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Allowable handbook{leta. No calculators are allowed.

1. (3p) We will study a sequence of dice-tosses.Debe the outcome of the toss numbeand let us
define the random variable N

(a) Compute

E(X(M)|Fn1).

(b) Construct a random variablgn) based orX(n) such thatZ(n) — W(1) asn — oo, where
W(t) is the usual Brownian motion.

(c) Compare your method for estimatiig(1) with the standard coin tossing method to generate
an approximation oW/(1).

Solution:
@) X(n—1)+7/2.
(b)
Var(X(n) = E0C) — (E(X))? = ni tAF2EDH36 oy D2 ol =3
6 2 2 12
Hence for largen
X~ 2
35n

is approximatelyN (0, 1) distributed.

2. (3p) (Vastek’s interest rate model)

Let
dR(t) = (a— BR(t)) dt + o dW(t),

whereq, 3, ando are positive constants.
(a) Compute and simplifd(ePtR(t)) to a form not includingR(t).

(b) Integrate the equation you got above and solv&kfaj.
(c) Use the formula above to compuEER(t)].

Solution:
€Y
d(eP'R(t)) =... = Pt (adt + o dW(1)).

(b)

R(t) = e P'R(0) + E(1 —e PY) 4 oe Pt Jt ePr dw/(u).
B 0



(©)

E[R(t)] = An Itb—integral has expectation zero, since it is a martingak?ﬁtR(O)—i—% (1—e BY).

3. (3p) Suppose we have a model of market including two stocks with vélyesandS, (t) at time t.
Let us also assume that the interest rate, r, is constant in this model. The two stocks are modeled in
the standard way, i.e.
dSq(t) = o1 S (t) dt + 0157 (t) dWi (1),

dSz(t) = x2S, (t) dt + 0252 (t) dAWa (t),

wherea; ando; are constants. Furthermore, in this model we also havesthat o, 0, = 203
andW; (t) = W, (t) forall t > 0.

(a) Define risk—neutral probability measure.

(b) Show thatin the market model described above, there does not exist any risk—neutral probability
measure.

Solution:

(a) See Definition 5.4.3 on p. 228 in Shreve'’s.

(b) See Example 5.4.4 on p. 229. Using the method in this example we see that there exist a
portfolio—strategy A\ (t) = 1/(S1(t)o7) andA;(t) = —1/(S2(t)2071)) to obtain an arbitrage.
The First fundamental theorem of asset pricing (Thm 5.4.7 on p. 231) then tells us that there
can not exist any risk—neutral probability measure.

4. (3p) LetX(t) = at + bW(t), wherea andb are non-zero constants akd(t) a Brownian motion.
Let f be a real valued function which is (at least) two times differentiable. For which such functions
is f(X(t)) a martingale?

Solution: Use I1t6-Doeblin’s formula od(f(X(t)) to obtain
d(f(X(t)) = f'(X(t)) dX(t)+%f”X(t)) dX(t) dX(t) = f'(X(t)) (a dt+b dW(t))Jr%f"(X(t))bz dt.

Now, f(X(t)) is a martingale if and only il (f(X(t)) does not have angt—term. That is if and only
if
af’(X(t)) + %f”(X(t))bz =0.

Lety(-) = f’(-) which gives us the following first linear ODE

1
ay(x) + Ebzy’(X) =0,

which we solve by multiplying with the integrating factars? *. Hence we have that
f/(x) =y = Ce %%,

where we recall that both andb are non-zero. Integrating once more with respect ives us

finally that
2
fix) =D — S 8%,
2a

whereC andD are arbitrarily constants.

5. (3p) Letv(t, S(t)) denote the price at timeof an up-and-out call with barrieéB, strike priceK, and
maturity datel. Furthermore, suppose that the volatilityand the interest rateare constant. At a
given timet, € (0, T], we assume that the underlying as$gt) is in (0, B) and that the Greeks are
known, i.e.vy(tg, xo) = 8, Vvi(to, x0) = 0, andv,(to, x0) =y, wherexy = S(to).



(a) What is the value of the up-and-out call at timge

(b) Supposeéy = T. Show that
52
2 >202
ve =7
whenS(T) < K and
(6 —1)%r% > 2yo?(Kr + 0)

whenS(T) > K. (In this case we naturally use the left derivative @it T.)
Solution:

(&) Apply Theorem 7.3.1 on p. 301 in Shreve’s book

(b) Whent, = T we have that(ty, xo) = (xo — K)*. Depending on iky < K orxy > K, we get
a polynomial equation of second degreexin In order for this to have a real root, we get the
inequalities given.

. (4p) (Quadratic variation of an Itd—process)

(a) Define the quadratic variation of a functiét) defined for allt € [0, T].
(b) Let

t t

Alu) dW(u) + J O(u) du,

X(t) = X(0) + J
0

0

where W(t) is a Brownian motionX(0) is nonrandom, and\(u) and ©(u) are adapted
stochastic processes. Derive the quadratic variation of the pr¥¢ess

Solution: See pages, 101 and 143-144.

. (4p) (Girsanov’s Theorem) State and prove Girsanov’s Theorem in one dimension. (You do not need
to prove other Theorems or Lemmas which you might use in your proof as long as you clearly state
the results you are using.)

Solution: See Theorem 5.2.3 on page 212-214.



