SOLUTIONS
FINANCIAL DERIVATIVES AND STOCHASTIC ANALYSIS
(CTH[tma285], GU[M M A710])

April 5, 2013, morning, v
No aids.
Questions on the exam: Christer Borell, 0705 292322

1. (Black-Scholes model, 2 stocks). Suppose

4S;(t) dSi(t) < .
- Oiv0ky, 7k:1727
S;(t) Si(t) Z;ka

where

011 012
021 022
is a volatility matrix.

A European-style derivative pays the amount Y at time of maturity, where
Y = (So(T) — S.1(T))2.

Find the price I1y-(0) of the derivative at time 0.

Solution. Using standard notation and the convention o; = [0j1 0j2] =

(Uj170j2)7 ,
[
J

(1) = 8,(0)e—H T
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My (0) = e " E [(S5(T) — 51(T))?]
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and
B[Sy(T)Sy(T)] = E | 85(0)S;(0)e 75 )T ozt W (D)
— 55(0)S, (0)el2r— B Ty
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Hence
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2. A random variable X has the cumulative distribution function ®?(z),
where ®(z) is the cumulative distribution function of a Gaussian random
variable with expectation 0 and variance 1. Find the moment-generating
function of X.

Solution. If ¢(z) = ®'(x),

E[eX] = 2/_00 e o(z)®(x)dx

o0

— 2% /_Oo ol —t)®(z)dr = 207 /_OO o(x)®(t — z)dx.

(e o] [e.o]

Set
f(t) = / o(z)®(t — x)dz, t € R.

Then -
f(t) = / o(@)p(t — 2)dz

[e.9]

is the probability density function of the sum of two independent N(0,1)
distributed random variables and, hence

1 t2
fi(t) = me_?

Since f(0) = 1 we have



and , ;
E[e"] = 26‘2@(5).

3. (Black-Scholes model) Suppose a,b € R, b > a > 0 and
X = max S(u).

0<u<T

A European-style derivative pays the amount Y at time of maturity 7', where

—1 otherwise .

Y:{ lifa< X <D

Find the price Iy (¢) of the derivative at time ¢t € [0, T7.
(Hint: If « € R, B,z > 0, and W is a one-dimensional standard Brownian
motion, then

z— ol 200 z+ ol

vt T T

P [ (ot + (1) < } _ g )

where ® is as in Problem 2.)

Solution. To simplify notation we put 14 = I(A). Moreover, let 7 =T —t,
U=I(X <a),and V =I(X <b). Then

Y=2(V-U)-1
and

Iy () = 2(y (¢) — Iy (t)) — e

=2e” <E {I(OrgnuaSXT S(u) <) | ]:(t)} - F {](OrgnuaécT S(u) < a) | }"(t)} ) —e .
Ifu>t,
S(u) = S<t)6(r—§)(u—t)+a(W(u)—VV(t)

and

max S(u) = max(orélgéit S(u), max S(u))

0_2 ~ ~
= max(orggi(t S(u), S(t)emaxisusr((r=5)(u=t)+o(Ww)=W(H))



Hence
E |I( max S(u) < a | .7:(25)}

0<u<lT

~ cr2 ~ ~
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[(m,s)=(maxo<y,<: S(u),S(t))

~ 52 ~
=F [I(max(m, semaxosusr (= )utoeW(w)) o a)} .
|(m,s)=(maxg<y,<¢ S(u),S(t))

Now if m < a,

02
E [I(max(m, semaxosusr (=G JutoW(u)y) a)]

_p [Sema)«ogug((r—é)uwvv(u)) < a}

—p [max ((r — %Q)U + oW () < In 9)]

0<u<rt S
me—(r—2)r 20— % )in 2 Ine+ (r—2)r
BTl Gk DS S VLT R Gk 110}

Hence




we have
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4. Let W = (W (t)):>0 be a one-dimensional Brownian motion and (F (%)),
a filtration for W. (a) Prove that W is a martingale. (b) Suppose o € R.

Prove that the process Z(t) = exp {UW(t) — "7225} , t >0, is a martingale.

5. Let W be a one-dimensional standard Brownian motion and suppose
m > 0 and 7, = min {t > 0; W(t) =m}. Use the formula

Plr, <t, W(t) <w]=P[W(t) >2m—w], w<m,

to prove that 7, has the density




