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Home Assignment 1

Problem 1: Let X be a vector space and let ||z|| and ||z||«, * € X, be two norms on X. Is
max(||z|, [|z||«) a norm on X? Is min(||z|, ||z]/«) a norm on X?

Problem 2: Consider the vector space I' and set ||z|[. = 2|35%, 25| + X052, (1 + )|z, for x =
(1,%2,...,%p,...) € I*. Show that ||2||. defines a norm on /' and that the vector space I*
is a Banach space with this norm. Is this norm equivalent to the standard norm ||x||;:?

Problem 3: Let T be defined by T'(x) = (22,23, ...,Zn41,...) forallz = (z1,29,...,2p,...) € I%.
Show that T' € B(I%,1?) and calculate ||T|.

Problem 4: Let X be a Banach space and let T, S be two mappings from X into X (not neces-
sarily linear). Assume that T'S = ST and that T has a unique fixed point. Show that S has
a fixed point. What can be said if 7" has more than one fixed point?

Problem 5: Let F' be a compact set in a normed space X and let T : F' — F have the property
IT(x) =Tl <llz—yll, allz#y¢€F.

Show that 7" has a unique fixed point.

Problem 6: Let X be a Banach space and 7" a mapping on X satisfying
1T(z) = T(y)ll = K|z —yl| allz,y € X,

where K > 1. Assume that T'(X) = X. Show that T has a unique fixed point.

The solutions should be handed in at the latest on Friday April 29.



