-1), j+n*(i-1)) = C(i,73);
end
end
% If £ is constant.
% £ = f_ampxones(n”2,1);

o

If £ is Gaussian function.
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f=zeros(n"2,1);
for i=1:n
for j=1:n
f(n*(i-1)+j)= f_amp*exp (- ((irh-x_0) "2/ (2xc_x"2) ...
+(J*h-y_0) "2/ (2%xc_y"2)));
end
end

% Compute vector of right hand side
b = D" (-1)*f computed as b (i, j)=f(i,]J)/a(i, J)

o

b=zeros(n"2,1);
for i=1:n

for j=1:n
b(n*(i-1)+3)= f(nx(i-1)+3)/C(i,3); % Use coefficient matrix C or
% diagonal matrix D to get a(i, j)
end
end
% ——— Solution of 1/h"2 S%u = b using Jacobi's method, version I

err = 1; k=0; tol=10"(-9);

w_old = ones(length(S),1);
L=tril(S,-1);

U=L"';
Dinv=diag(diag(S)." (-1));
R=Dinvx* (-L-U);
c=Dinvxh~2xb;

while (err>tol)
w_new = Rxw_old +c;

k=k+1;

% stopping criterion: choose one of two

err = norm(w_new-w_old);
% err = norm(S*w_new — h”2xb);
w_old = w_new;
end
disp('—-— Number of iterations in the version I of Jacobi method -————-—-—- ")
k

% sort the data in u into the mesh-grid, the boundary nodes are zero.
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V_new = zeros (n+2,n+2);
for i=1:n
for j=1:n
V_new (i+1l, j+1) = w_new (j+nx (i-1));
end

figure (1)

subplot (2,2,1)
surf(x1l,y1l,V_new) % same plot as above, (x1, yl are vectors)
view (2)
colorbar
xlabel ("x_1")
ylabel ('x_2")
zlabel ('u(x_1,x_2)")
title( ['solution u(x_1,x_2) Jacobi version I ',...
', N = '",num2str(n),', iter. = ',num2str(k)])

subplot (2,2,2)

surf(xl,yl,V_new) % same plot as above

colorbar
xlabel ("x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) Jacobi version I',...
', N = '",num2str(n),', iter. = ',num2str(k)])

% Plotting a(x,vy)
7Z_a= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_a(i,j)= 1 + a_amp*exp (- ((i+h-x_0) "2/ (2xc_x"2) ...
+(3xh-y_0) "2/ (2%c_y"2)));
end
end

subplot (2,2,3)

surf(xl,yl,Z_a)

xlabel ("x_1")

ylabel ('x_2")

zlabel ('a(x_1,x_2)")

title( ['coefficient a(x_1,x_2) with A = ',num2str (a_amp)])

)

% plott the function f(x,y)
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Z_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_f(i,3)=f_amprexp (- ((x1(1)-x_0)"2/(2xc_x"2) ...
+(y1(3)-y_0) "2/ (2%c_y"2)));
end
end

subplot (2,2,4)
surf(xl,yl,Z_f)
xlabel ("x_1")
ylabel ("x_2")

1

zlabel ("f(x_1,x_2)")
title( ['"f(x_1,x%x_2) with A_f = ',num2str (f_amp)])
% ——— Jacobi's method, version II —-—————————————————————————

k=0; err = 1;
V_old = zeros(n,n);
V_new = zeros(n,n);
F=vec2mat (b,n) ';
X=diag(ones(1l,n-1),-1);
X=X+X";

while (err>tol)
V_new = (X+xV_old + V_oldxX' + h"2xF)/4;
k=k+1;
err = norm(V_new-V_old);
V_old = V_new;
end

%$apply boundary conditions

V_new = [zeros(l,n+2); zeros(n,l) V_new zeros(n,1l);zeros(l,n+2)]
disp('—-— Number of iterations in the version II of Jacobi method -————-———-
k

figure(2)

subplot (1,2,1)
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[

surf(xl,yl,V_new) % same plot as above, (x1, yl are vectors)
view (2)
colorbar
xlabel ('x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) Jacobi version II ',...
', N = '",num2str(n),', iter. = ',num2str(k)])

subplot (1,2,2)

surf(x1l,y1l,V_new) % same plot as above
colorbar

xlabel ("x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) Jacobi version II', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

err = 1; k=0; tol=10"(-9);
% Initial guess
uold = zeros(n+2, n+2);
unew= uold;

% counter for iterations

k = 0;
while (err > tol)
for 1 = 2:n+1
for 3 = 2:n+1
unew (i, Jj) = (uold(i-1, 3Jj) + uold(i+l, 3j) + uold(i, j-1) + uold(i, Ij+1)
+ h™2«b (nx (i-2)+3-1))/4.0;
end
end
k = k+1;
err = norm(unew-uold);
uold = unew;
end

u = reshape (unew(2:end-1, 2:end-1)', n*n, 1);
disp('—-— Number of iterations in the version III of Jacobi method —-——--————- ")

k
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figure (3)

o\

% sort the data in u into the mesh-grid, the boundary nodes are zero.
_new = zeros (n+2,n+2);
for i=1:n
for j=1:n
V_new (i+1, j+1) = u(j+n*(i-1));

<

end

subplot (1,2,1)
surf(x1l,y1l,V_new) % same plot as above, (x1, yl are vectors)
view (2)
colorbar
xlabel ('x_1")
ylabel ('"x_2")
zlabel ('u(x_1,x_2)")
title( ['solution u(x_1,x_2) Jacobi version III ',...
', N = '",num2str(n),', iter. = ',num2str(k)])

subplot (1,2,2)

surf(xl,yl,V_new) % same plot as above

colorbar
xlabel ('"x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) Jacobi version III',...
', N = '",num2str(n),', iter. = ',num2str(k)])

A.22 Matlab Program Poisson2D Gauss Seidel.m. The
function DiscretePoisson2D.mis given in section A.1.
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close all
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clc

clear

clf

$Define input parameters

n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)
1l; % we can choose f=1, 50, 100

h = 1/(n+l); % define step length

% Computing all matrices and vectors

©

% Generate a n*n by nxn stiffness matrix
= DiscretePoisson2D (n);

92

o\

% generate coefficient matrix of a((x_1)_i, (x_2)_3j) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n
for j=1:n
C(i,9) = 1 + a_ampxexp (- ((ixh-x_0) "2/ (2%c_x"2) ...
+(J*xh-y_0)"2/(2%xc_y"2)));
end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D (Jj+n* (1i-1), j+n* (1i-1)) = C(i,7J);
end
end

o

If £ is constant.
f = f_amp*ones(n”2,1);

o\°

% If £ is Gaussian function.
f=zeros(n"2,1);
for i=1:n

for j=1:n

f(n* (1-1)+j)=f_amp*exp (- ((1ixh-x_0) "2/ (2*xc_x"2) ...
+(J*h-y_0) "2/ (2%xc_y"2)));

end

end

% Compute vector of right hand side
$ b = D" (-1)xf computed as b (i, j)=f(i,7J)/a (i, J)
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b=zeros(n"2,1);
for i=1:n

for j=1:n
b(nx (i-1)+j)= h"2+ (f(nx(i-1)+3))/C(i,]J); % Use coefficient matrix C or
% diagonal matrix D to get a(i, j)
end

% use Gauss—-Seidel algorithm without red-black ordering:
% values u(l:(j-1)) are already updated, and u_old((j+1):n"2)
% are older, computed on the previous iteration

while (norm(residual)> tol)
for j = 1:n"2
u(j) = 1/s(3,3) » (b(3) ...
= S(3,1:(3-1))*u(l:(3-1)) - S(J, (3+1):n"2) »u_old((J+1):n"2));

end

u_old = uj;

residual = Sxu- b;

k = k+1;
end
disp('—-— Number of iterations in Gauss-Seidel method —-——----——- ")
k

% sort the data in u into the mesh-grid, the boundary nodes are zero.
7 = zeros (n+2,n+2);
for i=1:n
for j=1:n
Z(i+1,3+1) = u(j+n*(i-1));
end
end

oo

% plotting
1=0:h:1;
1=0:h:1;

<X

subplot (2,2,1)
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surf(xl,yl, Z) % same plot as above, (x1, yl are vectors)
view (2)
colorbar
xlabel ('x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) Gauss—-Seidel method ', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

subplot (2,2,2)

surf(xl,yl, Z) % same plot as above

colorbar
xlabel ("x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) Gauss—Seidel method', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

% Plotting a(x,Vy)
7Z_a= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_a(i,j)= 1 + a_amp*exp (- ((irh-x_0) "2/ (2xc_x"2) ...
+(Jxh-y_0) "2/ (2xc_y~2)));
end
end

subplot (2,2,3)

surf(xl,yl,Z_a)

xlabel ("x_1")

ylabel ('x_2")

zlabel ('a(x_1,x_2)")

title( ['coefficient a(x_1,x_2) with A = ',num2str (a_amp)])

% plott the function f(x,yVy)
Z_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_f(i,3)=f_amprexp (- ((x1(1)-x_0)"2/(2xc_x"2) ...
+(y1(3)-y_0) "2/ (2%c_y"2)));
end
end

subplot (2,2,4)
surf(xl,yl,Z_f)
xlabel ("x_1")
ylabel ("x_2")
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zlabel ("f(x_1,x_2)")
title( ['"f(x_1,x_2) with A_f = ',num2str (f_amp)])

A.23 Matlab Program
Poisson2D Gauss _SeidelRedBlack.m. The function
DiscretePoisson2D.mis given in section A.1.

% Main program for the solution of Poisson's equation
% - a laplace = f in 2D using iterative Gauss—Seidel method
% with Red-Black ordering
close all
clc
clear
clf
%$Define input parameters
n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)
f_amp = 1; $ we can choose f=1, 50, 100
x_0=0.5;
y_0=0.5;
c_x=1;
c_y=1;
h =1/(n+l); % define step length
% Computing all matrices and vectors
% Generate a n#*n by nxn stiffness matrix
S = DiscretePoisson2D (n);
%% generate coefficient matrix of a((x_1)_i, (x_2)_3j) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n

for j=1:n

C(i,J) = 1 + a_amp*exp(—((i*h-x_0) "2/ (2*c_x"2) ...
+(J*h-y_0) "2/ (2%xc_y"2)));

end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n

for j=1:n

D(j+n* (i-1), j+n*(i-1)) = C(i,73);
end

end
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If £ is constant.
f = f_amp*ones(n”2,1);

o oo

% If £ is Gaussian function.
f=zeros(n"2,1);
for i=1:n

for j=1:n

f(nx (i-1)+7j)=f_amprexp (= ( (ixh-x_0) "2/ (2xc_x"2) ...
+(J*h-y_0) "2/ (2%xc_y"2)));

end

end

% Compute vector of right hand side
$ b =D"(-1)«f computed as b (i, Jj)=£f(i,])/a(i, )

b=zeros(n"2,1);
for i=1:n
for j=1:n
b(n* (i-1)+7j)=f (n*x (i-1)+3)/C(i,7); Use coefficient matrix C or
diagonal matrix D to get al(i, J)

o
)
o
)

% Solution of 1/h"2 S u = b using iterative Gauss—-Seidel method
% with red-black ordering, version I

err = 1; k=0; tol=10"(-9);
V = zeros(n,n);

V_old = zeros(n,n);
F=vec2mat (b, n) ';
X=diag(ones (1l,n-1),-1);
X=X+X";

blackindex = invhilb(n) < 0;
redindex = fliplr (blackindex);
B=V;
V (redindex)=0;

R=V;
V (blackindex)=0;

redF = F; redF (blackindex)=0;
blackF = F; blackF (redindex)=0;

while (err>tol)
R = (X*B + B*X + h"2«redF)/4;
B = (X*R + RxX + h"2«blackF)/4;
k=k+1;
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V_new =R+B;
err = norm(V_new - V_old);
V_old = V_new;

end

V_new = [zeros(l,n+2); zeros(n,l) V_new zeros(n,1l);zeros(l,n+2)]
disp('—-—- Number of iterations in Gauss-Seidel method --———-—--—- ")
k

figure (1)
%% plotting
x1=0:h:1;
y1=0:h:1;

subplot (2,2,1)

surf(xl,yl,V_new) % same plot as above, (x1, yl are vectors)

view (2)

colorbar

xlabel ("x_1")

ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) in Gauss—-Seidel Red-Black ordering', ...
', N = '",num2str(n),', iter. = ',num2str(k)])

subplot (2,2,2)

o

surf(xl,yl,V_new) % same plot as above

colorbar

xlabel ("x_1")

ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) in Gauss—-Seidel Red-Black ordering', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

% Plotting a(x,vy)
Z_a= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
7Z_a(i,j)= 1 + a_ampx*exp (- ((irh-x_0) "2/ (2xc_x"2) ...
+(Jxh-y_0) "2/ (2xc_y"2)));
end
end
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subplot (2,2, 3)

surf (x1,yl,7Z_a)
xlabel ('x_1")

ylabel ('x_2")

zlabel ("a(x_1,x_2)")

title( ['coefficient a(x_1,x_2) with A = ',num2str (a_amp)])

% plott the function f(x,y)
7_f= zeros (n+2);
for i=1:(n+2)

for j=1:(n+2)

Z_f(i,3)=f_amp*exp (- ((x1(1)-x_0)"2/(2xc_x"2) ...

+(y1(3)-y_0)"2/(2%c_y"2)));
end
end

subplot (2,2,4)

_1,x_2)
x_1,x_2) with A_f = ',num2str (f_amp)])

481

% Solution of 1/h"2 S u = b using iterative Gauss—-Seidel method

% with red-black ordering, version II

err = 1; k=0; tol=10"(-9);
% Initial guess

uold = zeros(n+2, n+2);
unew= uold;

while (err > tol)
% Red nodes
for i = 2:n+1
for j = 2:n+l

if (mod (i+3,2)

== 0)
unew (i, Jj) = (uold(i-1, 3j) + uwold(i+1l, 3Jj) + uold(i,

+ h™2«b(n* (1-2)+j-1))/4.0;
% for computation of residual
u(j-1 + nx(i-2)) = unew(i, Jj);
end
end
end
% Black nodes
for i = 2:n+1
for j = 2:n+l
if (mod(i+3j,2) == 1)

j-1)

e
©

+ uold (i,

J+1)
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unew (i, j) = 0.25x (unew(i-1, j) + unew(i+1, J)
+ unew (i, j-1) + unew (i, j+1) + h"2«b(nx(i-2)+3-1));
% for computation of residual
u(j-1 + nx(i-2)) = unew (i, j);
end
end
end

k = k+1;

% different stopping rules
err = norm(unew-uold);
%computation of residual
% err = norm(S*u' - h"2xb);
uold = unew;
end

u = reshape (unew(2:end-1, 2:end-1)', nxn, 1);

disp('—-— Number of iterations in the version II of Gauss-Seidel method-——————-

figure (2)
% sort the data in u into the mesh-grid, the boundary nodes are zero.
V_new = zeros (n+2,n+2);
for i=1:n
for j=1:n
V_new (i+1l, j+1) = u(j+n*(i-1));
end

subplot (1,2,1)

surf(xl,yl,V_new) % same plot as above, (x1, yl are vectors)
view (2)

colorbar

xlabel ("x_1")

ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) in Gauss—-Seidel Red-Black ordering, version II',.

', N = ',num2str(n),', iter. = ',num2str(k)])

subplot (1,2,2)
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surf (x1l,yl,V_new) % same plot as above

colorbar

xlabel ('x_1")

ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) in Gauss-Seidel Red-Black ordering, version II',...

', N = ',num2str(n),', iter. = ',num2str(k)])

A.24 Matlab Program Poisson2D_SOR.m. The function
DiscretePoisson2D.mis given in section A.1.

o\
o)
o)

% Main program for the solution of Poisson's equation
% - a laplace = f in 2D using iterative SOR method
close all
clc
clear
clf
$Define input parameters
n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)
f_amp = 1; % we can choose f=1, 50, 100
x_0=0.5;
y_0=0.5;
c_x=1;
c_y=1;
h = 1/(n+l); % define step length
% Computing all matrices and vectors
% Generate a n*n by nxn stiffness matrix
S = DiscretePoisson2D (n);
%% generate coefficient matrix of a((x_1)_i, (x_2)_3) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n

for j=1:n

C(i,J) = 1 + a_amp*exp(—((ixh-x_0) "2/ (2xc_x"2) ...

+(J*h-y_0) "2/ (2%c_y"2)));
end
end
% create diagonal matrix from C
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D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D(j+n* (i-1), j+n*(i-1)) = C(i,73);
end
end

If £ is constant.
f = f_amp*ones(n”2,1);

o° oo

% If £ is Gaussian function.
f=zeros(n"2,1);
for i=1:n
for j=1:n
f(n*(i-1)+7j)=f_amprexp (- ((ixh-x_0) "2/ (2%c_x"2) ...
+(j*h-y_0) "2/ (2%xc_y"2)));
end
end

% Compute vector of right hand side
$ b =D"(-1)«f computed as b (i, Jj)=£f(i,]J)/a(i,])

b=zeros(n"2,1);
for i=1:n
for j=1:n
b(n* (i-1)+7j)=£f (n*x (i1-1)+3)/C(i,73); Use coefficient matrix C or
diagonal matrix D to get al(i, J)

o
5
o
5

Solution of 1/h"2 S u = b using SOR method
with red-black ordering, version I

err = 1; k=0; sch = 0; tol=10"(-9);
V = zeros(n,n);

V_old = zeros(n,n);

F=vec2mat (b, n) ';

X=diag(ones (1,n-1),-1);

X=X+X";

%$arrange red-black indexing

blackindex = invhilb(n) < 0;
redindex = fliplr (blackindex);
B=V;

V (redindex)=0;

R=V;
V(blackindex)=0;
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redF = F; redF (blackindex)=0;
blackF = F; blackF (redindex)=0;

)

% extract matrices L and U for matrix RSOR

L=tril(s,-1);

Uu=L"';
Dinv=diag(diag(S)." (-1));
L = Dinv#* (-L);

U = Dinvx (-U);

D=diag(ones (1,n*n));

omegas = 1.05:0.05:1.95;

for omega = omegas
k=0;

err =1;

B=V;

V (redindex)=0;

R=V;
V(blackindex)=0;

% counter for omega
ch = sch+1;

)

while (err>tol)
R = (1 - omega)*R + omegax (X+«B + BxX + h"2xredF)/4;
B (1- omega) *B + omegax (XxR + RxX + h"2xblackF) /4;
k=k+1;

V_new =R+B;
err = norm(V_new — V_old);
V_old = V_new;

end

% the matrix RSOR in the method SOR: x_m+1l = RSORx*x_m + c_SOR
RSOR = inv (D - omegax*L) % ((l-omega)*D + omega=*U) ;

lambda = max (abs (eig(RSOR))) ;

mu = (lambda + omega -1)/ (sgrt (lambda) xomega) ;

disp('-- Relaxation parameter in SOR method -------——- ")
omega

disp('-—- Computed optimal relaxation parameter —-—-———————— ")

omega_opt = 2/ (1 + sqrt (1 — mu”2))

if (omega <= 2.0 && omega >=omega_opt )
disp('-- omega_opt < omega < 2.0 —————————— ")
radius = omega -1
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elseif (omega <= omega_opt && omega > 0)

disp('-- omega < omega_opt —--————————— ")
omega_tail = -omega +0.5+omega”2+mu”2
+ omegaxmuxsqgrt (1 - omega + 0.25+«omega”2+mu”2)
radius = 1 + omega_tail
end
disp('—-— Number of iterations in SOR method -———-————- ")
k
iterations (sch) = k;
spectral_radius (sch)= radius;
omega_optimal (sch) = omega_opt;
end

% apply zero boundary conditions
V_new = [zeros(l,n+2); zeros(n,l) V_new zeros(n,1l);zeros(l,n+2)];

figure (1)
%% plotting
x1=0:h:1;
y1=0:h:1;

subplot (2,2,1)
surf(xl,yl,V_new) % same plot as above, (x1, yl are vectors)
view (2)
colorbar
xlabel ("x_1")
ylabel ('x_2")
zlabel ('u(x_1,x_2)")
title( ['solution u(x_1,x_2) in SOR method ', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

subplot (2,2,2)

)

surf(xl,yl,V_new) % same plot as above

colorbar
xlabel ('x_1")
ylabel ('x_2")
zlabel ("u(x_1,x_2)")
title( ['solution u(x_1,x_2) in SOR method', ...
', N = '",num2str(n),', iter. = ',num2str(k)])

% Plotting a(x,vy)
Z_a= zeros (n+2);
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for i=1:(n+2)
for j=1:(n+2)
Z_a(i,j)= 1 + a_amp*exp (- ((i+h-x_0) "2/ (2xc_x"2) ...
+(3xh-y_0) "2/ (2%c_y"2)));
end
end

subplot (2,2,3)

surf(xl,yl,Z_a)

xlabel ("x_1")

ylabel ('x_2")

zlabel ("a(x_1,x_2)")

title( ['coefficient a(x_1,x_2) with A = ',num2str (a_amp)])

% plott the function f(x,y)
7_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_f(i,3)=f_amprexp (- ((x1(1i)-x_0)"2/(2+c_x"2) ...
+(v1(3)-y_0)"2/(2%c_y"2)));
end
end

subplot (2,2,4)

_1,x_2)
x_1,x_2) with A_f = ',num2str (f_amp)])

% plot convergence of SOR depending on omega
figure (2)

plot (omegas, iterations,'b o-', 'LineWidth',?2)
hold on
plot (omega_optimal, iterations,'r o ', 'LineWidth',?2)

xlabel ('Relaxation parameter \omega')
ylabel ("Number of iterations in SOR')

legend ('SOR (\omega) ', "Computed optimal \omega')
title ([ "'Mesh: ', num2str(n),' by ',num2str(n),' points'])

% plot convergence of SOR depending on omega
figure (3)
plot (omegas, spectral_radius,'b o-', 'LineWidth',?2)

xlabel ('Relaxation parameter \omega')
ylabel (' Spectral radius \rho(R_{SOR(\omega)})")
legend ('\rho (R_{SOR (\omega) })")



488 A Matlab Programs

title ([ "'Mesh: ', num2str(n),' by ',num2str(n),' points'])

% Solution of 1/h"2 S u = b using iterative SOR
% with red-black ordering, version II

disp('-- Works SOR method, version II —-————————— ")
err = 1; k=0; tol=10"(-9);

% choose relaxation parameter 0 < omega < 2
% optimal omega can be computed as

omega_opt = 2/(1 + sin(pi/ (n+1)))

% Initial guess

uold = zeros (n+2, n+2);

unew= uold;

while (err > tol)

o

% Red nodes

for 1 = 2:n+1
for j = 2:n+l
if (mod(i+3j,2) == 0)
unew (i, Jj) = (1-omega) *xunew (i, j) +

omegax (uold(i-1, j) + uold(i+l, 3Jj) + uold(i, 3F-1) + uold(i, JF+1)
+ h"2+b(n* (i-2)+3-1))/4.0;
% for computation of residual
u(j-1 + nx(i-2)) = unew(i, j);
end
end
end
% Black nodes
for 1 = 2:n+l

for j = 2:n+1
if(mod(i+3,2) == 1)
unew (i, j) = (1-omega) *unew (i, j) +

omega*0.25* (unew (i-1,j) + unew(i+1,j) + unew (i, j-1) + unew(i, j+1) +
h"2+b(n* (1-2)+3-1));
% for computation of residual
u(j-1 + nx(i-2)) = unew(i, Jj);
end
end

end

k = k+1;
% different stopping rules
err = norm(unew-uold);
Scomputation of residual
% err = norm(S*u' - h"2xb);
uold = unew;
end
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u = reshape (unew(2:end-1, 2:end-1)', nxn, 1);

disp('—-— Number of iterations in the version II of SOR —————————— ")

figure (4)
% sort the data in u into the mesh-grid, the boundary nodes are zero.
_new = zeros (n+2,n+2);
for i=1:n
for j=1:n
V_new (i+1,j+1) = u(j+n*(i-1));

<

subplot (1,2,1)

surf(xl,yl,V_new) % same plot as above, (x1, yl are vectors)

view(2)

colorbar

xlabel ('x_1")

ylabel ('x_2")

zlabel ('u(x_1,x_2)")

title( ['solution u(x_1,x_2) in SOR with Red-Black ordering, version II', ...
', N = ',num2str(n),', iter. = ',num2str(k)])

subplot (1,2,2)

)

surf(xl,yl,V_new) % same plot as above

colorbar

xlabel ("x_1"

ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['solution u(x_1,x_2) in SOR with Red-Black ordering, version II',...
', N = '",num2str(n),', iter. = ',num2str(k)])

A.25 Matlab Program Poisson2D ConjugateGrad.m. The
function DiscretePoisson2D.mis given in section A.1.
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oisso
jugate Gradient
cocoo0ccooe °

close all

$Define input parameters

n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)
1l; % 1, 50, 100 choose const. f value

Hh
o)
=
e}
Il

o° or
Q
(¢}
3
el
c
=4
-
=l
Q
)
=
—
3
9]
o
K
-
Q
[
7]
o
=3
(o}
<
()
Q
o
o
=
0

o

Generate a n#*n by n*n stiffness matrix

S = DiscretePoisson2D(n);
%% generate coefficient matrix of a((x_1)_i, (x_2)_3) = a(ixh, j*h)
C = zeros(n,n);
for i=1:n
for j=1:n
C(i,J) = 1 + a_amp*exp(—((ixh-x_0) "2/ (2xc_x"2) ...
+(j*h-y_0) "2/ (2%xc_y"2)));
end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D(j+n (i-1), j+n*(i-1)) = C(i,J);
end
end

%% calculate load vector f

If £ is constant.
f = f_amp*ones(n”2,1);

% If £ is Gaussian function.
f=zeros(n"2,1);
for i=1:n

for j=1:n

f(nx (i-1)+7)=f_amprexp (- ((ixh-x_0) "2/ (2*c_x"2) ...
+(Jxh-y_0) "2/ (2xc_y"2)));

end

end
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% Compute vector of right hand side
$ b = D" (-1)xf given by b(i,j)=£f(i,3)/a(i,])

b=zeros(n"2,1);
for i=1:n
for j=1:n
b(n* (i-1)+7j)=f(n*x (i-1)+73)/C(i,3); % Use coefficient matrix C or
% diagonal matrix D to get al(i, J)
end

We should solve: 1/h"2 S u =D

o oo

k=0;
err = 1; x=0; r0= h"2xb; p= h"2xb; tol=10"(-9);
while (err>tol)

k=k+1;
z = Sxp;
nu = (r0'+r0)/(p'*z);
X = X + nuxp;
rl = r0 - nux*z;
mu = (rl'srl)/(r0'xr0);
p = rl + muxp;
rO=rl;
err = norm(r0);
end
disp('—-— Number of iterations in Conjugate gradient method -———-—-——- ")

% Plots and figures.

o

o

sort the data in u into the mesh-grid, the boundary nodes are zero.

7 = zeros (nt+t2,n+2);
for i=1:n
for j=1:n
Z(i+1,3+1) = x(j+n=*(i-1));
end
end
%% plotting
x1=0:h:1;
y1=0:h:1;

subplot (2,2,1)

surf(xl,yl,Z) % same plot as above, (x1, yl are vectors)
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view (2)

colorbar
xlabel ('
ylabel ('
zlabel ('
title( [

1
’

")
")
1 x_2)")

,%X_2) in Conjugate gradient method
,num2str( n)l)

-CNN

1
_2
(x_
u(x !
N =

subplot (2,2,2)
surf (x1l,y1l,2)

o
]

same plot as above

colorbar

xlabel ('"x_1")

ylabel ("x_2")

zlabel ('u(x_1,x_2)")

title( ["u(x_1,x_2) in Conjugate gradient method ',
', N = ',num2str(n)])

% Plotting a(x,Vy)
7Z_a= zeros (n+2);

for i=1:(n+2)
for j=1:(n+2)
Z_a(i,j)= 1 + a_amp*exp (- ((irh-x_0)"2/(2xc_x"2) ...
+(J*h-y_0) "2/ (2%c_y~2)));
end
end

subplot (2,2, 3)

xlabel ("x_1")

ylabel ('x_2")

zlabel ('a(x_1,x_2)")

title( ['a(x_1,x_2) with A = ',num2str (a_amp)])

% plott the function f(x,yVy)
Z_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
z_f (i, j)=f_amp*exp (-
+(yl(J)-y_0)

((x1(1)-x_0)
"2/ (2%xc_y"2)));
end

end

subplot (2,2, 4)

surf(xl,yl,Z f)
xlabel ("x_
ylabel ('x
zlabel ('f
title(

with A_f = ',num2str (f_amp)])

A Matlab Programs

e e

"2/ (2%c_x"2) ...
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A.26 Matlab Program Poisson2D PrecConjugateGrad.m.

The function DiscretePoisson2D.mis given in section
Al

close all

%$Define input parameters

n=20; % number of inner nodes in one direction.
a_amp = 12; % amplitude for the function a(x_1,x_2)

f_amp = 1; $ we can set £ =1, 50, 100
x_0=0.5;

y_0=0.5;

c_x=1;

c_y=1;

% Generate a n#*n by nxn stiffness matrix
S = DiscretePoisson2D (n);

%% generate coefficient matrix of a((x_1)_i, (x_2)_3j) = a(ixh, jxh)
C = zeros(n,n);
for i=1:n
for j=1:n
C(i,3) = 1 + a_amp*exp (- ((ixh-x_0)"2/(2*c_x"2) ...
+(3xh-y_0) "2/ (2xc_y"2))) ;
end
end
% create diagonal matrix from C
D = zeros(n"2,n"2);
for i=1:n
for j=1:n
D (Jj+n* (i-1), j+n* (i-1)) = C(i, J);
end
end

o\

% calculate load vector f

If £ is constant.
f = f_amp*ones(n”2,1);

o oo

oe

If £ is Gaussian function.
f=zeros(n"2,1);
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for i=1:n
for j=1:n

A Matlab Programs

f(n*(i-1)+7j)=f_amp*exp (- ((irxh-x_0) "2/ (2xc_x"2) ...

+(Jxh-y_0) "2/ (2xc_y"2)));
end
end

% 1. Compute vector of right hand side

o

b=zeros(n"2,1);
for i=1:n
for j=1:n
b(nx (i-1)+3J)=£f (n*x (1-1)+3) /C(i,J);

end
end
% ——— Preconditioned conjugate gradient method

% choose different preconditioners:
°
%

b = D" (-1)*f given by b(i,§)=f(i,73)/a(i, ]

Use coefficient matrix C or
% diagonal matrix D to get a(i, j)

(PCGM) :

Cholesky factorization, Jacobi preconditioner, block Jacobi preconditioner

% We now have system to solve: 1/h"2 S u

$initialize preconditioner
Ssparse = sparse(S);

Preconditioner: preconditioner matrix
Cholesky factorization of S

o
5
o
5

here is incomplete

cond = ichol (Ssparse); cond=cond*cond'; cond=full (inv(cond));

Preconditioner: preconditioner matrix
Jacobi preconditioner.

o oo

here is

% Results are the same as in usual conjugate gradient update

%M = diag(diag(S));
%cond = diag(1.0./diag(M));

% Preconditioner: preconditioner matrix
%$Block Jacobi Preconditioner

$blockSize = 2; % size of blocks
%$cond = zeros(n"2);

%$Iinds = ceil( (1:(blockSizexn"2))/blockSize);

here is

$Jinds = blockSizexceil ( (1:(blockSize*n"2))/blockSize”2)~-(blockSize-1)

o

+ repmat%$ (0:blockSize-1,1,n"2);
$vecInds = sub2ind(size(S),Iinds, Jinds);
%$cond (vecInds) = S(vecInds);
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$initialize parameters in the method
err = 1; x=0; rO0= h"2x+b; p=cond+h”2xb; y0=cond*r0; tol=10"(-9);
k=0;

while (err>tol)

z = Sxp;

nu = (y0'xr0)/(p'*z);
X = X + nux*p;

rl = r0 - nux*z;

yl = condx*rl;

mu = (yl'+rl)/(y0'%x0);
p = vyl + muxp;

rO=rl;

y0=y1;

err = norm(rQ);

k=k+1;
end
disp('-— Number of iterations in Preconditioned conjugate gradient method (PCGM) ')
k

% sort the data in u into the mesh-grid, the boundary nodes are zero.
7 = zeros (n+2,n+2);
for i=1:n
for j=1:n
Z(i+1l,3+1) = x(j+nx(i-1));
end
end

o\

% plotting
1=0:h:1;
1=0:h:1;

=X

subplot (2,2,1)

surf(xl,yl,Z) % same plot as above, (xl1, yl are vectors)
view (2)
colorbar
xlabel ('x
ylabel ("x_.
zlabel ('u(
title( ['u

_1,x_2) in PCGM', ...
', num2str (n)])

=

subplot (2,2,2)
surf(xl,yl,Z) % same plot as above
colorbar
xlabel ("x_1")
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ylabel ('x_2")

zlabel ("u(x_1,x_2)")

title( ['u(x_1,x_2) in PCGM ', ...
', N = '",num2str(n)])

% Plotting a(x,Vy)
7Z_a= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_a(i,j)= 1 + a_amp*exp (- ((1i+h-x_0) "2/ (2xc_x"2) ...
+(j*h-y_0) "2/ (2xc_y"2)));
end
end

subplot (2,2, 3)

~ N

_1,x_2)
x_1,x_2) with A = ',num2str (a_amp)])

% plott the function f(x,y)
7Z_f= zeros (n+2);
for i=1:(n+2)
for j=1:(n+2)
Z_f(i,3)=f_amprexp (- ((x1(1)-x_0)"2/(2xc_x"2) ...
+(y1(3)-y_0) "2/ (2%c_y"2)));
end
end

subplot (2,
surf(xl,yl,Z_f
xlabel ('"x_1")
ylabel ('x_2")
zlabel ("f(x_1
title( ['f

2,4)
)

_1,x_2)
x_1,x_2) with A_f = ',num2str (f_amp)])

A.27 PETSc programs for the solution of the Poisson’s equation
in two dimensions.

// The Main program Main.cpp
// Solution of the Dirichlet problem for the Poisson's equation in 2D
// using PETSC.

static char help[] ="";
#include <iostream>
#include <petsc.h>
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#include <petscmat.h>
#include <petscvec.h>
#include <cmath>
#include <time.h>
#include "Poisson.h"

const PetscInt n = 20;
const PetscScalar h = 1 / (PetscScalar) (n + 1);

const bool VERBOSE = true;
using namespace std;

char METHOD_NAMES[8][50] = {
"invalid method",
"Jacobi's method",
"Gauss—-Seidel method",
"Successive Overrelaxation method (SOR)",
"Conjugate Gradient method",
"Conjugate Gradient method (custom)",
"Preconditioned Conjugate Gradient method",
"Preconditioned Conjugate Gradient method (custom)"

bi

char *GetMethodName (PetscInt method) {
if (method < 0 || method > 7)
return METHOD_NAMESI[O0];
else
return METHOD_NAMES [method];

int main(int argc, char *xargv) {
PetscErrorCode ierr;
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ierr = PetscInitialize(&argc, &argv, (char =)0, help);CHKERRQ (ierr) ;

PetscInt method = atoi(argvI[l]);
PetscBool methodSet = PETSC_FALSE;
Mat S;

Vec h2b, uj;

ierr = PetscOptionsGetInt (NULL, NULL, "-m", &method, &methodSet);

if (method < 1 || method > 7) {
cout << "Invalid number of the selected method: "
<< method << ".\nExiting..." << endl;
exit (-1);

// To use SOR with omega != 1, we need to disable inodes
if (method == METHOD_SOR)
PetscOptionsSetValue (NULL, "-mat_no_inode", NULL);

ierr = CreateMatrix (&S, n+*n, n=*n); CHKERRQ (ierr);
ierr = CreateVector (&h2b, n=*n); CHKERRQ (ierr);
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ierr = CreateVector (&u, nxn); CHKERRQ (ierr);

// create discrete Laplacian
ierr = DiscretePoisson2D(n, &S);

// create right hand side
ierr = DiscretePoisson2D_coeffs(n, h, &h2b);

ierr = MatAssemblyBegin (S, MAT_FINAL_ASSEMBLY); CHKERRQ (ierr);
ierr = MatAssemblyEnd (S, MAT_FINAL_ASSEMBLY); CHKERRQ (ierr);
ierr = VecAssemblyBegin (h2b); CHKERRQ (ierr) ;

ierr = VecAssemblyEnd(h2b); CHKERRQ (ierr);

ierr = VecAssemblyBegin (u); CHKERRQ (ierr);

ierr = VecAssemblyEnd(u); CHKERRQ (ierr);

/ *
Below we solve system Sxu= h2b
*/
if (VERBOSE)
PetscPrintf (PETSC_COMM_WORLD, "Using %s\n", GetMethodName (method)) ;

if (method == METHOD_CG_FULL)
ConjugateGradient_full (S, h2b, u, VERBOSE);
else if (method == METHOD_PCG_FULL)
PreconditionedConjugateGradient_full (S, h2b, u, VERBOSE);
else

Solve (S, h2b, u, method, VERBOSE);

// Print out solution
FILE*x resultfile = fopen("solution.m", "w");

if (VERBOSE) {

PetscInt i, j, matsize, xidx = new PetscInt[nxn];
PetscScalar *xvecu = new PetscScalar[nxn];
matsize = nxn;
for (i = 0; 1 < matsize; i++)
idx[i] = 1i;

ierr = VecGetValues (u, matsize, idx, vecu);

for (i = 0; 1 < n; 1i++) {
for (3 = 0; J < n; J++) {
PetscPrintf (PETSC_COMM_WORLD, "%$.12e ", veculnxi + Jj]);
fprintf (resultfile, "%.12e ", vecul[n*i + J1);
}
PetscPrintf (PETSC_COMM_WORLD, "\n");
fprintf (resultfile, "\n");
}

delete [] vecu;
delete [] idx;
}

fclose (resultfile);
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ierr = PetscFinalize();
return 0;

/* Program to create matrix
#include <petsc.h>

#include <petscmat.h>
#include <petscvec.h>

PetscErrorCode CreateMatrix (Mat =*A, PetscInt rows,

PetscErrorCode ierr;

ierr = MatCreate (PETSC_COMM_WORLD, A);
ierr = MatSetSizes (A, PETSC_DECIDE,
ierr = MatSetFromOptions (*A);

ierr = MatSetUp (*A); CHKERRQ (ierr);

return 0;

PetscErrorCode CreateVector (Vec x*v,
PetscErrorCode ierr;

ierr = VecCreate (PETSC_COMM_WORLD,
ierr = VecSetSizes (xv, PETSC_DECIDE,
ierr = VecSetFromOptions (*Vv);

return 0;

and vector in PETSc.

v);
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CHKERRQ (ierr) ;

*/

PetscInt cols) {

CHKERRQ (ierr) ;

PETSC_DECIDE, rows, cols);

CHKERRQ (ierr) ;

PetscInt N) {

CHKERRQ (ierr) ;
N); CHKERRQ (ierr);

CHKERRQ (ierr) ;

/* Program for generatation of the discretized Laplacian =/

#include <petsc.h>
#include <petscmat.h>
#include <petscvec.h>
#include <cmath>
const PetscScalar A_amplitude = 12.;
const PetscScalar f_amplitude = 1.;
const PetscScalar c_x = 1.;
const PetscScalar c_y = 1.;
const PetscScalar poisson_x0 = 0.5;
const PetscScalar poisson_y0 = 0.5;
/ *

*+ Compute coefficient matrices.

*

* n: Number of rows of matrices

* h: Timestep length

CHKERRQ (ierr) ;
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PetscErrorCode DiscretePoisson2D_coeffs (PetscInt n,

}
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* C: n-by-n matrix
% D: (n+*n)-by-(n*n) matrix
« f:

PetscErrorCode ierr;
PetscInt i, Jj, idx2[n#*n];
PetscScalar *vecb = new PetscScalar[nxn];
// Compute C, D and f
PetscScalar xarg, yarg, expfunc, a, f;
for (1 = 0; 1 < n; i++) {
xarg = (((i+l) * h - poisson_x0)) / c_x;

for (j = 0; J < n; J++) |
idx2[i*n + J] = ixn + J;

yarg = (((j+1) * h — poisson_y0)) / c_y;
expfunc = exp (- (xarg*xarg/2 + yargxyarg/2));

f = f_amplitude * expfunc;
a =1+ A_amplitude x expfunc;

vecb[ix*n + j] = hxh = £ / a;

ierr = VecSetValues (xh2b, nxn, idx2, vecb, INSERT_VALUES);
delete [] vecb;

return 0;

PetscErrorCode DiscretePoisson2D (PetscInt n, Mat =A) {

PetscErrorCode ierr;
PetscInt 1, k, curr, next, matsize = n*n, idx[matsize];
PetscScalar *matrep = new PetscScalar[matsizexmatsizel];

// Initialize all elements to 0
for (1 = 0; 1 < matsize; i++) {
// Create index vectors

idx[i] = 1i;

for (k = 0; k < matsize; k++)
matrep[ismatsize + k] = 0;

{

// Set main diagonal
for (1 = 0; 1 < matsize; i++)
matrep[i*matsize + i] = 4.;

// 1lst and 2nd off-diagonals
for (k = 0; k < n; k++) {

PetscScalar h, Vec xh2Db)

CHKERRQ (ierr) ;
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// 3

for

ierr

for (1 = 0; i < n-1; 1i++) {
curr = (n*k + i);
next = (n*k + 1 + 1);

matrep[currsmatsize + next] = -1;
matrep[nextsmatsize + curr]

rd and 4th off-diagonals

(1 = 0; 1 < n*x(n=-1); 1i++) {
matrep[i*matsize + (i+n)] = -1;
matrep[ (i+n) *matsize + i] = -1;

= MatSetValues (xA, matsize, idx, matsize, idx, matrep, INSERT_VALUES) ;
CHKERRQ (ierr) ;

delete [] matrep;

return 0;

/* Program for choosing different PETSc preconditioners. x/

#include
#include
#include
#include
#include
#include

<petsc.h>
<petscmat.h>
<petscvec.h>
<petscksp.h>
<cmath>
"Poisson.h"

PetscErrorCode Solve (Mat S, Vec h2b, Vec u, PetscInt method, bool VERBOSE) {
PetscErrorCode ierr;
KSP ksp;
KSPConvergedReason convergedReason;
PC preconditioner;
PetscInt number_of_iterations;

ierr
ierr

//ierr = KSPSetOperators (ksp, S, S, DIFFERENT_NONZERO_PATTERN) ;

= KSPCreate (PETSC_COMM_WORLD, &ksp); CHKERRQ (ierr);
= KSPSetOperators(ksp, S, S); CHKERRQ (ierr);

CHKERRQ (ierr) ;

ierr = KSPGetPC (ksp, &preconditioner); CHKERRQ (ierr);
if (method == METHOD_JACOBI) {
ierr Jacobi (preconditioner); CHKERRQ (ierr);
} else if (method == METHOD_GAUSS_SEIDEL) {
ierr GaussSeidel (preconditioner); CHKERRQ (ierr);
} else if (method == METHOD_SOR) {
ierr SOR (preconditioner); CHKERRQ (ierr);
} else if (method == METHOD_CG) {
ierr ConjugateGradient (ksp, preconditioner); CHKERRQ (ierr);
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} else if (method == METHOD_PCG) {
ierr = PreconditionedConjugateGradient (ksp, preconditioner); CHKERRQ (ierr);

ierr = KSPSetFromOptions (ksp); CHKERRQ (ierr);

KSPSolve (ksp, h2b, u); CHKERRQ (ierr);
KSPGetIterationNumber (ksp, &number_of_iterations); CHKERRQ (ierr);

ierr
ierr

ierr = KSPGetConvergedReason (ksp, &convergedReason); CHKERRQ (ierr);

if (convergedReason < 0) {
PetscPrintf (PETSC_COMM_WORLD,
"KSP solver failed to converge! Reason: %d\n", convergedReason);

if (VERBOSE) {
PetscPrintf (PETSC_COMM_WORLD, "Number of iterations: %d\n", number_ of_ iterations);

ierr = KSPDestroy (&ksp); CHKERRQ (ierr);

return 0;

/+*Program for using Jacobi's method x/

#include <petsc.h>
#include <petscmat.h>
#include <petscvec.h>
#include <petscksp.h>
#include <cmath>

/ *
* Returns the preconditioner used for Jacobi's method
*/
PetscErrorCode Jacobi (PC preconditioner) {
PetscErrorCode ierr;
ierr = PCSetType (preconditioner, PCJACOBI); CHKERRQ (ierr);

return 0;

/+*Program for using Gauss-Seidel method =/

#include <petsc.h>
#include <petscmat.h>
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#include <petscvec.h>
#include <petscksp.h>
#include <cmath>
#include "Poisson.h"

PetscErrorCode GaussSeidel (PC preconditioner) {
PetscErrorCode ierr;
ierr = PCSetType (preconditioner, PCSOR); CHKERRQ (ierr);

/%%

* To use the Gauss—Seidel method we set

* omega = 1.

*/
// By default, omega = 1, so the below line is not necessary

//ierr = PCSORSetOmega (preconditioner, 1.0); CHKERRQ (ierr);

return 0;

/* Program implementing SOR =/

#include <petsc.h>
#include <petscmat.h>
#include <petscvec.h>
#include <petscksp.h>
#include <cmath>
#include "Poisson.h"

const PetscScalar omega = 1.5;

PetscErrorCode SOR(PC preconditioner) {
PetscErrorCode ierr;

ierr = PCSetType (preconditioner, PCSOR); CHKERRQ (ierr);
ierr = PCSORSetOmega (preconditioner, omega); CHKERRQ (ierr);

return 0;

/ *
* Program for two versions of the Conjugate gradient method.

*/

#include <petsc.h>
#include <petscmat.h>
#include <petscvec.h>
#include <petscksp.h>
#include <cmath>
#include "Poisson.h"
/ * %
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* Conjugate gradient method using

*/

PetscErrorCode ConjugateGradient (KSP ksp,

/ x %

PetscErrorCode ierr;

ierr
ierr

KSPSetType (ksp,

return 0;

inbuilt PE

PC p

KSPCG) ;
PCSetType (preconditioner,

PCNONE) ;

A Matlab Programs

TSc functions.

reconditioner) {

CHKERRQ (ierr) ;

* An implementation of the conjugate gradient method

+ not utilizing the PETSc KSP interface,

but

*x implementing the matrix/vector operations directly.

*/

PetscErrorCode ConjugateGradient_full (Mat A, Vec b, Vec x,

PetscErrorCode ierr;

PetscInt k=0, n;
PetscScalar mu, nu, rTr,
Vec p, r, z;

ierr = MatGetSize (A, &n,

CreateVector (&p,
CreateVector (&r,
CreateVector (&z,

pTz, rNorm, tol =

NULL) ; CHKERRQ (ie

VecCopy (b, p);
VecCopy (b, r);
ierr = VecAssemblyBegin (p); CHKERRQ (ierr);
ierr = VecAssemblyEnd(p); CHKERRQ (ierr);
ierr = VecAssemblyBegin (r); CHKERRQ (ierr);
ierr = VecAssemblyEnd(r); CHKERRQ (ierr);
ierr = VecAssemblyBegin(z); CHKERRQ (ierr);
ierr = VecAssemblyEnd(z); CHKERRQ (ierr);
ierr = VecZeroEntries (x);
// Pre-compute first (r"T r)
ierr = VecDot (r, r, &rTr); CHKERRQ (ierr);
do {
k++;
// z = A x p_k
ierr = MatMult (A, p, z); CHKERRQ (ierr)
// nu_k = r_{k-1}"T r_{k-1} / p_k T z
ierr = VecDot (p, z, &pTz); CHKERRQ (ier
nu = rTr / pTz;

le-12;

rr);

’

r);

bool VERBOSE)



A.27 PETSc programs 505

// x_k = x_{k-1} + nu_k p_k
ierr = VecAXPY (x, nu, p); CHKERRQ (ierr);

// r_k = r_{k-1} - nu_k z
ierr = VecAXPY(r, -nu, z); CHKERRQ (ierr);

// r_k"T r_k
mu =1 / rTr;
ierr = VecDot (r, r, &rTr); CHKERRQ (ierr);

// mu_{k+1}
mu = rTr * mu;

// p_{k+1} = r_k + mu_{k+1} p_k
ierr = VecAYPX(p, mu, r);

/1 k2
ierr = VecNorm(r, NORM_2, &rNorm);
} while (rNorm > tol);

if (VERBOSE) {
PetscPrintf (PETSC_COMM_WORLD, "Number of iterations: %d\n", k);

return 0;

/+*Program for using Preconditioned Conjugate gradient method =/

#include <petsc.h>
#include <petscmat.h>
#include <petscvec.h>
#include <petscksp.h>
#include <cmath>
#include "Poisson.h"

PetscErrorCode PreconditionedConjugateGradient (KSP ksp, PC preconditioner) {
PetscErrorCode ierr;
ierr = KSPSetType (ksp, KSPCG) ;

//ierr = PCSetType (preconditioner, PCJACOBI); CHKERRQ (ierr);
ierr = PCSetType (preconditioner, PCCHOLESKY); CHKERRQ (ierr);

return 0;

/ x %
* Implements the preconditioned conjugate gradient
* method with Jacobi preconditioning.

*/
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PetscErrorCode PreconditionedConjugateGradient_full (Mat A,
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bool VERBOSE) {

PetscErrorCode ierr;
Mat Minv;

Vec diagonal,
PetscInt n;

unity;

ierr = MatGetSize (A, &n, NULL); CHKERRQ (ierr);
ierr = CreateMatrix (&Minv, n, n); CHKERRQ (ierr);
ierr = CreateVector (&diagonal, n); CHKERRQ (ierr);
ierr = CreateVector (&unity, n); CHKERRQ (ierr);
ierr = MatAssemblyBegin (Minv, MAT_FINAL_ASSEMBLY);
ierr = MatAssemblyEnd (Minv, MAT_FINAL_ASSEMBLY) ;
ierr = VecAssemblyBegin (diagonal); CHKERRQ (ierr);
ierr = VecAssemblyEnd(diagonal); CHKERRQ (ierr);
ierr = VecAssemblyBegin (unity); CHKERRQ (ierr);
ierr = VecAssemblyEnd(unity); CHKERRQ (ierr);

Vec b, Vec x,

CHKERRQ (ierr) ;

CHKERRQ (ierr) ;

// We use the diagonal preconditioner for simplicity
ierr = MatGetDiagonal (A, diagonal); CHKERRQ (ierr);
// Compute inverse of all diagonal entries

ierr = VecSet (unity, 1.0); CHKERRQ (ierr);

ierr = VecPointwiseDivide (diagonal, unity, diagonal);
// Create M~ {-1}

ierr = MatDiagonalSet (Minv, diagonal, INSERT_VALUES); CHKERRQ (ierr);

return PreconditionedConjugateGradient_inner (A, b, x, Minv, VERBOSE) ;

}

PetscErrorCode PreconditionedConjugateGradient_inner (Mat A, Vec b, Vec x,

Mat Minv, bool VERBOSE) {
PetscErrorCode ierr;
PetscInt k=0, n;
PetscScalar mu, nu, yTr, pTz, rNorm, tol = le-12;
Vec p, r, VY, 2Z;
ierr = MatGetSize (A, &n, NULL); CHKERRQ (ierr);
CreateVector (&p, n);
CreateVector (&r, n);
CreateVector (&y, n);
CreateVector (&z, n);
VecCopy (b, r);
ierr = MatMult (Minv, b, p); CHKERRQ (ierr);
VecCopy (P, ¥);
ierr = VecAssemblyBegin(p); CHKERRQ(ierr);
ierr = VecAssemblyEnd(p); CHKERRQ (ierr);
ierr = VecAssemblyBegin(r); CHKERRQ (ierr);
ierr = VecAssemblyEnd(r); CHKERRQ (ierr);
ierr = VecAssemblyBegin(y); CHKERRQ (ierr);
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ierr
ierr
ierr

ierr

// P

ierr

do {

} wh

if (

retu

= VecAssemblyEnd(y); CHKERRQ (ierr);
= VecAssemblyBegin(z); CHKERRQ (ierr);
= VecAssemblyEnd(z); CHKERRQ (ierr);

= VecZeroEntries (x);

re-compute first (y°T r)

= VecDot (y, r, &yTr); CHKERRQ (ierr);
k++;
// z = A % p_k

ierr = MatMult (A, p, z); CHKERRQ (ierr);

// nu_k = vy_{k-1}"T r_{k-1} / p_k T z
ierr = VecDot (p, z, &pTz); CHKERRQ (ierr);
nu = yTr / pTz;

// x_k = x_{k-1} + nu_k p_k
ierr = VecAXPY(x, nu, p); CHKERRQ(ierr);

// r_k = r_{k-1} - nu_k z
ierr = VecAXPY(r, -nu, z); CHKERRQ(ierr);

// y_k = M {-1} r_k
ierr = MatMult (Minv, r, y); CHKERRQ (ierr);

// y_k°T r_k
mu =1 / yTr;
ierr = VecDot(y, r, &yTr); CHKERRQ (ierr);

// mu_{k+1}
mu = yTr x mu;

// p_{k+1} = r_k + mu_{k+1} p_k
ierr = VecAYPX(p, mu, Vy);

// 1k ]2
ierr = VecNorm(r, NORM_2, &rNorm);

ile (rNorm > tol);

VERBOSE) {
PetscPrintf (PETSC_COMM_WORLD, "Number of iterations: %d\n"

rn 0;
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