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1. Show that the BVP
5u′′ +

1

1 + u4(x)
= 1, x ∈ [0, 1]

u(0) = 0, u(1) = 0

has a unique solution u ∈ C2([0, 1]).

(4p)

2. Set

Tf(x) =

∫ ∞
−∞

f(y)

1 + (x− y)2
dy, f ∈ L2(R).

Prove that T defines a bounded linear self-adjoint operator on
L2(R). Show that T is not a compact operator.

(4p)

3. Let xn ∈ R for n = 1, 2, 3, . . .. Assume that (xn)∞n=1 has no cluster
point and that xn 6= xm for n 6= m. Moreover assume that and
(cn)∞n=1 ∈ l1. Let C(R) denote the vector space of all bounded
continuous functions on R with norm ‖f‖ = supx∈R |f(x)|. Finally
let L denote the functional on C(R) defined by

L(f) = Σ∞n=1 cnf(xn), f ∈ C(R).

Calculate ‖L‖.

(4p)



4. State and prove the Orthogonal Projection Theorem. Also the the
”Closest Point Property” theorem should be proved if used.

(5p)

5. Let T 6= 0 be a linear functional on a normed space X. Prove that
the following statements are equivalent:

(a) T is continuous

(b) N (T ) is a proper closed subspace of X

(c) N (T ) is not dense in X

(4p)

6. Let M be a dense subspace of a separable Hilbert space H. Prove
that H has an ON-basis consisting of elements in M .

(4p)

For information on the announcement of results see the course homepage where
also solutions to the problems will be presented.

GOOD LUCK! PK
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