SOLUTIONS: FINANCIAL DERIVATIVES AND
STOCHASTIC ANALYSIS (CTH][tma285|&GU[M M A710))

August 26, 2008, morning (4 hours), M
Each problem is worth 3 points. No aids.
Examiner: Christer Borell, telephone number 0705292322

1. Let W(t) = (Wi(t), Ws(t)), t > 0, be a standard Brownian motion in the

plane. Find
E [€W1(1)*W2(2)] )

Solution. Suppose G € N(0,1). Recall that
E[¢€6] = e%.

We have
E [€W1(1)7W2(2):| = F [6W1(1)€*W2(2)]

. Wl and W2
~ | are independent

Wi (1 “weep1 _ ) Wa(l) € N(0,1)
:E[e ()]E[e ())}_{WQ(Q)GN(OJ)}

=F [eG} E [eﬁG] = %2,

2. Consider a financial market with interest rate r and a stock price process
S = (5(t))i>0 governed by a geometric Brownian motion with volatility o >
0. The market prices a fixed European put with strike K and maturity 7" as
in a Black-Scholes model with volatility %a. Find an arbitrage.

(Hint: The market price p(t, S(t)) of the put satisfies the equation p; +
%pm + rap, — rp = 0. Consider a portfolio with X (0) = 0. At each time
t, the portfolio is long one European put, is short p, (¢, S(t)) shares of stock,
and has the cash position X (t) — p(t, S(t)) + S(t)p.(¢,S(t)). You may use
the well known fact that p,, > 0 if t < T without giving a proof.)



Solution. Consider a portfolio with X (0) = 0. At each time ¢, the portfolio
is long one European put, is short p,(¢,S(t)) shares of stock, and has the
cash position X () — p(t, S(t)) + S(t)p.(t, S(t)). Now

dX(t) = dp(t, S(t))=pa(t, S(@))dS(t)+r {X(t) — p(t, (1)) + S()pa(t, S(t))} dt

= (e, SO+ pit SN0 + T D (1, S0

—pa(t, S(8))dS(t) + 7 {X(t) — p(t, S(£)) + S(E)p(t, S(1))} dt

0)25 (t)Pxx(t, S(t)) — rp(t, S(t))} dt

N =

= {bte.50) + rstom 0,50+

3525%(t)
2
3025(t)

= =Pt S()dt + rX (1)t

+ Pz (t, S(t))dt + X (t)dt

Hence
302S(t)e "

d(X (H)e ™) = Pua(t, S(t))dt

and

t
/ S(u)e=""pun(u, S())dt > 030 < ¢ < T,
0

3. (Black-Scholes model; two stocks) A derivative has the payoff

A
Y:T/O VSt (u)Se(u)du

at time of maturity 7. Find the price Iy (¢) of the derivative at time t.

Solution. Using standard notation

o 2 ~
Si(t) = Sl(o)e(r_l Syt W ()

and

Sa(t) = S5(0)elr= "5 tHo2 W (D)



where W is a standard Brownian motion in the plane with respect to the
martingale measure P. Hence, if 7 =T — ¢,

Ly (1) {/Wdum]
~ &1 [ Vemsmne 1 [ Vswsmn #]
/Wduw[ /Wdum}.
— [ Vst 1 [ B [VSsa | £ d

Moreover, for any u > t,

B |VSi()Si(u) | ]

= 51( )52( )E

\/ (=7 ) o1 (W ()W (1)) = 35 ) ) 42O ()W (1) | ;t]

\/G(QT_M)(u—t)—i-(m-&-m) (W (u) =W (#)) | ﬂ]

= Sl (t)Sz(t)E |:6(T_W)(U—t)+é(01+02)~ﬁ/(u—t):|

_ Sl (t)S2(t>e(7ﬂ_w)(u_t>+é‘01+02|2(u_t)

= 51(t)SQ(t)e(T—%ltn—ogP)(u_t)

and we get

T T
7 E[VSWSE | F]di= pV/SOS0 [ it
¢ t

1
= S (DS, (1) (T slor—o2)T—t) _ ¢
T(’I"—% | oL — 0y |2> 1( >S2( )( )




(interpretted as T=£4/51(t)S2(t) if r = £ | 01 — 02 |?). Now we conclude that
Iy (¢) is equal to

T /0 VSt (u)Sg(u)du—i—T(

T—%|O'1—O'2 |2)

—rT

Sy (t)SQ(t) (e(r_ékfl—cmlz)(T—t)_l)'

4. Suppose W is a one-dimensional Brownian motion. Moreover, suppose
T €1]0,00] and let IT = {tg,t1, ..., t,,} be a partition of the inteval [0,77]. Set

n—1

Qu="Y (W(tj) = W(t;)*

J=0

and show that E'[Qn] =T and Var(Qm)< 2 || IT || 7.

5. Use the [t6-Doeblin formula to derivate the Black-Scholes-Merton partial
differential equation for the price of a European call option.



