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1. Consider the differential operator L = (-£)? defined on C2([0, 1]) with boundary condi-
tions u(0) = «/(1) and u/(0) = u(1). Calculate

(a) the corresponding Green s function g(x,t), and

(b) prove that the boundary value problem
u'(x) = sin(/|u(a?)| + 1), @ €[0,1],
u(0) = u'(1),v(0) = u(1)

has a unique solution u € C2([0, 1]).

(4p)

Solution:

Green’s function g(z,t): We observe that uj(x) = 1 and ug(z) = x form a basis for
N (L) where Lu = u”. Set

g(x,t) = 0(z — t)(a1(t)ur (@) + az(t)ua(w)) + b1 (t)ui(x) + ba(t)uz(x)

where

{ ai(t) +az(t) =0

ag(t) =1
and
{ bi(t) = az(t) + ba(?)
bQ (t) = al(t) + az(t) + bl (t) + bz(t)

We obtain

al (t) = —t, ag(t) =1
and

bl(t) =t—1, bQ(t) =t—2.

This gives

glx,t) =0z —t)(x —t)+t—1+(t—2)z, 0 <z, t < 1.



Unique solution for the BVP: The problem can be rewritten as

1
u(z) = /0 o, ) (sin(y/u(@)] £ 1)) dt, 0 < < 1.
Set .
T(u)(2) :/0 g, ) (sin(y/Ju(@)] + 1))dt, 0 <o < 1,

where u € C([0,1]). Clearly T : C([0,1]) — C(]0,1]). We assume that C(|0,1]) is
equipped with the max-norm, i.e. ||f|| = max,¢(o1)[f ()], which makes C([0,1])
into a Banach space. From Banach ‘s fixed point theorem it follows that the BVP
above has a unique solution w if 7" is a contraction on C([0, 1]). For u,v € C([0, 1])
we get

T(u) () - |—y/ () (sin(y/ (@) 1) — sin(y/Jo(@)] 1)) di] <

1
S/ l9(z, )] - [sin(v/[u(t?)| + 1) = sin(y/]o(?)| + 1)] dt.
0

Apply the mean value theorem to obtain
[sin(y/[u(2)] + 1) = sin(v/[o(2)] + 1) < [V]u(@)] + 1 = /]o(2)] +1] <

1
< Slu(t?) = o) < 5llu—vl.

—

This yields

1

) =T < . [ loGe, )t .

By inspection we see that g(z,t) <0 for all 0 < z,¢t <1 so

1 1
x)z/o |g(:c,t)]dt:/0 (@ t)(=1)dt, 0< z < 1

will satisfy j”(z) = —1, j(0) = 5/(1), 7/(0) = j(1). A calculation gives

1 3 5
@) =3+57-3
and
1<'()<30< <1
2_J93_27 ST

Finally we have proved
3
17 (w) = T()]| < 3 llu =], w,v e C([0,1])

and the result follows.



2. For f € L?([0,1]) and = € [0, 1] set

Show that

A(f) € L*([0,1)) for f € L?(]0,1))

A is a bounded linear operator on L?([0,1]), and

(a
(b
(c
(d

calculate ||A|| and also

(A — -1-1)10|| where I denotes the identity operator on L2.

)
)
)
) 2\[

(5p)

Solution: Fix f € L*([0,1]). Using Holder "s inequality (or Schwartz” inequality) we get

JAGIE: = //a:— dyzdw</01(/01\w—y|f(y)ldy)2dx§
g/01</01<w—y>2dy></01|f<y>|2dy>dx=/Ol/olm—y)?dydx-|f\|%2.

This proves (a). (b) is a (boring and) straight-forward calculation. We observe that A is
a compact operator and that iA is a self-adjoint (and compact) operator. This implies
that
1Al = llsAll = | max A
eigenvalue to 1A
We calculate the eigenvalues to A. Here A(f)(x) = Af(x) implies that f(z) = a + bz
and so

1 a
)\(a—i—ba:):/o (m—y)(a—i—by)dy:—§—§+(a+g)m.

This implies
A=+i

1
2V/3
and we obtain ||A| = For (d) we note that iA is a compact self-adjoint operator

2\/
on L?, which is an infinite-dimensional separable Hilbert space and hence by Hilbert-

Schmidt theorem there exists a complete ON-sequence (e, )7 ; of eigenvectors (eigen-
functions) to iA corresponding to the eigenvalues (A\,;)52 ;. WLOG we have A\; = ﬁ,

Ay = — 2\[ and A\, =0 for n = 3,4, ... This gives

A(f) = _izzozl)‘nwca 6n>€n

We also get .
(A—T\/gf)w(f)z n=1(—iAn —27)10% €n)en
o1 1 1
:(—Zm 2\/§)lo<f, er)er + (i Q\f 2\/§)lo<f,€2>62=



= () @+ fener + (5 2) (1= (L eales

and

(4= S =D P = (o P+ i1 )+ [ =2 o)) =

= (e +1(F e

By Parseval 's formula we conclude that

1 1
(A - ﬁf)m(f)\l < (6)5”ﬂ|
and also 1 ) )
(A= 572Dl = (5)°(= 772)

. Let g € L([0,1]) be a fixed function and consider the equation

1
(x+1)/0 L) dt = f(z) + g(x), =€ [0,1]

for f € L*([0,1]). Show that this equation has a unique solution.

Solution: For fixed g € L?([0,1]) consider the equation

1
f(x):(x—i-l)/ tf(t)dt —g(x) =z €]0,1]

0

Set,
T(f)(x) = RHS (1)
We see that
1
\ﬂﬁmsyéﬁmﬁwm+wp+mm
where
! 2 ! 2 ! 2 2 1 2
[ e < ([ islaot < [ a1 = 3113 <

and

2
7
|z + 1|2 :(/ (x+1)2dx)% :\/;<oo.
0

Moreover T : L?([0,1]) — L?([0,1]) is a contraction since
1
1T (w) = T(v)ll 2 = [I(z + 1)/0 t(u(t) = v(t)) dt] 2> <

4

(3p)



7 1 7
<[5/ 5l vl =g lle = olze.

We can now conclude by Banach s fixed point theorem that (1) has a unique solution
f € L?([0,1]) since (L?([0,1]), ]| - ||z2) is a Banach space.

4. Let X be a Banach space and assume that A € B(X, X) with operator-norm || Al < 1.
Show that (I 4+ A)~! exists as a mapping X — X and belongs to B(X, X).
Moreover define o(A), the spectrum of A, and p(A), the resolvent set of A, and show
that o(A) is a compact set in C.

(5p)
Solution: See textbook and lecture notes on course homepage
5. Assume that z,, — = in a Hilbert space (H, (-,-)). Show that
(a) A € B(H) implies that A(x,) = A(z) in H, and that
(b) A € K(H) implies that A(x,) — A(x) in H.
(4p)

Solution: See textbook

6. Let X be a Banach space and A a non-empty subset of a normed space Y. Let
T:XxA—-X
be a continuous mapping! and assume that there exits a k € [0,1) such that
T (z1,y) — T(z2,y)| < k|z1 — 22| for all 1,22 € X and y € A.
Show that for each fixed y € A the mapping T has a unique fixed point xo(y) and that
r0: A— X

is a continuous mapping.

(4p)

'This means that , — z in X and y, — y in Y implies that T(zn, yn) — T(z,y) in X.



Solution: For each fixed y € A we obtain by Banach s fixed point theorem that there
exists a unique fixed point zo(y) for T'(z,y).
Assume that v, — y in Y where {y, : n =1,2,3,...} J{y} C A. This gives

2o (yn) — o)l = 1T (o (yn), yn) — T(zo(y),y)|l <

< ”T(xO(yn)a yn) - T(xO(y)ayn)H + HT(l'o(y), yn) - T(xo(y),y)H <
< Ellzo(yn) — o)l + [IT(20(y), yn) — T(20(y), )|l
which implies that

Jzo(ym) — 20(®)]l < T IT(oly),vn) — Tlwow), ).

Since
1T (z0(y), yn) — T'(z0(y),y)|| — O

as Yy, — y in Y it follows that zo(y,) — zo(y) in X as y, — y in Y.



