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1. Let W = (Wy(t), Wa(t))o<t<r be a 2-dimensional standard Brownian
motion. Show that the process (e"*® cos Wy (t))o<i<7 is a martingale.

Solution. We have

(1O cos Wy(1))) = (de™ D) cos Wy (t))+e"1 O (d cos Wy 1))+ (de™ @) (d cos Wa(t))

1 1
= MW (dW; (t)+§dt) cos Wy(t)+e"1 ) (—sin WQ(t)dWQ(t)_§ cos Wa(t)dt)+0

= M Oa (1) — e sin Wy (t)dWa(t).
Thus, if I'(t) = e"*(®)(1, — sin Wy(t)), then

eM1®) cos Wy(t)) = 1 + /OtF(u) ~dW (u)

and it follows that (V1) cos Wy (t))o<i<7 is a martingale.

2. (Black-Scholes model, 2 stocks). For each j € {1,2}, suppose
de (t) = Sj(t) (Oéjdt + ajldl/Vl (t) + O'deWQ(t)),
where W = (Wy, W) is a 2-dimensional standard Brownian motion, a;, as €
R, and
011 012
021 022

is a volatility matrix. Find Cov(S;(t),In Ss(t)).



Solution. We have

S;(t) = Sj(O)eﬂjt+011W1(t)+ oj2Wa(t)

where
L 5 2N ip s
ﬁj =q; — i(aﬂ "‘sz) if j=1,2.

Now

Cov(Si (1), In Sy(t))
= Cov(S;(0)efrtronWi®+ or2Walt) 1 52(0) + Byt + 01 Wi (t) + 092 Wi(t))
= Cov(S;(0)e i tonWiir e2all) o W (¢) + o0 Wa(t))
= 5,(0)eP1 Cov (e M OF 922 ) T (1) + gy Wi(E))
= $1(0)e E [entWiF 02 Woll) (50, T, (1) + 09sWia(t))] -

Here
E [eouwl( )+ o12Wa( )(0'21W1< ) + 0-22W2(t))}

— 0.21E [6011W1(t)+ 012W2(t)W1 (t)] + 022E [6011W1(t)+ 012W2(t)W2(t)}
=09 F [e"“wl(t)Wl(tﬂ E [6012W2(t)] + opnkF [e"llWl(t)} E [ 712Wa(t WQ( )} )
Moreover, if G € N(0,1) and u is a real number,

2

E [e“GG} =ue'r
and we get

onE [e7WOW ()] E [e72™2 0] + gy F [e71 W1 0] E [e72W2 0115 (1))

ti.2 2
= (011021 + 012 Ta2)tez(T11T712),

From the above

Cov(Sy (), In Sa(#))

= 51(0) (011091 + 01202)te™*".



3. Let Sf(t) denote the price in foreign currency of a foreign stock and
Q(t) the exchange rate, which gives units of domestic currency per unit of
foreign currency. Moreover, consider a European-style derivative which pays
the amount Y = S¢(7") in domestic currency at time of maturity 7. Derive
the price Iy (0) of the derivative in domestic currency at time 0 under the
following assumptions:

(7) The domestic and foreign interest rates are constant and denoted by
r and r¢, respectively.

(i7) There exists a 2-dimensional standard Brownian motion W = (W, W)
such that

{ de(t) = Sf(f)(asfdt —+ andWI(t) + 012dW2(t)),
dQ(t) = Q(t)(Oéth -+ 021dW1(t) + O'QQdWQ(t)),

where g, g, 011, 012, 021, 022 € R and the matrice (0 )1<ir<2 is invertible.

Solution. If g; = (Ji17 O'ig), 1= 1,2,

{ de(t) = Sf(lf)(()ésfdt +o01 - dW(t)),
dQ(t) = Q(t)(aodt + o4 - AW (2)).

Let By(t) = B(0)e"* be the foreign bond price at time ¢ and

S(t) = Q)S;(1) if0 <t < T,
{ U(t) = QOB (£) if 0 <t < T

Now (S(t))o<t<r and (U(t))o<t<r can be viewed as price processes of domestic

- { dS(t) = S()((-)dt + (o1 + 02) - AW (1)),
dU(t) = U(t)((-)dt + o5 - dW (1)),

for appropriate drift coefficients which need not be specified. If P denotes
the domestic risk-neutral measure we have

{ dS(t) = S(t)(rdt + (o1 + o) - AW (2)),
dU(t) = Ut)(rdt + oo - dW (1)),

where under P the process W is a 2-dimensional standard Brownian motion.

Moreover,
S(T
_ )20

Y = By(T) T

~—



Here
S(T) — Sf(()) 6%(‘0’2|27‘O'1+0'2|2)T+0'1-W(T)
u(r)  Bs(0)
and we get
S1(0)

e TE [6%(|az\2—|ol+02\2>T+ol~v‘V<T>

= S;(0)elrs—r=oro)T

4. (Cox-Ingersoll-Ross interest rate model) Suppose R(0) = r and

dR(t) = (a — BR())dt + or/RE)AW (1), t > 0,

where o, (3,0 > 0 and » € R are parameters and W is a standard 1-
dimensional Brownian motion. Prove that

Em@n—emr+%u—eﬁw

5. Consider a market model possessing a unique risk-neutral measure P.

Using standard notation, B(t,T) = ﬁf) [D(T) | F(t)], Forg(t,T) = %,

and Futg(¢t,T) = E[S(T) | F(t)]. (a) Show that the forward-futures spread
equals

C
FOI'S(O7 T) — Futg(O, T) = m,

where C' is the covariance of D(T') and S(T') under the risk-neutral measure

P. (b) Prove that Forg(0,7T") =Futg(0,T) if the discount process (D(t))o<i<r
is nonrandom.



