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Home Assignment 2

Problem 1: Let (z,)22, be an ON-basis in a Hilbert space H and let (y,)%,; be another ON-
sequence such that

Soillzn —yal* <1

Show that (y,)52; is an ON-basis.

Problem 2: Let z, = (0,0,...,0,1,2,0,...) where the numbers 1 and 2 appear in the positions
n and n+ 1 and let y, = (1,1,...,1,0,0,...) with the number 1 in the first n positions.
Consider these as vectors in /2. Prove that for all m = 1,2, ...

Yn ¢ Span{xl, Zo,. . }

Problem 3: Prove the existence and uniqueness of a solution to the following boundary value

problem:
{ 4’ (z) = |z + u(z)],
u(0) — 2u(1) = v'(0) —

Problem 4: Set H = L?([0,1]). Let T be given by

0<z<1
2u'(1) =

Show that

. T is a bounded linear operator on H and

. calculate the kernel k(z,t) for T and show that T is self-adjoint.
Moreover calculate the kernel kx(x,t) for T? and

find! all eigenvalues and eigenfunctions for T'.

Finally calculate ||T||.

SNSRI

The solutions should be handed in at the latest on Friday May 25.

IHint: Let f be an eigenfunction for 7" and calculate (T2f)”. Show that f is a solution to the equation
)\2fll + f —0.



