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TheRelaxationTheorem

�Problem:find

f
∗

:=infimum
x

f(x),(1a)

subjecttox∈S,(1b)

wheref:R
n
7→Rgivenfunction,S⊆R

n
.

�Arelaxationto(1)hasthefollowingform:find

f
∗
R:=infimum

x

fR(x),(2a)

subjecttox∈SR,(2b)

wherefR:R
n
7→RisafunctionwithfR≤fonS,and

SR⊇S.
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�RelaxationTheorem:(a)[relaxation]f
∗
R≤f

∗
.

(b)[infeasibility]If(2)isinfeasible,thensois(1).

(c)[optimalrelaxation]Iftheproblem(2)hasan

optimalsolution,x
∗
R,forwhichitholdsthat

x
∗
R∈SandfR(x

∗
R)=f(x

∗
R),(3)

thenx
∗
Risanoptimalsolutionto(1)aswell.

�Proofportion.For(c),notethat

f(x
∗
R)=fR(x

∗
R)≤fR(x)≤f(x),x∈S.

�Applications:exteriorpenaltymethodsyieldlower

boundsonf
∗
;Lagrangianrelaxationyieldslower

boundonf
∗
.
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Lagrangianrelaxation

�Considertheoptimizationproblemtofind

f
∗

:=infimum
x

f(x),(4a)

subjecttox∈X,(4b)

gi(x)≤0,i=1,...,m,(4c)

wheref:R
n
7→Randgi:R

n
7→R(i=1,2,...,m)are

givenfunctions,andX⊆R
n
.

�Forthisproblem,weassumethat

−∞<f
∗

<∞,(5)

thatis,thatfisboundedfrombelowandthatthe

problemhasatleastonefeasiblesolution.
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�Foravectorµ∈R
m

,wedefinetheLagrangefunction

L(x,µ):=f(x)+
m∑

i=1

µigi(x)=f(x)+µ
T
g(x).(6)

�Wecallthevectorµ
∗
∈R

m
aLagrangemultiplierifit

isnon-negativeandiff
∗

=infx∈XL(x,µ
∗
)holds.
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Lagrangemultipliersandglobaloptima

�Letµ
∗

beaLagrangemultiplier.Then,x
∗

isan

optimalsolutionto(4)ifandonlyifx
∗

isfeasiblein

(4)and

x
∗
∈argmin

x∈X
L(x,µ

∗
),andµ

∗
igi(x

∗
)=0,i=1,...,m.

(7)

�NoticetheresemblancetotheKKTconditions!If

X=R
n

andallfunctionsareinC
1

then

“x
∗
∈argminx∈XL(x,µ

∗
)”isthesameastheforce

equilibriumcondition,thefirstrowoftheKKT

conditions.Theseconditem,“µ
∗
igi(x

∗
)=0foralli”is

thecomplementarityconditions.
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�Seemstoimplythatthereisahiddenconvexity

assumptionhere.Yes,thereis.WeshowaStrong

DualityTheoremlater.
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TheLagrangiandualproblemassociatedwiththe

Lagrangianrelaxation

q(µ):=infimum
x∈X

L(x,µ)(8)

istheLagrangiandualfunction.TheLagrangiandual

problemisto

maximize
�

q(µ),(9a)

subjecttoµ≥0
m

.(9b)

Forsomeµ,q(µ)=−∞ispossible;ifthisistrueforall

µ≥0
m

,

q
∗

:=supremum

�≥0
m

q(µ)=−∞.
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�Theeffectivedomainofqis

Dq:={µ∈R
m
|q(µ)>−∞}.

�TheeffectivedomainDqofqisconvex,andqis

concaveonDq.

�ThattheLagrangiandualproblemalwaysisconvex

(weindeedmaximizeaconcavefunction!)isverygood

news!

�ButweneedstilltoshowhowaLagrangiandual

optimalsolutioncanbeusedtogenerateaprimal

optimalsolution.
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WeakDualityTheorem

�Letxandµbefeasiblein(4)and(9),respectively.

Then,

q(µ)≤f(x).

Inparticular,

q
∗
≤f

∗
.

Ifq(µ)=f(x),thenthepair(x,µ)isoptimalinits

respectiveproblem.
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�WeakdualityisalsoaconsequenceoftheRelaxation

Theorem:Foranyµ≥0
m

,let

S:=X∩{x∈R
n
|g(x)≤0

m
},(10a)

SR:=X,(10b)

fR:=L(µ,·).(10c)

ApplytheRelaxationTheorem.

�Ifq
∗

=f
∗
,thereisnodualitygap.Ifthereexistsa

Lagrangemultipliervector,thenbytheweakduality

theorem,thereisnodualitygap.Theremaybecases

wherenoLagrangemultiplierexistsevenwhenthereis

nodualitygap;inthatcase,theLagrangiandual

problemcannothaveanoptimalsolution.
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Globaloptimalityconditions

�Thevector(x
∗
,µ

∗
)isapairofoptimalprimalsolution

andLagrangemultiplierifandonlyif

µ
∗
≥0

m
,(Dualfeasibility)(11a)

x
∗
∈argmin

x∈X
L(x,µ

∗
),(Lagrangianoptimality)

(11b)

x
∗
∈X,g(x

∗
)≤0

m
,(Primalfeasibility)(11c)

µ
∗
igi(x

∗
)=0,i=1,...,m.(Complementaryslackness)

(11d)

�If∃(x
∗
,µ

∗
),equivalenttozerodualitygapand

existenceofLagrangemultipliers.
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Saddlepoints

�Thevector(x
∗
,µ

∗
)isapairofoptimalprimalsolution

andLagrangemultiplierifandonlyifx
∗
∈X,

µ
∗
≥0

m
,and(x

∗
,µ

∗
)isasaddlepointofthe

LagrangianfunctiononX×R
m
+,thatis,

L(x
∗
,µ)≤L(x

∗
,µ

∗
)≤L(x,µ

∗
),(x,µ)∈X×R

m
+,

(12)

holds.

�If∃(x
∗
,µ

∗
),equivalenttotheglobaloptimality

conditions,theexistenceofLagrangemultipliers,anda

zerodualitygap.
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Strongdualityforconvexprograms,introduction

�Resultssofarhavebeenrathernon-technicalto

achieve:convexityofthedualproblemcomeswithvery

fewassumptionsontheoriginal,primalproblem,and

thecharacterizationoftheprimal–dualsetofoptimal

solutionsissimpleandalsoquiteeasilyestablished.

�Inordertoestablishstrongduality,thatis,toestablish

sufficientconditionsunderwhichthereisnoduality

gap,howevertakesmuchmore.

�Inparticular,asisthecasewiththeKKTconditions

weneedregularityconditions(thatis,constraint

qualifications),andwealsoneedtoutilizeseparation

theorems.
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StrongdualityTheorem

�Considerproblem(4),wheref:R
n
7→Randgi

(i=1,...,m)areconvexandX⊆R
n

isaconvexset.

�IntroducethefollowingSlatercondition:

∃x∈Xwithg(x)<0
m

.(13)

�Supposethat(5)andSlater’sCQ(13)holdforthe

(convex)problem(4).

�(a)Thereisnodualitygapandthereexistsatleastone

Lagrangemultiplierµ
∗
.Moreover,thesetofLagrange

multipliersisboundedandconvex.
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�(b)Iftheinfimumin(4)isattainedatsomex
∗
,then

thepair(x
∗
,µ

∗
)satisfiestheglobaloptimality

conditions(11).

�(c)IfthefunctionsfandgiareinC
1

thenthe

condition(11b)canbewrittenasavariational

inequality.IffurtherXisopen(forexample,X=R
n
)

thentheconditions(11)arethesameastheKKT

conditions.

�Similarstatementsforthecaseofalsohavinglinear

equalityconstraints.

�IfallconstraintsarelinearwecanremovetheSlater

condition.
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Examples,I:Anexplicit,differentiabledual

problem

�Considertheproblemto

minimize
x

f(x):=x
2
1+x

2
2,

subjecttox1+x2≥4,

xj≥0,j=1,2.

�Letg(x):=−x1−x2+4and

X:={(x1,x2)|xj≥0,j=1,2}.
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�TheLagrangiandualfunctionis

q(µ)=min
x∈X

L(x,µ):=f(x)−µ(x1+x2−4)

=4µ+min
x∈X

{x
2
1+x

2
2−µx1−µx2}

=4µ+min
x1≥0

{x
2
1−µx1}+min

x2≥0
{x

2
2−µx2},µ≥0.

�Forafixedµ≥0,theminimumisattainedat

x1(µ)=
µ

2,x2(µ)=
µ

2.

�Substitutingthisexpressionintoq(µ),weobtainthat

q(µ)=f(x(µ))−µ(x1(µ)+x2(µ)−4)=4µ−
µ

2

2.

�Notethatqisstrictlyconcave,anditisdifferentiable

everywhere(duetothefactthatf,garedifferentiable

andx(µ)isunique).
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�Wethenhavethatq
′
(µ)=4−µ=0⇐⇒µ=4.As

µ=4≥0,itistheoptimuminthedualproblem!

µ
∗

=4;x
∗

=(x1(µ
∗
),x2(µ

∗
))

T
=(2,2)

T
.

�Also:f(x
∗
)=q(µ

∗
)=8.

�Thisisanexamplewherethedualfunctionis

differentiable.Inthisparticularcase,theoptimumx
∗

isalsounique,andisautomaticallygivenbyx
∗

=x(µ).
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Examples,II:Animplicit,non-differentiabledual

problem

�Considerthelinearprogrammingproblemto

minimize
x

f(x):=−x1−x2,

subjectto2x1+4x2≤3,

0≤x1≤2,

0≤x2≤1.

�Theoptimalsolutionisx
∗

=(3/2,0)
T
,f(x

∗
)=−3/2.

�ConsiderLagrangianrelaxingthefirstconstraint,
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obtaining

L(x,µ)=−x1−x2+µ(2x1+4x2−3);

q(µ)=−3µ+min
0≤x1≤2

{(−1+2µ)x1}+min
0≤x2≤1

{(−1+4µ)x2}

=















−3+5µ,0≤µ≤1/4,

−2+µ,1/4≤µ≤1/2,

−3µ,1/2≤µ.

�Wehavethatµ
∗

=1/2,andhenceq(µ
∗
)=−3/2.For

linearprograms,wehavestrongduality,buthowdowe

obtaintheoptimalprimalsolutionfromµ
∗
?qis

non-differentiableatµ
∗
.Weutilizethecharacterization

givenin(11).
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�First,atµ
∗
,itisclearthatX(µ

∗
)istheset

{
(

2α

0

)

|0≤α≤1}.Amongthesubproblemsolutions,

wenexthavetofindonethatisprimalfeasibleaswell

ascomplementary.

�Primalfeasibilitymeansthat

2·2α+2·0≤3⇐⇒α≤3/4.

�Further,complementaritymeansthat

µ
∗
·(2x

∗
1+4x

∗
2−3)=0⇐⇒α=3/4,sinceµ

∗
6=0.We

concludethattheonlyprimalvectorxthatsatisfies

thesystem(11)togetherwiththedualoptimalsolution

µ
∗

=1/2isx
∗

=(3/2,0)
T
.

�Observefinallythatf
∗

=q
∗
.
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�Whymustµ
∗

=1/2?Accordingtotheglobal

optimalityconditions,theoptimalsolutionmustinthis

convexcasebeamongthesubproblemsolutions.Since

x
∗
1isnotinoneofthe“corners”(itisbetween0and2),

thevalueofµ
∗

hastobesuchthatthecosttermforx1

inL(x,µ
∗
)isidenticallyzero!Thatis,−1+µ

∗
·2=0

impliesthatµ
∗

=1/2!
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�Anon-coordinabilityphenomenon(non-unique

subproblemsolutionmeansthattheoptimalsolutionis

notobtainedautomatically).

�Innon-convexcases,theoptimalsolutionmaynotbe

amongthepointsinX(µ
∗
).Whatdowedothen??
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Subgradientsofconvexfunctions

�Letf:R
n
7→Rbeaconvexfunction.Wesaythata

vectorp∈R
n

isasubgradientoffatx∈R
n

if

f(y)≥f(x)+p
T
(y−x),y∈R

n
.(14)

�Thesetofsuchvectorspdefinesthesubdifferentialof

fatx,andisdenoted∂f(x).

�Thissetisthecollectionof“slopes”ofthefunctionf

atx.

�Foreveryx∈R
n
,∂f(x)isanon-empty,convex,and

compactset.
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PSfragreplacements

f

x

Figure1:Fourpossibleslopesoftheconvexfunctionfatx.
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PSfragreplacements

1

2

3

4

5

f

x

∂f(x)

Figure2:Thesubdifferentialofaconvexfunctionfatx.
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�Theconvexfunctionfisdifferentiableatxexactly

whenthereexistsoneandonlyonesubgradientoffat

x,whichthenisthegradientoffatx,∇f(x).
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DifferentiabilityoftheLagrangiandualfunction:

Introduction

�Considertheproblem(4),undertheassumptionthat

f,gi(i=1,...,m)continuous;Xnonemptyandcompact.

(15)

�Then,thesetofsolutionstotheLagrangian

subproblem,

X(µ):=argminimum
x∈X

L(x,µ),µ∈R
m

,(16)

isnon-emptyandcompactforeveryµ.

�Wedevelopthesub-differentiabilitypropertiesofthe

functionq.
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Subgradientsandgradientsofq

�Supposethat,intheproblem(4),(15)holds.

�Thedualfunctionqisfinite,continuousandconcaveon

R
m

.IfitssupremumoverR
m
+isattained,thenthe

optimalsolutionsetthereforeisclosedandconvex.

�Letµ∈R
m

.Ifx∈X(µ),theng(x)isasubgradient

toqatµ,thatis,g(x)∈∂q(µ).

�Proof.Letµ̄∈R
m

bearbitrary.Wehavethat

q(µ̄)=infimum
y∈X

L(y,µ̄)≤f(x)+µ̄
T
g(x)

=f(x)+(µ̄−µ)
T
g(x)+µ

T
g(x)

=q(µ)+(µ̄−µ)
T
g(x).
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Example

�Leth(x)=min{h1(x),h2(x)},whereh1(x)=4−|x|

andh2(x)=4−(x−2)
2
.

�Then,h(x)=

{

4−x,1≤x≤4,

4−(x−2)
2
,x≤1,x≥4.
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�Thefunctionhisnon-differentiableatx=1andx=4,

sinceitsgraphhasnon-uniquesupportinghyperplanes

there.

∂h(x)=



























{−1},1<x<4

{4−2x},x<1,x>4

[−1,2],x=1

[−4,−1],x=4

�Thesubdifferentialishereeitherasingleton(at

differentiablepoints)oraninterval(at

non-differentiablepoints).
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TheLagrangiandualproblem

�Letµ∈R
m

.Then,∂q(µ)=conv{g(x)|x∈X(µ)}.

�Letµ∈R
m

.Thedualfunctionqisdifferentiableatµ

ifandonlyif{g(x)|x∈X(µ)}isasingletonset[the

vectorofconstraintfunctionsisinvariantoverX(µ)].

Then,

∇q(µ)=g(x),

foreveryx∈X(µ).

�HoldsinparticulariftheLagrangiansubproblemhasa

uniquesolution[X(µ)isasingletonset].Inparticular,

satisfiedifXisconvex,fisstrictlyconvexonX,and

gi(i=1,...,m)areconvex;qtheneveninC
1
.
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�Howdowewritethesubdifferentialofh?

�Theorem:Ifh(x)=mini=1,...,mhi(x),whereeach

functionhiisconcaveanddifferentiableonR
n
,thenh

isaconcavefunctiononR
n
.

�LetI(x̄)⊆{1,...,m}bedefinedbyh(x̄)=hi(x̄)for

i∈I(x̄)andh(x̄)<hi(x̄)fori6∈I(x̄)(theactive

segmentsatx̄).

�Then,thesubdifferential∂h(x̄)istheconvexhullof

{∇hi(x̄)|i∈I(x̄)},thatis,

∂h(x̄)=







ξ=
∑

i∈I(x̄)

λi∇hi(x̄)

∣

∣

∣

∣

∣

∣

∑

i∈I(x̄)

λi=1;λi≥0,i∈I(x̄)







.
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Optimalityconditionsforthedualproblem

�Foradifferentiable,concavefunctionhitholdsthat

x
∗
∈argmaximum

x∈�

nh(x)⇐⇒∇h(x
∗
)=0

n
.

�Theorem:AssumethathisconcaveonR
n
.Then,

x
∗
∈argmaximum

x∈�

nh(x)⇐⇒0
n
∈∂h(x

∗
).

�Proof.Supposethat0
n
∈∂h(x

∗
)=⇒

h(x)≤h(x
∗
)+(0

n
)
T
(x−x

∗
)forallx∈R

n
,thatis,

h(x)≤h(x
∗
)forallx∈R

n
.

Supposethatx
∗
∈argmaximumx∈�

nh(x)=⇒

h(x)≤h(x
∗
)=h(x

∗
)+(0

n
)
T
(x−x

∗
)forallx∈R

n
,

thatis,0
n
∈∂h(x

∗
).
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�Theexample:0∈∂h(1)=⇒x
∗

=1.

�ForoptimizationwithconstraintstheKKTconditions

aregeneralizedthus:

x
∗
∈argmaximum

x∈X
h(x)⇐⇒∂h(x

∗
)∩NX(x

∗
)6=∅,

whereNX(x
∗
)isthenormalconetoXatx

∗
,thatis,

theconicalhulloftheactiveconstraints’normalsatx
∗
.
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�Inthecaseofthedualproblemwehaveonlysign

conditions.

�Considerthedualproblem(9),andletµ
∗
≥0

m
.Itis

thenoptimalin(9)ifandonlyifthereexistsa

subgradientg∈∂q(µ
∗
)forwhichthefollowingholds:

g≤0
m

;µ
∗
igi=0,i=1,...,m.

�Comparewithaone-dimensionalmax-problem(h

concave):x
∗

isoptimalifandonlyif

h
′
(x

∗
)≤0;x

∗
·h

′
(x

∗
)=0;x

∗
≥0.
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Asubgradientmethodforthedualproblem

�Subgradientmethodsextendgradientprojection

methodsfromtheC
1

togeneralconvex(or,concave)

functions,generatingasequenceofdualvectorsinR
m
+

usingasinglesubgradientineachiteration.

�Thesimplesttypeofiterationhastheform

µk+1=Proj�

m

+[µk+αkgk](17a)

=[µk+αkgk]+(17b)

=(maximum{0,(µk)i+αk(gk)i})
m
i=1,(17c)

wheregk∈∂q(µk)isarbitrarilychosen.
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�Weoftenusegk=g(xk),where

xk∈argminimumx∈XL(x,µk).

�MaindifferencetoC
1

case:anarbitrarysubgradientgk

maynotbeanascentdirection!

�Cannotdolinesearches;mustusepredeterminedstep

lengthsαk.

�Supposethatµ∈R
m
+isnotoptimalin(9).Then,for

everyoptimalsolutionµ
∗
∈U

∗
in(9),

‖µk+1−µ
∗
‖<‖µk−µ

∗
‖

holdsforeverysteplengthαkintheinterval

αk∈(0,2[q
∗
−q(µk)]/‖gk‖

2
).(18)
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�Why?Letg∈∂q(µ̄),andletU
∗

bethesetofoptimal

solutionsto(9).Then,

U
∗
⊆{µ∈R

m
|g

T
(µ−µ̄)≥0}.

Inotherwords,gdefinesahalf-spacethatcontainsthe

setofoptimalsolutions.

�Goodnews:Ifthesteplengthissmallenoughweget

closertothesetofoptimalsolutions!
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PSfragreplacements

1

2

3

4

5

q

g

µ

∂q(µ)

Figure3:Thehalf-spacedefinedbythesubgradientgofqatµ.Note

thatthesubgradientisnotanascentdirection.
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�Polyaksteplengthrule:

σ≤αk≤2[q
∗
−q(µk)]/‖gk‖

2
−σ,k=1,2,....(19)

�σ>0makessurethatwedonotallowthesteplengths

toconvergetozerooratoolargevalue.

�Badnews:Utilizesknowledgeoftheoptimalvalueq
∗
!

(Canbereplacedbyanupperboundonq
∗

whichis

updated.)

�Thedivergentseriessteplengthrule:

αk>0,k=1,2,...;lim
k→∞

αk=0;
∞

∑

s=1

αs=+∞.(20)
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�Additionalconditionoftenadded:
∞

∑

s=1

α
2
s<+∞.(21)
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�Supposethattheproblem(4)isfeasible,andthat(15)

and(13)hold.

�(a)Let{µk}begeneratedbythemethod(17),under

thePolyaksteplengthrule(19),whereσisasmall

positivenumber.Then,{µk}convergestoanoptimal

solutionto(9).

�(b)Let{µk}begeneratedbythemethod(17),under

thedivergentsteplengthrule(20).Then,

{q(µk)}→q
∗
,and{distU

∗(µk)}→0.

�(c)Let{µk}begeneratedbythemethod(17),under

thedivergentsteplengthrule(20),(21).Then,{µk}

convergestoanoptimalsolutionto(9).
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ApplicationtotheLagrangiandualproblem

�Givenµk≥0
m

.

�SolvetheLagrangiansubproblemtominimizeL(x,µk)

overx∈X.

�Letanoptimalsolutiontothisproblembexk.

�Calculateg(xk)∈∂q(µk).

�Takea(positive)stepinthedirectionofg(xk)from

µk,accordingtoasteplengthrule.

�Setanynegativecomponentsofthisvectortozero.

�Wehaveobtainedµk+1.
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Additionalalgorithms

�Wecanchoosethesubgradientmorecarefully,such

thatwewillobtainascentdirections.Thisamountsto

gatheringseveralsubgradientsatnearbypointsand

solvingquadraticprogrammingproblemstofindthe

bestconvexcombinationofthem.(Bundlemethods.)

�Pre-multiplythesubgradientobtainedbysomepositive

definitematrix.WegetmethodssimilartoNewton

methods.(Spacedilationmethods.)

�Pre-projectthesubgradientvector(ontothetangent

coneofR
m
+)sothatthedirectiontakenisafeasible

direction.(Subgradient-projectionmethods.)
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Moretocome

�Discreteoptimization:Thesizeofthedualitygap,and

therelationtothecontinuousrelaxation.

Convexification.

�Primalfeasibilityheuristics.

�Globaloptimalityconditionsfordiscreteoptimization

(andgeneralproblems).


