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Home Assignment 1

Problem 1: Let (E,|| - ||) be a normed space and let z,y be two vectors in E. Does
llz +yll = ll=ll + [yl

imply that one of the vectors is a scalar multiple of the other? Answer the question for I!
and 2.

Problem 2: Agsume that p € (1,00) and let ¢ be defined by % + % = 1. Show that
ll2lle = sup{E3Z;|znyn| : y € 17 with [lyllie =1}

Problem 3: Show that for every g € C([0,1]) the mapping T : C([0,1]) = R defined by

1
rf= [ s ds
0
is linear and bounded. Moreover, calculate the operator norm ||T||. (All functions are
considered to be real-valued and C([0, 1]) is equipped with the sup-norm)

Problem 4: Consider the vector space I' and set |||, = 2|52, 25| + T52,(1 + 1)[z,| for x =
(z1,22,...,Tn,...) € I1. Show that ||%||. defines a norm on I! and that the vector space I*
is a Banach space with this norm. Is this norm equivalent to the standard norm ||%||;1?

Problem 5: Let B be a basis in an infinite-dimensional Banach space (E, || - ||). Show that B
cannot be countable.

Problem 6: Let F be a compact set in a normed space (E,||-||) and let T : F — F have the

property
IT(x) =TIl <llz—yll, alz,yeF where z #y.

Show that 7" has a unique fixed point.

The solutions should be handed in at the latest on Friday April 28.



