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1. Show that the boundary value problem u′′ + sin2(u(x)) = x, x ∈ [0, 1]

u(0) = u(1) = 0

has a unique solution u ∈ C2([0, 1]).

(4p)

2. For x = (x1, x2, x3 . . .) ∈ l2 set T (x) = y = (y1, y2, y3, . . .) where

y1 = x1, yn =
1

2n−1
(x1 + x2 + . . . + xn) for n ≥ 2.

Show that T is a bounded linear operator on l2. Moreover show
that T is not surjective.

(4p)

3. Let T : L2(R) → L2(R) be defined by T (f)(x) = f(x + 1) for all
x ∈ R. Show that

(a) T is a bounded linear operator on L2(R). Calculate ‖T‖.
(b) T has no eigenvalues.

(1+3p)



4. Prove the following version of Banach’s fixed point theorem1: Let
F be a closed set in a Banach space X. Suppose that T : F → F
and that TN is a contraction on F for some positive integer N .
Show that

(a) T has a unique fixed point.

(b) The sequence (T n(x0))∞n=1 converges to the unique fixed point
for every x0 ∈ F .

(3+2p)

5. Let E be a Hilbert space.

(a) Define the notion of weak convergence in E, more precisely,
what is meant by

xn ⇀ x in E.

(b) Prove that if xn ⇀ x in E then

sup
n=1,2,3,...

‖xn‖ <∞.

(1+3p)

6. Let T be a bounded linear operator on a complex Hilbert space E.
Suppose that 〈T (x), x〉 ≥ 0 for all x ∈ E. Show that

|〈T (x), y〉|2 ≤ 〈T (x), x〉〈T (y), y〉 all x, y ∈ E.

(4p)

For information on the announcement of results see the course homepage where
also solutions to the problems will be presented.

GOOD LUCK! PK

1If a reference to some other version of Banach’s fixed point theorem is made then that theorem
should also be proven.
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