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1. Show that the BVP






u′′(x) + u(x) =
u(x)

2 + (u(x))2
, 0 ≤ x ≤

π

2
u(0) = u(π

2
) = 0

has a unique solution u ∈ C2([0, 1]).

(4p)

2. Set E = {x = (x1, x2, . . . , xk, . . .) ∈ l2 : xk 6= 0 only for finitely many k}
with 〈·, ·〉E = 〈·, ·〉l2 . Moreover set

F = {x = (x1, x2, . . . , xk, . . .) ∈ E : Σ∞

k=1

1

k
xk = 0}.

Show that

(a) F is a proper subspace of E

(b) F is a closed set in E

(c) F⊥ = {0}

How does this result agree with Riesz representation theorem?

(4p)

3. Assume that k : [0,∞) → R is a continuous function with
∫

∞

0

|k(y)| dy < ∞.



Set

Kf(x) =

∫

∞

0

k(x+ y)f(y) dy, x ∈ [0,∞).

Show that K is a bounded linear operator on L2([0,∞)). Also
show that K is compact.

(4p)

4. Formulate the following theorems:

(a) Banach-Steinhaus theorem

(b) Schauder´s fixed point theorem

(c) Lax-Milgram theorem

(d) Hilbert-Schmidt theorem

(5p)

5. Let A be a compact, self-adjoint operator on a Hilbert space. Show
that ‖A‖ or −‖A‖ is an eigenvalue to A. Moreover show that if λ
is an eigenvalue to a bounded linear operator B then |λ| ≤ ‖B‖.

(4p)

6. Set Ω = {(x, y) ∈ R
2 : |x| ≤ 1, |y| ≤ 1}. Assume f, g : Ω → R are

continuous and satisfy
{

f(−1, y) < 0, f(1, y) > 0 all |y| ≤ 1,
g(x,−1) < 0, g(x, 1) > 0 all |x| ≤ 1.

Show1 that there exists a (x̄, ȳ) ∈ Ω such that

f(x̄, ȳ) = 0 = g(x̄, ȳ).

(4p)

For information on the announcement of results see the course homepage where
also solutions to the problems will be presented.

GOOD LUCK! PK

1Hint: Show that there exists an ǫ > 0 such that H : Ω → Ω where H(x, y) = (x, y) −

ǫ(f(x, y), g(x, y)).
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