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q(µ
)

=
m

in
im

u
m

x
∈

X

{
x

21
+

x
22
+

µ
·
(−

x
1
−

x
2
+

4)
}

=
4
µ

+
m

in
im

u
m

x
∈

X

{
x

21
+

x
22
−

µ
x

1
−

µ
x

2

}

=
4
µ

+
m

in
im

u
m

x
1
≥

0

{
x

21
−

µ
x

1

}
+

m
in

im
u
m

x
2
≥

0

{
x

22
−

µ
x

2

}
.

�

F
or

a
fi
x
ed

valu
e

of
µ
≥

0,
th

e
m

in
im

u
m

of
L

(x
,µ

)
over

x
∈

X
is

attain
ed

at
x

1 (µ
)

=
µ2 ,

x
2 (µ

)
=

µ2 .

�

T
h
is

im
p
lies

th
at

q(µ
)

=
L

(x
(µ

),µ
)

=
...

=
4
µ
−

µ
2

2
for

all
µ
≥

0.
T

h
e

d
u
al

fu
n
ction

q
is

con
cave

an
d

d
iff

eren
tiab

le.

�

f
∗

=
f
(x

∗)
=

8
=

q
∗.

�

x
(µ

∗)
=

x
∗.

3

'&

$%

W
e
a
k

d
u
a
lity

!
S
tr

o
n
g

d
u
a
lity

?

�

W
e

k
n
ow

th
at

th
e

p
rim

al
op

tim
al

solu
tion

is
ob

tain
ed

from
th

e
L
agran

gian
d
u
al

op
tim

al
solu

tion
u
n
d
er

con
vex

ity
an

d
C

Q
.
W

h
at

h
ap

p
en

s
oth

erw
ise?

6

f
∗

=
f
(

�

∗)

q
∗

=
q(

�

∗)

q(
�

)
[�

≥
0

m
]

f
(

�

)
[

�

∈
X

,

�

(

�

)
≤

0
m

]

=
0
?

�

H
ow

d
o

w
e

gen
erate

op
tim

al
solu

tion
s

in
th

e
case

of
a

p
ositive

d
u
ality

gap
?

L
e
c
tu

r
e

4
:

L
a
g
r
a
n
g
ia

n
d
u
a
lity

fo
r

d
isc

r
e
te

o
p
tim

iz
a
tio

n

A
n
n
-B

rith
S
tröm

b
erg

M
ich

ael
P
atrik

sson

22
M

arch
2004

0
-0

1

'&

$%

A
r
e
m

in
d
e
r

o
f
n
ic

e
p
r
o
p
e
r
tie

s
in

th
e

c
o
n
v
e
x

c
a
se

�

E
x
am

p
le

I
(ex

p
licit

d
u
al)

(x
∗

=
(2

,2),µ
∗

=
4
,f

∗
=

8)

f
∗

=
m

in
im

u
m

f
(x

)
=

x
21
+

x
22 ,

su
b
ject

to
g
(x

)
=

−
x

1
−

x
2
+

4
≤

0
,

x
1 ,x

2
≥

0

�

L
et

X
:=

{
x
∈

R
2
|
x

1 ,
x

2
≥

0}
=

R
2+
.
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'&

$%

S
u
b
p
r
o
b
le

m
so

lu
tio

n
s

a
n
d

th
e

d
u
a
l
fu

n
c
tio

n

µ
∈

x
1 (µ

)
x

2 (µ
)

x
3 (µ

)

[−
∞

,2]
0

0
0

[2
,

73 ]
0

0
1

[
73 ,3]

0
1

1

[3
,∞

]
1

1
1

q(µ
)

=



7
µ
,

µ
∈

[−
∞

,2]

2
µ

+
10

,
µ
∈

[2
,

73 ]

−
µ

+
17

,
µ
∈

[
73 ,3]

−
2
µ

+
20

,
µ
∈

[3
,∞

]

7

'&

$%

�

q
con

cave;
n
on

-d
iff

eren
tiab

le
at

b
reak

p
oin

ts

µ
∈
{2

,
73 ,3}.

�

T
o

th
e

left
(righ

t)
of

th
e

op
tim

al
solu

tion
th

e
d
erivative

of
q

is
n
on

-n
egative

(n
on

-p
ositive).

T
o

th
e

left
(righ

t)

of
th

e
op

tim
al

solu
tion

th
e

su
b
p
rob

lem
solu

tion
s

x
(µ

)

are
in

feasib
le

(feasib
le).

(C
h
eck

th
at

th
e

d
erivative

eq
u
als

th
e

valu
e

of
th

e
con

strain
t

fu
n
ction

!)

�

T
h
e

on
e-variab

le
fu

n
ction

q
h
as

a
“d

erivative”
w

h
ich

is

an
ti-m

on
oton

e
(d

ecreasin
g);

th
is

is
a

p
rop

erty
of

every

con
cave

fu
n
ction

of
on

e
variab

le.

�

µ
∗

=
73 ,

q
∗

=
q(µ

∗)
=

4
43

=
14

23 .
P
ositive

d
u
ality

gap
!

�

X
(µ

∗)
=

{(0
,0

,1)
T
,(0

,1
,1)

T
}
3

x
∗.

4

'&

$%

A
fi
r
st

e
x
a
m

p
le

w
h
e
r
e

th
e

d
u
a
lity

g
a
p

is
n
o
n
-z

e
r
o

�

E
x
am

p
le

II
(x

∗
=

(0
,1

,1)
T
,
f
∗

=
17)

f
∗

=
m

in
im

u
m

f
(x

)
=

3
x

1
+

7
x

2
+

10
x

3 ,

su
b
ject

to
x

1
+

3
x

2
+

5
x

3
≥

7
,

x
j
∈
{0

,1}
,

j
=

1
,2

,3
.

�

L
et

X
:=

{
x
∈

R
3
|
x

j
∈
{0

,1}
,

j
=

1
,2

,3
}

=
B

3.

�

L
et

g
(x

)
:=

7
−

x
1
−

3
x

2
−

5
x

3 .

5

'&

$%

q(µ
)

=
7
µ

+
m

in
im

u
m

x
∈

X
{
(3

−
µ
)x

1
+

(7
−

3
µ
)x

2
+

(10
−

5
µ
)x

3 }

=
7
µ

+
m

in
im

u
m

x
1
∈
{
0
,1
}

{
(3

−
µ
)x

1 }
+

m
in

im
u
m

x
2
∈
{
0
,1
}

{(7
−

3
µ
)x

2 }

+
m

in
im

u
m

x
3
∈
{
0
,1
}

{(10
−

5
µ
)x

3 }

�

X
(µ

)
is

ob
tain

ed
b
y

settin
g

x
j (µ

)
=

1(0)
w

h
en

th
e

ob
jective

co
effi

cien
t

is
<

(≥
)0.



1
0

'&

$%

S
tr

o
n
g

d
u
a
lity

—
r
e
p
e
titio

n

T
h
e

follow
in

g
th

ree
statem

en
ts

are
eq

u
ivalen

t:

(a)
(x

∗,µ
∗)

is
a

sad
d
le

p
oin

t
to

L

(b
)

i.
f
(x

∗)
+

(µ
∗)

T
g
(x

∗)
=

m
in

im
u
m

x
∈

X
{
f
(x

)
+

(µ
∗)

T
g
(x

)}
[⇐

⇒
x
∗
∈

X
(µ

∗)]

ii.
(µ

∗)
T
g
(x

∗)
=

0

iii.
g
(x

∗)
≤

0
m

(c)
f
∗

=
f
(x

∗)
=

q(µ
∗)

=
q
∗.

1
1

'&

$%

=
⇒

M
eth

o
d

for
fi
n
d
in

g
an

op
tim

al
solu

tion
:

1)
S
olve

th
e

L
agran

gian
d
u
al

p
rob

lem
=
⇒

µ
∗;

2)
F
in

d
a

vector
x
∗
∈

X
w

h
ich

satisfi
es

(b
).

�
W

h
en

d
o
es

th
is

w
ork

?
W

h
at

to
d
o

if
it

d
o
esn

’t?
�

L
et’s

stu
d
y

th
e

con
vex

case
fi
rst.

�

C
learly,

it
on

ly
w

ork
s

if
th

e
p
rob

lem
h
as

a
zero

d
u
ality

gap
.

E
ven

in
th

e
case

of
a

zero
d
u
ality

gap
,
it

is
n
ot

alw
ay

s
triv

ial
to

fi
n
d

an
op

tim
al

p
rim

al
solu

tion
in

th
is

w
ay,

b
ecau

se
th

e
set

X
(µ

∗)
is

n
orm

ally
n
ot

ex
p
licitly

given
or

availab
le—

given
a

valu
e

of
µ

w
e

n
orm

ally
get

on
e

elem
en

t
of

th
e

set
X

(µ
).

8

'&

$%

A
se

c
o
n
d

e
x
a
m

p
le

w
h
e
r
e

th
e

d
u
a
lity

g
a
p

is

n
o
n
-z

e
r
o

�

E
x
am

p
le

III
(x

∗
=

(2
,1)

T
,
f
∗

=
−

3)

f
∗

=
m

in
im

u
m

f
(x

)
=

−
2
x

1
+

x
2 ,

su
b
ject

to
x

1
+

x
2
−

3
=

0
,

x
∈

X
=

{
(0

,0)
T
,(0

,4)
T
,(4

,4)
T
,(4

,0)
T
,

(1
,2)

T
,(2

,1)
T
}

.

�

L
(x

,µ
)

=
−

3
µ

+
(−

2
+

µ
)x

1
+

(1
+

µ
)x

2 .

�

O
b
serve!

µ
∈

R
!

9

'&

$%

X
(µ

)
=



{(4
,4)

T
}
,

µ
<

−
1

{(4
,4)

T
,(4

,0)
T
}
,

µ
=

−
1

{(4
,0)

T
}
,

µ
∈

(−
1
,2)

{(4
,0)

T
,(0

,0)
T
}
,

µ
=

2

{(0
,0)

T
}
,

µ
>

2

q(µ
)

=



−
4

+
5
µ
,

µ
≤

−
1

−
8

+
µ
,

µ
∈

[−
1
,2]

−
3
µ
,

µ
≥

2

�

µ
∗

=
2;

q
∗

=
q(µ

∗)
=

−
6;

q
∗

<
f
∗,

x
∗
6∈

X
(µ

∗).

�

T
h
e

set
X

(µ
∗)

d
o
es

n
ot

even
con

tain
a

feasib
le

solu
tion

!



1
4

'&

$%

L
in

e
a
r

in
te

g
e
r

o
p
tim

iz
a
tio

n
:

T
h
e

str
e
n
g
th

o
f
th

e

L
a
g
r
a
n
g
ia

n
r
e
la

x
a
tio

n

�

C
om

p
arison

w
ith

a
con

tin
u
ou

s
(L

P
)

relax
ation

:

v
L

P
=

m
in

c
T
x

≤
v
∗

=
m

in
c

T
x

s.t.
A

x
≤

b
s.t.

A
x
≤

b

D
x
≤

d
D

x
≤

d

x
∈

R
n+

x
∈

Z
n+

�

L
et

X
=

{
x

1,x
2,...,x

K
}

b
e

th
e

set
of

p
oin

ts
in

X
=

{
x
∈

Z
n+
|
A

x
≤

b
}.

1
5

'&

$%

v
L

=
m

ax

�

≥
0

(

m
in

x
∈

X

[c
T
x

+
µ

T
(D

x
−

d
)
]
)

=
m

ax

�

≥
0

(

m
in

k
=

1
,...,K

[c
T
x

k
+

µ
T
(D

x
k
−

d
)
]
)

=
m

ax

�

≥
0
,θ
∈ �

{
θ
∣∣θ

−
(D

x
k
−

d
)
T
µ
≤

c
T
x

k,
k

=
1
,...,K

}
�

In
tro

d
u
ce

d
u
al

variab
les

y
k .

C
on

tin
u
in

g,

1
2

'&

$%

�

A
go

o
d

ex
am

p
le

w
as

given
in

L
ectu

re
3—

E
x
am

p
le

II

(th
e

2-variab
le

L
P

p
rob

lem
).

Im
agin

e
u
sin

g
th

e
sim

p
lex

m
eth

o
d

for
solv

in
g

each
L
P

su
b
p
rob

lem
.

T
h
en

,
w

e
on

ly

get
ex

trem
e

p
oin

ts
of

X
,
an

d
x

∗
w

as,
in

th
is

case,
an

ex
trem

e
p
oin

t
of

X
∩
{
x
∈

R
2
|
g
(x

)
≤

0
}

(sin
ce

it
is

an
L
P

!)
b
u
t

n
o
t

an
ex

trem
e

p
oin

t
of

X
!

�

S
everal

w
ay

s
ou

t
from

th
is

n
o
n
-co

o
rd

in
a
b
ility

:

�

(1)
R

em
em

b
er

all
th

e
p
oin

ts
x

(µ
k )

∈
X

(µ
k )

v
isited

,

an
d

at
th

e
en

d
solve

th
e

L
P

p
rob

lem
w

h
ich

fi
n
d
s

th
e

b
est

p
oin

t
in

th
eir

con
vex

h
u
ll

w
h
ich

is
also

feasib
le

in

th
e

origin
al

p
rob

lem
.

T
h
is

is
th

e
D

an
tzig–W

olfe
(D

W
)

d
ecom

p
osition

m
eth

o
d
.

1
3

'&

$%

�

(2)
C

on
stru

ct
a

p
rim

al
seq

u
en

ce
as

a
sim

p
le

con
vex

com
b
in

ation
of

th
e

p
oin

ts
x

(µ
k )

∈
X

(µ
k )

v
isited

.

C
om

p
ared

to
D

W
,
w

e
d
o

n
ot

solve
an

y
ex

tra

op
tim

ization
p
rob

lem
s,

an
d

v
irtu

ally
n
o

ex
tra

m
em

ory

is
n
eed

ed
.

O
n

th
e

oth
er

h
an

d
,
D

W
con

verges
fi
n
itely

for

L
P

p
rob

lem
s,

w
h
ich

th
is

tech
n
iq

u
e

d
o
es

n
ot.

R
ead

th
e

p
ap

er
b
y

L
arsson

,
P
atrik

sson
,
an

d
S
tröm

b
erg

(1999).

�

(3)
In

tro
d
u
ce

n
on

-lin
ear

p
rice

fu
n
ction

s
for

th
e

con
strain

ts,
in

stead
of

th
e

lin
ear

on
e

given
b
y

L
agran

gian
relax

ation
.

=
⇒

A
u
gm

en
ted

L
agran

gian

m
eth

o
d
s.



1
8

'&

$%

T
h
e

str
e
n
g
th

o
f
a

L
a
g
r
a
n
g
ia

n
d
u
a
l
p
r
o
b
le

m

S
in

ce
X

⊆
con

v
X

⊆
X

L
P

=
{
x
∈

R
n+
|
A

x
≤

b
}

w
e

h
ave

th
at

v
∗
≥

v
L
≥

v
L

P
.

c c
cc

c c
c

c

6

-

b
b

b
b

b
b

b
b

b
b

b
b

b
b

b
b

b
b

b
bb

H
H

H
H

H
H

H
H

H
@

@
@

@@

.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

A
x
≤

b

D
x
≤

d

If
c
o
n
v
X

=
X

L
P

=
⇒

v
L

=
v

L
P

1
9

'&

$%

In
te

g
r
a
lity

p
r
o
p
e
r
ty

�

If
m

in
x
∈

X
L

P

p
T
x

=
m

in
x
∈

co
n
v
X

p
T
x

,
for

all
p
∈

R
n,

th
at

is,
if

th
e

L
agran

gian
su

b
p
rob

lem
h
as

th
e

in
teg

ra
lity

p
ro

p
erty

,
th

en
v

L
=

v
L

P
.

�
O

th
erw

ise,
v

L
is

a
b
etter

b
ou

n
d

on
v
∗

th
an

is
v

L
P

is.

[v
L
≥

v
L

P
.]

�

In
tegrality

p
rop

erty
⇐
⇒

︸
︷
︷
︸

often

easy
p
rob

lem
.

�

E
asy

su
b
p
rob

lem
“=

⇒
”

B
ad

b
ou

n
d
s.

�

D
iffi

cu
lt

su
b
p
rob

lem
“=

⇒
”

B
etter

b
ou

n
d
s.

=
⇒

T
h
e

su
b
p
rob

lem
sh

ou
ld

n
o
t

b
e

su
ch

th
at

it
is

to
o

easy

to
solve!

1
6

'&

$%

v
L

=
m

in
K

∑k
=

1 (c
T
x

k)y
k

s.t.
K

∑k
=

1

y
k

=
1

K
∑k
=

1 (D
x

k
−

d
)y

k
≤

0
⇐
⇒

D

K
∑k
=

1

x
ky

k

︸
︷
︷

︸

∈
co

n
v
X

≤
d

K
∑k
=

1

y
k

︸
︷
︷

︸

=
1

y
k
≥

0
,

k
=

1
,...,K

=
v

C
:=

m
in

c
T
x

s.t.
D

x
≤

d
,

x
∈

con
v
X

1
7

'&

$%

�

H
en

ce,
L
agran

gian
relax

ation
is

a
con

vex
ifi

cation
!

�

G
en

eratin
g

p
rim

al
solu

tion
s

th
rou

gh
,
for

ex
am

p
le,

D
an

tzig–W
olfe

d
ecom

p
osition

,
or

th
e

ergo
d
ic

seq
u
en

ce

m
eth

o
d

(L
arsson

,
P
atrik

sson
,
an

d
S
tröm

b
erg,

1999),

y
ield

s
a

solu
tion

to
a

p
rim

al
L
P

p
rob

lem
w

h
ich

is
th

e

sam
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