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Projectcourse:OptimizationTM,2004

�≈3meetingsperweekduringthree–fourweeks

�Projects:

–LagrangianrelaxationforaVLSIdesignproblem

(Matlabpackage)

–Large-scalesetcoveringproblems:heuristicsand

optimizingmethods(competition!)

�Literature:Lecturenotes,hand-outsfrombooks.

�Examination:Writtenreportsonthetwoprojects.

Oralpresentation,withopposition!

�Forbettergradesthanpass(4,5,VG):oralexam.
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Topics:Turningdifficultproblemsintoasequence

ofsimplerproblems(decomposition–coordination)

�Lagrangianrelaxation(IP,NLP)

�Dantzig–Wolfedecomposition(LP)

�Bendersdecomposition(IP,NLP)

�Columngeneration(LP,IP,NLP)

�Heuristics(IP)

�Branch&Bound(IP,non-convexNLP)

�Greedyalgorithms(IP,NLP)

�Subgradientoptimization(convexNLP)
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Simpleproblems—Wolsey

�Forsimpleproblems,thereexistpolynomialalgorithms

(theybelongtothecomplexityclassP),preferably

withasmalllargestexponent.

�Networkflowproblems(shortestpaths;maximum

flows;minimumcostsingle-commoditynetworkflows;

transportationproblem;assignmentproblem;

maximumcardinalitymatching)—seeWolsey!

�Linearprogramming

�Problemsoversimplematroids(next!)



4

'

&

$

%

Matroidsandthegreedyalgorithm—Lawler

�Greedyalgorithm:Createa“completesolution”by

iterativelychoosingthebestalternative.Inthegreedy

algorithm,oneneverregretsachoicemadepreviously.

�Whichproblemscanbesolvedusingsuchasimple

method?

�Problemsthatcanbedescribedbymatroids.

�GivenafinitesetEandafamilyFofsubsetsofE.If

A∈FandA
′
⊆AimpliesthatA

′
∈F,thenthe

systemS=(E,F)isanindependentsystem.
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�Example,I:

E=asetofcolumnvectorsinR
n
,

F=thesetoflinearlyindependentsubsetsofvectorsinE.

�Example,II:

E=thesetoflinks(edges,arcs)inanundirectedgraph,

F=thesetofallcycle-freesubsetsoflinksinE.

�Letw(e)bethecostofanelementinE.Problem:Find

theelementA∈Fofmaximalcardinalitysuchthat

thetotalcostisminimal/maximal.
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TheGreedyalgorithmforminimizationproblems

�A=∅.

�SorttheelementsofEinincreasingorderwithrespect

tow(e).

�Takethefirstelemente∈Einthelist.IfA∪{e}is

stillindependent=⇒letA:=A∪{e}.

�Continuewiththenextelement.

�Continueuntileitherthelistisempty,orAhasthe

maximalcardinality.

�WhatarethecorrespondingalgorithmsinExamplesI

andII?
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Examples

�ExampleI(linearlyindependentvectors):Let

A=















10201

0−1−111

32814

21502















,

w
T

=
(

109841
)

.

�Choosethemaximalindependentsetwiththemaximal

weight.

�CanthistechniquesolveLPproblems?
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�ExampleII(minimumspanningtrees):Themaximal

setofcycle-freelinksinanundirectedgraphisa

spanningtree;inagraphG=(N,E),ithas|N|−1

links.

�Classicgreedyalgorithm(Kruskal’salgorithm)has

complexityO(|E|·log(|E|)).Themaincostisinthe

sortingitself.

�Prim’salgorithmbuildsthespanningtreethrough

graphsearchtechniques,fromnodetonode;complexity

O(|N|
2
).
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�ExampleIII(infactnotamatroidproblem):

LPrelaxationofthe0/1knapsackproblem(BKP):

maximizef(x)=

n
∑

j=1

cjxj,

subjectto

n
∑

j=1

ajxj≤b,(aj,b∈Z+)

0≤xj≤1,j=1,...,n.

�Greedyalgorithm:Sortcj/ajindescendingorder;set

thevariablesto1untiltheknapsackisfull.Thelast

variablemaybecomefractional.

�LPdualityshowsthatthegreedyalgorithmiscorrect.
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�Roundingdowngivesafeasiblesolutionto(BKP).Isit

alsooptimalin(BKP)?

maximizef(x)=2x1+cx2,

subjectto
n

∑

j=1

x1+cx2≤c,

x1,x2∈{0,1},

wherecisapositiveinteger.

�Ifc≥2thenx
∗

=(0,1)
T

andf
∗

=c.

�Thegreedyalgorithm,plusrounding,alwaysgives

x̄=(1,0)
T
,withf(x̄)=2;anarbitrarilybadsolution.
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�ExampleIV:thetravelingsalesmanproblem(TSP)

�Thegreedyalgorithmwouldselectthenextbestcity

whichdoesnotleadtoasub-tour.Optimal?

PSfragreplacements

c

1

1

11
2

2

2

22

3

45

PSfragreplacements
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1
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2

2

2

22

3

45

Figure1:GreedyOptimal

�Notoptimalwhenc�0.
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�ExampleV:theshortestpathproblem(SPP)

�Thegreedyalgorithmconstructsapaththatuses,

locally,thecheapestlinktoreachanewnode.

Optimal?
PSfragreplacements

c

st

1

1
2

55

PSfragreplacements

c

st

1

1
2

5 5

Figure2:GreedyOptimal

�Notoptimalwhenc�0.
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�ExampleVI:Semi-matching:

maximizef(x)=
m

∑

i=1

n
∑

j=1

wijxij,

subjectto
n

∑

j=1

xij≤1,i=1,...,m,

xij∈{0,1},i=1,...,m,j=1,...,n.

�Semi-assignment:replacemaximum=⇒minimum;

“≤”=⇒“=”;m=n.

�Algorithm:Foreachi:takebestwij,setwij=1for

thatj,andwij=0foreveryotherj.
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Matroidtypes

�Graphmatroid:F=thesetofforestsinagraph

G=(N,E).Exampleproblem:MST.

�Partitionmatroid:ConsiderapartitionofEintom

setsB1,...,Bmandletdi(i=1,...,m)be

non-negativeintegers.Let

F={I|I⊆E;|I∩Bi|≤di,i=1,...,m}.

Exampleproblems:semi-matching;bipartitegraphs.

�Matrixmatroid:S=(E,F),whereEisasetofcolumn

vectorsandFisthesetofsubsetsofEwithlinearly

independentvectors.Observe:Theabovematroidscan

bewrittenasmatrixmatroids!
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Problemsovermatroidintersections

�GiventwomatroidsM=(E,P)andN=(E,R),find

themaximumcardinalitysetinP∩R.

�Example1:maximum-cardinalitymatchingisthe

intersectionoftwopartitionmatroids.

�Theintersectionoftwomatroidscannotbesolvedby

usingthegreedyalgorithm.

�Thereexistpolynomialalgorithmsforthem.For

example,matchingandassignmentproblemscanbe

solvedasmaximumflowproblems,whichare

polynomiallysolvable.
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�Example2:Thetravelingsalesmanproblem(TSP)is

theintersectionofthreematroids:agraphmatroidand

twopartitionmatroids(seeitsformulationusing

assignment+treeconstraints).

�Conclusion:Matroidproblemsareextremelyeasy;

two-matroidproblemsarepolynomial;three-matroid

problemsareverydifficult!
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Thetravelingsalesmanproblem—three

formulations

ThreeformulationsoftheundirectedTSP,whichgiverise

todifferentalgorithmswhenLagrangianrelaxedor

otherwisemanipulated.
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minimize
n

∑

i=1

n
∑

j=1

cijxij

subjectto
n

∑

j=1

xij=1,i∈N,(1)

n
∑

i=1

xij=1,j∈N,(2)

∑

i∈S

∑

j∈S

xij≤|S|−1,S⊂N,(3)

xij∈{0,1},i,j∈N.
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�Tree-basedformulation.(1)–(2):Assignment;(3):

cycle-free.

�Lagrangianrelax(3):Assignment.

�Lagrangianrelax(1)–(2):1-MST,ifaddingredundant

constraintsfromtheoriginalproblem.
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minimize
n

∑

i=1

n
∑

j=1

cijxij

subjectto
n

∑

j=1

xij=2,i∈N,(1)

n
∑

i=1

n
∑

j=1

xij=n,(2)

∑

(i,j)∈(S,N\S)

xij≥1,S⊂N,(3)

xij∈{0,1},i,j∈N.
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�Nodeadjacencybasedformulation.(1):Adjacency

condition;(2):Redundant;(3):cycle-free(alternative

version).[Hamiltoncycleisaspanningtree+onelink,

suchthateverynodeisadjacenttotwonodes.]

�Lagrangianrelax(1),exceptfornodes:1-tree

relaxation.

�Lagrangianrelax(3):2-matching.
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Fordirectedgraphs:

minimize
∑

(i,j)∈E

cijxij

subjectto
∑

j:(i,j)∈E

xij=1,i∈N,(1)

∑

i:(i,j)∈E

xij=1,j∈N,(2)

∑

(i,j)∈E

xij=|N|,(3)

∑

(i,j)∈(S,N\S)+

xij+
∑

(j,i)∈(S,N\S)
−

xij≥1,S⊂N,(4)

xij∈{0,1},(i,j)∈E.



23

'

&

$

%

�Tree-basedformulation.(1)–(2):assignment;(3):

Redundant;(4)Cycle-free.

�Lagrangianrelax(1)or(2),plus(4):semi-assignment.

�Lagrangianrelax(3)plus(4):assignment.

�Lagrangianrelax(1),and(2)exceptfornodes:

directed1-treerelaxation.


