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Locationoffacilitieswhichservecustomers

�Potentialsites:J={1,...,n}(geographicallocations)

�Existingcustomers:I={1,...,m}(geographicallocations)

fj=fixedcostofusingdepotj

cij=transportationcostwhencustomeri’sdemandisfulfilledentirely

fromdepotj

Decisionproblem:

�Whichdepotstoopen?

�Whichdepotstoservewhichcustomers,andhowmuch?

�Goal:minimizecost

�Assumption:depotshaveunlimitedcapacity(toberemoved)
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Decisionvariables:

yj=







1,ifdepotjissetup

0,otherwise

xij=portionofcustomeri’sdemandtobedeliveredfromdepotj

Uncapacitatedfacilitylocation(UFL)

z
∗
0=min

∑

i∈I

∑

j∈J

cijxij+
∑

j∈J

fjyj(0)

s.t.
∑

j∈J

xij=1,i∈I(1)

xij−yj≤0,i∈I,j∈J(2)

xij∈[0,1],i∈I,j∈J(3)

yj∈{0,1},j∈J(4)
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(0)Minimizecost

(1)Deliverpreciselythedemand

(2)Deliveronlyfromopendepots

(3)xistheportionofthedemand

(4)Donotpartiallyopenadepot

Supposedepotshavelimitedcapacity

di=demandofcustomeri(D=
∑

i∈Idi)

bj=capacityofdepotj—ifitisopened

Constraints:
∑

i∈I

dixij≤bjyj,j∈J(5)(=⇒xij≤yj,∀i,j)

=⇒replace(2)with(5)
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Capacitatedfacilitylocation(CFL)

z
∗

=min
∑

i∈I

∑

j∈J

cijxij+
∑

j∈J

fjyj(0)

s.t.
∑

j∈J

xij=1,i∈I(1)

∑

i∈I

dixij−bjyj≤0,j∈J(5)

xij∈[0,1],i∈I,j∈J(3)

yj∈{0,1},j∈J(4)

Observation:Totalcapacityofopendepotsmustcovertheentire

demand=⇒anadditional(redundant)constraint:

(1),(5)=⇒

capacity
︷︸︸︷
∑

j∈J

bjyj≥
∑

j∈J

∑

i∈I

dixij=
∑

i∈I

di

∑

j∈J

xij=
∑

i∈I

di·1=

demand
︷︸︸︷

D
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Trick:Exchangexijforwijinconstraint(1)andin“half”the

objective,addtheconstraintsxij=wij,andlet0≤α≤1.

z
∗

=minα
∑

i∈I

∑

j∈J

cijxij+(1−α)
∑

i∈I

∑

j∈J

cijwij+
∑

j∈J

fjyj

s.t.
∑

j∈J

wij=1,i∈I(1)

∑

i∈I

dixij−bjyj≤0,j∈J(5)

∑

j∈J

bjyj≥D,(6)

wij−xij=0,i∈I,j∈J(7)

xij∈[0,1],i∈I,j∈J(3)

wij≥0,i∈I,j∈J(8)

yj∈{0,1},j∈J(4)
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�Constraints(7)tietogether(x,y)withw.

�Lagrangianrelaxthesewithmultipliersλij

=⇒Lagrangefunction

L(x,w,y,λ)=

=
∑

i∈I

∑

j∈J




αcijxij+(1−α)cijwij+

penalty
︷︸︸︷

λij(wij−xij)




+

∑

j∈J

fjyj

=
∑

i∈I

∑

j∈J

(αcij−λij)xij+
∑

j∈J

fjyj+
∑

i∈I

∑

j∈J

[(1−α)cij+λij]wij

�Subproblem(forfixedvalueofλ):

MinimizetheLagrangefunctionunderconstraints(1),(5),(6),

(3),(8)&(4).

Separatesintoonein(x,y)and|I|inw.
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Subprobleminxandy:

qxy(λ)=min
x,y

∑

i∈I

∑

j∈J

[αcij−λij]xij+
∑

j∈J

fjyj

s.t.
∑

j∈J

bjyj≥D,(6)

∑

i∈I

dixij≤bjyj,j∈J(5)

xij∈[0,1],i∈I,j∈J(3)

yj∈{0,1},j∈J(4)

Foreveryy-solution(suchthat
∑

j∈Jbjyj≥D)wehave:

�Ifyj=0thenxij=0,i∈I

�Ifyj=1then
∑

i∈Idixij≤bj
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Value[in(x,y)-subproblem]ofopeningdepotj

Thatis:lettingyj=1(|J|continuousknapsackproblems)

[CKSPj]vj(λ)=fj+min
x

∑

i∈I

[αcij−λij]xij

s.t.
∑

i∈I

dixij≤bj

xij∈[0,1],i∈I

=⇒Projectionontoy-space(a0/1knapsackproblem)

[0/1-KSP]qxy(λ)=min
y

∑

j∈J

vj(λ)·yj

s.t.
∑

j∈J

bjyj≥D,

yj∈{0,1},j∈J
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Solvingthecontinuousknapsackproblems[CKSPj]

�Sort
αcij−λij

di<0,i∈I,inincreasingorder

=⇒indices{i1,i2,...,im},m≤|I|.

�Ifm=0thenxij=0,i∈I.Else,letk=1and:

�Letxikj=min{1;bj−
∑k−1

s=1dixisj}andletk:=k+1until
∑k

s=1dixisj=bjork=m.

�Solutionfulfills
∑

i∈Idixij=bjandxij∈[0,1],i∈I.

�vj(λ)=fj+min
∑|I|

k=1

∑

j∈J[αcikj−λikj]xikj.

Solving0/1knapsackproblems

Notpolynomial.SolvewithBranch&Bound(CPLEX).

Solution:yj(λ)∈{0,1},j∈J.

.xij(λ)=0,i∈I,ifyj(λ)=0.

.xij(λ)=xijbytheabove,i∈I,ifyj(λ)=1.
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Subprobleminw

(|I|semi-assignmentproblems):

[SAP]qw(λ)=
∑

i∈I







min
w

∑

j∈J

[(1−α)cij+λij]wij

s.t.
∑

j∈J

wij=1,wij≥0,j∈J







Solvingsemi-assignmentproblemi

(specialcaseof[CKSP]):

�Find`isuchthat(1−α)ci`i+λi`i=min
j∈J

{(1−α)cij+λij}.

�Letwi`i(λ)=1,wij(λ)=0,j6=`i.
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Valueofrelaxedproblemforfixedvalueofλ

q(λ)=qxy(λ)
︸︷︷︸

difficult

+qw(λ)
︸︷︷︸

simple

�Canshowthatq(λ)≤q
∗

forallλ∈R
|I|×|J|

(weakduality)

�λijisthepenaltyforviolatingwij=xij

�Findbestunderestimateofq
∗
⇐⇒find“optimal”valuesof

penaltiesλij

�Thatis:max
λ∈R|I|×|J|

q(λ)≤q
∗

(mostoftenmax
λ∈R|I|×|J|

q(λ)<z
∗
,not

strongduality)



12

'

&

$

%

Howtofindbettervalueofλij?

Penalty:min...
∑

i∈I

∑

j∈Jλij(wij−xij)

�Ifwij(λ)>xij(λ)=⇒Increasevalueofλij(moreexpensiveto

violateconstraint)

�Ifwij(λ)<xij(λ)=⇒Decreasevalueofλij(moreexpensiveto

violateconstraint)

�Iterativemethod(subgradientalgorithm)tofindoptimal

penaltiesλ
∗
:

λ
t+1
ij=λ

t
ij+ρt

[
wij(λ

t
)−xij(λ

t
)
]
,t=0,1,...

whereρt>0isasteplength,decreasingwitht

�Usefeasibilityheuristicfromevery
[
x(λ

t
),w(λ

t
),y(λ

t
)
]

toyield

afeasiblesolutiontoCFL(openmoredepots,sendonlyfrom

opendepots,x=w,...).Example:Benders’subproblem!
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Example:|I|=4,|J|=3,α=
1

2

(cij)=










624

284

1626

10124










,(fj)=







11

16

21





,(di)=










6

4

8

5










,(bj)=







12

10

13







qxy(λ)=min
∑3

j=1vj(λ)·yj

s.t.12y1+10y2+13y3≥23

y∈{0,1}
3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Let(λ
t
ij)=










700

3102

520

075










Observe:impliesthaty3=1musthold.
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...=⇒... ︸︷︷︸qxy(λ)=min5y1+8.875y2+18y3

(nextpage)s.t.12y1+10y2+13y3≥23,y∈{0,1}
3
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v1(λ
t
)=11+min−4x11−2x21+3x31+5x41

s.t.6x11+4x21+8x31+5x41≤12,x·1∈[0,1]
4

=⇒x11=x21=1,x31=x41=0,v1(λ
t
)=5

v2(λ
t
)=16+minx12−6x22−x32−x42

s.t.6x12+4x22+8x32+5x42≤10,x·2∈[0,1]
4

=⇒x22=x42=1,x32=
1

8
,x12=0,v2(λ

t
)=8.875

v3(λ
t
)=21+min2x13+0x23+3x33−3x43

s.t.6x13+4x23+8x33+5x43≤13,x·3∈[0,1]
4

=⇒x23=x43=1,x13=x33=0,v3(λ
t
)=18
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Solutionto(x,y)problemforλ=λ
t

y(λ
t
)=(1,0,1)

T
,x(λ

t
)=










100

101

000

001










,qxy(λ
t
)=5+0+18=23

w-problemseparatesintooneforeachcustomeri

qw(λ
t
)=

∑4

i=1q
i
w(λ

t
),where

(
1−α=

1
2

)

q
i
w(λ

t
)=min

3∑

j=1

[
(1−α)cij+λ

t
ij

]
wij

s.t.
3∑

j=1

wij=1,wij≥0,j=1,2,3
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q
1
w(λ

t
)=min10w11+w12+2w13

s.t.w11+w12+w13=1,w1j≥0,j=1,2,3

=⇒w12(λ
t
)=1,w11(λ

t
)=w13(λ

t
)=0,q

1
w(λ

t
)=1

q
2
w(λ

t
)=min4w21+14w22+4w23

s.t.w21+w22+w23=1,w2j≥0,j=1,2,3

=⇒w21(λ
t
)=1,w22(λ

t
)=w23(λ

t
)=0,q

2
w(λ

t
)=4

q
3
w(λ

t
)=min13w31+3w32+3w33

s.t.w31+w32+w33=1,w3j≥0,j=1,2,3

=⇒w32(λ
t
)=w33(λ

t
)=

1

2
,w31(λ

t
)=0,q

3
w(λ

t
)=3

q
4
w(λ

t
)=min5w41+13w42+7w43

s.t.w41+w42+w43=1,w4j≥0,j=1,2,3

=⇒w41(λ
t
)=1,w42(λ

t
)=w43(λ

t
)=0,q

4
w(λ

t
)=5
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Solutiontowproblem

w(λ
t
)=










010

100

0
1
2

1
2

100










,qw(λ
t
)=13,

q(λ
t
)=qxy(λ

t
)+qw(λ

t
)=35

=⇒z
∗
≥35

Newλvector(e.g.,ρt=8):

λ
t+1

=λ
t
+ρt

[
w(λ

t
)−x(λ

t
)
]

=










7−ρtρt0

3102−ρt

52+
ρt

2

ρt

2

ρt75−ρt










=










−180

310−6

564

87−3
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Feasiblesolution⇐⇒x(λ
t
)=w(λ

t
)?No=⇒

Feasibilityheuristic

Idea:Opendepotsgivenbyy(λ
t
)=⇒y

H
=y(λ

t
)=(1,0,1)

T
.

Sendonlyfromopendepots(y
H
j=0=⇒x

H
ij=0,∀i).

Fulfilldemandbutdonotviolatecapacityrestrictions:

Letx
H

=










7
120

5
12

100

001

1
20

1
2










=⇒

z
H

=6·
7
12+4·

5
12+2+6+10·

1
2+4·

1
2+11+21=52+

1
6

=⇒z
∗
∈[35,52+

1
6]=[q(λ

t
),z

H
](notverygoodinterval)



20

'

&

$

%

�Choiceofsteplengths(ρt)later(subgradientoptimization,

convergencetoanoptimalvalueofλ)

�Feasibilityheuristicscanbemademoreorlesssophisticated

�TherearemorewaysinwhichtoLagrangianrelaxcontinuous

constraintsinanoptimizationproblem

�E.g.:Lagrangianrelax(1)or(5)

(withmultipliersµi∈Rresp.νj∈R+)intheoriginal

formulation(CFL)
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�TherearealsoothermethodsforsolvingCFL.Considerfor

examplethefactthatforfixedy,theremainingproblemoverx

isverysimple(atransportationproblem).Algorithmscanbe

basedononlyadjustingy,alwaysoptimizingoverxforeachy.

(Wesaythatweprojecttheproblemontotheyvariables.)

�ThisistheBenders’subproblem(moreontheBendersalgorithm

later).

�SolveBenders’subproblematy=(1,0,1)
T
:

x(y)=










100

100

001

001










.

�Totalcost:50(32+18).
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�Alternativesolution:(0,1,1)
T
.Benders’subproblem:

x(y)=










01/32/3

001

010

001










.

�Totalcost:53(37+16).

�y
∗

=(1,0,1)
T
;z

∗
=50.

�Notethatwehave(probably)notsolvedthedualproblemto

optimality,sowedonotknowwhatthesizeofthedualitygapis.


