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1. Suppose (W(t))i>o is a one-dimensional standard Brownian motion and
X(t) = W3(t) — 3tW(t), t > 0.

Find a stochastic process (I'(t));>o which is adapted to the filtration gener-
ated by the Brownian motion such that

X(t) = /0 tP(s)dW(s), t>0.

Solution. By the It6 lemma and product rule,
dX(t) = 3W2(t)dW (t) + 3W (t)dt — 3W (t)dt — 3tdW ()

= 3(W2(t) — t)dW (t).

Thus if
[(t) = 3(W3(t) —t)

we have .
X(t) :/ [(s)dW(s), t >0,
0
since X (0) = 0.
2. Let W = (W(t))o<t<r be a one-dimensional standard Brownian motion

and (F(t))o<i<r a filtration for W. Moreover, suppose the process (X (t))o<i<7 solves
the stochastic differential equation

dX(t) = adt + cdW(t), 0 <t < T,



with the initial condition X (0) = xy, where a;, zg € R and ¢ > 0 are known
parameters. Find a function f(¢,x) such that the random variable

E e 41 X0 | F(p)]

is equal to f(t, X(t)) for every ¢t € [0,T].

Solution. Suppose 7 =T —t¢ and X (0) = z5. We have

X(t) =z +at + oW(t)

and .
E [e_ft X (wdu | f(t)]
— e—mor—%(T—H)E |:€_UftT W (u)du | f(t)]
_ efxon%(Tth)fa‘rW( [ aft )—W (t))du ‘ ‘7:'( ):|
_ efxon‘z—T(Tth)fU‘rW(t)E [efafo‘r W(u)du] )
Here 3
W Ydu € N(0, 3)
as
[/ W(u du] =0
and
l/W du]: {//W v)dudv
/ / min(u, v)dudv— 3
Thus

E |:€, ftT X (u)du ’ .’F(Zf)] _ 671077%(T+t)70‘rw(t)+#
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—xoT— G (T+t)—7(X () —zo—rt)+ T4
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Now
2.3

O£T2
flt.r) = e T

—x(T—t)—%(T—t)Z’Jr"—GQ(T—t)S.

=€

3. (Black-Scholes model with m stocks). Let 7' > 0 and set

= max (HS )

Moreover, let K be a given positive number and consider a European-style
derivative paying the amount Y at time of maturity 7', where

y_ [ 1EX>K
1 0ifX <K.

Find the time zero price Iy (0) of the derivative.
(Hint: If « € R, 5,z > 0, and W is a one-dimensional standard Brownian
motion, then

P | max (at + W (t)) <z

0<t<T

] x—al e%fb _:L‘—f-OéT)

~ )T BT

where ® is the cumulative distribution function of a Gaussian random vari-
able with expectation 0 and variance 1.)

Solution. For each i = 1,..,m, let o; be the i:th row of the volatility matrix
o. Then

Si(t) = Si(0)elr="E ()

and

X = Aexp (Olgtag% ((mr — %Z | oy [P)t + (Z aﬁW(t)))

where



Hence R
Iy (0) = e "TE[Y]

= e "TP[X > K]

1 & ) " - K
Jax, ((mr b Zl | o |9)t + (Z O'Z')W<t)> > In I

=1

— e—TTP

Here under P the process

T, 12 0,

| Z:il o |

is a one-dimensional standard Brownian motion. Thus, if

1 — )
a:mr—§;|ail
and .
B=l> ol
i=1

we have
My (0) = ¢~ (1 - P[X < K])

where 0 =ty < t; < ... <t,1 <t, =T < oco. Show that F'[Q] =T and

Var(Q) < 27 max (tiy1 — ;).

0<i<n—1



5. Let S(t) and N(t) be the prices of two assets denominated in a common
currency and let o(t) = (01(t),...,04(t)) and v(t) = (v1(t),...,v4(t)) denote
their respective volatility processes:

{ d(D()S(1)) = DW)S(t)a(t) - AW (1),
d(D(N (1)) = DN ()w(t) - dW (1)

_ Suppose N (t) >0if 0 <t < T, and take N(t) as the numéraire. Define
P and WW) and show that

dSM(t) = SM () [o(t) — v(t)] - AW (1)

where St
SWM(t) = % 0<t<T.



