SOLUTIONS
FINANCIAL DERIVATIVES AND STOCHASTIC ANALYSIS
(CTH[tma285], GU[M M A710])

August 23, 2011, morning, v

No aids.

Questions on the exam: Oskar Hamlet, 0703 - 08 83 04
Each problem is worth 3 points.

1. Let W(t), t > 0, be a one-dimensional Brownian motion. (a) Solve the
stochastic differential equation

dX(t) = tX(t)dt + dW (t), t > 0

with the initial condition X (0) = 1. (b) Find Cov(X(s), X(#)).

Solution. (a) We have

and as X (0) =1,
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it follows that

Q)
gm
=
—
£
c\w
Q)
|
m‘w
Q
=
£
——

Cov(X(s), X(1) = ¢ 3" E [/0 a2



Now if s < t,

Cov(X(s), X(1) = ¢+ [ /0 e W (u) /0 t eu;dW(u)] _
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Thus for general s,t > 0,

Cov(X(s), X (1)) = v/7e" 3 (N(v2min(s, £)) — %).

2. Let W = (Wi(t), Wa(t))i>0, be a two-dimensional Brownian motion, let
(F(t))e>0 be the filtration generated by W, and let

X = 3(5) - Wa(3) - 5Walz) + 3 (D).

(a) Find a function f(¢), 0 <t < 1, with its values in R? such that

X = /Olf(t) LW (8).

(b) For any ¢ > 0, find £ [X?(t)], where X (t) = E[X | F(t)].

Solution. (a) Since 3W;(3) — Wi(3) = 2Wi(3) + (—1)(Wi(5) — WA(3)) we
get

3W1(%) - Wl(%) = /o fi(t)dWi(t)

where



Moreover,

where

(b) Since X is Fj-measurable, X (¢) = X (1) if ¢ > 1. Moreover,

X(t):/otf(s)~dW(s) 0 <t<1.

Now if t > 0 we use the It6 isometry to get

min(1,t) min(1,t)
E[X* ()] =B (/0 Fi(s)dWi(s) + /0 fa(S)sz(S)) =

min(1,¢) 2
E ( /0 fl(s)dW1(5)> 12F
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E < /O fg(s)dW2(s)>
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min(1,t) min(1,¢)
/ £1(5)dWi (s) / fo()dWi(s)
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3. (Black-Scholes model) Two stock price processes S; and Sy are governed
by the stochastic differential equations

dSl(t) = Sz(t)(uzdt + a,-ldwl(t) + O_i2dW2(t)), t 2 0, 1= 1, 2

_|_



where W = (Wy(t), Ws(t))i>0 is a two-dimensional Brownian motion and
where p;,0:1,052 € R, i = 1,2, and the volatility matrice (0;;)1<;j<2 is
invertible. Moreover, the model has a bond with the the price B(t) = B(0)e"
at time ¢, where B(0) and r are positive constants.

A financial derivative of European type pays the amount Y at time of
maturity 7, where
S3(T
So(T

(a) Find the price Iy (t) = v(t, S1(t), S2(t)) of the derivative at time ¢ €
[0,7]. (b) Compute the product
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Y = ( ~ K)*.
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dSl(t) dU(t, Sl (t), Sg<t)>
Solution. (a) Let 0; = (041, 042), i = 1,2. We have
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Si(t) = Sy (0)elm=HIHE WO — 1 9

Hence, under the risk neutral measure P,
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Si(t) = Si(0)el =2 WO = 1,9,

where (W1 (t), Wa(t))o<i<r is a two-dimensional Brownian motion. Moreover,
the price of the derivative at time ¢ is equal to

St (T)
S2(T)

o(t,51(0) 8(0) = B | GH ) - 07 7]

where F; = o(W(u); 0 < wu <t). Thus, if s; = Si(t), i =1,2 and 7 =T — ¢,
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v(t,s1,8) = e "TE
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Under P the random varible

(201 = 02) - (W(T) = W(t))/V/T



is centred Gaussian with standard deviation

T =def \/4 | o1 |2 =401 - 09+ | 02 |2

Now under P suppose G € N(0,1). Then
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and if we think of the Black-Scholes price of a standard call we get
v(t, $1,89) =

i ‘ - |2 _2 i | _ ‘2 a2
5 lor-oaptrp k" " T Z)T)—Ke—r@(ln €T (r = )T
52 o\/T

82 ) ,
8—%e|”1_°’2|27¢(ln32_1K + (r4+ | 01— 02 | +%)7—
S9 O'\/;

2

+(r+| o1 — oo |2 — )T

oNT

2
51

In
)—Ke TH(—2K

).

(b) For short we write v;(t) = vy (¢, S1(t), S2(t)) and vy (t) = v (¢, S1(¢), S2(1))
for i, = 1,2. Then

do(t, Sy(t), So(t)) = vi(t, Sy (¢t dt+z vl (pydt+0i dWy (1) +0idWo(t))+
1 2
5 Z U;; (t) S@ (t)Sj (t) (/J,idt—i‘UildWl (t)—FO'Z'QdWQ (t))(ujdt—i—ajldWl (t)+0j2dW2 (t)) =
i,j=1
dt + Z v! ) (o dWi(t) + oidWa(t)).

Hence

dS(t) du(t, Si(t), 82<t>> =

Sl<t) (Mldt+011dW1( )+012dW2 ( dt + Z S aﬂdwl( ) + O'QdWQ(f))) =



Sl(t) {Z SAt)U;(t)(O‘llO'il =+ 012019)} dt.

It remains to compute v} (t) and v5(t).
Here if N is the standard normal distribution function a computation
yields
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and accordingly from this
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4. Let W = (W (t))¢>0 be a one-dimensional Brownian motion with filtration
(F(t));50- (a) Prove that W is a martingale. (b) Suppose o € R. Prove that

the process Z(t) = exp {aW(t) - %t} , t >0, is a martingale.

5. Suppose W = (W (t));>o is a one-dimensional Brownian motion and con-
sider the stochastic differential equation

dX (u) = B(u, X (u))du + vy (u, X (u))dW (u)

where 3(t,z) and ~y(¢, x) are real-valued functions.



Let T' be a positive constant and h(x) a Borel measurable real-valued
function such that E%* [| h(X(T)) |] < oo for all t € [0,7T] and z. Prove that
the function

J(t.a) = B [T OR(X(T))]

solves the partial differential equation

)+ Bt )y (b,2) + 30 o)l () = rult, )



