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Losningsskisser till tentamen i TMA401/MANG670,
2004-01-12

1. We will prove that

has a unique solution.

1. Determine the Green’s function for { u

Set e(x,t) = ai(t)cosx + az(t)sinz, where e(t,t) = 0 and e/ (¢t,t) = 1. This gives
e(xz,t) = sin(z — t). The Green’s function takes the form

g(x,t) =sin(x — t)0(x — t) + b1 () cos z + ba(t) sin .
Here g(0,t) = g(5,t) = 0 for 0 <t < 7 implies that

g(z,t) =sin(x — t)0(x — t) — sinxz cost =

| —coszsiny, x>t
| —sinzcost, x<t

We see that g(x,t) <0 for all z,t € [0, T].
2. Set

(Tu)(@) = [} g(w,t) ifdt, 0<z <73
u € C([0, 3])

The boundary value problem has a unique solution iff 7" has a unique fixed point.
For u,v € C([0, §]) we get

z u(t) (t)
(@) = ()@ < [ b5 8 — T <
< {mean value theorem} <

™

1 [z T
<o [ ot ldhu — vl < Fllu— vl
0

™

This shows that 7" is a contraction on the space C([0, §]) and the conclusion follows
from Banach’s fixed point theorem.

2. Set Tf(z fo r+y)f(y)dy for f € L?([0,1]). T is bounded since

ITfl7- = / / x +y) f(y)dy|*de < {Holder} <

7
< [ [@rvranitie = gz

and hence ||T]| < \/%.

To calculate || T'|| we observet hat T is a compact, self-adjoint operator on the Hilbert space
L2([0,1]) and hence
ITl= s L
A eigenvalue to T

Note that Tf(x fo y)dy x + fo yf(y)dy is a polynomial of degree < 1 and hence X is
an eigenvalue to T with elgenfunctlon ax + b if

Maz +b) = /0 (ay + b)dy —l—/o y(ay + b)dy, = € [0.1].
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ie.,
Xa=1La+b
M= Lo+ 1p
3 2
This system has a non-trivial solution iff
i-x 1 ‘
2 -0
1 1 .
5 27 A

We obtain the eigenvalues Ay 2 = £ + % and so |T|| = 3 + %

. From problem 1 we can restate the problem as to show that the mapping,

|

Tu(z) = A/: g(x,t)ﬂg(ﬂdt, 0<z<

for uw € C([0, §]), has a fixed point in C([0, 7]) for all A € R. For || large enough we cannot
refer to the Banach’s fixed point theorem since T is no longer a contraction. Instead we can
use the Schander’s fixed point theorem.

Fixa A eR.
u

Note that g(,?) is a continuous function for 0 < z,¢ < 7 and f(u) = A53%7 is a bounded
function for u € R (note that X is fixed.)

We will choose a closed convex set S C C([0, §]) such that the mapping 7' : S — S is
continuous and the image set 7'(S) is relatively compact in C([0, F]).

Take S = {u € C([0, 5]) : |lu|| < D}, where D is to be chosen such that T'(S) C S. Since g
is continuous on the compact set {(x,y) : 0 < x,¢t < T} it is bounded on this set and so

sup |g(z,t)f(u)| = E < oo
0<z,t< T
u€R

which yields |(T'u)(z)| < SE forall z € [0, 5] and uw € C([0, 5]). Hence T'(S) C Sif D = JE.

Now it remains to prove that T'(S) is relatively compact in C([0, 7]) and T'S — S is con-

tinuous. The first statement follows from the Arzela-Aschi Theorem, since T'(S) is uni-
formly bounded and equicontinuous (the latter follows from the uniform continuity of g on
{(z,t) : 0 < 2,t < T}), and the second statement follows from the uniform continuity of
f(y) for =D < wu < D and the boundedness of g.

The existence of a fixed point for 7" now follows from Schander’s fixed point theorem.

(Remark: As a matter of fact one trivially observes that « = 0 is a solution to the problem.
However to treat the problem with the RHS in the differential equation replaced by the
original one +1 is harder but the method above yields a solution.)

. See textbook.
. T:X — X, where X is a real normal space, is continuous and satisfies
T(x+y)=T(x)+T(y) for all z,ye€ X. (%)
We shall prove that
T(Az) =XT'(z) for all z€ X and A €R (%)
It follows from (x) that

e T'(0) = 0 since T'(0) =T(0 + 0) = 27°(0).

e T(nz) = nT(zx) for positive integrs n since

Tnz)=T(x+n—-Dz)=T(x)+T(n—1)z)=...=nT(x)
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Combining these observations we see that T'(Ax) = AT(z) for all z € X and A € Q. To
prove (xx) we fix a A € R and an z € X and take a sequence A\, € Q, n =1,2,..., such that
An, — Ain R. This implies that A,z — Az in X. It also implies A, T () — AT(z) in X. Since
T is continuous we conclude that T(\,x) — T'(Az) in X. But, T(A\,z) = A\, T(x) — AT (2)
in X and so

T(A\z) = M\T'(x)

The statement is proved.

. Let ()22, be an ON-basis in H and (y,,)22,; an ON-sequence in H such that Y | ||z, —
yn||? < 1. We shall show that also (y,,)%; is an ON-basis.

Set S =span{y, : n =1,2,...}. Then S is a closed subspace of H. It remains to prove that
S=H.

Assume that S # H. Then S+ # {0} and there is an z € S with ||| > 0. We have
<x7yn> :Oan: 1727"'

since x € S+. Parseval’s formula yields

”xHQ Z' (z,zn)|” = Z (@, xn) — <x7yn>|2 =

Z z, 2, — yn)|> < {Cauchy-Schwartz} <

< Z | llzn = yall? < [l
n=1

This yields a contradiciton and hence S = H.
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Kortfattade 16sningsskisser till tentamen i TMA401/MANG670,
2003-08-30

Problem 1
We will prove that

(@) — (@) = Mgy, @ € (0,1)

u(0) — u/(0) + u(1) = u(0) + v/(0) + 2u/(1) =0
u € C?

has a unique solution for |A| small enough.

1. Determine the Green’s function g(x,t) for

{u”—u:F x € (0,1)
u(0) — u/(0) + u(1) = u(0) + v/(0) + 2u/(1) =0
Set oo (standard calculation) .............
2. Set .
(Tu)(z) = /0 g, 1) - Alfg(t) dt, 0<z<1

u € C[0, 1]

The boundary value problem has a unique solution iff 7" has a unique fixed point. For

u,v € C0, 1] we obtain

[(Tu)(z) — (Tv)(z)] < ...... (standard calculations)..... < C(A)||u — v|| co-

This shows that T is a contraction on the Banach space C10, 1] provided C())
conclusion follows from Banach’s fixed point theorem.

Problem 2

The solution is a straight forward application of the Gram-Schmidt process and we
the textbook for more information.

Problem 3

We have to show that the ON-sequence (u,,)%2; in L?([0,1]) is complete if

T
0

Z |/ U, (t)dt|? = x for all z € [0, 1]
n=1

Formula (1) can be reformulated as

o0
S 10,015 )P = [x(0.01 [ for all € [0,1],
n=1

where
Xl(t):{ (1) i;§ ;
since ) —
(X[0,2]> Un) :/0 X[0,2] (£)un(t)dt = /Ouun(t)dt
and

1 x
Hx[o,w]HZ:/O \X[O,m](t)ﬁdt:/o dt = z.

To show that (u,)S2; is complete it is enough to show that

oo

S U un) P = | fII? for all f e L2([0, 1]).

n=1

< 1 and the

only refer to
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Here it suffices to show that (2) is true for a dense set A in L?([0,1]), since if fx — f in L? and
(2) is true for fr,k =1,2,..., then we have

o0

0< A2 =D 1 frun)l? =

n=1

= [1(f = fu) + Full® = DN = ) + o un)® <

n=1

< = Fell® + 2010l 11 = foll + 11 fell?—
= U = Frown) + (Fro un))((F = Fios ) + (i un)) =

n=1

= |1 — Sl + 201 L6l - 1 — Full® + 37 [y ) >~

n=1

- Z(Kf - fk?un>|2 + 2Re<f - fk?uﬂ><fk7un>+

n=1

+ |(fryun)[?) <
<N = Full® + 20l - 1F = fill + 1LF = full*+

D ST RN

<= P + 205l 1= ol

FOC I = Frotn) P23 W) ) <

< NF = AP+ 2l U — £l 17 = A5l — 0

as k — o0o. Here we have used that supy ||fx|| < oo, which follows from f; — f in L?, and
repeatedly applied Bessel’s inequality.
Now we take A to be the set of all finite linear combinations of x;, where the I:s are subintervals
of [0,1]. Then A is dense in L?([0,1]). Set g = ZkN:l ar X1, where the intervals Ij are pairwise
disjoint subintervals of [0,1] and ay, € C.
We know that (2) is valid for f = x[o,]. It remains to show that:

® f = X[y, satisfies (2)

e f,g satisfies (2) and have disjoint support implies that any linear combination of f, g satisfies

(2).

Fix 0 < y < x < 1. We note that

IXt0.01 17 = > 1{X[0,a], tin) |
n=1

0.4 11* = D [(X[0.475 ) |- (3)
n=1

This yields
”X[y,as]”2 =T =y
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and

[M]8

[{Xty,01> un) * =

3
Il

X[0,2] — Oy]aun>‘2:

MS |P”18 B

|<X[O,x]aun> - <X[O,y]aun>|2 =

3
I
—

|< Ow]aun| +Z| 7y]7un -

|F”48

—2Re Z<X[0,x]7 un> <X[O,y]a un> =

n=1

=r+y— 2Re<X[0,z]7 Z<X[O,y]7un>un> = (') =

n=1

=2+ y— 2Re(X[0,2> X[o.5]) =2 + ¥ — 2| X,y I° =2 — v.
Note that at (!) we have used the fact

oo

X[0,y] = Z(X[o,y],umun
n=1

which follows from (3).
We have thus found that xi, 4 satisfies (2). To prove the second statement we have to do similar
calculations (do it yourself!!!) and the full statement that g € A implies g satisfies (2) follows by
induction over N (see the expression for g above).
Problem 4 & 5 & 6
See the textbook
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Forslag till 16sningar till tentamen i TMA401/MANG670,
2003-05-31

Problem 1

We will prove that
u”(z) + ' (x) = arctanu(2?), = € (0,1)
u(0) =u(l) =0
ueC?

has a unique solution.

1. Determine the Green’s function for { Z(

Set e(x,t) = ai(t) + az(t)e”™ where . This gives e(x,t) = 1 —e!=%. The

Green’s function takes the form
g, t) = 0(x — ) (1 — e'™%) + by (t) + ba(t)e ™.

Here ¢g(0,t) = g(1,t) =0, 0 < ¢t < 1 implies

Hence g(x,t) = 0(x — t)(1 — et7%) + et_’l(l — e ®). We see (a simple calculation) that
g(z,t) <0 for all z,t.

2. Set
1

(Tu)(x) = / g(x,t)arctan u(t?)dt, 0 <z <1
0
u € C[0,1]
The boundary value problem has a unique solution iff 7' has a unique fixed point. For
u,v € C0, 1] we obtain
1
|(Tu)(z) — (Tw)(x)| = / lg(z,t)|| arctan u(t?) — arctan v(t?)| dt <
0

< {mean value theorem} <

1
< / g, D)[u(t?) — v(t?)| dt <
< / (—g(z, ) dt]ju — v]]oo.

Vi note that (small calculation)

1
e

— = - l—e ) =c<1
/0( g(z,t)dt 01;13%(1( x+e—1( e =c<

and hence
[T = Tv]loo < cflu = vl|oo-

This shows that T is a contraction on the Banach space C[0,1] and the conclusion follows
from Banach’s fixed point theorem.

Problem 2
Let T, H, (e,)22, and (f,)52; be as in the formulation of the problem. We note that since
()22, is an ON-basis for H we have

fn:ZZO:1<fn;ek>ek7 n=12...
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and since T is continuous we get
Tl =X (fn,ex)Ter, n=12,...
This yields
Ef:1||Tfn||2 = Yol X0 B2 (fy ex)(Ter, Ter){ fn, er)-

and since the series is absolutely convergent we can change the order of summation. Observing
that

Sz i(fnser)(fnrer) = (Eniiler fo) fuser) = (e, ex)

we have
So 1T full® = 232 [ Ter .

Moreover = X521 (x, e, )e,, implies Tz = X2, (x, e, )Te, and

[Tz|| = [E5%1 (2, en) Tenl| < 5521 [(z, en)[[[Ten|| <

n=1

< (ShLil{w, en) )2 (B2 [ Tenl®)? = [l2ll(Z52, | Tenll®) 2

n=1

by Parseval’s formula. Hence we get
ITI* < B3y [ Tenll*.
Problem 3 Let ”
Mf(x) = —/ f)ydt, >0
0

X

for f € L?(Ry). We observe that M f(x) € R for z > 0. Moreover for every continuous function f
with compact support in {x € R: 2 > 0} we note that

/oootl?</()t|f(3)|d8)2dt< .

and that

) © 1 t ) B 1 t 910 | t
i< [ ielasPa = =5 [ 1reias v [ 3 [ el <

<os2(f ([ 1r@lani(]Irramt,
i.e. we get
DRI

Now we recall that the set of continuous functions with compact support in {x € R : > 0} is
dense in L?(R,) and from the inequality above we get that M f € L? for every f € L? and that
[|M]|| < 2, and in particular that M is bounded. A straight-forward calculation show that

M*f(x):/oo%f(t)dt, z>0

and that
11 = M)FII* = I fIIP
for all f € L?. From this it follows that

TESVIEY

Problem 4 & 5

See the textbook

Problem 6 We want to show that there exists a C' > 0 such that for every y € R(I + T') there
exists a x € X with (I +T)xz = y satisfying

Izl < Cllyll-
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First we fix a y € R(I +T') and set
d(y) = inf{|[z]| : (I + T)z = y}.

Claim: There exists an & € X with (I+7T)Z = y such that ||Z|| = d(y). To see this take a sequence
(20)22, with (I + T)x,, = y such that ||z,| — d(y). Since this sequence is bounded there is
a converging subsequence of (T'z,)5 , let this still be denoted by (Tx, )32, converging to say
z € X. Here we used the fact that T is compact. But then z,, — y — z in X and hence £ =y — 2
has the desired property.

Now assume that there is no C' > 0 with the property above. Then there are sequences (x,)5°
and (y,)22, satisfying (I + 1)z, = y, such that

A
[
Since T is linear we can without loss of generality assume that ||Z,] = 1 for all n. Since T is

compact there exists a converging subsequence of (T'%,,)22 ;, call it still (T'Z,,)S2 ;, converging to
say v in X. We also have
T, — —v in X.

But since ||y,|| — 0in X (||Z,]| = 1 for all n) and since T is continuous (7" is compact linear) we
obtain v = —Tw. By the definition of &, this yields a contradiction since (I + T)(Z,, — v) = yn
and

[Zn — ol = 2]l =1

is valid for every n. The conclusion in problem 6 follows.



Functional Analysis sid. 11 av 20

Forslag till 16sningar till tentamen i TMA401/MANG670,
2002-08-21

Uppgift 1
Givet

1
Af@) = [ @-pf)dy, 0<a<1,
0
dvs. A #r en integraloperator pa Hilbertrummet L?([0,1]) med kirnan k(z,y) =

x
adjungerade operatorn A* dr da ocksa en integraloperator men med kiirnan k*(z,y) =y —xz =
y —x. Vi far for f € L%([0,1)) att

1 1 1
A*Af(x) = / (v — 2)Af(y)dy = / (v — o) / (v — 2)f(2) dz) dy =

1 1 1 1 1
- [ ([ o=-ow-aasea= [ G-atrerea

dér vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A &r en sjidlvadjungerad kompakt operator och ||Al =
V| A*A||. Vidare giller for en sjidlvadjungerad kompakt operator att dess norm &r lika med det
storsta reella tal som &r absolutbeloppet av ett egenviarde till operatorn ifraga. Vi noterar att
A*Af(z) = a(f)x +b(f) diir a(f),b(f) &r reella tal som beror pa f € L?([0,1]). Foljdaktligen har
egenfunktioner till A*A formen e(z) = ax + b varfor vi ansétter

A*Ae(z) = de(x), e(x) =ax+b.

En liten kalkyl ger
a b

Bit = Maz +b), allaz €[0,1],
dvs det enda egenviirdet A # 0 &r 15. Vi har alltsa [|A]| = /5.
Uppgift 2
Vi ska visa att

—u(x) =2+ Hu;Q(:v)’ x € (0,1)

u(0) =u(l) =0

u € C?

har en entydigt bestdmd 16sning.

u'=F z € (0,1)

1. Greenfunktioen till { w(0) = u(t) = 0

e(t,t)=0
t

Antag e(x,t) = a1(t) + a2(t)e~* uppfyller { . Detta ger e(z,t) = x —t. Green-

funktionen ges av
glx,t) =0(x —t)(x —t) + b1 (t) + ba(t) — x.

Villkoren ¢(0,t) = g(1,t), 0 <t < 1 ger

bl(t):()
bo(t)=t—1,0<t < 1.

Alltsa g(x,t) = 0(x — t)(x — t) + (t — 1)z. Vi noterar att g(x,t) <0 alla z,¢.
2. Satt
! 1
T = — 2 .
T = = [ genC+
u € C[0,1]

Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.

ydt, 0<z<1
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For u,v € C[0,1] géller

(@) = (0@ = [ ot Ol s~ T <

/ o )+v( ) (u(t) —v(t))
u? () (1 +v%(t))

)00 B
/'9“ 1+u2<>><1+v2<t>>'dt”“ =

Vi noterar att |(1+a2)(1+b2)\ <12 Trer| + 3 L 1+b2| < 1 for alla reella tal a,b samt att

|dt <

1
T
< “(1—2x)==
/0 gz, )] dt < max 2 (1-2)

vilket ger

1
[T = Tolloo < 2lu = vflco-
8

Detta visar att T' #r en kontraktion pa Banachrummet C[0,1] och pastaendet foljer fran
Banach fixpunktssats.

Uppgift 3
Hilbert-Schmidts sats ger
0 < (Tz,z) = T\l (2, e)?

diar A\; > 0,¢€;,7=1,2,..., betecknar egenviardena respektive motsvarande normerade egenvektorer
till operatorn T'. Lat n vara ett fixerat positivt heltal > 1 (om n = 1 dr pastaendet trivialt sant).
Holders olikhet med exponenterna n och n*, dér 1 = % + nl—*, tillsammans med Hilbert-Schmidts
sats ger

0 < (T, x) < (SAP |, )| 7MY - (Sl (, e5)| 3V = (T, )V - [|] 2=/,

Uppgift 4 & 5
Se kursboken.



Functional Analysis sid. 13 av 20

Forslag till 16sningar till tentamen i TMA401/MANG670,
2002-06-01

Uppgift 1
Givet

1
Af@) = [ @-pf)dy, 0<a<1,
0
dvs. A #r en integraloperator pa Hilbertrummet L?([0,1]) med kirnan k(z,y) =

x
adjungerade operatorn A* dr da ocksa en integraloperator men med kiirnan k*(z,y) =y —xz =
y —x. Vi far for f € L%([0,1)) att

1 1 1
A*Af(x) = / (v — 2)Af(y)dy = / (v — o) / (v — 2)f(2) dz) dy =

1 1 1 1 1
- [ ([ o=-ow-aasea= [ G-atrerea

dér vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A &r en sjidlvadjungerad kompakt operator och ||Al =
V| A*A||. Vidare giller for en sjidlvadjungerad kompakt operator att dess norm &r lika med det
storsta reella tal som &r absolutbeloppet av ett egenviarde till operatorn ifraga. Vi noterar att
A*Af(z) = a(f)x +b(f) diir a(f),b(f) &r reella tal som beror pa f € L?([0,1]). Foljdaktligen har
egenfunktioner till A*A formen e(z) = ax + b varfor vi ansétter

A*Ae(z) = de(x), e(x) =ax+b.

En liten kalkyl ger
a b

Bit = Maz +b), allaz €[0,1],
dvs det enda egenviirdet A # 0 &r 15. Vi har alltsa [|A]| = /5.
Uppgift 2
Vi ska visa att

—u(x) =2+ Hu;Q(:v)’ x € (0,1)

u(0) =u(l) =0

u € C?

har en entydigt bestdmd 16sning.

u'=F z € (0,1)

1. Greenfunktioen till { w(0) = u(t) = 0

e(t,t)=0
t

Antag e(x,t) = a1(t) + a2(t)e~* uppfyller { . Detta ger e(z,t) = x —t. Green-

funktionen ges av
glx,t) =0(x —t)(x —t) + b1 (t) + ba(t) — x.

Villkoren ¢(0,t) = g(1,t), 0 <t < 1 ger

bl(t):()
bo(t)=t—1,0<t < 1.

Alltsa g(x,t) = 0(x — t)(x — t) + (t — 1)z. Vi noterar att g(x,t) <0 alla z,¢.
2. Satt
! 1
T = — 2 .
T = = [ genC+
u € C[0,1]

Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.

ydt, 0<z<1
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For u,v € C[0,1] géller

! 1 1
(@) = (0@ = [ ot Ol s~ T <
10 00 1)
/' 201+ |
iy
/'9“ T @)+ o2y vl

Vi noterar att |(1+a2)(1+b2)\ <12 Trer| + 3 L 1+b2| < 1 for alla reella tal a,b samt att

1
T
< “(1—2x)==
/0 gz, )] dt < max 2 (1-2)

vilket ger
1
1T = Toloe < Sllu =l

Detta visar att T' #r en kontraktion pa Banachrummet C[0,1] och pastaendet foljer fran
Banach fixpunktssats.

Uppgift 3
Lat T vara en avbildning pa ett normerat rum X som uppfyller foljande villkor: Det finns ett
reellt tal C och ett reellt tal a > 1 sadana att

IT(x) =Tl < Cllz —y[*, allaz,y € X.

Vi ska visa att T'(z) = T'(o) for alla z € X.
Fixera ett godtyckligt z € X. Sétt 6 = ||T(x) — T'(0)||. Fixera ett positivt heltal n och sétt
T = %x e X for k=0,1,2,...,n. Da giller

0= |T(xn) = T(xn-1) + T(xp_1)— ... — T(x0)|| <
< SRZIT (@rg1) = Tlaw) || < CSFgllwngr — ol =

=C|lz||* - n*t -0, n— oo.

Detta medfor att § = 0 och pastendet i uppgiften ar visat.
Anm: Om T : R — R uppfyller

T(x) =T(y)| < Clz —y|%, allaz,yeR

sa giller att
im |w —0/=0, allaz e R

0#£h—0 h
dvs. T &r en deriverbar funktion med derivatan = 0 for varje € R och alltsa &dr T en konstant
funktion.
Uppgift 4 & 5
Se kursboken.
Uppgift 6
Lat T vara en sjidlvadjungerad operator pa ett Hilbertrum H for vilken T™ &dr kompakt for nagot
heltal n > 2. Vi ska visa att T dr kompakt.
Vi noterar att T sjilvadjungerad innebér (per definition) att 7' #r en begrinsad operator. T ir
kompakt om vi kan visa att 7% kompakt implicerar att 75~ #r kompakt for godtyckligt heltal
k>2.
Antag nu att T* #r kompakt for fixt & > 2. Lat (z,,)32, vara en begrinsad foljd i H, dvs det finns
ett reellt tal M sddant att |2, || < M for alla n. D& T* ir kompakt finns det en delfsljd (x,, ) av
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(z,) for vilken (T*x,, ) konvergerar i H. DA konvergerar ocksd (T*~1z, )i H eftersom

HTk_lxpn - Tk_lxpm ?= <Tk_1(xpn - xp'rn)’ Tk_l(xpn - l‘p1n)> =

= <Tk_2(33pn - ',I:p'm.)’Tk(xpn - :Bp'rn)> <
< HTk_2(xpn = zp, )l ||Tkxpn - Tkxpm” <
<NT*22Y| - Ny, — 2p, || - 1T 2y, — T py,, || <

<2T|*2M - | Ty, — Ty, )|

<o —0, n,m—o0

och varje Cauchyfoljd i ett Hilbertrum konvergerar. Detta medfor att T%~! #r kompakt och
pastaendet i uppgiften &r visat.
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Forslag till 16sningar till tentamen i TM A400, 2001-05-30

1. A &r integraloperator med kéirnan a(z,y) = e**¥ cos(x + y), dir a € C([0,7] x [0,7]) och
a(z,y) = aly, z).

a) Banachrummet C[0, 7] : For u € C[0, 7] giller

[Au(z)] < / "] cos(z + y)|dyllullo = I(2)][ufle, = € [0, 7],
0

dar I € C[0,7]. Alltsa [|A|| < max,ejo, I(z) = I(zo) for nagot z¢ € [0,7]. Vidare
géller I(xzg) = lim Au,(x) dir

n—oo

+1 da min(|z 4+ zo — |, |z + 20 — 2F|) > L & cos(z + z9) > 0
un(z) =4 —1da min(|z + 29 — Z|,|z + 20 — 2F|) > 2 & cos(z + z0) <0
till beloppet < 1 och kontinuerlig for 6vrigt

Hér approximerar u,-funktionerna funktion sign(cos(zo+)). (Liten) kalkyl ger I(zo) =
1(3) = 3(e¥ +c#).
Banachrummet L2[0,7] : D& L? #r Hilbertrum och A #r sjilvadjungerad géller

A]| = sup{|A| : A genvirde till A}.

Da Au(z) = [ ¥+ e¥(cosx cosy — sinz siny)u(y)dy = ae” cos x4 be” sinx fas egenvér-
dena X som l1sningar till A(ae® cos z+be® sinx) = A(ae” cos x+be” sin z) for |a|+]b| > 0,

dvs 3 A 1
(5o =g)a50=0

5
ilket ger A = £(e*" —1)—.
vilket ger (e )32

1a—<§+ A Jo=0

8 8  e2m _1
5 2m
Detta ger [[]| = (¢ ~ 1).
Svar:
1, s« x
||AHC[O77I']—>C[O,T(] = 5(@ 2 + 62)
o 27

1Al 20,7 2007 = 5277 = 1)

Dessutom ér A kompakt operator betraktad som operator C[0, 7] — C|0, 7] och L?[0, 7] —
L2[0, 7]. Detta foljer av

|Au(a) — Au(za)? < / a(z1,) — al@s, 5) Pdyllul 2o

Arzela-Ascoli sats och inbaddningen [ul| z2(0,x] < v/7[|ullc[o,x-

2. Beriikna greenfunktionen g(z,y) till differentialoperatorn Lu = u” — u med randvillkoren
Riu =u(0) = 0, Rou—u(0) = 0.uy(z) = €®, ua(x) = e~ &r en bas fér N'(L) och anséttningen
O(z,t) = ar1(t)ur(z) + az(t)uz(x), dir e(t,t) = 0,e,(t,t) = 1, ger fundamentallésningen
e(x,t) = sinh(z — t). Vi noterar att g(z,t) = e(x,t)0(z — t)
satisfierar randvillkoren for ¢ € (0,1). Alltsa ges losningen till Lu = f, Ru = (Rju, Rou) =0

av

u(zx) = /0 sinh(z — t)0(x — t) f(t)dt = /0 sinh(xz — t) f(t)dt.

Definiera nu

T:C[0,1] — C0,1]
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& 5.

enligh Tu(z) = — [; sinh(z — £)3(1 + (u(t?)))dt, som &r en kontinuerlig funktion da inte-
granden € C([0,1] x [0,1]). T &r en kontraktion da

Tu(z) — Tu(z)| = |3 /m sinh(z — ) ((u(t?)) — (v(t*)))dt] <
/ sinh(z — t)dt||u — v]| 0o = %(coshx —Du — v <

1

=3

< leo 1)? (e —1)°
2e

<1

5 |l — v||oo eftersom

Banachs fixpunktssats ger existens av entydigt bestdmd fixpunkt, vilken ocksa &r den enty-
digt bestdmd losningen till differentialekvationsproblemet.

Antag att det finns S, T € B(F) sadana att ST — T'S = I. Detta medfor att
TST—T?S =T = ST?-TST vilket ger 2T = ST? —T?S. P.s.s. foljer nT" ! = ST —-T"S
for alla positiva heltal n. Vidare fas da |AB| < ||Al|||B]| for alla A, B € B(E) att

[T < ST+ 1T HHTIST n= 2,3,

DA ||S||, |T|| < oo féljer att |[T™~1|| = 0 for n tillrickligt stort, dvs Tt = 0 € B(E) for
nagot positivt heltal.

Men nT™" ! = ST™ — T"§ tillampad pd n = ng,ng — 1,...,2 ger T = 0. Detta motsiger
att ST —T'S = I. Alltsa saknas S, T € B(e) med egenskapen ovan.

Kursboken...
Antag T' € B(H) normal och € H. Da géller
ITo|? = (T, Tw) = (T, 2) = (TT"5,3) = (T*2, T"z) = | T

och ||Tz|| = |T*z|| f6ljer. a) visad.

Av a) foljer att N'(T') = N(T*) for alla normala operator T' € B(H). Fixera att A € C. Da
dr Al — T normal om T &r normal ty (A —T)* = A\ —T* och

N =T)YXN —=T*) = NI = AXT* = \T +TT* = {TT* =T*T} = (M — T*)(\ - T).

Alltsa géiller N'(AI —T') = N(AI — T*) dvs b) visad. Alternativt kan man bara “rikna pa”
fran [Tz — Mz|%.
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Forslag till 16sningar till tentamen i TM A400, 2000-05-30

Uppgift 1

Givet Af(z) = fo% cos(z —y)f(y)dy, 0 <z < 2.

A &r en begrinsad linjér operator pa C[0, 27]: Linjériteten trivial (men bér visas). Begriansningen
av A foljer av

2T 2
Af ()| = | / cos( — )/ (y) dy < / | cos(z — )] ()] dy <
0 0 S—_———
<1 < flloo
< 2] foe.

dér || flloo = sup,epo,20 [f ()] Alltsd foljer
[Aflloo < 27| flloo)

vilket medfor [|A|| < 2.
A #r en begriinsad linjdr operator pa L2[0,27]: Linjiriteten trivial som ovan. Begrinsningen av
A foljer av

2m ) o o ,
| as@pas< [ josta = pllswldn? ao <
< {Hoélders olikhet} <

27 27 27
S/O (/0 ICOS(x—y)I2dy)(/O [f(y)? dy) dz < 47| f |22,

dir [|fll2 = (" |f(y)]* dy)'/2. Alltsa foljer

[Afllz2 < 27| £l 22,

vilket medfor ||Al| < 2.
| Allco,27]—cl0,27) = 4: Vi noterar att

21 27
1Al cto.sm—cio0m] < / |cos(z — 4)| dy = / |cos(y)|dy = 4.
0 0

Forn = 1,2,..., lat f,, vara kontinuerliga funktioner pa [0,27] som uppfyller ||fnllcc = 1 och
dessutom = 1 pa . intervallen 0,2 —LJUERE + L, 27] och = —1 pé intervallet [Z + L, 3% — 1] (har
kan f, t.ex. viljas som styckvis linjdra funktioner). Da géller

Afa(0) <4
samt

271' 2 4
Af,(0) z/ lcos(y)dy —2- 2 =4 2,
0 n n

vilket visar pastaendet ovan.

(| Al ng) 2n]—L2[0,2r] = 7 Vinoterar att A ir en kompakt sjélvadjungerad operator pa Hilbertrum-
met L2 Varfor HA||L2 0,27~ L2[0,27] = sup{|A| : A egenvirde till A}. Eftersom Af(x) = acosz +
bsinz, dér a,b € R beror pa f, ges varje egenfunktion pa denna form. Liten kalkyl ger att A &r
ett egenvirde till A om ekvationssystemet

A(acos(-) + bsin(+))(z) = Aacos(z) + bsin(x))

i a, b har en icke-trivial 16sning, dvs om A = 7.

Uppgift 2

Vihar f € C[0,1], A € R, dér |A| < e(e — 1), och ska visa att
u(x) +u'(z) + Au(z)| = f(z), z € (0,1)
u(0) =u(l) =0
u € C?

har en entydigt bestdmd 16sning.
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u+u =F z e (0,1)
u(0) =u(t) =0 '

Antag e(x,t) = a1(t) + az2(t)e™™ uppfyller {
Greenfunktionen ges av

g(z,t) = 0(x — t)(1 — ") + by (t) + ba(t)e”
Villkoren g(0,t) = g(1,t), 0 <t < 1 ger

bi(t) + ba(t) =
L—et™ +b1(t) +ba(t)e P =0,0< t < 1.

1. Greenfunktioen till {

)t: O Detta ger e(x,t) = 1 —el™ ",

Alltsa g(z,t) = 0(z — t)(1 — e %) + e;:f + i%e;e_w. Vi noterar att g(x,t) <0 alla z, ¢.

2. Satt
1

(Tu)(w) = [ gl 0(F0) - Mut)de, 0 < < 1

u € C[0,1] ’
Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.
For u,v € C[0,1] géller

1
|(Tu) () — (Tv)(z)| = | / g HO(t)] — Au(®)])dt] <
1 1
<\ / g DlIlut)] — [o(6)]|dt < | / 9z, Dldtllu — vl
Sitt j(x fo t)|dt. Har &r j(z fo 1)dt, 16sningen till j” + j' = —1 med

g(z,
randvﬂlkoren j(0) = j(1) = 0. Alltsa jlx) = e r— -5e 7 med jmax = j(In %) =
<

e—1
1 1
e—1 + ln(l B E) T e(e—1)

1 1
e—1 e

Hérav foljer |Tu — Tv|leo < e(le)jl) |lu = v||oo, och Banach fixpunktssats medfér att T har

unik fixpunkt om || < e(e —1).
Uppgift 3

Givet avbildningen

1 1
T(x1,22,...,Tn,...) = (x1, = (21 +x2),...,ﬁ(:c1+...xn),...).

2
Visa att

1. T : /2 — ¢% #r en begriinsad linjir operator
2. T ej &r surjektiv

Linjériteten hos T' &r trivial.
T begrinsad operator: Tag x = (z1,22,...,Ty,,...) € £? och betrakta || T%||%. VLOG kan vi anta
att z,, > 0 for alla n.

1 1
||Tx||%2:x%—i——Q(ajl+x2)2+...+ﬁ(m1+...xn)2+...:

2
1 1
_ 2
—Zzilxk(ﬁ-‘rm—‘r...)“r
+ 390,22 2x 5C(i+ 1 +...)
k=14j=k+14VkLy j2 (j+1)2 . .

Vidare giiller
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vilket ger

1
I1Tl[72 < 2(j][7> + 25732, 252 TR T S

Tdj
< 2l + 493, T
Dessutom har vi
TkTj 0§00 k 1
Ek 123 1k: ] = k:lzj:l{(m)lﬂ(;)lﬂlxk}{(k+ )1/2(k)1/4x }<

< {Hsélders ohkhet} <

o e 1K 1
( 27 ( )1/2 2)1/2( ol 12 (k)1/2$2)1/2

k=1 LYY Ty, 1%t F
Har &r - -
o) 1/2 o] o) 1/2
k12g 1k‘—|—j( )/ xy = X} 1$k2g 1k‘—|—j(j)/
dar
1k 1 k T
203__1/2</ —_1/2d _ R G

>~ 1 1
o 14y \/—
med C oberoende av k. Foljdaktligen géller
T

12j 1]€+

< Clx[1Z
vilket medfor att |||z < 2+ 4C||%]|¢2.
T ej surjektiv: Vi noterar att T : £2 — ¢2 #r injektiv, dvs Tx; = Ty = %, = %y, och begrinsad.
Om T ir surjektiv sa ger den inversa avbildningssatsen att 7! #r en begrinsad linjir avbildning.
Satt

yn = (0,0,...,0, 1 ,0,...).

~—
plats n

Da giller ||y,|l;z =1 och

T 1yn_(0a07 a07 ,n, ) )a

plats n
dvs ||Tynllez > n, for alla n. Detta medfor | T~ = oo, vilket ger en motsigelse. Alltsa T #r ej
surjektiv. (Alternativt kan man notera att foljden
1 1 1
=(1,0,—,0,5,0,—=,0,...) € £*
y ( ) ) 37 75’ ) 77 ) )
medan den enda sekvens z sadan att Tx =y ges av
=(1,-1,1,-1,1,—1,...) € ¢*)

Uppgift 4 & 5

Se kursboken.

Uppgift 6

Lat T vara en begriinsad linjir operator pa ett Hilbertrum H med ||T|| = 1. Antag att Tag = xg
for ett zo € H. Ska visa att T*xg = zo.

Betrakta

| T* 20 — 20||? = (T*xo — x0, T*x0 — 20) =
= |IT*xo|* = (T* o, m0) — (w0, T*x0) + |[x0|* =
= |T"@o|* — {0, Two) — (T'wo, o) + ||lo|* =
= | T*ol* — [lzol* < (IT*]1* = Dlzo|* =
= (IT|1” = Dl = 0.
Alltsa géller T*x¢ = xg.



