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Problem 1 : Let C'(]0,1]) be the vector space of all continuously differentiable
functions f : [0,1] — R. Show that

1. C*([0,1]) with the norm ||f|| + ||f'|| is a Banach space,
2. C1([0,1]) with the norm || f|| is not a Banach space.

Here || f|| denotes max,eoq | f()|.
Problem 2 : Let 1 < p < 0o and let the subspace A C [P be defined by
A={x=(21,22,...,2pn,...) EP:2€['and ¥z, = 0}.
Show that
e _
Problem 3 : Let 7': C(]0,1]) — R be defined by T'f = f(1). Show that

1. T is continuous if C([0, 1]) equipped with the norm || f|| = max,epo1) | f(2)],

2. T'is not continuous if C([0, 1]) equipped with the norm || f||, = (fol ()P dt)%,
where 1 < p < oco.

Problem 4: Let E denote the real vector space C([0,1]) equipped with the norm
| fIl = max,epq | f(x)] and let T : E — E be a linear mapping. Assume that
Tf(x) >0 for all z € [0,1] provided f(z) > 0 for all = € [0, 1]. Show that

1. T is continuous

2. | T|| = sup,epp1) T1(x) where 1 denotes the constant function taking the
value 1.

3. Let U : E — FE be defined by Uf(z) = fol e™ f(t) dt and the sequence
U,:E— FE, n=1,2,3,... be defined by

Prove that ||U,, — UJ| — 0.



