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1. Show that the boundary value problem

u"(x) +u(x) + Aecos(l+u(z)) =0, 0<z<1
u(0) =u'(0) =0, ue C?([0,1])

has a unique solution for |A| < ¢, € small. Give an upper bound on € .

(4p)

2. Let (e,)r%, be an ON-basis in a Hilbert space H and define the operator
T by

1
T(3° jane,) = X°°

n=2 _—An€n_1.
n
Show that T is compact and find T*. Find' 0,(T) and o,(T*).
(4p)

3. Let f1,fa,..., fn € B(H,C) be linearly independent where H is a
Hilbert space. Show that there exist xy,xs,...,2, € H such that

ey ={ 4 1

forall:=1,2,... n.

(4p)

Lo,(A) = {\: X eigenvalue to A}.



4. State and prove the Orthogonal Projection theorem?. Also the “Closest
Point Property” theorem should be proved.

(5p)

5. Let T' € B(X, X) where X is a Banach space and ||T|| < 1. Show that
I + T is an invertible operator, i.e. (I +T) ! € B(X, X).

(4p)

6. Let T : H — H be a linear mapping in a Hilbert space H. Assume
that T'z,, — Tz for every x, — x. Show that "€ B(H, H).

(4p)

Good Luck!!
PK

20ften referred to as the Orthogonal Decomposition theorem.



