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SOLUTIONS
FINANCIAL DERIVATIVES AND STOCHASTIC ANALYSIS
(CTH[tma285], GU[MMA710])

August 28, 2012, morning, v
No aids.
Questions on the exam: Christer Borell, 0705 292322
Each problem is worth 3 points.

1. Let W = (W1; :::;Wn) be an n-dimensional standard Brownian motion
and put

X = W1(T )�
nX
k=1

W 2
k (T );

where T > 0 is �xed. Compute E
�
eaX

�
for every a 2 R:

Solution. We have

E
�
eaX

�
= E

h
ea(W1(T )�W 2

1 (T ))
i
E
h
e�a�

n
k=2W

2
k (T )

i
= E

h
ea(W1(T )�W 2

1 (T ))
i �
E
h
e�aW

2
1 (T )

i�n�1
:

Here, if a > � 1
2T
;

E
h
ea(W1(T )�W 2

1 (T ))
i
=

Z 1

�1
ea(

p
Tx�Tx2)� 1

2
x2 dxp

2�

=

Z 1

�1
ea
p
Tx� 2aT+1

2
x2 dxp

2�
=

1p
2aT + 1

Z 1

�1
e

a
p
Tp

2aT+1
y� 1

2
y2 dyp

2�

=
1p

2aT + 1
e
1
2

a2T
2aT+1

and if a � � 1
2T
we see from the above that

E
h
ea(W1(T )�W 2

1 (T ))
i
=1:
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Moreover, if a > � 1
2T
;

E
h
e�aW

2
1 (T )

i
=

Z 1

�1
e�aTx

2� 1
2
x2 dxp

2�

=

Z 1

�1
e�

2aT+1
2

x2 dxp
2�
=

1p
2aT + 1

and if a � � 1
2T
;

E
h
e�aW

2
1 (T )

i
=1:

Thus

E
�
eaX

�
=

(
1

(2aT+1)
n
2
e
1
2

a2T
2aT+1 if a > � 1

2T
;

1 if a � � 1
2T
:

2. (Vasicek interest rate model) Suppose R(0) = r and

dR(t) = (�� �R(t))dt+ �dW (t); t � 0;

where �; �; � > 0 and r 2 R are parameters and W is a standard 1-
dimensional Brownian motion.
(a) Find the covariance of W (t) and R(t).
(b) Find the covariance of W 2(t) and R(t):

Solution. (a) We have

d(e�tR(t)) = �e�tdt+ �e�tdW (t)

and

R(t) = re��t +
�

�
(1� e��t) +

Z t

0

�e��(t�u)dW (u):

Hence

R(t)� E [R(t)] =
Z t

0

�e��(t�u)dW (u)

and

Cov(W (t); R(t)) = E
�Z t

0

1dW (u)

Z t

0

�e��(t�u)dW (u)

�
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=

Z t

0

1 � �e��(t�u)du = �

�
(1� e��t):

(b) Since Z t

0

W (u)dW (u) =
1

2
W 2(t)� t

2

it follows that

W 2(t) = 2

Z t

0

W (u)dW (u) + t:

Thus

W 2(t)� E
�
W 2(t)

�
=

Z t

0

2W (u)dW (u)

and

Cov(W 2(t); R(t)) = E

�Z t

0

2W (u)dW (u)

Z t

0

�e��(t�u)dW (u)

�

=

Z t

0

E
�
2W (u)�e��(t�u)

�
du =

Z t

0

0dt = 0:

3. (Black-Scholes model) Suppose T > 0: A �nancial derivative of European
type pays the amount

Y =j
S(T

2
)

S(0)
� S(T )
S(T

2
)
j

at time of maturity T: Find �Y (0):

Proof. First recall that j x� y j= 2max(x; y)� x� y: Hence

�Y (0) = e
�rT ~E [Y ]

= 2e�rT ~E

"
max(

S(T
2
)

S(0)
;
S(T )

S(T
2
)
)

#
� e�rT ~E

"
S(T

2
)

S(0)

#
� e�rT ~E

"
S(T )

S(T
2
)

#

= 2e�rT ~E

"
max(

S(T
2
)

S(0)
;
S(T )

S(T
2
)
)

#
� 2e� rT

2 :
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From now on to simplify notation put S(0) = s; a = T
2
; and

Z = max(
S(T

2
)

S(0)
;
S(T )

S(T
2
)
):

If W denotes a standard Brownian motion under P we have

e�rT ~E [Z] = e�rTE

"
max(

se(r�
�2

2
)a+�W (a)

s
;
se(r�

�2

2
)T+�W (T )

se(r�
�2

2
)a+�W (a)

)

#

= e�rTE
h
max(e(r�

�2

2
)a+�W (a); e(r�

�2

2
)a+�(W (T )�W (a)))

i
= e�(r+

�2

2
)aE

h
max(e�

p
aG; e�

p
aH)
i

= e�(r+
�2

2
)aE

h
e�
p
amax(G;H)

i
;

where under P the random variables G;H 2 N(0; 1) are independent. More-
over,

P [max(G;H) � x] = P [G � x; H � x]

= P [G � x]P [ H � x] = �2(x):

Hence

E
h
e�
p
amax(G;H)

i
=

Z 1

�1
e�
p
ax d

dx
�2(x)dx

= 2

Z 1

�1
e�
p
ax�(x)'(x)dx:

Now introduce b = �
p
a and note thatZ 1

�1
ebx�(x)'(x)dx = e

b2

2

Z 1

�1
�(x)'(x� b)dx

= e
b2

2

Z 1

�1
�(b� x)'(x)dx:

But Z 1

�1
'(y � x)'(x)dx = 1p

2
'(

yp
2
)
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since G+H 2 N(0; 2) and by integration from y = �1 to y = b we getZ 1

�1
�(b� x)'(x)dx =

Z b

�1

1p
2
'(

yp
2
)dy = �(

bp
2
):

Hence Z 1

�1
ebx�(x)'(x)dx = e

b2

2 �(
bp
2
)

and

e�rT ~E [Z] = e�(r+
�2

2
)aE

h
e�
p
amax(G;H)

i
= 2e�(r+

�2

2
)a

Z 1

�1
e�
p
ax�(x)'(x)dx

= 2e�(r+
�2

2
)ae

�2a
2 �(

�
p
ap
2
) = 2e�

rT
2 �(

�
p
T

2
):

Thus

�Y (0) = 4e
�r T

2 �(
�
p
T

2
)� 2e� rT

2

= e�
rT
2 (4�(

�
p
T

2
)� 2):

4. (Cox-Ingersoll-Ross interest rate model) Suppose R(0) = r and

dR(t) = (�� �R(t))dt+ �
p
R(t)dW (t); t � 0;

where �; �; � > 0 and r 2 R are parameters and W is a standard 1-
dimensional Brownian motion. Prove that

E [R(t)] = e��tr +
�

�
(1� e��t):

5. Let (
;F ; P ) be a probability space and Z a random variable such that
P [Z > 0] = 1 and E [Z] = 1: Set

~P (A) =

Z
A

Z(!)dP (!):

Furthermore, suppose (F(t))0�t�T is a �ltration and Z(t) = E [Z j F(t)] ;
0 � t � T:
Now let 0 � s � t � T be given and let Y be an F(t)-measurable random

variable. Show that

~E [Y j F(s)] = 1

Z(s)
E [Y Z(t) j F(s)] :


