Numerical Linear Algebra
Lecture 14
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Algorithms for the Symmetric Eigenproblem: Jacobi's

Method

Given a symmetric matrix A = Ag, Jacobi's method produces a sequence
A1, Az, ... of orthogonally similar matrices, which eventually converge to
a diagonal matrix with the eigenvalues on the diagonal. A;.; is obtained
from A; by the formula A;;1 = JT A;J;, where J; is an orthogonal matrix
called a Jacobi rotation. Thus

An = Jnc_lAmfljmfl
= J,Z;_lJmT_QAm72Jm72Jm71 =
= JI - Jd A0 Imet
= JTAJ.
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If we choose each J; appropriately, A, approaches a diagonal matrix A
for large m. Thus we can write A ~ JTAJ or JAJT ~ A. Therefore, the
columns of J are approximate eigenvectors.

We will make JT AJ nearly diagonal by iteratively choosing J; to make
one pair of offdiagonal entries of A; 1 = JT A;J; zero at a time. We will
do this by choosing J; to be a Givens rotation,

J k
F 1 -
1
J cos 6 —sinf
Ji:R(jvkvo)E y
k sind cosd
1
. 1 -

where 0 is chosen to zero out the j, k and k,j entries of A;11. To
determine 6 (or actually cos 6 and sin ),
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write

i1 i1 cosf) —sinf ()
aJ('j ) aj(‘k . v ' A [cos& —sinﬁ}
ai}ﬂ) af(ik+1) sinf  cosd ag) ag) sinf  cos®
S
a0
I VD VR

where A1 and A, are the eigenvalues of

L0
4G 9k
£ )
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It is easy to compute cosf and sin #: Multiplying out the last expression,
using symmetry, abbreviating ¢ = cosf and s = sin 6, and dropping the
superscript (i) for simplicity yield

2 2 2 2
ajjc® + aps® + 2scaji sc(akk — ajj) + au(c” — s5°)
/\1 0 _ =0
= 2 2 2 2
0 X sc(awk — ajj) + aji(c” — s%) ajjs® + awc® — 2scaji
=0
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Setting the offdiagonals to 0 and solving for 6 we get
0 = sc(akk — aj) + ajx(c® — s2), or

2 _ 2
aj—awk Cc°—s cos 20 _
= = - t20 = 1.
2aji 2sc sin 260 <o i
We now let t = 2 = tanf and note that
c® — 5% = 2scr, (1)
c? —s* —2scT = 0. (2)

Dividing both sides by c? and noting that t = £ we get:
1—t? =2tr, (3)
—(t?+27t—1)=0. (4)

Thus, we solve t> + 27t — 1 = 0 to get (via the quadratic formula)

__ _ sign(7) : 2 2 2 2 _ 2 _ 1 2

= Thvie Since cos®f +sin“ 0 = s* 4 c* = 1 then ¢ _11 5% =
1—t2c2—>c2—1+t2c2:0—>c2(1—|—t2)—1:O—>c:ﬁ and
s = t - c. We summarize this derivation in the following algorithm.
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ALGORITHM. Compute and apply a Jacobi rotation to A in coordinates
J, k:
proc Jacobi-Rotation (A, j, k)
if |ajk| is not too small

7= (a5 — am)/(2 - a)

t = sign(7)/(|7] + V1 + 72)

c=1/V1+t?

s=t-c

A=RT(j,k,0)-A-R(j,k,0) ... where c = cosf ands = sin0

if eigenvectors are desired

J=J-R(j,k,0)
end if

end if
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Jacobi’s method to find the eigenvalues of a symmetric

matrix

The cost of applying R(j, k,0) to A (or J) is only O(n) flops, because
only rows and columns j and k of A (and columns j and k of J) are
modified. The overall Jacobi algorithm is then as follows.

ALGORITHM. Jacobi’s method to find the eigenvalues of a symmetric
matrix:
repeat
choose a; « pair
call Jacobi-Rotation(A, j, k)
until A is sufficiently diagonal
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We still need to decide how to pick j, k pairs. There are several
possibilities. To measure progress to convergence and describe these
possibilities, we define

1<j<k<n

Thus off (A) is the root-sum-of-squares of the (upper) offdiagonal entries
of A, so A is diagonal if and only if off(A) = 0. Our goal is to make

off (A) approach 0 quickly. The next lemma tells us that off(A) decreases
monotonically with every Jacobi rotation.
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LEMMA. Let A’ be the matrix after calling Jacobi-Rotation(A, j, k) for
any j # k. Then off?(A") = off?(A) — afk.

The next algorithm was the original version of the algorithm (from Jacobi
in 1846), and it has an attractive analysis although it is too slow to use.

ALGORITHM. Classical Jacobi’s algorithm:
while off(A) > tol (where tol is the stopping criterion set by user)
choose j and k so aj is the largest off-diagonal entry in magnitude

call Jacobi-Rotation(A, j, k)
end while
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THEOREM. After one Jacobi rotation in the classical Jacobi's algorithm,
we have off (A’) < /1 — 3 off(A), where N = @ = the number of
superdiagonal entries of A. After k Jacobi-Rotations off(-) is no more
than (1 — %)%/ off(A).

So the classical Jacobi's algorithm converges at least linearly with the

error (measured by off (A)) decreasing by a factor of at least /1 — 1 at

a time. In fact, it eventually converges quadratically.
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THEOREM. Jacobi’s method is locally quadratically convergent after N
steps (i.e., enough steps to choose each aj. once). This means that for i

large enough
Off(A,'+N) = O(OHZ(A,))

In practice, we do not use the classical Jacobi's algorithm because
searching for the largest entry is too slow: We would need to search
entries for every Jacobi rotation, which costs only O(n) flops to perform,
and so for large n the search time would dominate. Instead, we use the
following simple method to choose j and k.

2
n——n
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ALGORITHM. Cyclic-by-row-Jacobi: Sweep through the off diagonals of
A rowwise.
repeat
forj=1ton—1
fork=j+1ton
call Jacobi-Rotation (A, ], k)
end for
end for
until A is sufficiently diagonal

A no longer changes when Jacobi-Rotation(A, j, k) chooses only ¢ =1
and s = 0 for an entire pass through the inner loop. The cyclic Jacobi's
algorithm is also asymptotically quadratically convergent like the classical
Jacobi’s algorithm [J. H. Wilkinson. The Algebraic Eigenvalue Problem.
Oxford University Press, Oxford, UK, 1965; p. 270].

The cost of one Jacobi "sweep" (where each j, k pair is selected once) is
approximately half the cost of reduction to tridiagonal form and the
computation of eigenvalues and eigenvectors using QR iteration, and
more than the cost using divide-and-conquer. Since Jacobi's method
often takes 5-10 sweeps to converge, it is much slower than the
competition.
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Algorithms for the Singular Value Decomposition (SVD)

All the algorithms for the eigendecomposition of a symmetric matrix A,
except Jacobi's method, have the following structure:

© Reduce A to tridiagonal form T with an orthogonal matrix Qx:
A= TQ/.

@ Find the eigendecomposition of T: T = Qzl\QzT, where A is the
diagonal matrix of eigenvalues and @, is the orthogonal matrix
whose columns are eigenvectors.

© Combine these decompositions to get A = (@ Q)A(Q1@2)". The
columns of Q@ = Q1 Q> are the eigenvectors of A.
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All the algorithms for the SVD of a general matrix G, except Jacobi's
method, have an analogous structure:

© Reduce G to bidiagonal form B with orthogonal matrices U; and
Vi: G = UlBV1T. This means B is nonzero only on the main
diagonal and first superdiagonal.

© Find the SVD of B: B = U,X V., where ¥ is the diagonal matrix
of singular values, and U, and V5 are orthogonal matrices whose
columns are the left and right singular vectors, respectively.

© Combine these decompositions to get G = (U; Uo)X (V41 Vo). The
columns of U = Uy U, and V = Vi V5 are the left and right singular
vectors of G, respectively.
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Practical algorithms for computing the SVD

© QR iteration and its variations (LR iteration). This is the fastest
algorithm for small matrices up to size n = 25 to find all the
singular values of a bidiagonal matrix.

@ Divide-and-conquer. This is the fastest method to find all singular
values and singular vectors for matrices larger than n = 25.
However, it does not guarantee computation of tiny singular values.

© Bisection and inverse iteration.

@ Jacobi's method. SVD of a dense matrix G is computed implicitly
applying of Jacobi's method to GGT or GTG.
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QR lteration and lts Variations : LR iteration

ALGORITHM. LR iteration: Let Ty be any symmetric positive definite
matrix. The following algorithm produces a sequence of similar
symmetric positive definite matrices T;:
i=0
repeat
Choose a shift 72 smaller than the smallest eigenvalue of T;.
Compute the Cholesky factorization T; — 721 = B B;
(B; is an upper triangular matrix with positive diagonal.)
Tiy1 = BB + 771
i=i+1
until convergence
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LR iteration versus QR iteration

LR iteration is very similar in structure to QR iteration: We compute a
factorization, and multiply the factors in reverse order to get the next
iterate T;yq. It is easy to see that T;;; and T; are similar:

Tipy1=BB" +771 =B8] BB +77 B "B/
N—_—— N—_——

! I (5)
=B "(B"B+1})B" =B "T.B/.
N———

Ti

In fact, when the shift 7',-2 =0, we can show that two steps of LR
iteration produce the same T as one step of QR iteration. We show that
on the next slide numerically.
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LR iteration versus QR iteration
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Jacobi's Method for the SVD

ALGORITHM. Compute and apply a one-sided Jacobi rotation to G in
coordinates j, k:

proc One-Sided-Jacobi-Rotation (G, j, k)
Compute ajj = (GTG)JJ, Ajk = (GTG)J'k, and ay = (GTG)kk
if |ajk| is not too small
7= (a5 — a)/(2 - ajk)
t = sign(T)/(|7] + V14 12)
c=1/v1+t2
s=c-t
G=G-R(j,k,0) ... where c =cosf and s = sinf
if right singular vectors are desired
J=J-R(,k,0)
end if
end if
Note that the jj, jk, and kk entries of A= G G are computed by
procedure One-Sided-Jacobi-Rotation, after which it computes the Jacobi
rotation R(J, k, 6) in the same way as procedure Jacobi-Rotation.
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ALGORITHM. One-sided Jacobi: Assume that G is n-by-n. The outputs
are the singular values o;, the left singular vector matrix U, and the right
singular vector matrix V so that G = ULV T, where ¥ = diag(o;).
repeat
forj=1ton—1
fork=j+1ton
call One-Sided-Jacobi-Rotation (G, j, k)
end for
end for
until GT G is diagonal enough
Let o; = ||G(:, 1)||2 (the 2-norm of column | of G)
Let U= [u1,...,uy], where u; = G(:,i)/o;
let V = J, the accumulated product of Jacobi rotations
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The following theorem shows that one-sided Jacobi can compute the
SVD to high relative accuracy, despite roundoff, provided that we can
write G = DX, where D is diagonal and X is well-conditioned.
THEOREM. Let G = DX be an n-by-n matrix, where D is diagonal and
nonsingular, and X is nonsingular. Let G be the matrix after calling
One-Sided-Jacobi-Rotation (G, j, k) m times in floating point arithmetic.
Let o7 > ... > o, be the singular values of G, and let 61 > ... > &, be
the singular values of G. Then

loi = 6il < O(me)w(X),

oj
where 1(X) = [|X]|| - ||X || is the condition number of X. In other
words, the relative error in the singular values is small if the condition

number of X is small.
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Numerical Solution of Poisson's Equation (see Lecture 5)

The model problem is the following Dirichlet problem for Poisson’s
equation:

—Au(x) = f(x) in Q,

u =0 on 0f. (6)

Here, f(x) is a given function, u(x) is the unknown function, and the
domain Q is the unit square Q = {(x1,x2) € (0,1) x (0,1)}. To solve
numerically (6) we first discretize the domain Q with x;; = ih; and

xpj = jha, where hy = 1/(n; — 1) and hy = 1/(n; — 1) are the mesh sizes
in the directions xy, x2, respectively, n; and n; are the numbers of
discretization points in the directions xy, x», respectively. Usually, in
computations we have the same mesh size h = h; = hy. In this example
we choose nj = nj = n with n = N 4 2, where N is the number of inner
nodes in the directions xj, xo, respectively.

Indexes (i, /) are such that 0 < i, j < n and are associated with every
global node ngop of the finite difference mesh. Global nodes numbers
Ngiob in two-dimensional case can be computed using the following
formula:

Nglob = I+ nj - (./ — 1) (7)
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We use the standard finite difference discretization of the Laplace
operator Au in two dimensions and obtain discrete laplacian Au; :

—2ujj+ui—1j | Uijpr — 2055+ Uij-1
e + 3 ; (8)

Uiy1,j
Au,-J = S

where u;  is the solution at the discrete point (i, ). Using (8), we obtain
the following scheme for solving problem (6):

=fij, (9

Uit = 2Uij + Uity i1 — 2Ujj + Uij—1
_ J +
h? 2

where f; j are the value of the function f at the discrete point (i, ).
Then (9) can be rewritten as

2
— (Ui = 2uij + Ui + Ui g1 = 2uij + ujja) = hofi o (10)
or in the more convenient form as

2
— U1 AU — U1 = Ui = Ui = hof (11)
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System (11) can be written in the form Au = b. The vector b has the
components b; j = h*f; ;. The explicit elements of the matrix A are given
by the following block matrix

Ay | —In
A=| I
—Iy | An
with blocks Ay of order N given by
4 -1 0 0 0
-1 4 -1 0 0
Ay = 0 -1 4 0 0o 1,
0 -+ ... 0 -1 4

which are located on the diagonal of the matrix A, and blocks with the
identity matrices —/y of order N on its off-diagonals. The matrix A is
symmetric and positive definite. Therefore, we can use the LU
factorization algorithm without pivoting.
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Introduction to lterative Methods for Solution of Linear

Systems

We will discuss following basic iterative methods:

@ 1. Jacobi.
@ 2. Gauss-Seidel.

@ 3. Successive overrelaxation (SOR).

as well as Krylov subspace methods using conjugate gradient (CG)
algorithm and preconditioning.
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Basic Iterative Methods

The basic iterative methods for the solution of system of linear equations
Ax=b
are:

@ 1. Jacobi.

@ 2. Gauss-Seidel.

@ 3. Successive overrelaxation (SOR).

These methods produce a sequence of iterative solutions x,, which
converge to the solution x = A~!h provided that there exist initial guess
Xp. To use iterative methods we will introduce a splitting: A= M — K,
where det M # 0. Applying this splitting to Ax = b we get:

Ax = Mx — Kx = b.
From the equation above we can get
Mx = b+ Kx

and thus
x=MYb+Kx)=M"1b+ M 1Kx.
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Let us define
Rx = M~ 1Kx,c = M~1b.

The the iterative update for x,,, can be written as:
Xm+1 = Rxm + ¢, (12)

where m is the number of iteration.
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‘RXH”. If||R|| < 1 then iterations (12) will converge for
all initial guesses xg.

|
[E;
Theorem

Let |R|| = maxxo %. If p(R) < 1 then iterations (12) will converge

for all initial guesses xg.

Subtracting equation for exact solution x = Rx + ¢ from (12) we have:

Let ||R|| = maxyo

[Xmi1 = x| = [[R(xm = )| < ([R]] - [[xm — x|

< IR™FH| - lxo — x|l = AT X0 — x||-
Since p(R) < 1 then using lemma above we choose a such operator norm
that ||R||(r,ey < 1. Then by lemma 4 iterations (12) will converge for all
initial guesses xg.

O
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In the iterative methods considered below we want to have efficient
splitting A= M — K as possible. Let us introduce following notations: If
A has no zeros on its diagonal we will write the splitting as

A=D—-L—-U=D(I-L-U), (14)

where D is a diagonal matrix, —L is the strictly lower triangular part of A
such that DL = L, and —U is the strictly upper triangular part of A such
that DU = U.
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Jacobi Method

The splitting for Jacobi method is:
A=D—(L+0). (15)
Applying it to the solution of Ax = b we have:
Ax = Dx — (Lx + Ux) = b.
From the equation above we can get
Dx = b+ Lx + Ux
and thus

x=D"Yb+Ix+U0x)=D"b+Dix+ D 0x.
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Let us define

Ry=D YL+ 0)="L+U,

16
c; =Dt (16)

Then iterative update in the Jacobi method can be written as:
Xm+1 = Ryxm + cJ. (17)

After multiplication by D both sides of (17) and using (16) we get

Dxmi1 = D(Ryxm+cy) = D(D™YL+ U))Xpm+ DD 1b = b+ Lxp + Uxp.

(18)
Using the definition of D on the element level the formula (18) can be
written as
aj jXm+1,j = bj - Z aj kXm, k (19)

k)
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Algorithms: one step in the Jacobi method

forj=1ton

bj — 3 4 4j @ kXm,k

9j.j

Xm+1,j -

end
In the case of the model problem for the Poisson's equation on a square
we will have the following Jacobi's method:

fori=1to N
forj=1to N
Um,i—1,j + Um,it1,j + Um,ij—1 + Um,ij+1 ij
Umy1,ij = 4
end
end
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Gauss-Seidel Method

To get the Gauss-Seidel method we use the same splitting (15) as for the
Jacobi method. Applying it to the solution of Ax = b we have:

Ax = Dx — (Lx + Ux) = b,
we rearrange terms in the right hand side now like that:
Dx — Lx = b+ Ux (20)

and thus now the solution is computed as

x=(D—-L)"Yb+ Ux)=(D-L)'b+ (D - L) '0x.
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We can rewrite the above equation using notations DL = [ and DU = U
as:

D-L)*h+(D—L)0x

D—DL)"*b+ (D — DL)*Ux

Db+ (I — L) 'D0x (21)
Db (1 - L) tU .

cGs Rcs

Let us define
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Then iterative update in the Gauss-Seidel method can be written as:
Xm+1 = Resxm + Cas. (23)

Formula (21) in iterative update after multiplication by (/ — L)D can be
also written as

(I = L)Dxppy1 = b+ DUxpy (24)

or
DXm+1 — LDX,-,,+1 =b+ DUXm, (25)
Dxpni1 = b+ DUxy + LDxpyq (26)

or using the definition of D, L, U on the element level as

Jj-1 n
3 Xmi1j = bj = Y ajkXmi1k — D @kXmk- (27)
k=1 k=j+1

Here, terms ij;ll aj kXm+1,k represent already updated terms with xm41
which we can use in computations since we have computed them, and
terms ZZ:J.H aj kXm, k are with older x, which we have updated on the
iteration m.

Larisa Beilina, http://www.math.chalmers.se/"larisa/ Lecture 14


http://www.math.chalmers.se/~larisa/

Algorithm: one step in the Gauss-Seidel method

forj=1ton

. J—1 n .
bj — > k=1 4 kXmi1k — Zk:j+1 aj,kXm,k

djj

Xm+1,j =

end

Larisa Beilina, http://www.math.chalmers.se/"larisa/ Lecture 14


http://www.math.chalmers.se/~larisa/

Gauss-Seidel method for the Poisson’s equation

If we want apply the Gauss-Seidel method for the solution of the model
problem for the Poisson's equation we need organize ordering for the new
m + 1 variables and old already computed values m. We will use such
called red-black ordering based on the chessboard-like coloring. Let B
nodes correspond to the black squares on a chessboard, and R nodes
correspond to the weight squares. The the the Gauss-Seidel method for
the solution of the two-dimensional Poisson’s equation on a square
becomes the following.

for all R red nodes i,

2
U1t Umit1j t Umij—1+ Umijy1+ hofi
um+l,i7j - 4

end
for all B black nodes i, j

2
 Umi1,i—1j t Um0l Ung1ij—1 + Umptijy1 + b1
Umi1,ij = 2

end
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Successive Overrelaxation SOR(w) Method

The method of successive overrelaxation improves the Gauss-Seidel
method in the following way: it takes weighted average of values xp,+1
and x,, such that:

Xmt1,j = (1 — W)X j + WXmi1, (28)

where w is a weight called also relaxation parameter. When w = 1, then
we will get usual Gauss-Seidel method, when w < 1 we get
underrelaxation method, and when w > 1 - overrelaxation method.

To get SOR(w) method in a matrix form, we again apply splitting (15)
and obtain equation similar to the equation (20) obtained in
Gauss-Seidel, but only in the iterative form:

(D — Dxpy1 = b+ Uxp. (29)
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Applying now weighted average (28) to this equation we have:

(D — LD)((1 — w)Xm + wxmi1) = b+ Uxpm,
(D — L)1 — w)xm + (D — Dwxms1 = b+ Uxm,
(D — Dwxmer = b+ Uxtyy — (D — L)(1 — w)Xpm,
(D — Dwxmy1 = b+ Uxm — D(1 — w)xm + L(1 — w)xpm.
(30)

From (28) we see that (1 — w)xm = Xmi1 — WXme1 = (1 — w)Xmy1, and
thus the last expression we can write as

(D — Dwxmy1 = b+ Uxtyy — D(1 — W)X + L(1 — w)Xmp1,
(D — Dwxme1 — L(1 — w)Xmy1 = b+ Uxpmy — D(1 — w)Xpm,

(Dw — D) Xmy1 = b+ Uxm — D(1 — w)xm
(31)

Denoting w := % we get SOR-scheme:
(D—wZ)me =wb+((1 —w)D—i—wU)xm. (32)
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Using notations DL = L and DU = U the equation (32) can be rewritten

as
Xmi1 = (D —wl) rwb + (D — wl)™}((1 — w)D + w0)xn, (33)
= —wl) D7 wb + (I —wl)H(1 — W)l 4+ wU)xm.
Now defining
Rsor = (I —wL) ™Y ((1 —w)l + wU
sor = ( )" 1(( 1 w)l ); (34)
CSOR = (/ — wL) D™ wb
we can rewrite (33) in the form
Xm+1 = RsorXm + CsoR- (35)
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Algorithm: one step in the SOR(w) method

To get SOR(w) for implementation, we take X171 in the right hand side
of (28) from the Gauss-Seidel algorithm and obtain the following
algorithm:
One step in the SOR(w) method

forj=1ton

. -1 n )
bj — D k1 3 kXmt 1k — Dogejy1 kX k

dj.j

Xmi1j = (1= w)Xmj +w

end
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Algorithm: SOR(w) for the solution of the Poisson's

equation

To apply the SOR(w) method for the solution of the model problem for
the Poisson’s equation we will use the red-black ordering as in the
Gauss-Seidel method. The SOR(w) method will be the following.

One step in the SOR(w) method for two-dimensional Poisson’s equation
for all R red nodes i,

2
(Um,i=1j + Um,i+1j + Um,ij—1 + Um,ij+1 + h*fi )
4

w
Unt1,ij = (L—w)tm,ij+

end
for all B black nodes i, j
Umi1,ij = (1= w)tmij

2
4 W(Umt1,i-1j + Um1,i+1j + Umt1,ij—1 + Umsi,ij+1 + hofi j)
4

(36)
end
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Convergence of SOR(w)

Theorem

If the matrix A is strictly row diagonally dominant (if |a;| > 3_, ; |aj|),
then Jacobi and Gauss-Seidel methods converge such that

IRGsloo < [IRslloe <1, (37)
where Rgs and R, are defined in (22), (16), respectively.

Proof follows from following Lemma:

|| Rx

Let ||R|| = maxyo L. If||R|| < 1 then iterations (12) will converge for

[B]]
all initial guesses xg.
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Let the spectral radius of Rsor is such that p(Rsor) > |w — 1|. Then
0 < w < 2 is required for convergence of SOR(w).

Proof.
We write the characteristic polynomial for Rspr as

det(p()\)) = det(M — Rsor) = det(A\ — (I — wl) (1 — w)l +wU))
=det((/ — wL) (I — w)M — ((1 — w)I +wl)))
=det((A+w— 1) —wAL — wU).
(38)

From the equation above we have (since ¢(0) is an upper triangular
matrix and U is strictly upper triangular)

det(p(0)) = det(—Rsor) = = [ [ \i(Rsor)
(39)
= +det((w— 1) —wl) = £(w —1)",

and thus
max [Ai(Rsor)| 2 |w — 1|,

from what follows that p(Rsog) > |w — 1].
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To prove convergence for SOR(w) for 0 < w < 2 we use the Theorem

If p(R) < 1 then iterations (12) will converge

Let |R| = maxx7g0 ”X”
for all initial guesses xq.

From this Theorem it follows that SOR(w) will converge if

p(Rsor) < 1. (40)
Since
p(Rsor) 2 |w — 1| (41)
then combining (40), (42) we get:
lw —1] < p(Rsor) < 1, (42)
and thus
lw—1] <1
or
-1l<w—-1<1
and
O<w<2
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If A is s.p.d matrix then p(Rsor) < 1 for all 0 < w < 2.

Example.
The matrix A in the model problem for the Poisson's equation is s.p.d..
Thus, SOR(w) for this problem will converge for all 0 < w < 2.
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Krylov Subspace Methods

Krylov subspace methods are used for the solution of large system of
linear equations Ax = b and for finding eigenvalues of A avoiding
matrix-matrix multiplication. Instead, these methods use multiplication
of matrix by the vector.

Definition

The Krylov subspace generated by matrix A of the size n x n and vector
b of the size n is the linear subspace spanned by powers of A and
multiplied by b:

K. (A, b) = {b, Ab, Ab, ..., A1 b}. (43)

For the symmetric matrix A we can write the decomposition QT AQ = H,
where Q is the orthogonal transformation and H is the upper Hessenberg
matrix which also will be a lower Hessenberg, and thus, tridiagonal
matrix. Writing Q as Q = {qu1, ..., gn} and using AQ = QH we have
Jj+1
AqJ' = Z hi,jq"' (44)
i=1
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We multiply both sides of the above expression by orthonormal vectors
g and use the fact that g; are orthonormal to obtain:

Jj+1
amAq =Y hijangi = hmj, 1< m<j. (45)
i=1
We can rewrite (45) as
Jjt+1
Im A A = Z hij Gmam qi» 1 < m <,
= 5T
=1 =
j+1

J
Agi=> hijgi=>_ hijgi+hi1jg, 1<m<j,  (46)
i1

i=1

J
hjt1.j9j+1 = Aqgj — Z hijqi.
i=1

The formula above as well as (45) are used in the Arnoldi algorithm for
the reduction of matrix A to upper Hessenberg form. Let r will be the
number of columns in the matrices @ and H which we need to compute.
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Arnoldi algorithm

We now formulate the Arnoldi algorithm which performs partial reduction
to Hessenberg form. The vectors q; computed in this algorithm are called
Arnoldi vectors.

Initialization: g = -

forj=1tor

z = Ag;

fori=1toj

hij=q z

z=2z—hjjq;

end

hiv1j = |z[|2

if hjs1,j = 0 quit
0z

qi+1 = &,

end
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For the case of a symmetric matrix A the Arnoldi algorithm can be
simplified since the matrix H is symmetric and tridiagonal what means
that

ar b

B
H= . (47)
ap_1 Bno1
Bn—l Qp
Rewriting (44) for the case of the symmetric and tridiagonal H given by
(47) we have

Aq; = Bj-1Gj-1 + a;qj + Bjgji1. (48)

We note that columns of @ are orthonormal and thus
af Agj = g/ (Bj-19j-1 + ajq; + Bjgj1) = . (49)

Combining (49) and (48) we get Lanczos algorithm for partial reduction
to symmetric tridiagonal form.
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Lanczos algorithm

Initialization: ¢, = ||bb||2’B0 =0,90=0
forj=1tor
zZ = qu
Oéj = quZ
z=2z—ajq; — fj-1qj-1
Bi = |lzll2
if B; =0 quit
_ Z
di+1 = B
end
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The vectors g; computed by the algorithm are called Lanczos vectors.
The vectors g, computed in the Lanczos or Arnoldi algorithm create
orthonormal basis of the Krylov subspace K, defined in (43). The matrix
H, = QT AQ, in both algorithms is called the projection of A to the
Krylov subspace K.

Our goal now to use r steps in the Lanczos or Arnoldi algorithms to solve
linear system Ax = b. To do that we seek best approximation x, to the
exact solution x = A~1h given by

Xr = szqj = Qrz7 (50)
j=1

where z = (z1,...,z,) 7.
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Let us define the residual as R, = b — Ax,. For the case of s.p.d. matrix
A we can define the norm ||R|[4-: := (RTA"R)Y/2. We note that
IR||a=2 = ||x» — x||a. Thus, the the best computed solution x, will
minimize ||R||a-:. The algorithm which can compute such vector x, is
called the conjugate gradient (CG) algorithm.

Theorem

Let A is a symmetric matrix, H, = Q,T AQ, and residuals are defined as
R, = b— Ax,Vx, € K,. When H, is not singular we can define

Xr = Q,H:161||b||27 (51)

where e; = (1,0, ...,0)7. Then Q'R, = 0.

Let A is also positive definite matrix. Then H, must be nonsingular and
x, defined as in (51) minimizes ||R;||a-x for all x, € K., where

R = :l:||Rr||2qr+1-
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Conjugate gradient algorithm

Now we introduce conjugate gradients vectors p,. The p, are called
gradients because in a single step of the CG algorithm we compute the
approximated solution as x, = x,_1 + vp, and this solution minimizes the
residual norm ||R,||a-x = (RTA™!R,)/2. The vectors p, are called
conjugate, or more precisely A-conjugate, because p] Ap; =0 if j # r.
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Conjugate gradient algorithm

Initialization: r=0; x =0, Ry=b;, p1=b;

repeat
r=r+1
Z:A'pr

v, = (R, R—1)/(p] 2)

Xr = Xr—1 + VyPr

R =R_1—vz

Hr+1 = (RrTRI’)/(RrT—erfl)
Pr+1 = Rr + pry1pr

until ||R,||2 is small enough
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Preconditioning for Linear Systems

Preconditioning technique is used for the reduction of the condition
number of the considered problem. For the solution of linear system of
equations Ax = b the preconditioner matrix P of a matrix A is a matrix
P~1A such that P~ A has a smaller condition number then the original
matrix A. This means that instead of the solution of a system Ax = b we
will consider solution of the system

P~lAx = P 1h. (52)
The matrix P should have the following properties:
@ P is s.p.d. matrix;
@ P 1Ais well conditioned:;

@ The system Px = b should be easy solvable.

The preconditioned conjugate gradient method is derived as follows. First
we multiply both sides of (52) by P/2 to get

(P~Y2AP~Y/2)(P/2x) = p~1/2p, (53)
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We note that the system (53) is s.p.d. since we have chosen the matrix
P such that P = QQ7 which is the eigendecomposition of P. Then the
matrix P/2 will be s.p.d. if it is defined as

P1/2 Q1/2QT
Defining
A= PT12APTY2 5= PY2x b= P7/?p

we can rewrite (53) as the system A% = b. Matrices A and P~1A are
similar since P~1A = P~1/2APY/2 Thus, A and P! A have the same
eigenvalues. Thus, instead of the solution of P~*Ax = P~1h we will
present preconditioned conjugate gradient (PCG) algorithm for the
solution of A% = b.
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Preconditioned conjugate gradient algorithm

Initialization: r=0;, x =0, Ry=b, p1= Pflb;yo =P 1R,

repeat
r=r+1
Z:A'pr

vy = (v 1R-1)/(p] 2)

Xr = Xr—1 + VyPr

R =R_1—vz

Yr= P_er

Hry1 = (YrTRr)/(er—er—l)
Pr+1 = Yr + lr+1Pr

until ||R||2 is small enough
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Common preconditioners

Common preconditioner matrices P are:

@ Jacobi preconditioner P = (ai1, ..., ann). Such choice of the
preconditioner reduces the condition number of P~1A around factor
n of its minimal value.

@ block Jacobi preconditioner
P = (54)

with P;; = A;;,i =1,..., r, for the block matrix A given by

Al,l Alr
A= .. . . (55)
Ay o A,

) )

with square blocks A; ;,i = 1,...,r. Such choice of preconditioner P
minimizes the condition number of P~1/2AP~1/2 within a factor of
r.
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@ Method of SSOR can be used as a block preconditioner as well. If
the original matrix A can be split into diagonal, lower and upper
triangular as A= D + L+ LT, then the SSOR preconditioner matrix
is defined as

P=(D+LDYD+L)"

It can also be parametrised by w as follows:

w (1 1 T
P(w) = oI (D+ L) D! (D+ L)
— W w w

@ Incomplete Cholesky factorization with A= LLT is often used for
PCG algorithm. In this case a sparse lower triangular matrix L is

chosen to be close to L. Then the preconditioner is defined as
P=1IIT.

@ Incomplete LU preconditioner.
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