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1. Let f ∈ C([0, 1]) and λ ∈ R with |λ| < 1
e−2 . Show that the

boundary value problem u′′(x) + 2u′(x) + u(x) + λ sin2(u(x)) = f(x), x ∈ [0, 1]

u(0) = u(1) = 0

has a unique solution u ∈ C2([0, 1]).

(4p)

2. For f ∈ L2(R) set

Tf(x) =

∫ ∞
−∞

1

2
e−|x−t|f(t) dt, x ∈ R.

Show that

(a) Tf ∈ L2(R) for f ∈ L2(R)

(b) T ∈ B(L2(R)) with ‖T‖ ≤ 1

(c)
∫∞
−∞

∫∞
−∞ |

1
2
e−|x−t||2 dtdx =∞1.

(4p)

P.T.O.

1This means that T is not a Hilbert-Schmidt operator but this concept was only discussed in
class and is not given in the literature for the course.



3. Let H be the Hilbert space and P,Q be two orthogonal projections
on H. Show2 that if P +Q is an orthogonal projection then

P (H) ⊥ Q(H).

(4p)

4. State and prove Riesz representation theorem. Show that the as-
sumption of ”Hilbert space” in the theorem cannot be relaxed to
”inner product space”.

(5p)

5. Let H be a Hilbert space and assume that xn ⇀ x in H. Show
that xn → x in H iff and only if ‖xn‖ → ‖xn‖ in R.

(3p)

6. Assume that T is a mapping on a Banach space X and that TN

is a contraction for some positive integer N . Show that

(a) T has a unique fixed point

(b) (T n(x))∞n=1 converges to the fixed point for each x ∈ X
(c) T does not need to be continuous, for instance by considering

the following example: Set X = R and

T (x) =

{
1 x rational
0 x irrational

and N = 2.

(5p)

For information on the announcement of results see the course homepage where
also solutions to the problems will be presented.

GOOD LUCK! PK

2Also the converse is true.

2


