
L�osningsf�orslag till TMA401/MAN670 2004-08-281. Consider the BVP( u00(x) = 15(1� 11+u4(x)); x 2 [0; 1℄u(0) = u(1) = 0; u 22 ([a; 1℄) (�)Step 1: Calulate the Green's funtion g(x; t) for Lu = u00, u(0) = u(1) = 0.Here g(x; t) = (a1(t) � 1 + a2(t)x)�(x� t) + b1(t) � 1 + b2(t)xwhere ( a1(t) + a2(t)t = 0a2(t) = 1 i.e. a1(t) = �ta2(t) = 1and ( g(0; t) = 0; 0 < t < 1g(1; t) = 0; 0 < t < 1 i.e. b1(t) = 0b2(t) = t� 1whih yields g(x; t) = ( (t� 1)x 0 � x < t � 1(x� 1)t 0 � t < x � 1Step 2: SetTu(x) = Z 10 g(x; t)(15 � 15 11 + u4(t))dt; u 2 C([0; 1℄):If T : C([0; 1℄) ! C([0; 1℄) is a ontration, then (�) has a unique solution.T is a ontration sine for u; v 2 C([0; 1℄),jTu(x)� Tv(x)j � 15 Z 10 jg(x; t)j j 11 + u4(t) � 11 + v4(t) jdt �� fmean value thm gj � : : : � 45 Z 10 jg(x; t)jdtku� vk1 �� 410ku� vk1:Hene kTu� Tvk1 � 410ku� vk1 and so T is a ontration. The Banah�xed point theorem yields the result.2. (en)1n=1 ON-basis on H implies (fk)1k=�1 is an ON-basis on H wheref0 = e1; fk = e2k+1; k = 1; 2; : : : ; fk = e2k; k = 1; 2; : : : ;1



so every x 2 H has a unique representation P1k=�1 akfk, whereP1k=�1 jakj2 < 1 (more preisely ak = hx; fki; k 2 Z).Clearly, S is well-de�ned andkS( 1Xk=�1akfk)k2 = k 1Xk=�1akfk+1k2 = 1Xk=�1 jakj2k 1Xk=�1akfkk2 = 1Xk�1 jakj2by Parseval's formula. Hene S is an isometry and kSk = 1. S has noeigenvalues sine if� = 0 then ak = 0 all k� 6= 0 then ak = �ak+1 all k and hene 1Xk=�1 jakj2 = 1unless P1k=�1 jakj2 = 0.3. (ek)1k=1 is a sequene in H, where kekk = 1 for all k. We want to show thatXk jhx; ekij2 � kxk2(1 + (Xk 6=` jhek; e`ij2)1=2):Note that Xk jhx; ekij2 =Xk hx; ekihx; eki = hx;�khx; ekieki �� kxk � k�khx; ekiekk:Moreover kXk hx; ekiekk2 =Xk;` hx; ekihx; e`ihek; e`i ��Xk;` jhx; ekijjhx; e`ijjhek; e`ij ==Xk jhx; ekij2 +Xk 6=`(jhx; ekijjhx; e`ij)jhek; e`ij �
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�Xk jhx; ekij2 + (Xk 6=`(jhx; ekij2 � jhx; e`ij2)1=2�� (Xk 6=` jhek; e`ij2)1=2 ��Xk jhx; ekij2 + (Xk;` jhx; ekij2jhx; e`ij2)1=2�� (Xk 6=` jhek; e`ij2)1=2 ==Xk jhek; e`ij2(1 + (Xk 6=` jhek; e`ij2)1=2):This yields the result.4. 5.86. Theory from book (and letures).
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