
L�osningsf�orslag till TMA401/MAN670 2005-05-251. Consider the BVP( Lu � u00(x) + u(x) = �� os(1 + u(x)); x 2 [0; 1℄u(0) = u0(0) = 0; u 2 C2([0; 1℄) (�)Calulation of the Green's funtion:g(x; t) = (a1(t) osx + a2(t) sinx)�(x� t) + b1(t) os x+ b2(t) sinxwhere ( a1(t) os t+ a2(t) sin t = 0�a1(t) sin t+ a2(t) os t = 1 i.e. ( a1(t) = � sin ta2(t) = os tand ( b1(t) = 0b2(t) = 0Hene we have g(x; t) = sin(x� t)�(x� t).Now set T : C([0; 1℄) �! C([0; 1℄);where Tu(x) = R 10 g(x; t)(�� os(1 + u(t))) dt. From Banah's �xed pointtheorem we onlude that (�) has a unique solution if T is a ontration.For u; v 2 C([0; 1℄) we havejTu(x)� Tv(x)j = j�j j Z 10 g(x; t)(os(1 + u(t))� os(1 + v(t))) dtj �� j�j Z 10 jg(x; t)jdt ku� vk1 = j�j Z x0 sin(x� t) dt ku� vk1 �� j�j (1� os 1) ku� vk1:Hene T is a ontration for j�j < 11�os 1 and the desired onlusion follows.2. (en)1n=1 is an ON-basis in a Hilbert spae H and T is de�ned byT (�1n=1anen) = �1n=1 1n+ 1an+1enfor (an)1n=1 2 l2. Clearly T 2 B(H;H) with kTk = 12 . An easy alulationgives T �(�1n=1bnen) = �n=2 1nbn�1en:1



T is a ompat operator sine kT � TMk ! 0 as M ! 1 where TM ,M = 1; 2; : : :, are �nite dimensional operators de�ned byTM(�1n=1anen) = �Mn=1 1n+ 1an+1en:More preisely we have kT � TMk < 1M ; M = 1; 2; : : :.Moreover � is an eigenvalue for T i� there exists an (eigen)vetor0 6= �1n=1anen suh that T (�1n=1anen) = ��1n=1anen, i.e.�an = 1n + 1an+1; n = 1; 2; : : :This implies that only � = 0 is an eigenvalue for T (with eigenvetor e1).Finally � is an eigenvalue for T � i� there exists an (eigen)vetor 0 6=�1n=1bnen suh that T �(�1n=1bnen) = ��1n=1bnen. This means thatb1 = 0; �bn = 1nbn�1; n = 2; 3; : : :Hene T � has no eigenvalues. This gives �p(T ) = f0g and �p(T �) = ;.3. Riesz representation theorem implies that there are uniquely de�ned yk 2H, k = 1; 2; : : : ; n, suh thatfk(x) = hx; yki all x 2 H;where H is a Hilbert spae. Moreover the fat that f1; f2; : : : ; fn are linearlyindependent in B(H; C ) implies that y1; y2; : : : ; yn are linearly independent1in H (easy to show). Now for eah l 2 f1; 2; : : : ; ng onsider the set Yl =fyk : k 6= lg?. We see that fljYl 6= 0 sine otherwise fl(x) = 0 for all x 2 Yl.This would imply that fyk : k 6= lg? � fylg?and hene Spanfylg � Spanfyk : k 6= lg;whih ontradits the linearly independene of y1; y2; : : : ; yn Finally, for eahl 2 f1; 2; : : : ; ng pik an xl 2 Yl suh that fl(xl) = 1. These xl:s will satisfythe properties stated in the problem.4. See textbook5. See textbook1y1; y2; : : : ; yn does not need to be pairwise orthogonal.2



6. Let H be a Hilbert spae and let T : H ! H be a linear mapping with thefollowing property: xn ! x in H ) Txn * Tx in H:We should prove that T is bounded2.Assume that T is not bounded. Then there exists a sequene (xn)1n=1 suhthat xn ! 0 in H but Txn 6! T0 = 0 in H: Without loss of generality(easy to show) we may assume that(a) kTxnk = 1 for n = 1; 2; : : :,(b) kxnk � 2�n for n = 1; 2; : : :,() Txn * 0 in H.Set yn = Txn for n = 1; 2; : : : and hoose an inreasing sequene (nl)1l=1 ofintegers as follows: Set n1 = 1. For l = 2; 3; : : : let nl have the property�l�1k=1jhynk; ymij � 14 allm � nl:The existene of (nl)1l=1 follows from the fat that yn * 0. This impliesthat k�Ml=1ynlk2 = �Ml=1hynl; ynli+ �Mk;l=1;k 6=lhynk ; ynli �� M � 2�1�k<l�M jhynk; ynlij = �Ml=1(1� 2�l�1k=1jhynk; ynlij) � M2 :Now ynk = Txnk and kxnkk � 2�k. Hene �Mk=1xnk ! ~x for some ~x 2 H butT (�Mk=1xnk) = �Mk=1Txnk 6* T ~x sine3 k�Mk=1Txnkk2 � M2 !1 asM !1.Contradition! Hene T is bounded.

2This an be done using the losed graph theorem, see the leture notes on spetral theory,but I have not disussed that theorem in lass.3Every weakly onvergent sequene is bounded3


