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1. Consider the BVP

{ Lu = u"(z) + u(z) = =X cos(1 + u(z)), z €[0,1] (%)
w(0) = w(0) = 0, u € C2([0, 1])

Calculation of the Green’s function:
g(z,t) = (a1(t) cosz + ax(t) sinz)f(xz — t) + b1 (t) cosz + by () sinx
where

a1 (t) cost + az(t)sint =0 . a1(t) = —sint
: ie
—ay(t)sint + az(t) cost =1 as(t) = cost

bi(t) =0
{ by(t) = 0

Hence we have g(z,t) = sin(z — t)f(z — t).

and

Now set
T:C([0,1]) — C([0,1]),

where Tu(z) = fol g(z,t)(—Xcos(1 + u(t))) dt. From Banach’s fixed point theorem we con-
clude that (x) has a unique solution if 7' is a contraction. For u,v € C([0,1]) we have

ITu(z) - To(@)| = [Al] / " gz )(cos(1 +u(®) — cos(1 + v(t))) ] <
0

1 T
<Al / lg(z, t)|dt [|u — vl|o = |A| / sin(z —t) di [lu — vl <
0 0
<Al (1 = cos1) ||u — v]|co-
Hence T is a contraction for |A| < ﬁ and the desired conclusion follows.

2. (en)52; is an ON-basis in a Hilbert space H and T is defined by

1
T(X5l1anen) = X072, mrl T 1an+len

for (a,)%, € I2. Clearly T € B(H, H) with ||T|| = . An easy calculation gives

1
T* (Ezozlbnen) = En:2 Ebn—le’n'

T is a compact operator since ||T'— Ty|| — 0 as M — oo where Ty, M =1,2,.. ., are finite
dimensional operators defined by

1
Ty (X2 anen) = »M

—1———=0p+1€n.
n_1n+1 n+1€n

More precisely we have ||T — Ty < 77, M =1,2,. ...
Moreover A is an eigenvalue for T iff there exists an (eigen)vector
0 # 22, ane, such that T'(X32 ane,) = AL aney, €.

1
)\an = n—Han+1, n = 1,2,...

This implies that only A = 0 is an eigenvalue for T' (with eigenvector e;).
Finally p is an eigenvalue for T* iff there exists an (eigen)vector 0 # X5, b,e, such that
T*(X22, bpen) = XS bpe,,. This means that

1
b1 =0, [Lbnz Ebn_l, ’I’L:2,3,...

Hence T™ has no eigenvalues. This gives 0,(T') = {0} and 0,(T*) = 0.
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3. Riesz representation theorem implies that there are uniquely defined y, € H, k = 1,2,...,n,
such that
fr(z) = (z,yx) allz € H,

where H is a Hilbert space. Moreover the fact that fi, fo,..., f,. are linearly independent
in B(H,C) implies that y;,¥s,...,y, are linearly independent! in H (easy to show). Now
for each [ € {1,2,...,n} consider the set ¥; = {y;, : k # I}-. We see that fi|y, # 0 since
otherwise f;(z) = 0 for all z € ¥;. This would imply that

{ye : k£ 1} C{y}*

and hence
Span{y;} C Span{yy, : k # 1},

which contradicts the linearly independence of y1,ya, . . ., yn Finally, for eachl € {1,2,...,n}
pick an z; € Y] such that fj(z;) = 1. These z;:s will satisfy the properties stated in the
problem.

4. See textbook
5. See textbook

6. Let H be a Hilbert space and let T': H — H be a linear mapping with the following property:
o, >2xinH = Tz, —Txin H.

We should prove that T is bounded?.

Assume that T is not bounded. Then there exists a sequence ()22, such that z,, —» 0in H
but Tz, /4 T0 = 0 in H. Without loss of generality (easy to show) we may assume that
(@) |[Tzp||=1forn=1,2,...

(b) ||lzp]| £ 27" forn=1,2,...,

(¢) Tz, — 0in H.

Set y, = Tz, forn = 1,2,... and choose an increasing sequence (n;);2, of integers as follows:
Set ny = 1. For [ =2,3,... let n; have the property

Ei:_:llenkaym” < allm > ny.

AN

The existence of (n;)72, follows from the fact that y, — 0. This implies that

”E;\ilym ”2 = E%l(:’/ﬂuym) + E%Zl,k#l<ynkaynl> 2
M -1 M
> M = 281 <ckcasm (s Yr) | = Ty (1= 255 [y, ynid) 2 -
Now yn, = Txp, and ||z,,|| < 27F. Hence M  z,, — F for some € H but T(ZM z,,) =
=M Tz, 4 T% since® |S, Tz, > > % — oo as M — oo. Contradiction! Hence T is
bounded.

Ly1,42,--.,Yn does not need to be pairwise orthogonal.

2This can be done using the closed graph theorem, see the lecture notes on spectral theory, but I have not
discussed that theorem in class.

3Every weakly convergent sequence is bounded
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Lasningsforslag till TMA401/MANG670 2004-08-28

1. Consider the BVP

{u%m=§a—H;mx z€[0,1]

Step 1: Calculate the Green’s function g(z,t) for Lu = v", u(0) = u(1) = 0. Here

g(z,t) = (a1(t) - 1+ a2 (t)z)0(z — t) + b1 (t) - 1 + ba(t)x

where
a1(t) +ax(t)t =0 ie ar(t) = —t
az(t) =1 o az(t):].
and
9(0,t) =0,0<t <1 o bi(t) =0
g9(1,t) =0,0<t <1 o ba(t) =t—1
which yields
(2,1) = (t—1z 0<z<t<1
I = (w— 1)t 0<t<z<l1
Step 2: Set
T()—/l(ﬂ@—l—J—ﬂﬁ e C([0,1])
W= SIS T Tt )

If T : C([0,1]) — C(]0,1]) is a contraction, then () has a unique solution. T is a contraction
since for u,v € C([0,1]),

1 1
T+at(l)  1+0i()

1
(Tu(e) = To(@)| < 5 [ latw.0)] i <

4 1
< {mean value thm }| < ... < g/ (2, 8)|dt]ju — V]| <
0
< lu— vl
< 1olle — vllee-

Hence ||Tu—T||oo < 75|/t—v]||oc and so T is a contraction. The Banach fixed point theorem
yields the result.

. (en)s2; ON-basis on H implies (fx)52_, is an ON-basis on H where

—00
fOzel;fk=e2k+17k=1727---7fk=e2k7k=1727"'7

so every x € H has a unique representation Zf:foo ar fr, where
e lar? < oo (more precisely a, = (z, ), k € Z).

Clearly, S is well-defined and

0o oo o
1SCY " arf)l> =11 Y. axfural? = D lawl?
k=—o00 k=—0o0 k=—0o0

oo oo
1Y arfell®> =D laxl?
k=—00 k—o0

by Parseval’s formula. Hence S is an isometry and ||S|| = 1. S has no eigenvalues since if

A=0then a;, =0 all k

A # 0 then a = Aagy1 all k and hence Z lak)? = o0

k=—o00

unless Y72 lag|* = 0.
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3. (er)?2 is a sequence in H, where ||eg|| = 1 for all k. We want to show that

leek )P <Nl + () e en))?).

kL
Note that
D Kz e)? = (w,er) (@, ex) = (@, Si(z, exder) <
k k
< ||| - [ 2z, ex)erl|-
Moreover

1) (@ en)erl” =D (@, ex)z, ec)(er, er) <
k

k.0

< 2l callenellen el =
= Z| z.e)” + 3 (I, x|, cod)ew, )| <

=,
< Z (@ en)? + Qe ) - [, e0) ) /2 x
=,
Z| ex, el 1/2
k¢
<D Kwsen) + (- [, en)* e, e) )2
k k.t
Z' ekael 1/2
k¢
=Z|(ek,el (1+¢( Z|ek,eg 2.
k k#L

This yields the result.
4. 5.86. Theory from book (and lectures).
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Lasningsforslag till TMA401/MANG670 2004-05-29
1. Consider the BVP

{ Lu =" (z) —u(x

) = —1(1 +u(z?)), z €[0,1]
u((]) = ul(o) = 0, u e 02

([0, 1) *)
Calculation of Green’s function

g(z,t) = (a1 (t)e® + ax(t)e™)0(z — t) + by (t)e® + ba(t)e™™

where
ai(t)et + az(t)e=t =0 Lo a(t) = te7?
ar(t)el —as(t)e™P =1 7 as(t) = —3e€
and
bi(t) + b2(t) =0 P bi(t) =0
bl(t)—bQ(t)=0 e bg(t) :0
Hence we have g(z,t) = sinh(z — t)0(x — t).
Now set
T : C([0,1]) — €([0,1]),
where Tu(z fo 5(1+u(t?)))dt. From Banach’s fixed point theorem we conclude

that (%) has a unique solutlon if T is a contraction. For u,v € C([0,1]) we have

(Tu(e) = Tofa) = | | a(o. 05 () = oe))ar] <

A

1
<5 | lot@ it~ vl = 5 (coshk =~ Dllu~ vllc <
0

1 1
Z(e+ P 2) |lu = vlfoo-

IN

<1
Here T is a contraction and the statement follows.

2. Set, for f € L%([a,b)),Tf(z f f(z)dz, x € [a,b].

Tf € L*([a, b)) since

b b
R R
1

)? /b | /bf(x)dx|2dt < {Holder} <

b b b
<G [0-a) [ If@Pdede = [ |f@)Pdt =171

T linear: easy to show.

T bounded: see above. In particular we get ||T| < 1.
To show that T is an orthogonal projection it suffices to show that 7?2 = T and T* = T.

(a) Take f € L?([a,b]). Then

b
() = TG [ F(t)a) / — / F(@)dtds =

b—a/, b—a

= f@®dt = (Tf)(z), al z€]a,b].
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(b) Take f,g € L?([a,b]). We obtain

Hence T* =T.
The statement is proved.
3. Let h € C([0,1] x [0, 1]) be real-valued and
h(z,y) = h(y,z) >0 all z,y€[0,1]. (%)

Set T'f(z) = fol h(z,y)f(y)dy, = € [0,1], for f € L*([0,1]). We want to show that T has an
eigenvalue A = ||T’|| whitch is simple. (All eigenvalues A satisfy |A| < ||T’||). Since the kernel
is continuous and satisfies (x) we see that 7T is a compact, self-adjoint operator or L?([0,1])
and hence has an eigenvalue A € R with |A| = ||T||. Since h > 0 we see that A = ||T|| (see
first and second observation below). It remains to prove that this eigenvalue is simple.

First observation: f eigenfunction for A = f € C(]0,1]) which follows from Lebesgues
dominated convergence. Then

Second observation: f eigenfunction for A = f has constant sign, say f > 0, since if f
changes sign, then

A= NTHIAN =T A< BTN < WA= 0T

Moreover we can conclude that f > 0 since h > 0.
Third observation: fi, fo eigenfunction for A = f; = afs for some a # 0.

To see this assume that it is false and set
s(a) = |{z € [0,1] : fi(z) — af2(z) > 0}], a >0,

where |E| denotes the measure of the set E. Here s(0) = 1, s(«a) decreasing and lim,_, 4 o s(a) =
0. Also s(a) =1 for a € [0,a] for some @ > 0 since fi, f2 € C([0,1]) and f1, f2 > 0 on [0, 1].
Then there exists 0 < ap < a1 such that 1 > s(ag) > s(aq) > 0. *

This means that

fi(z) < apfi(z) on a set of positive measure
fi(z) > ap fa(x) on a set of positive measure
but since also
fi(x) > aq fo(x) on a set of positive measure,

together with 0 < ap < a1 and fy > 0 we see that
fi(z) > apfa(z) on a set of positive measure.

Then f = f1 — agf2 is an eigenfunction for A (note that f # 0) that changes sign. Con-
tradiciton!

The statement follows.

*)It cannot happen that 33 > 0 sth.

{s(a):l for a<p

s(a) —0 for a>8 easy to see.

and if there exists a 8 > 0 sth
s(a)=1 for a<p
s(a)=0 for a>p
then f1 = ﬂfQ
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Losningsskisser till tentamen i TMA401/MANG670,
2004-01-12

1. We will prove that
{UW@+UW%=ﬁ%%ﬁ§mS%
(

has a unique solution.

wW+u=F

1. Determine the Green’s function for ,r :
{ u(0) =m(5) =0

Set e(z,t) = a1(t) cosz + ax(t)sinz, where e(t,t) = 0 and el (¢,t) = 1. This gives

e(x,t) = sin(z — t). The Green’s function takes the form
g9(z,t) = sin(xz — t)8(x — t) + b1 (t) cosz + be(t) sinz.
Here g(0,t) = g(5,t) =0 for 0 <t < § implies that

g(z,t) =sin(z —t)0(x — t) —sinz cost =

) —coszsiny, x>t
| —sinzcost, z<t

We see that g(x,t) <0 for all z,t € [0, §].

2. Set

fo 2+u2)(t dt, 0<z< %
u € C([O’ 2])

The boundary value problem has a unique solution iff T has a unique fixed point.

For u,v € C([0, §]) we get

(@) - To)@)| < [ 000l 533 - 5ag it <

< {mean value theorem} <

™

1 2
<5 [ a0l = ol < Flu =il
0

This shows that T is a contraction on the space C([0, ]) and the conclusion follows

from Banach’s fixed point theorem.

2. Set Tf(x fo x +y)f(y)dy for f € L?([0,1]). T is bounded since

ITflZ= = //:c+y y)dy|*dz < {Holder} <

. 7
3/ /m+wwwm§m=—wMz
0 0 6

and hence ||T| < \/g.

To calculate ||T|| we observet hat T is a compact, self-adjoint operator on the Hilbert space

L2(]0,1]) and hence
ITll=  sup |Al-
A eigenvalue to T

Note that T'f(x fo y)dyx + fo yf(y)dy is a polynomial of degree < 1 and hence A is

an eigenvalue to T with elgenfunctlon az + b if

Aaz +b) = /l(ay +b)dy x + /1 y(ay + b)dy, z € [0.1].
0 0
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ie.,
Aa=3a+b
Ab = %a +1b
This system has a non-trivial solution iff
1
12 1 ‘
P =0
1 1 .
3 3 A

We obtain the eigenvalues A\ » = 3 & % and so ||T|| = 5 + %
. From problem 1 we can restate the problem as to show that the mapping,

2 u(t) T
T = —_— <z<—
u(x) )\/0 g(x,t)2+u2(t)dt,0_m_2,

for u € C([0, §]), has a fixed point in C([0, §]) for all A € R. For |)| large enough we cannot
refer to the Banach’s fixed point theorem since T is no longer a contraction. Instead we can
use the Schander’s fixed point theorem.

Fixa A eR.

Note that g(z,t) is a continuous function for 0 < z,¢ < 7 and f(u) = A37%5 is a bounded
function for u € R (note that A is fixed.)

We will choose a closed convex set S C C([0, 5]) such that the mapping T : § — S is
continuous and the image set T'(S) is relatively compact in C([0, T]).

Take S = {u € C([0, §]) : ||u|| < D}, where D is to be chosen such that T'(S) C S. Since g
is continuous on the compact set {(z,y) : 0 < z,t < T} it is bounded on this set and so

sup |g(z,t)f(u)] = E < o0
0<z,t<]
" ueR
which yields |(Tu)(z)| < FE for allz € [0, 5] and u € C([0, §]). Hence T'(S) C Sif D = JE.

Now it remains to prove that T'(S) is relatively compact in C([0, §]) and T'S — S is con-
tinuous. The first statement follows from the Arzela-Aschi Theorem, since T'(S) is uni-
formly bounded and equicontinuous (the latter follows from the uniform continuity of g on
{(z,t) : 0 < z,t < T}), and the second statement follows from the uniform continuity of
f(y) for =D < u < D and the boundedness of g.

The existence of a fixed point for T now follows from Schander’s fixed point theorem.

(Remark: As a matter of fact one trivially observes that « = 0 is a solution to the problem.
However to treat the problem with the RHS in the differential equation replaced by the
original one +1 is harder but the method above yields a solution.)

. See textbook.
. T:X — X, where X is a real normal space, is continuous and satisfies
Tx+y)=T(x)+T(y) for all z,y € X. (%)
We shall prove that
T(A\x)=AT(z) for all z€ X and AeR (xx)
It follows from (*) that

e T(0) = 0 since T(0) = T'(0 + 0) = 27(0).

e T(nz) = nT(z) for positive integrs n since
Thz)=Tx+n-Dz)=T(x)+T(n—-1)z) =...=nT(z)

o T(Lz) = LT(z) for positive integers n since
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Combining these observations we see that T'(Az) = AT'(z) for all z € X and A € Q. To
prove (xx) we fix a A € R and an z € X and take a sequence A, € Q, n =1,2,..., such that
An, = Ain R. This implies that A,z — Az in X. It also implies \,T'(z) — AT'(z) in X. Since
T is continuous we conclude that T'(\,z) — T (Az) in X. But, T(\,z) = X\, T'(z) — AT (z)
in X and so

T(Az) = AT'(x)

The statement is proved.

. Let (2,)22, be an ON-basis in H and (y,)%>,; an ON-sequence in H such that Y >° , ||z, —
ynl|? < 1. We shall show that also (y,)%; is an ON-basis.

Set S = span{y, : n=1,2,...}. Then S is a closed subspace of H. It remains to prove that
S=H.

Assume that S # H. Then S+ # {0} and there is an z € S with [|z|| > 0. We have
<$7y'ﬁ.> = 07” = 1727"'

since € S*. Parseval’s formula yields

l2ll> = [z, 2a)l> = Y (e, 20) = (&, yn)* =

|z, 2, — yn)|? < {Cauchy-Schwartz} <

NE

1

oo
< lallPllzn = yall® < Nl
n=1

3
Il

This yields a contradiciton and hence S = H.
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Kortfattade 16sningsskisser till tentamen i TMA401/MANG670,
2003-08-30

Problem 1
We will prove that

u(0) '(0) + u(1) = u(0) +u'(0) + 2u'(1) =0
ueC?

{u”() u(@) = Ay, = € (0,1)

has a unique solution for |A| small enough.

1. Determine the Green’s function g(x,t) for

W' —u=F z € (0,1)
w(0) — 4’ (0) + (1) = u(0) + »'(0) + 2u'(1) =0
Set e (standard calculation) .............
2. Set

1

u(t)

T = t) Ad—F——dt, 0<z<1

Tu)@) = [ a0 A it 05 s <
u € C[0,1]

The boundary value problem has a unique solution iff 7" has a unique fixed point. For

u,v € C[0,1] we obtain

[(Tu)(z) — (Tv)(z)| < ...... (standard calculations)..... < C(A)||u — V|-

This shows that T' is a contraction on the Banach space C0, 1] provided C(A) < 1 and the
conclusion follows from Banach’s fixed point theorem.

Problem 2

The solution is a straight forward application of the Gram-Schmidt process and we only refer to
the textbook for more information.

Problem 3

We have to show that the ON-sequence (u,,)2; in L?([0,1]) is complete if

Z |/ (t)dt|* = z for all z € [0,1] (1)

Formula (1) can be reformulated as

D xg0,23un)* = lIxgo,011” for all z € [0, 1],

n=1
where I

(1 te

since X -~

(v = [ Xo.Ouadt = [ un(t)i
and

1 x
xoall” = / Xfo.0)(B) Pt = / dt = .

To show that (un)22, is complete it is enough to show that

> [{f, un)l* = [|£I|* for all f € L*([0, 1]). (2)

n=1
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Here it suffices to show that (2) is true for a dense set A in L?([0,1]), since if fx — f in L? and
(2) is true for fr,k =1,2,..., then we have

0 < [IFI1* =D K un)l® =

n=1

=10/ = f&) + Full® = DK = f) + Frsun)* <

n=1

<Nf = Full® + 20 fell - 11F = Full + 1 fel*—
- Z((f — fisun) + (fes un)) {f = fis un) + (fr,un)) =
n=1

=1 = Fell® + 201 Fell - 11F = foll® + D 1{Froun)>—
n=1

= > (K = froun)* + 2Re(f = fr, un)(Frr un)+

n=1

+ [ fr, und?) <
<\f = fell® + 201 fell - N1F = Fell + 1f = Fel*+

+ Z I(f = frrund| - [{frsun)| <

n=1

< 2/f = full® + 20 fell - 1 = Fall+
+ QS = frrun) VO (s un)l?) <
n=1 n=1
<20 f = il + 20 fell - 1f = fell + 11F = fellll fxll = O

as k — oo. Here we have used that supy ||fx|]| < oo, which follows from fr — f in L2, and
repeatedly applied Bessel’s inequality.
Now we take A to be the set of all finite linear combinations of xr, where the I:s are subintervals
of [0,1]. Then A is dense in L?([0,1]). Set g = Zivzl arXxr, where the intervals I, are pairwise
disjoint subintervals of [0,1] and a;, € C.
We know that (2) is valid for f = xjg 4]- It remains to show that:

® [ = X[y,2] satisfies (2)

e f, g satisfies (2) and have disjoint support implies that any linear combination of f, g satisfies

2).

Fix 0 <y < z <1. We note that

IX0,2111* = D [{xt0,0]> wn)|?
n=1

IX0,11* = D 10,475 wn)*- 3)
n=1

This yields
”X[y,w]”2 =r—-Yy
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and

Z |<X[y z]:un)| =

n=1

= Z [{X[0,2) — X[O,y]:un)|2 =
n=1

= Z |<X[0,w]7un> - <X[0,y]aun>|2 =
n=1

= z |<X[0,x]7un>|2 + Z |<X[0,y]7un>|2_
n=1 n=1

- 2Rez X[o z‘];un ,y]yun) =

=z +y— 2Re(X[o,0]s Y (X[0.y)> Un)tn) = () =

n=1

=z +y — 2Re(X[0,2 X[0.5]) = + ¥ — 2xp,yll> =2 — ¥
Note that at (!) we have used the fact

oo

Z [0,y]> un

which follows from (3).

We have thus found that x|, ,] satisfies (2). To prove the second statement we have to do similar
calculations (do it yourself!!!) and the full statement that g € A implies g satisfies (2) follows by
induction over N (see the expression for g above).

Problem 4 & 5 & 6

See the textbook



Functional Analysis sid. 14 av 26

Forslag till 16sningar till tentamen i TMA401/MANG670,
2003-05-31

Problem 1

We will prove that
u"(z) + u'(x) = arctanu(z?), x € (0,1)
u(0)=u(1)=0
u € C?

has a unique solution.

1. Determine the Green’s function for { (0 -)‘_Z :( })7 €(0,1) :
. (=0 o
Set e(z,t) = a1(t) + az(t)e”” where et =1" This gives e(x,t) = 1 — e!~®. The

Green’s function takes the form
g(z,t) =0(x —t)(1 — e'™%) + by (t) + ba(t)e™®

Here g(0,t) = g(1,t) =0, 0 < t < 1 implies

b (t) ifll
bz(t) et 1

e—17?

Hence g(z,t) = 0(z — t)(1 — et=%) + eet:ll(l — e ?). We see (a simple calculation) that
g(z,t) <0 for all z,t.

2. Set L

(Tu)(z) = / g(z,t)arctanu(t?)dt, 0 <2z <1
wec,’

The boundary value problem has a unique solution iff 7' has a unique fixed point. For
u,v € C[0,1] we obtain

[(Tu)(z) — (Tv)(z)| = /0 |g(x, t)|| arctan u(t?) — arctanv(t?)| dt <

< {mean value theorem} <

< / o, 8)||u(t2) — v(t2)| dt <
1
< / (—g(z,1)) dtllu — v]loc.

Vi note that (small calculation)

/1( —g(z,t)dt = max (- (l-e ™) =c<1
0

0<z<1 e—1

and hence
”Tu - TU”oo S C”u - U”oo-

This shows that T is a contraction on the Banach space C[0,1] and the conclusion follows
from Banach’s fixed point theorem.

Problem 2
Let T, H, (e,)$2; and (f,)22, be as in the formulation of the problem. We note that since
(en)22 is an ON-basis for H we have

fo=E3l1(fn,en)er, n=12,...
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and since T is continuous we get
Tfn=%S21(fn-er)Ter, n=12,...

This yields

ST fall® = S5 B2, 5021 s ex){Tew, Ter) (fn, e1)-

n=1

and since the series is absolutely convergent we can change the order of summation. Observing
that

Se1 (o, ex)(fn, 1) = (Bpliler, fu) fns k) = (€1, €k)

we have
SoZ 1T full? = B2 | Tex .

Moreover z = £%2,(z, ep,) e, implies Tx = 52 ,{z, e, )Te, and
ITz|| = 1521 (2, en)Ten|| < Z5Z1 (7, €n)[|Ten]| <
1 1 1
< (B0 (e, en) )2 (3921 I Tenl?)? = [|2lI(Z52, I Tenl*) 2

by Parseval’s formula. Hence we get

ITN* < T34 | Tenll*.
Problem 3 Let L e

M f(z) = E/ fdt, &0
0

for f € L?(Ry). We observe that M f(z) € R for > 0. Moreover for every continuous function f
with compact support in {# € R: z > 0} we note that

/Oootlz(/o |£(s)|ds)? dt < oo

and that

) © 1 t ) _ 1 t o0 © q t
perp< [ g s@lasta= = 1r@iag <2 [ [l

o} t o}
<o+2(f ([ r@Iani(]irpamt,
i.e. we get
1M1 < 2111

Now we recall that the set of continuous functions with compact support in {z € R: 2 > 0} is
dense in L?(R,) and from the inequality above we get that M f € L2 for every f € L? and that
[|M]|| <2, and in particular that M is bounded. A straight-forward calculation show that

M*f(:z:):/oo %f(t)dt, z>0

and that
(T = M)FII? =717

for all f € L2. From this it follows that
- =1

Problem 4 & 5

See the textbook

Problem 6 We want to show that there exists a C' > 0 such that for every y € R(I + T') there
exists a ¢ € X with (I + T)z = y satisfying

llzll < Cllyll-
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First we fix ay € R(I + T) and set
d(y) = inf{||z[| : ({ + T)z = y}.

Claim: There exists an Z € X with (I +T)Z = y such that ||Z|| = d(y). To see this take a sequence
(20)22, with (I + T)z, = y such that ||z,|| — d(y). Since this sequence is bounded there is
a converging subsequence of (T'x,)5,, let this still be denoted by (Tx,)S2,, converging to say
2z € X. Here we used the fact that T is compact. But then z,, =& y — 2z in X and hence & =y — 2
has the desired property.

Now assume that there is no C' > 0 with the property above. Then there are sequences (z,)32,

and (yn)32; satisfying (I + T)x,, = y, such that

[E
llynll
Since T is linear we can without loss of generality assume that ||Z,|| = 1 for all n. Since T is

compact there exists a converging subsequence of (T'%,)%2,, call it still (T'%,)S2,, converging to
say v in X. We also have
I, = —v in X.

But since ||yn|| = 0in X (||Z,]| = 1 for all n) and since T is continuous (7T is compact linear) we
obtain v = —Tw. By the definition of %, this yields a contradiction since (I + T)(Z, — v) = yn
and

|Zn —vll > [|Zn]l = 1

is valid for every n. The conclusion in problem 6 follows.
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Forslag till 16sningar till tentamen i TMA401/MANG670,
2002-08-21

Uppgift 1
Givet

1
Af@) = [[@-piwdy, 0<as<,
dvs. A #r en integraloperator pa Hilbertrummet L?([0,1]) med kéirnan k(z,y) = = — y. Den

adjungerade operatorn A* dr d& ocksa en integraloperator men med kirnan k*(z,y) =y —z =
y —z. Vi far for f € L*([0,1]) att

A Af(z) = / (v — 2)Af (y) dy = / (v — 2)( / (v — 2) (=) dz) dy =

= [ w-ow-2aiea= [ G-3@++ared

dér vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A #r en sjidlvadjungerad kompakt operator och ||A| =
VI|A*A||. Vidare giller for en sjilvadjungerad kompakt operator att dess norm &r lika med det
storsta reella tal som dr absolutbeloppet av ett egenviirde till operatorn ifraga. Vi noterar att
A*Af(z) = a(f)x +b(f) dér a(f),b(f) &r reella tal som beror pa f € L?([0,1]). Foljdaktligen har
egenfunktioner till A*A formen e(z) = ax + b varfér vi ansétter

A*Ae(x) = de(z), e(x)=azx+b.

En liten kalkyl ger

a b
Tk + 1= A(az +b), allaz €[0,1],
dvs det enda egenviirdet A # 0 &r 5. Vi har alltsa [|A|| = /5.

Uppgift 2
Vi ska visa att

u(0) =u(l) =0
ueC?

har en entydigt bestimd 16sning.

{ —u”(a:) =2+ l_i_ulw, T e (0,1)

u'=F z € (0,1)

1. Greenfunktioen till { w(0) = u(t) = 0

Antag e(x,t) = a1(t) + az2(t)e® uppfyller { 2 . Detta ger e(z,t) = x — t. Green-

funktionen ges av
g(z,t) =0(xz —t)(z —t) + bi(t) + ba(t) — .

Villkoren ¢(0,t) = g(1,t), 0 <t < 1 ger

bi(t) =0
b(t)=t—-1,0<t<1.

Alltséa g(z,t) = 0(x — t)(x — t) + (t — 1)z. Vi noterar att g(z,t) <0 alla z,t.
2. Satt L
1
T =— 24— — <zx<l1
@) = = [ g@)@+ ) 0<a <
u € C[0,1]

Det ursprungliga problemet har en unik 16sning omm 7' har en unik fixpunkt.
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For u,v € C[0, 1] géller

1 1
1+u2(t)  1+v2(t)

1
|(Tu)(z) — (Tv)(z)| = /O|g<x,t)|| |dt <

t) +o(t)) (u(t) — v(?)
/ lot 1+u2())(1+v2(t)) |t <
u(t) +v(t)
S/(; |g(xat)||(1+u2(t))(1+U2(t))|dt”u_v||oo-

Vi noterar att |(1+a2)(1+b2)| <1 lJraz| + 1 1er2| <1 for alla reella tal a,b samt att

/ |g;ct|dt<0mma§1§(1—a:):§

vilket ger

1
1Tu = Tvlloo < gllw = vlleo.

Detta visar att T &r en kontraktion pa Banachrummet C[0,1] och pastaendet foljer fran
Banach fixpunktssats.

Uppgift 3
Hilbert-Schmidts sats ger
0 < (Txz,z) = T\ |(x, e5) |2

dar \; > 0,e;,i=1,2,..., betecknar egenvirdena respektive motsvarande normerade egenvektorer
till operatorn T'. Lat n vara ett fixerat positivt heltal > 1 (om n = 1 &r péastaendet trivialt sant).
Holders olikhet med exponenterna n och n*, dir 1 = ~ + -, tillsammans med Hilbert-Schmidts
sats ger

0 < (Tw,z) < (ZiA](m, e} * ™)™ - (Sil(, e)| O~ m)m )™ = (Ta, o)/ - ||| 2= D/,

Uppgift 4 & 5
Se kursboken.
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Forslag till 16sningar till tentamen i TMA401/MANG670,
2002-06-01

Uppgift 1
Givet

1
Af@) = [[@-piwdy, 0<as<,
dvs. A #r en integraloperator pa Hilbertrummet L?([0,1]) med kéirnan k(z,y) = = — y. Den

adjungerade operatorn A* dr d& ocksa en integraloperator men med kirnan k*(z,y) =y —z =
y —z. Vi far for f € L*([0,1]) att

A Af(z) = / (v — 2)Af (y) dy = / (v — 2)( / (v — 2) (=) dz) dy =

= [ w-ow-2aiea= [ G-3@++ared

dér vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A #r en sjidlvadjungerad kompakt operator och ||A| =
VI|A*A||. Vidare giller for en sjilvadjungerad kompakt operator att dess norm &r lika med det
storsta reella tal som dr absolutbeloppet av ett egenviirde till operatorn ifraga. Vi noterar att
A*Af(z) = a(f)x +b(f) dér a(f),b(f) &r reella tal som beror pa f € L?([0,1]). Foljdaktligen har
egenfunktioner till A*A formen e(z) = ax + b varfér vi ansétter

A*Ae(x) = de(z), e(x)=azx+b.

En liten kalkyl ger

a b
Tk + 1= A(az +b), allaz €[0,1],
dvs det enda egenviirdet A # 0 &r 5. Vi har alltsa [|A|| = /5.

Uppgift 2
Vi ska visa att

u(0) =u(l) =0
ueC?

har en entydigt bestimd 16sning.

{ —u”(a:) =2+ l_i_ulw, T e (0,1)

u'=F z € (0,1)

1. Greenfunktioen till { w(0) = u(t) = 0

Antag e(x,t) = a1(t) + az2(t)e® uppfyller { 2 . Detta ger e(z,t) = x — t. Green-

funktionen ges av
g(z,t) =0(xz —t)(z —t) + bi(t) + ba(t) — .

Villkoren ¢(0,t) = g(1,t), 0 <t < 1 ger

bi(t) =0
b(t)=t—-1,0<t<1.

Alltséa g(z,t) = 0(x — t)(x — t) + (t — 1)z. Vi noterar att g(z,t) <0 alla z,t.
2. Satt L
1
T =— 24— — <zx<l1
@) = = [ g@)@+ ) 0<a <
u € C[0,1]

Det ursprungliga problemet har en unik 16sning omm 7' har en unik fixpunkt.
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For u,v € C[0, 1] géller

1 1
1+u2(t)  1+v2(t)

1
|(Tu)(z) — (Tv)(z)| = /O|g<x,t)|| |dt <

t) +o(t)) (u(t) — v(?)
/ lot 1+u2())(1+v2(t)) |t <
u(t) +v(t)
S/(; |g(xat)||(1+u2(t))(1+U2(t))|dt”u_v||oo-

Vi noterar att |(1+a2)(1+b2)| <1 lJraz| + 1 1er2| <1 for alla reella tal a,b samt att

/ |g;ct|dt<0mma§1§(1—a:):§

vilket ger

1
1Tu = Tvlloo < gllw = vlleo.

Detta visar att T &r en kontraktion pa Banachrummet C[0,1] och pastaendet foljer fran
Banach fixpunktssats.

Uppgift 3
Lat T vara en avbildning pa ett normerat rum X som uppfyller foljande villkor: Det finns ett
reellt tal C och ett reellt tal o > 1 sadana att

IT(x) =TIl < Clle —yl|*, alaz,yeX.

Vi ska visa att T'(z) = T'(o) for alla xz € X.
Fixera ett godtyckligt z € X. Sitt § = ||T'(z) — T(0)||. Fixera ett positivt heltal n och sitt
T = %ZI’: € X for k=0,1,2,...,n. Da giller

6 =[T(xn) = T(2n-1) +T(€n-1) —-.. = T(o)|| <
< EpSIT (@ra1) = T(@e)ll < CZpTgllznrs — zal|* =

=C|lz|*-n*t =0, n— oo.

Detta medfor att § = 0 och pastendet i uppgiften dr visat.
Anm: Om T : R — R uppfyller

T(z) - T(y)| < Clz —y|*, allaz,y € R

sa giller att
Tx+h)-T
lim | (z+h) (z)

—0/=0, allazeR
0£h—0 h

dvs. T ar en deriverbar funktion med derivatan = 0 for varje £ € R och alltsa dr T en konstant
funktion.

Uppgift 4 & 5

Se kursboken.

Uppgift 6

Lat T vara en sjélvadjungerad operator pa ett Hilbertrum H for vilken T" dr kompakt for ndgot
heltal n > 2. Vi ska visa att T' dr kompakt.

Vi noterar att T sjilvadjungerad innebér (per definition) att T &r en begriinsad operator. T ir
kompakt om vi kan visa att T* kompakt implicerar att T*~! &r kompakt for godtyckligt heltal
k> 2.

Antag nu att T* &r kompakt for fixt k > 2. Lat (z,)%, vara en begréinsad foljd i H, dvs det finns
ett reellt tal M sidant att ||z,|| < M for alla n. D4 T* &r kompakt finns det en delfoljd (®p,) av
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(z,,) for vilken (T*z,, ) konvergerar i H. DA konvergerar ocksa (T*~1z, )i H eftersom

||Tk7137pn - Tkilmpm”2 = <Tk71(37pn - xpm)aTkil(xpn = Zp,)) =
= (T**(zp, — 2p,,.), T*(2p, — p,,)) <

<NT*2(2p, = 2, )| - (1T 2, — Tray,, || <

< |12 - lzp., = Zp.. Il - ||Tk37pn - Tkppm” <

<2|T|FM - [Thay, — T*z,,,)|

/

~

< oo —0, n,m—o00

och varje Cauchyfoljd i ett Hilbertrum konvergerar. Detta medfor att T#~! &r kompakt och
pastaendet i uppgiften ar visat.
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Forslag till 16sningar till tentamen i TM A400, 2001-05-30

1. A &r integraloperator med kéirnan a(z,y) = e**¥ cos(xz + y), dir a € C([0,7] x [0,7]) och
a(z,y) = a(y, ).

a)

Banachrummet C[0, 7] : For u € C[0, 7] géller
[Au(z)| < / "] cos(z + y)ldyllull oo = I(2)|lullo, @ € [0, 7],
0

dir I € C[0,n]. Alltsa ||A|| < max,ejo,q- I(x) = I(xo) for nagot zo € [0,7]. Vidare
giller I(zo) = lim Aup(z) dir

n—oo

+1 da min(|z 4+ zo — I, |z + 2o — 3F|) > L & cos(z + o) > 0
Up(z) =4 —1da min(|z +zo — I, |z + 2o — &F|) > L & cos(x + o) < 0

till beloppet < 1 och kontinuerlig for 6vrigt

Har approximerar u,-funktionerna funktion sign(cos(zg+-)). (Liten) kalkyl ger I(x¢) =
I(Z) = L(eF +e3).
Banachrummet L?[0, 7] : D4 L? &r Hilbertrum och A é#r sjilvadjungerad géller
||A]| = sup{|A| : A genvirde till A}.
D4 Au(z) = foﬂ e® -e¥(cosz cosy —sinz siny)u(y)dy = ae® cos + be® sinx fas egenviir-

dena A som losningar till A(ae® cos z+be” sinz) = A(ae” cos z+be” sin z) for |al+|b| > 0,

dvs 5 N 1
(g_e”—l)a_gbzo

vilket ger A = +(e?™ — 1)35—2

§a- (g * 62”)\— 7)p=0

0 27

Detta ger ||A|| = 3—2(6 —1).

Svar:

1, sn
1Allcro,m—cro,7 = 5(6 2

5 ¥
I Al L2[0, 7] = L2[0,7] = 5(22 —-1)

Dessutom #r A kompakt operator betraktad som operator C[0, 7] — C[0, 7] och L?[0, 7] —
L2[0,n1]. Detta foljer av

|Au(@1) — Au(@2)]” < /0 la(z1,y) — a(@2,y) Pdyllulle -,

Arzela-Ascoli sats och inbéddningen ||ul|z2j0,x] < v/ [lullcjo,x]-

2. Berdkna greenfunktionen g(z,y) till differentialoperatorn Lu = u" — u med randvillkoren
Riu =u(0) = 0, Rou—u(0) = 0.u1(z) = €%, us(x) = e~ 2 &r en bas for N'(L) och anséttningen
0(z,t) = a1(t)ui(z) + a2(t)ua(x), dir e(t,t) = 0,e.(t,t) = 1, ger fundamentallgsningen
e(x,t) = sinh(z —t). Vi noterar att g(z,t) = e(x,t)0(x —t)
satisfierar randvillkoren for ¢ € (0,1). Alltsa ges l6sningen till Lu = f, Ru = (Ryu, Rou) =0

av

u(z) = /01 sinh(z — t)0(z — t) f(t)dt = /Ow sinh(x — t) f(t)dt.

Definiera nu

T : C[0,1] — C[0,1]
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4. & 5.

enligt Tu(z) = — foz sinh(z — t)%(1 + (u(t?)))dt, som &r en kontinuerlig funktion d4 inte-
granden € C([0,1] x [0,1]). T &r en kontraktion da

[Tu(z) — To(z)| = I—/ sinh(z — £)((u(t”)) — (v(t)))dt] <

1
/ sinh(e — t)dtu — vloe = 2 (cosh e — 1)fu— vloc <

( 1)? (e—1)
2e 2e <l

l\')lb—l

||u — v||oo eftersom

Banachs fixpunktssats ger existens av entydigt bestdmd fixpunkt, vilken ocksa dr den enty-
digt bestidmd 16sningen till differentialekvationsproblemet.

Antag att det finns S, T € B(E) sadana att ST — T'S = I. Detta medfor att
TST—T?S =T = ST?—TST vilket ger 2T = ST?>—T2S. P.s.s. foljer T 1 = ST*—-T"S
for alla positiva heltal n. Vidare fas da ||AB|| < ||A||||B|| for alla A, B € B(E) att

all 7" ST T+ 1T TS n=2,3, ..

Da ||S|, |IT|| < oo foljer att ||T™~1|| = 0 for n tillrdckligt stort, dvs T™~! = 0 € B(E) for
nagot positivt heltal.

Men nT™ ! = ST™ — T"S tillampad pd n = ng,ng — 1,...,2 ger T = 0. Detta motsiger
att ST —T'S = I. Alltsa saknas S,T € B(e) med egenskapen ovan.

Kursboken...

. Antag T € B(H) normal och z € H. Da giller

|Tz||?> = (Tx,Tx) = (TT;v,x) = (TT*z,z) = (T*z, T*z) = ||T*z||?

och ||Tz|| = || T*z|| foljer. a) visad.

Av a) foljer att N(T) = N(T*) for alla normala operator T' € B(H). Fixera att A € C. Da
dr AI — T normal om T dr normal ty (Al —T)* = AI —T* och

M —=TYM —T*) = AT - XT* = AT + TT* = {TT* =T*T} = (M - T*)(\I - T).

Alltsa galler N(A —T') = N(AI — T*) dvs b) visad. Alternativt kan man bara “rikna pa”
frén [|T*z — Az||*.
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Forslag till 16sningar till tentamen i TM A400, 2000-05-30

Uppgift 1

Givet Af(z) = fozw cos(z —y)f(y)dy, 0 <z < 2.

A &r en begrinsad linjér operator pa C[0, 27]: Linjiriteten trivial (men bor visas). Begrinsningen
av A foljer av

2m 2w
|Af(z)] = I/ cos(z —y)f(y) dyl S/ | cos(z —y)| |f(y)]| dy <
’ ’ <1 <Nflleo

< 27| floos

dér || fllco = sup,cpo,2.] | f ()] Alltsd foljer

1Af lloo < 27| flloo,

vilket medfor ||A]| < 2.
A #r en begréinsad linjér operator pa L?[0,2n]: Linjériteten trivial som ovan. Begrinsningen av
A foljer av

27 27 27
/ Af (@) dz < / ( / | cos(z — y)|1£ ()] dy)? der <
0 0 0
< {Hslders olikhet} <

27 27 27
< / (/0 |cos<w—y)|2dy)</0 F @) dy) de < 42| f|[2a,

dar [|£llze = (Jy™ 1 @)I? dy)*/2. Alltsé foljer

0
IAf N> < 27l £ |22,

vilket medfor ||A4|| < 2x.
||A||C[O,27r]—)c[0727r] = 4: Vi noterar att

2 2
1Alloo2m 020 < / |cos(z — )| dy = / |cos(y)| dy = 4.
0 0

For n = 1,2,..., lat f, vara kontinuerliga funktioner pa [0,2n] som uppfyller ||fn|loc = 1 och
dessutom = 1 pd intervallen [0, — ] J[3F + L, 27] och = —1 pd intervallet [F + L,3% — 1] (har
kan f, t.ex. viljas som styckvis linjéra funktioner). D4 giller

Afn(0) < 4

samt
27 2 4
AR > [ Jeoswldy -2 2 =4,
0 n n
vilket visar pastaendet ovan.
| Al| L2[0,24]—L2[0,24] = 7 Vi noterar att A &r en kompakt sjélvadjungerad operator pa Hilbertrum-
met L?, varfor ||Al|z2j0,27)—12[0,2e] = SUP{|A| : A egenviéirde till A}. Eftersom Af(z) = acosz +
bsinz, dir a,b € R beror pa f, ges varje egenfunktion pa denna form. Liten kalkyl ger att A\ &r
ett egenvirde till A om ekvationssystemet

A(acos(-) + bsin(+))(z) = A(acos(z) + bsin(z))

i a,b har en icke-trivial 16sning, dvs om A = 7.

Uppgift 2

Vi har f € C[0,1], A € R, dir |A| < e(e — 1), och ska visa att
w'(2) +u'(x) + Au(z)| = f(z), 2 € (0,1)
u(0) =u(1) =0
u € C?

har en entydigt bestdmd 16sning.
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u'+u' =F z € (0,1)
u(0) =u(t) =0 ’

Antag e(z,t) = a1(t) + a2(t)e”* uppfyller { gflf(’tt)t) . Detta ger e(z,t) = 1 — et~ 2.
x )

1. Greenfunktioen till {

Greenfunktionen ges av
g(@,t) = 0(z — t)(1 — ™) + be(t) + ba(t)e”
Villkoren g¢(0,t) = g(1,¢t), 0 <t < 1 ger

{ 1(t) + b2(t) =0
1—et" 1 4+ b1()+b2(t)671=0,0<t<1.

Alltsé g(z,t) = 0(z — t)(1 — et =2) + £=¢ 4 ee__—e;e_””. Vi noterar att g(z,t) < 0 alla z, t.

e—1
2. Sitt L
(Tu)(x) = / 9@, O)(F() = Alu(®))dt, 0 < & < 1
wecp 1"
Det ursprungliga problemet har en unik 16sning omm 7T har en unik fixpunkt.
For u,v € C[0, 1] géller

|(Tu) () — (Tv)(@)] = | / oz, ) (No(#)] = Aju()))d]| <
< / o, Dl[lu®)] — [o(@®)1dt < | / gz, ]l — vl

Satt j(z) = f lg(z,t)|dt. Hir éar j(z fo 1)dt, 16sningen till 5 + j' = —1 med
randvillkoren j(0) = j(1) = 0. Alltsa jlz) = efl — 1z — f5e”® med jpax = j(ln %) =
o in— D < - b= ok

[Al

Hirav f6ljer ||Tu — Tv||eo < e(e—1||u — v||s0, 0ch Banach fixpunktssats medfor att 7 har

unik fixpunkt om |A| < e(e — 1).

Uppgift 3
Givet avbildningen

1 1
T(x1,22,- -y ZTn,---) = (21, = (21 —I—xQ),...,E(azl +...zp),. ).

2
Visa att

1. T : £?2 = 2 &r en begrinsad linjir operator
2. T €j &r surjektiv

Linjariteten hos T' &r trivial.
T begrinsad operator: Tag x = (z1,2,. .., Ty, ...) € £2 och betrakta ||T%||%. VLOG kan vi anta
att z, > 0 for alla n.

1 1
| T%]| 2 :x2+2—2(w1 +x2)2+...+ﬁ(x1+...xn)2+...:

— 2
= E,?;lxk(kz + m +..0)+
1
+ 200 B k1 27k (=5 + G110 +...)

Vidare giller
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vilket ger
1
1Tl < 2l%/l72 + 22;@";12?’;“1%%3.71 <
T
<2 4300 X52
||X‘||e2 + =1%4j= 1k—|—]

Dessutom har vi

TET; 1
jalp 1k+] = 1@“;12}21{(m)1/2( )1/4 WH— )1/2(k)1/4a: <
< {Holders olikhet} <
oo o] 1 k 1/2,.2\1/2 [e9) oo 1 1/2,.2\1/2
(Ep= 1552 1k+g()/ k)/(zk 1 252 1k+J(k)/mJ)/
Har ar
1 k 1k
k= 1E§O1k+ (= )1/2%: ?;1$k2501k+1(3)1/2
dar

1 Kk < 1 k x
Eoi——1/2</ —1/2 = = — =
G s o i) de=lv=g3t

* 1 1
= ——d :C’
/0 1+y./y Y

med C oberoende av k. Foljdaktligen géller
.Z'kZL'J
=g 4

Dylp e < Cllxllz
vilket medfor att ||T%||,2 < V2 + 4C| ||| 2.
T ej surjektiv: Vi noterar att T : 2 — (2 &r injektiv, dvs Tz, = Txs => %1 = %9, och begrinsad.
Om T &r surjektiv s& ger den inversa avbildningssatsen att 7! &r en begréinsad linjir avbildning.
Séatt

yn =(0,0,...,0, 1 ,0,...).

~~
plats n
D4 giller ||yn|lez = 1 och
~1
T yn_(0707 707 ,n, 7 )7
plats n
dvs ||Tyn|lez > n, for alla n. Detta medfor ||T || = oo, vilket ger en motséigelse. Alltsa T &r ej
surjektiv. (Alternativt kan man notera att f6ljden
1 1 1 .
=(1,0,—=,0,=,0,—=,0,...) € £2
y = ( 30 5,0,—~ )

medan den enda sekvens % saddan att Tz =y ges av

x=(1,-1,1,-1,1,-1,...) € %))

Uppgift 4 & 5

Se kursboken.

Uppgift 6

Lat T vara en begrinsad linjéir operator pa ett Hilbertrum H med ||T|| = 1. Antag att T'zq = o
for ett g € H. Ska visa att T*zq = xg.

Betrakta

IT*zo — 20]|* = (T*20 — m0, T*20 — T0) =
= [|T* 2ol = (T* 0, 20) — (0, T*x0) + ||zol|* =
= || T*zo|” = (w0, Tzo) — (Tz0, %0) + [l20|” =
= IT*2ol” = llzoll* < (IT*[1* = 1)llzo|* =
= (IT1* = V)llzol* = 0.

Alltsa giller T*xzg = xg.



