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AstandardLPproblemanditsLagrangiandual

vLP=minimumc
T
x,

subjecttoAx≤b,

Dx≤d,

x∈R
n
+.

�WesupposefornowthatXisbounded.

�LetPX:={x
1
,x

2
,...,x

K
}bethesetofextreme

pointsinthepolyhedronX:={x∈R
n
+|Ax≤b}.
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�ItsLagrangiandualwithrespecttoLagrangian

relaxingtheconstraintsDx≤distofind

vLP=vL:=maximumq(µ),

subjecttoµ≥0,

where

q(µ):=minimum
x∈X

{
c

T
x+µ

T
(Dx−d)

}

=minimum
i∈PX

{
c

T
x

i
+µ

T
(Dx

i
−d)

}
.

�Equivalentstatement:

q(µ)≤c
T
x

i
+µ

T
(Dx

i
−d),i∈PX,µ≥0.
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�So,

vL:=maximumz,

subjecttoz≤c
T
x

i
+µ

T
(Dx

i
−d),i∈PX,

µ≥0.

�Weknowthatifatanoptimaldualsolutionµ
∗
,theset

X(µ
∗
)isasingleton,thenthankstostrongdualitythis

solutionisoptimal(anditisunique!).Thistypically

doesnothappen,unlessanoptimalsolutionx
∗

happens

tobeanextremepointofX.Weknow,however,that

x
∗

alwayscanbewrittenasaconvexcombinationof

suchpoints.Let’sseehowitcanbegenerated.
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AcuttingplanemethodfortheLagrangiandual

problem

�SupposeonlyasubsetofPXisknown,andconsiderthe

followingrestrictionoftheLagrangiandualproblem:

z
k+1

:=maxz,(1a)

s.t.z≤c
T
x

i
+µ

T
(Dx

i
−d),i=1,...,k,(1b)

µ≥0.(1c)

�Howdowedetermineifwehavefoundtheoptimal

solution?AndwhatIStheoptimalsolutionwhenwe

findit?

�Let(µ
k+1

,z
k+1

)bethesolutiontotheaboveproblem.
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Ifz
k+1

≤c
T
x

i
+(µ

k+1
)
T
(Dx

i
−d)holdsforalli∈PX,

thenµ
k+1

isoptimalinthedual!Why?

�Howtocheckoptimality:findthemostviolateddual

constraint!Thatis,solvethesubproblemtofind

q(µ
k+1

):=minimum
x∈X

{
c

T
x+(µ

k+1
)
T
(Dx−d)

}
(2)

=minimum
i∈PX

{
c

T
x

i
+(µ

k+1
)
T
(Dx

i
−d)

}
.

�Ifz
k+1

≤q(µ
k+1

)thenµ
k+1

isoptimalinthedual;

otherwise,wehaveidentifiedaconstraintoftheform

z≤c
T
x

i
+µ

T
(Dx

i
−d),wherei∈PX,whichis

violatedat(µ
k+1

,z
k+1

).Addthisinequalityand
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re-solvetheLPproblem!

�Werefertothisalgorithmasacuttingplanealgorithm,

forthereasonthatitisbasedonaddingconstraintsto

thedualprobleminordertoimprovethesolution,in

theprocesscuttingoffthepreviouspoint.

�Considerthebelowpicture.Thethinklinescorrespond

tothesubsetofkinequalitiesknownatiterationk.
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PSfragreplacements

µ µ
∗

q(µ
k+1

)

z
k+1

µ
k+1
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�Obviously,z
k+1

≥q(µ
k+1

)musthold,becauseofthe

possiblelackofconstraints.Inthiscase,z
k+1

>q(µ
k+1

)

holds,sointhenextstepwhenweevaluateq(µ
k+1

)we

canidentifyandaddthelastlackinginequality;the

resultingmaximizationwillthenyieldtheoptimal

solutionµ
∗

showninthepicture.

�Whatistherelationshiptothestandardsimplex

method?

�Howdowegenerateaprimaloptimalsolutionfrom

thisscheme?Letuslookatthedualoftheproblem(1)

inthiscuttingplanealgorithm.
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DualityrelationshipsandtheDantzig–Wolfe

algorithm

�Werewritetheproblem(1)asfollows:

maximize
(z,�)

z,

subjecttoz−µ
T
(Dx

i
−d)≤c

T
x

i
,i=1,...,k,

µ≥0.
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�WithLPdualvariablesλi≥0forthelinear

constraints,weobtaintheLPdualtofind

v
k+1

=minimum
k∑

i=1

(c
T
x

i
)λi,

subjectto

k∑

i=1

λi=1,

−
k∑

i=1

(Dx
i
−d)λi≥0,

λi≥0,i=1,...,k,

thatis,
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v
k+1

=minimumc
T

(k∑

i=1

λix
i

)
,(3)

subjectto

k∑

i=1

λi=1,

λi≥0,i=1,...,k,

D

(k∑

i=1

λix
i

)
≤d.

�Wemaximizec
T
xsubjecttoxlyingintheconvexhull

oftheextremepointsx
i
foundsofarandfulfillingthe

constraintsthatareLagrangianrelaxed.
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�Theproblem(3)isknownastherestrictedmaster

problem(RMP)intheDantzig–Wolfealgorithm.

�Inthisalgorithm,wehaveathandasubset{1,...,k}

ofextremepointsofX(andadualvectorµ
k
),andfind

afeasiblesolutiontotheoriginalLPproblembysolving

therestrictedmasterproblem(3).Wethengeneratean

optimaldualsolutionµ
k+1

tothisrestrictedproblem

problem,correspondingtotheconstraintsDx≤d.If

andonlyifthevectorx
i
generatedinthenext

subproblem(2)wasalreadyincluded,wehavefound

theoptimalsolutiontotheproblem.
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�Threealgorithmswhichare“dual”toeachother:

CuttingplaneappliedtotheLagrangiandual

⇐⇒

Dantzig–WolfeappliedtotheoriginalLP

⇐⇒

BendersdecompositionappliedtothedualLP.
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Columngeneration

AnLPwithverymanyvariablescj,xj∈R,aj,b∈R
m

,

m�n

minimizez=
n∑

j=1

cjxj

subjectto
n∑

j=1

ajxj=b

xj≥0,j=1,...,n

Thematrix(a1,...,an)istoolargetohandle.Assume
thatmisrelativelysmall=⇒thebasicmatrixisnottoo
large(m×m)
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Basicfeasiblesolutions

B={melementsfromtheset{1,...,n}}isabasisifthe

correspondingmatrixB=(aj)j∈Bhasaninverse,B
−1

AbasicsolutionisgivenbyxB=B
−1

bandxj=0,j6∈B.

ItisfeasibleifxB≥0
m

Abetterbasicfeasiblesolutioncanbefoundbycomputing

reducedcosts:c̄j=cj−c
T
BB

−1
ajforj6∈B

Letc̄s=minimum
j6∈B

c̄j

Ifc̄s<0=⇒abettersolutionisreceivedifxsentersthe

basis

Ifc̄s≥0=⇒xBisanoptimalbasicsolution
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Supposethecolumnsajaredefinedbyaset

S={aj|j=1,...,n}being,e.g.,solutionstoasystemof

equations(extremepoints,integerpoints,...)

Theincomingcolumnisthenchosenbysolvinga

“subproblem”:

Letc(aj)=cj;

c̄(a(B))=minimum
a∈S

{
c(a)−c

T
BB

−1
a
}

a(B)isacolumnhavingtheleastreducedcostw.r.t.the

basisB

Ifc̄(a(B))<0letthecolumn

(
c(a(B))

a(B)

)
enterproblem
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Example:Cuttingstock

Supply:(long)piecesofwoodoflengthL

Demand:bipiecesofwoodoflength`i<L,i=1,...,m

Objective:minimizethenumberofpiecesneededfor

producingthepiecesdemanded

Cutpattern:numberjcontainsaijpiecesoflength`i

Feasiblepatternif
∑m

i=1`iaij≤L,whereaij≥0,integer

Variables:xj=numberoftimespatternjisused

n=totalnumberoffeasiblecutpattern—verylarge

integer
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Problem:

minimize

n∑

j=1

xj

subjectto

n∑

j=1

aijxj=bi,i=1,...,m

xj≥0,integer,j=1,...,n
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Startsolutionandnewcolumns

Trivial:munitcolumns(giveslotsofwaste)=⇒

minimize

m∑

j=1

xj

subjecttoxj=bj,j=1,...,m

xj≥0,j=1,...,m
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Generatebetterpatterns(integerknapsackproblem):=⇒

newcolumn

1−maximum
aik

m∑

i=1

aik

[
minimize(ck−c

T
BB

−1
ak)
]

subjectto
m∑

i=1

`iaik≤L,

aik≥0,integer,i=1,...,m

Solution:ak
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FormulationofLPoncolumngeneration

form—Dantzig–Wolfedecomposition

LetX={x∈R
n
+|Ax=b}(orAx≤b)beapolyhedron

withtheextremepointsx̄
p
,p∈Pandtheextreme

recessiondirectionsx̃
r
,r∈R

6

-

AA
������

�
�
�
�
�
���














�

R={1,2}

P={1,2,...,7}

x̄
1

x̄
2

x̄
3

x̄
4x̄

5x̄
6
x̄

7

x̃
1

x̃
2

X

x1

x2
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x∈X⇐⇒








x=
∑

p∈P

λpx̄
p
+
∑

r∈R

µrx̃
r

∑

p∈P

λp=1

λp≥0,p∈P

µr≥0,r∈R








x∈Xisaconvexcombinationoftheextremepointsplus

aconicalcombinationoftheextremedirections

ThisinnerrepresentationofthesetXcanbeusedto

reformulatealinearoptimizationproblemaccordingtothe

Dantzig-Wolfedecompositionprinciple,whichisthen

solvedbycolumngeneration.
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AnLPanditscompletemasterproblem

[LP1]z
∗

=minimumc
T
x

subjecttoAx=b(“simple”constraints)

Dx=d(complicatingconstraints)

x≥0

LetX={x≥0|Ax=b}withtheextremepointsx̄
p
,

p∈Pandtheextremedirectionsx̃
r
,r∈R=⇒
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[LP2]z
∗

=min
∑

p∈P

λp(c
T
x̄

p
)+

∑

r∈R

µr(c
T
x̃

r
)

s.t.
∑

p∈P

λp(Dx̄
p
)+

∑

r∈R

µr(Dx̃
r
)=d|π

∑

p∈P

λp=1|q

λp,µr≥0,∀p,r

Numberofconstraintsin[LP2]equalsto“thenumberof

constraintsinDx=d”+1

Numberofcolumnsverylarge(#extremepts./dirs.toX)
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Thedualof[LP2]isgivenby(notallextremepts./dirs.

foundyet:P̄⊆P;R̄⊆R)

[DLP2]z
∗
≤max

(�,q)
d

T
π+q

s.t.(Dx̄
p
)
T
π+q≤(c

T
x̄

p
),p∈P̄|λp

(Dx̃
r
)
T
π≤(c

T
x̃

r
),r∈R̄|µr

withsolutions(π̄,q̄)

Reducedcostforthevariableλp,p∈P\P̄isgivenby

(c
T
x̄

p
)−(Dx̄

p
)
T
π̄−q̄=(c−D

T
π̄)

T
x̄

p
−q̄

Reducedcostforthevariableµr,r∈R\R̄isgivenby

(c
T
x̃

r
)−(Dx̃

r
)
T
π̄=(c−D

T
π̄)

T
x̃

r
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Columngeneration

Theleastreducedcostisfoundbysolvingthesubproblem

min
x∈X

(c−D
T
π)

T
x

(
alt:min

x∈X
(c−D

T
π̄)

T
x−q̄

)

Givesassolutionanextremepoint,x̄
p
,oranextreme

directionx̃
r

=⇒anewcolumnin[LP2]:(if<0)

Either





c
T
x̄

p

Dx̄
p

1



or





c
T
x̃

r

Dx̃
r

0



enterstheproblemand

improvesthesolution
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Example

z
∗
IP=min2x1+3x2+x3+4x4

[IP]s.t.3x1+2x2+3x3+2x4=5|Dx=d

x1+x2+x3+x4=2

x1x2x3x4∈{0,1}

X=

��
��

��
���

��
�

�
�

�
�

�
�

�
�

1

1

0

0

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

1

0

1

0

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

1

0

0

1

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

0

1

1

0

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

0

1

0

1

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�
0

0

1

1

�
�

�
�

�
�

	

��

��
�

��
��

��
�

={¯

1
,...,¯

6
}

Optimalsolution:x
∗
IP=(0,1,1,0)

T
z
∗
IP=4
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LP-relaxation

z
∗

=min2x1+3x2+x3+4x4[c
T
x]

[LP1]s.t.3x1+2x2+3x3+2x4=5[Dx=d]

x1+x2+x3+x4=2[x∈X]

0≤x1x2x3x4≤1[x∈X]

X=conv

��
��

��
���

��
�

�
�

�
�

�
�

�
�

1

1

0

0

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

1

0

1

0

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�

1

0

0

1

�
�

�
�

�
�

	

,

�
�

�
�

�
�

�
0

1

1

0

�
�

�
�

�
�

	

,
�

�
�

�
�

�
�

0

1

0

1

�
�

�
�

�
�

	
,

�
�

�
�

�
�

�

0

0

1

1
�

�
�

�
�

�
	


��
��

�
��

��
��

�

=conv{¯

1
,...,¯

6
}

=
{

x∈R
4
∣∣
∣x=

∑6
p=1λpx̄

p
;
∑6

p=1λp=1;λp≥0,p=1,...,6
}
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[LP2]z
∗

=min5λ1+3λ2+6λ3+4λ4+7λ5+5λ6

s.t.5λ1+6λ2+5λ3+5λ4+4λ5+5λ6=5

λ1+λ2+λ3+λ4+λ5+λ6=1

λ1,λ2,λ3,λ4,λ5,λ6≥0
Startcolumns:λ1,λ2,λ3

[LP2]

z
∗
≤min5λ1+3λ2+6λ3

s.t.5λ1+6λ2+5λ3=5

λ1+λ2+λ3=1

λ1,λ2,λ3≥0

[DLP2]

z
∗
≤max5π+q

s.t.5π+q≤5

6π+q≤3

5π+q≤6

Solution:λ̄=(1,0,0)
T
,π̄=−2,q̄=15
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Reducedcosts

min
x∈X

(c−D
T
π̄)

T
x−q̄

=min
p=1,...,6

(c−D
T
π̄)

T
x̄

p
−q̄

=min
p=1,...,6

{[(2,3,1,4)−(3,2,3,2)·(−2)]x̄
p
−15}

=min{0,0,1,−1,0,0}=−1<0

Newextremepointin[LP1]:x̄
4

=(0,1,1,0)
T

Columnin[LP2]:





c
T
x̄

4

Ax̄
4

1



=





4

5

1
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New,extendedproblem

[LP2]

z
∗
≤min5λ1+3λ2+6λ3+4λ4

s.t.5λ1+6λ2+5λ3+5λ4=5

λ1+λ2+λ3+λ4=1

λ1,λ2,λ3,λ4≥0

[DLP2]

z
∗
≤max5π+q

s.t.5π+q≤5

6π+q≤3

5π+q≤6

5π+q≤4

Solution:

λ̄=(0,0,0,1)
T
,π̄=−1,q̄=9

Reducedcosts:
min

p=1,...,6
{(5,5,4,6)x̄

p
−9}=min{1,0,2,0,2,1}=0
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Optimalsolutionto[LP2]and[LP1]

λ

�

=(0,0,0,1,0,0)
T
,π

∗
=−1,q

∗
=9

=⇒x
∗

=x̄
4

=(0,1,1,0)
T

=x
∗
IP,z

∗
=4=z

∗
IP

Itwasacoincidencethatthesolutionwasintegral!

Ingeneral,thesolutionx
∗

to[LP1]canhavefractional

variablevalues.

Solutionto[IP]

Weneedtofindanintegralsolution(notcertainlyan

optimalsolutionto[IP])amongthecolumnsgenerated,

i.e.,solve

min
{
(2,3,1,4)x

∣∣
(3,2,3,2)x=5,x∈{x̄

1
,x̄

2
,x̄

3
,x̄

4
}
}
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NumericalexampleofDantzig-Wolfe

decomposition

minx1−3x2(0)

d̊a−x1+2x2≤6(1)(complicating)

x1+x2≤5(2)

x1,x2≥0(3)

c
c c

6

-

@
@

@
@

@
@

@@

�������

x1

x2

5

5(1)
(2)

X=
{

x∈R
2
+

∣∣
x1+x2≤5

}

=conv
{
(0,0)

T
,(0,5)

T
,(5,0)

T}
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CompleteDW-masterproblem

x∈X⇐⇒







x=λ1

(
0

0

)
+λ2

(
0

5

)
+λ3

(
5

0

)
=

(
5λ3

5λ2

)

λ1+λ2+λ3=1

λ1,λ2,λ3≥0

min−15λ2+5λ3(0)

s.t.10λ2−5λ3≤6(1)

λ1+λ2+λ3=1

λ1,λ2,λ3≥0

Thefirstmasterproblemisconstructedfromthepoints
(0,0)

T
and(0,5)

T
(correspondstoλ1andλ2)
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Iteration1
min−15λ2(0)

s.t.10λ2≤6(1)

λ1+λ2=1

λ1,λ2≥0

∣∣
∣∣
∣

Solution:λ=(
2
5,

3
5)

T

Dualsolution:π=−
3
2,q=0

Leastreducedcost:min
x∈X

[
(c

T
−πD)x−q

]

=min
x∈X

([
(1,−3)−(−

3

2)(−1,2)
]
x−0

)

=min{−
1

2x1|x1+x2≤5;x≥0
2
}=−

5

2<0=⇒x̄=

(
5

0

)

Newcolumn:c
T
x̄=(1,−3)(5,0)

T
=5

Dx̄=(−1,2)(5,0)
T

=−5
=⇒

(5

−5

1

)
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Iteration2

min−15λ2+5λ3

s.t.10λ2−5λ3≤6

λ1+λ2+λ3=1

λ1,λ2,λ3≥0

∣∣
∣∣
∣

Solution:λ=(0,
11
15,

4
15)

T

Dualsolution:π=−
4
3,q=−

5
3

Leastreducedcost:min
x∈X

[
(c

T
−πD)x−q

]

=min
x∈X

([
(1,−3)−(−

4

3)(−1,2)
]
x−(−

5

3)
)

=min{−
1

3x1−
1

3x2+
5

3|x1+x2≤5;x≥0
2
}=0

Optimalsolution:λ
∗

=(0,
11
15,

4
15)

T

=⇒x
∗

=(5λ3,5λ2)
T

=(
4
3,

11
3)

T
;z

∗
=

4
3−3·

11
3=−9

2
3
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Block-angularstructure

maxc
T
1x1+c

T
2x2+···+c

T
nxn

s.t.D1x1+D2x2+···+Dnxn≤d|π

A1x1≤b1|x1∈X1

A2x2≤b2|x2∈X2

·····

Anxn≤bn|xn∈Xn

x1,x2,···,xn≥0

X=X1×X2×...×Xn
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DWdecompositionasdecentralizedplanning

•Mainoffice(masterproblem)setsprizes(π)forthe

commonresources(complicatingconstraints).

•Departments(subproblems)suggest(production)plans

(Djx̄
p
j)basedongivenprices.

•Mainofficemixessuggestedplansoptimally;newprices.

Masterproblem

Subproblem1Subproblem2

�
�

�
��+





�Q

Q
Q

QQs J
J

J]

Subproblemn

PPPPPiXXXXXXXXz

pricesprices
planplanprices ....

....
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Findfeasiblesolutions(right-handsideallocation)
Letλ̄

j
p,p∈P,andµ̄

j
r,r∈R,j=1,...,n,beafeasible

and(almost)optimalsolutiontothemasterproblem.A

goodfeasiblex-solutionisthengivenby(forallj):

maximizec
T
jxj

subjecttoDjxj≤
∑

p∈P

λ̄
j
p(Djx̄

p
j)+

∑

r∈R

µ̄
j
r(Djx̃

r
j)

Ajxj≤bj

xj≥0[Xj={xj≥0|Ajxj≤bj}]

sincethen

n∑

j=1

Djxj≤
n∑

j=1

Dj

(
∑

p∈P

λ̄
j
px̄

p
j+

∑

r∈R

µ̄
j
rx̃

r
j

)

︸︷︷︸
xj∈Xj

≤a
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Estimatesoftheoptimalobjectivevalue

z
∗

=min
∑

p∈P

λp(c
T
x̄

p
)+
∑

r∈R

µr(c
T
x̃

r
)

s.t.
∑

p∈P

λp(Ax̄
p
)+

∑

r∈R

µr(Dx̃
r
)=d|π

∑

p∈P

λp=1|q

λp,µr≥0,p∈P,r∈R

z
∗
≤z̄=b

T
π̄+q̄=max

(�,q)
d

T
π+q

s.t.(Dx̄
p
)
T
π+q≤(c

T
x̄

p
),p∈P̄

(Dx̃
r
)
T
π≤(c

T
x̃

r
),r∈R̄
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Letλ
∗
p,p∈P,andµ

∗
r,r∈R,beoptimalinthecomplete

masterproblem,and(π̄,q̄)anoptimaldualsolutionfor

thecolumnsinP̄andR̄.

Multiplytheright-handsideoftheprimal(dresp.1)byπ̄

resp.q̄=⇒

0≥z
∗
−z̄=z

∗
−b

T
π̄−1·q̄=

∑

p∈P

λ
∗
p

[
(c

T
x̄

p
)−(Dx̄

p
)
T
π̄−q̄

]

+
∑

r∈R

µ
∗
r

[
(c

T
x̃

r
)−(Dx̃

r
)
T
π̄
]
≥min

p∈P

[
(c

T
x̄

p
)−(Dx̄

p
)
T
π̄−q̄

]

+
∑

r∈R

µ
∗
rmin

s∈R

[
(c

T
x̃

s
)−(Dx̃

s
)
T
π̄
]
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Ifthesubproblemhasanunboundedsolutionnooptimistic

estimatecanbecomputedinthisiteration;otherwiseit

holdsthat:

min
s∈R

[
(c

T
x̃

s
)−(Dx̃

s
)
T
π̄
]
≥0

=⇒

z̄≥z
∗
≥z̄+min

p∈P

[
(c−D

T
π̄)

T
x̄

p
−q̄
]

=z̄+min
x∈X

(c−D
T
π̄)

T
x−q̄

=z
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Convergence

Thenumberofcolumnsgeneratedisfinite,becauseXis

polyhedral.Whennomorecolumnsaregenerated,the

solutiontothelastmasterproblemwillalsosolvethe

originallinearproblem.Foreachnewcolumnthatisadded

tothemasterproblem,itsoptimalobjectivevaluewill

decrease(orbekeptconstant).Hence,thepessimistic

estimatez̄kwillconvergemonotonicallytoz
∗
.

Theoptimisticestimatezkalsoconverges,butperhapsnot

monotonically.Ifatiterationkanoptimalsolutiontothe

completemasterproblemisreceived,zk=z̄kholds.

Stoppingcriterion:z̄k−z
∗
k≤ε,where

z
∗
k=maxs=1,...,kzsandε>0
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Alinearintegerproblem

z
∗

=minx1+2x2x
∗

=(1,0),z
∗

=1

s.t.2x1+2x2≥1

x1,x2∈{0,1},

z
∗
LP=minx1+2x2x

∗
LP=

(1

2
,0

)
,z

∗
LP=

1

2

s.t.2x1+2x2≥1

x1,x2∈[0,1]

z
∗
LP≤z

∗
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Branch–and–priceforlinear0/1problems

[IP]z
∗
IP=minc

T
x

s.t.Dx=d

x∈X={x∈B
n
|Ax=b}={x̄

p
|p∈P}

Innerrepresentation(andconvexification):

convX=

{
x=

∑

p∈P

λpx̄
p

∣∣
∣∣
∣
∑

p∈P

λp=1;λp≥0,p∈P

}

Letcp=c
T
x̄

p
anddp=Dx̄

p
,p∈P.
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Strongerformulation—Masterproblem

[CP]z
∗
IP=z

∗
CP=min

∑

p∈P

cpλp

s.t.
∑

p∈P

dpλp=d

∑

p∈P

λp=1

λp∈{0,1},p∈P

Acontinuousrelaxation([CP
cont

],toλp≥0)of[CP]gives

thesamelowerboundastheLagrangiandualforthe

constraintsDx=d.(z
∗
LP≤z

cont
CP≤z

∗
CP)

Thecontinuousrelaxation[LP]of[IP]isneverbetterthan
anyLagrangedualbound.
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Restrictedmasterproblem

LetP̄⊆P
[
CP
]

z
∗
CP≥z

cont
CP≤z̄CP=min

∑

p∈P̄

cpλp

s.t.
∑

p∈P̄

dpλp=d

∑

p∈P̄

λp=1(∗)

λp≥0,p∈P̄
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�Generatecolumns





cp

dp

1



=





c
T
x̄

p

Dx̄
p

1



untilan(almost)

optimalsolutionto[CP
cont

],λ̂p(p∈P̄),isfound

�x̂=
∑

p∈P̄λ̂px̄
p
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Branchingovervariablexjwith0<x̂j<1

xj=0orxj=1

mm

xj=
∑

p∈P̄

λpx̄
p
j=0xj=

∑

p∈P̄

λpx̄
p
j=1

⇓⇓

deletecol’s
∑

p∈P̄:x̄
p
j=1

λp=0
∑

p∈P̄:x̄
p
j=1

λp=1replaces(∗)

mm

replaces(∗)
∑

p∈P̄:x̄
p
j=0

λp=1
∑

p∈P̄:x̄
p
j=0

λp=0deletecol’s
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CPk

CPk0CPk1

����
HHHH

��
��

xj=0xj=1

z
∗
CP≤z

∗
IP

z
∗
CPk0≥z

∗
CPk

z
∗
CPk1≥z

∗
CPk

�Ineachnode(CP,CP0,CP1,...):Generatecolumns

until(almost)optimal(allreducedcosts≥0)or

verifiedinfeasible

�Ifx
∗
CPk`...feasible=⇒z

∗
CPk`...≥z

∗
IP=⇒Cutoffthe

branch(k,`,...)

=⇒Cutbranches(r,s,...)withz
∗
CPrs...≥z

∗
CPk`...
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Thecolumngenerationsubproblem,reducedcosts

�min
x∈Xk

(c−D
T
π̂

k
)
T
x−q̂

k
=:(c−D

T
π̂

k
)
T
x̄

p
−q̂

k
=:c̄(x̄

p
)

�(π̂
k
,q̂

k
)isadualsolutiontotheRMPand

X
k

=X∩{x|xj=k},k∈{0,1}(etc.downthetree)

�Ifc̄(x̄
p
)<0then

(c
T

x̄
p

Dx̄
p

1

)
isanewcolumnin[CPk]

�Minimization?x̄
r

isgoodenoughifc̄(x̄
r
)<0

�Ifc̄(x̄
p
)≥0thennomorecolumnsareneededtosolve

[CPk]tooptimality.

�Samecolumnsmaybegeneratedindifferentnodes=⇒

create“columnpool”tocheckw.r.t.reducedcostsc̄
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AninstancesolvedbyBranch–and–price

z
∗

IP=minx1+2x2=z
∗

CP

s.t.2x1+2x2≥1

x1,x2∈{0,1}

≥z
cont
CP=z

∗

LP=minx1+2x2

s.t.2x1+2x2≥1

0≤x1,x2≤1

convX=conv

�
�

�
�

�

0

0

�
	

,�
�

0

1

�
	

,�
�

1

0

�
	

,�
�

1

1
�

	



�
�

=

�
�

�
�

�

λ3+λ4

λ2+λ4

�
	

�
�

�
�

�
�

4

p=1

λp=1;
λp≥0

∀p



�

�

[CP]z
cont
CP=min2λ2+λ3+3λ4

s.t.2λ2+2λ3+4λ4≥1

λ1+λ2+λ3+λ4=1

λ1,λ2,λ3,λ4≥0
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Startcolumns:λ1andλ3

Choosee.g.,




0

0


and




1

0


,thatis,thevariablesλ1andλ3

z
cont
CP≤minλ3

s.t.2λ3≥1

λ1+λ3=1

λ1,λ3≥0

=maxπ+q

s.t.q≤0

2π+q≤1

π≥0

Solution:(λ̂1,λ̂3)=(
1
2,

1
2)=⇒x̂=(

1
2,0)

T
,π̂=

1
2,q̂=0

Reducedcosts:minx∈[0,1]
2{(0,1)x}=0=⇒OptimumforCP!

Fixations:x1=0orx1=1

⇓⇓

λ3=0λ1=0



54

'

&

$

%

Branching,left(CP0):λ3=0

min0

s.t.0≥1

λ1=1

λ1≥0

=⇒






infeasible

⇓

add

column






=⇒

zCP0≤min2λ2

s.t.2λ2≥1

λ1+λ2=1

λ1,λ2≥0

=maxπ+q

s.t.q≤0

2π+q≤2

π≥0

Solution:(λ̂1,λ̂2)=(
1
2,

1
2)

=⇒x̂=(0,
1
2)

T

π̂=1,q̂=0

Reducedcosts:minx∈[0,1]
2{(−1,0)x−0}=−1<0

=⇒Newcolumn!(λ3orλ4,butλ3≡0)=⇒Chooseλ4
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zCP0≤min2λ2+3λ4

s.t.2λ2+4λ4≥1

λ1+λ2+λ4=1

λ1,λ2,λ4≥0

=maxπ+q

s.t.q≤0

2π+q≤2

4π+q≤3

π≥0

�Solution:(λ̂1,λ̂3,λ̂4)=(
3
4,0,

1
4)=⇒x̂=(

1
4,

1
4)

T
,π̂=

3
4,q̂=0

�Reducedcosts:minx∈[0,1]
2{(−

1
2,

1
2)x}=−

1
2=⇒

�Generatenewcolumn:λ3,butλ3≡0=⇒OptimumforCP0
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Branching,right(CP1):λ1=0

zCP1≤minλ3

s.t.2λ3≥1

λ3=1

λ3≥0

=maxπ+q

s.t.2π+q≤1

π≥0

�Solution:λ̂3=1=⇒x̂=(1,0)
T
,π̂=0,q̂=1

�Reducedcosts:minx∈[0,1]
2{(1,2)x−1}=−1<0=⇒

�Generatenewcolumn:λ1,butλ1≡0=⇒OptimumforCP1!!

Branching,left,left:(CP00)λ2=λ4=0

CP00:λ2=λ3=λ4=0=⇒infeasible



57

'

&

$

%

Branching,left,right:(CP01)λ1=0

CP01:λ1=λ3=0

zCP01≤min2λ2+3λ4

s.t.2λ2+4λ4≥1

λ2+λ4=1

λ2,λ4≥0

=maxπ+q

s.t.2π+q≤2

4π+q≤3

π≥0

�Solution:(λ̂2,λ̂4)=(1,0)
T

=⇒x̂=(0,1)
T
,π̂=0,q̂=2

�Reducedcosts:minx∈[0,1]
2{(1,2)x−2}=−2<0

=⇒Generatenewcolumn:λ1,butλ1≡0

=⇒Generatenewcolumn:λ3,butλ3≡0

=⇒OptimumforCP01!!
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Branch–and–pricetree

CP

CP0CP1

CP00CP01

�
��

@
@@

�
��

@
@@

x1=0
λ3=0

x1=1
λ1=0

x2=0
λ2=λ4=0

x2=1
λ1=0

z
∗

IP≥1

z
cont
CP=

1

2

�
CP=(

1

2,0)
T

zCP0=
3

4

z
∗

IP0≥1

�
CP0=(

1

4,
1

4)
T

zCP1=1

�
CP1=(1,0)

T

z
∗

IP≤1

infeasiblezCP01=2

�
CP01=(0,1)

T
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s

s

s

s

c
c

6

-

@
@

@
@

@
@

@
@

@
@

@
@

@@

�
�

�
�

�
�

�
�

�
�

�

¯

1

¯
2

=

�
CP01

¯
3

=
�

CP1=

∗

IP

¯

4

�
CP

�
CP0

x1

x2

2x1+2x2≥1
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Bendersdecompositionformixed-integerlinear

problems—Lasdon(1970)

�Model:
minimumc

T
x+f(y),

subjecttoAx+F(y)≥b,

x≥0
n
,y∈S.

�Thevariablesyare“difficult”because

–thesetSmaybecomplicated,likeS⊆{0,1}
p
;

–fand/orFmaybenonlinear;

–thevectorF(y)maycovereveryrow,whilethe

probleminxforfixedymayseparate;

–theprobleminxislinear.
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�Typicalapplication:Multi-stagestochastic

programming.Chooseysuchthatanexpectedcost

overtimeisminimized;uncertaintyindatais

translatedintofuturescenariosandvariablesx

representingfutureactivitiesthat“adjust”theythat

waschosenbeforeknowledgeofthevaluesofthe

stochasticvariableshasbeenrevealed.Theyshould

thereforebechosensuchthattheexpectedvalueofthe

futureoptimizationoverxisthebest.
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�Idea:Temporarilyfixy,solvetheremainingproblem

overxparameterizedovery.Utilizethestructureof

theproblemtoimprovetheguessofanoptimalvalueof

y.Repeat.

�Similartosolvingtheproblemofminimizingafunction

ηovertwovectors(v,w)asfollows:

inf
(v,w)

η(v,w)=inf
v

ξ(v),whereξ(v)=inf
w

η(v,w),v∈R
m

.

�Ineffect,wesubstitutethevariablewbyalways

minimizingoverit,andworkwiththeremaining

probleminv.
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�Bendersdecompositioncentersonthepossibilityto

constructanapproximationofthisproblemovervby

utilizingLPduality.

�Inthecasethattheproblemoveryalsoislinearwe

recoverthecuttingplanemethodsfromabove.Benders

decompositionismoregeneralhowever,becausewecan

solveproblemthathaveapositivedualitygap.Inother

words,theworkingsofBendersdecompositiondoesnot

relyontheexistenceofoptimalLagrangemultipliers

andstrongduality.
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TheBenderssub-andmasterproblems

�Whichyarefeasible?Wemustchoosey∈Ssuchthat

theremainingprobleminxisfeasible.Inotherwords:

chooseyintheset

R:={y∈S|∃x≥0
n

withAx≥b−F(y)}

WeapplyFarkas’Lemmatothissystem,orratherto

theequivalentsystem(withyfixed)

Ax−s=b−F(y),(4a)

x≥0
n
,(4b)

s≥0
m

.(4c)



65

'

&

$

%

�FromFarkas’Lemma,y∈Risandonlyif

A
T
u≤0

n
,u≥0

m
=⇒[b−F(y)]

T
u≤0,

inotherwords,

[b−F(y)]
T
u

r
i≤0

holdsforeveryextremerayu
r
i,i=1,...,nrofthe

polyhedralconeC={u∈R
m
+|A

T
u≤0

n
}.

�WeheremadegooduseoftheRepresentationTheorem

forapolyhedralcone.

�Giveny∈R,theoptimalvalueinBenders’subproblem
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is

minimum
x

c
T
x,

subjecttoAx≥b−F(y),

x≥0
n
,

whichbyLPdualityequals

maximum
u

[b−F(y)]
T
u,

subjecttoA
T
u≤c,

u≥0
m

,

providedthatthefirstproblemdoesnothavean

infinitesolution.
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�Wepreferthedualformulation,sinceitsconstraintsdo

notdependony;moreover,theextremeraysofits

feasiblesetaregivenbythevectorsu
r
i,i=1,...,nr,

discussedabove.Letu
p
i,i=1,...,np,denotethe

extremepointsofthisset.

�Thiscompletesthesubproblem.Let’snowstudythe

restrictedmasterproblemofBenders’algorithm.



68

'

&

$

%

�Theoriginalproblemisequivalenttotheproblemto

min
y∈R

{
f(y)+max

u

{[b−F(y)]
T
u|A

T
u≤c;u≥0

m
}
}

=min
y∈R

{
f(y)+max

i=1,...np

{[b−F(y)]
T
u

p
i}

}

=minz

s.t.z≥f(y)+[b−F(y)]
T
u

p
i,i=1,...,np,

y∈R,

=minz

s.t.z≥f(y)+[b−F(y)]
T
u

p
i,i=1,...,np,

0≥[b−F(y)]
T
u

r
i,i=1,...,nr,

y∈S.
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�Supposethenthatnotthewholesetsofconstraintsin

thelatterproblemisknown,andreplace“i=1,...,np”

with“i∈I1”,respectively“i=1,...,nr”with

“i∈I2,”whereI1⊂{1,...,np}andI2⊂{1,...,nr}.

�Sincenotallconstraintsareincluded,wegetalower

boundontheoptimalvalueoftheoriginalproblem.

Supposethenthat(z
0
,y

0
)isafiniteoptimalsolution

tothisproblem.Inordertocheckifthisisindeedan

optimalsolutiontotheoriginalproblem,wecheckfor

themostviolatedconstraint,whichweeithersatisfy

(thushavingestablishedthaty
0

indeedisoptimal)or,

ifnot,weincludethisnewconstraint,improvingeither

thesetI1orI2,andpossiblyimprovingthelower
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bound.

�Thesearchforanewconstraintisofcoursethesameas

solvingthedualofBenders’subproblemwithy=y
0
!

�Thisproblemgivesusafeasiblesolutiontotheoriginal

problem,andthereforealsoanupperbound,provided

thatitisfinite.

�Ifthisproblemhasanunboundedsolution,thenitis

unboundedalonganextremeray:[b−F(y
0
)]

T
u

r
i>0.

Wethenaddtheconstraint0≥[b−F(y)]
T
u

r
itothe

RMP(enrichingthesetI2).
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�Supposeinsteadthatwefindafiniteoptimalsolution.

Letu
p
ibeanoptimalextremepoint.Ifitholdsthat

z
0

<f(y
0
)+[b−F(y

0
)]

T
u

p
i,weaddtheconstraint

z≥[b−F(y)]
T
u

p
itothedescriptionoftheRMP

(enrichingI1).

�Ifhoweverz
0
≥f(y

0
)+[b−F(y

0
)]

T
u

p
itheninfact

equalityholdsinthisinequality(>cannever

happen—why?).Wehavethenidentifiedanoptimal

solutiontotheoriginalproblem,andterminate.
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Convergence

�SupposethatSisclosedandboundedandthatfand

FbotharecontinuousonS.Thenprovidedthatthe

computationsareexactweterminateinafinitenumber

ofiterationswithanoptimalsolution.

�Proofisbythefinitenessofthenumberofconstraints

inthecompletemasterproblem,thatis,thenumberof

extremepointsandraysinanypolyhedron.

�AnumericalexampleoftheuseofBenders

decompositionisfoundinLasdon(1970,

Sections7.3.3–7.3.5).
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�NotetheresemblancetotheDantzig–Wolfealgorithm!

Infact,iffandFbotharelinear,thentheycoincide,

inthesensethattheirsubproblemsandrestricted

masterproblemsareidentical!

�ModernimplementationsoftheDantzig–Wolfeand

Bendersalgorithmsareinexact,thatis,atleasttheir

RMP:sarenotsolvedexactly.Moreover,theirRMP:s

areoftenrestrictedsuchthatthereisanadditional

“boxconstraint”added.Thisconstraintforcesthe

solutiontothenextRMPtoberelativelyclosetothe

previousone.Theeffectisthatofastabilization;

otherwise,thereisariskthatthesequenceofsolutions

totheRMP:s“jumpabout,”andconvergencebecomes
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slowastheoptimalsolutionisapproached.Thiswas

observedquiteearlyonwiththeDantzig–Wolfe

algorithm,whichevencanbeenrichedwithnon-linear

“penalty”termsintheRMPtofurtherstabilize

convergence.Inanycase,convergenceholdsalsounder

thesemodifications,exceptperhapsforthefiniteness.


