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 �� � �

maximize x + 2y


�� ���� � � x + y ≤ 10 (1)

−x + 3y ≤ 9 (2)

x ≤ 7 (3)

x, y ≥ 0 (4, 5)

x, y ��� � � ��

(x∗, y∗) =





6

4





q � ��� 
 �� ����� � � �� � � ��� 


q q q q q q q qq q q q q q q qq q q q q q q qq q q q q q q qq q q qba
(x∗, y∗)
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) �� � � � �� � � 	 � � � �* 
 + �� �, 	 , - . � �/ � �0 . � �1 12 34 56 � ��7 ��� � �� � � �� 8 � � 9 � �� �: � �� 
 ⇒� �� �� � ;� � �� �� � � � 
 �� �� ��: ⇒ (x∗, y∗) = (5 1

4
, 4 3

4
)

< � � � �= � � � �> � � � � �= �? ���� � �� � � � � � ? � � �� � �� ? � �� � 


� �� �� � 
 �� ��
@A BC D CE

@A B C D CE

x1 ≤ 5 x1 ≥ 6

x2 ≤ 4 x2 ≥ 5

(x∗, y∗) = (5, 4 2

3
)

(x∗, y∗) = (6, 4)

(x∗, y∗) = (5, 4)q q q q q q q qq q q q q q q qq q q q q q q qq q q q q q q qq q q qqbbbb
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� � �� �� � o �� � � � p � p 1 � . � �
 �q � � � �� 
 �� � �

maximize x + 2y


 �� ���� � � x + y ≤ 10 (1)

−x + 3y ≤ 9 (2)

x ≤ 7 (3)

x, y ≥ 0 (4, 5)

(x∗, y∗) =





5 1

4

4 3

4




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(x∗
, y

∗)a

x + 2y = 0

� �  ! " # $ % &
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 F!
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x

y

rts u

rv u
rtw u

rtx u
ry u
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&

$

%

� * � 
 � � * �
 � � � o� �
 � � � �� � � �� � 
 �� p � �

minimize
T−1
∑

t=1

(

∑

i∈N

citxit + dtzt

)

,


 �� ���� � � Ti+`−1
∑

t=`

xit ≥ 1, ` = 0, . . . , T − Ti, i ∈ N ,

0 ≤ xit ≤ zt, t = 0, . . . , T − 1, i ∈ N ,

zt ∈ {0, 1}, t = 0, . . . , T − 1.

• � 
 �� = � 
� � � �� � � �� �� � �� � �	 	
 	 �� � �� 
 
	

•� � � �� � �� � � 
 � 9 � � � � � � �� = � � � � � � � � ��� � � � 
� � � ��� 
 � �� 
 � 
: � �� �

� � � � � �� � 


�'

&

$

%
� 1 
 � � � �/ � 
 . � �

� � � � �: � � � � �� 
 r N = 2 u � �� = � �? � 
 T1 = 3� � � T2 = 4� � � T = 5� �: � 
� � � 
�

minimize x11 + x12 + 2x13 + x14 + x21 + 100x22 + 100x23 + x24

+10z1 + 10z2 + z3 + 10z4
 �� ���� � � x11 + x12 + x13 ≥ 1

x12 + x13 + x14 ≥ 1

x21 + x22 + x23 + x24 ≥ 1

0 ≤ xit ≤ zt, t = 0, . . . , 4, i ∈ {1, 2}

zt ∈ {0, 1}, t = 0, . . . , 4.

� �� �: � � 
 � ��� � � � > x∗ =





0 0 1 0

1 0 0 0



 z∗ = (1 0 1 0) �� �� �> 14

�'

&

$

%

�� �* � � � �1 � o� 1 �, , ,

• �= � � � � : � � � �� : � � � �= � 
 T ≈ 50� �: � 
� � � 


⇒ 50 ��� � � �� ? � � �� � �� 
> z0, . . . , z49

⇒ 250 ≈ 1015� � � � �= � 

• < � �? � � � � � � �� �� � � � 
 �� �� �� : �� 10−6 
 � � � � � 
 ⇒

109seconds ≈ 30 8 � � � 
 r 10−9 
 � � � � � 
 ⇒ ≈ w � y � � �� 
 u

• �� � 
 � �� � �� � � 8� = � 
� � � � �� � 
 ;� �� >

� �� � �� � � � � � �� � � � �� � �� 
 
 �� = � � � � � �7 � � � : � � � ��� 
� � � �: ���� � �� � �

�'

&

$

%

� � � �
 � � � 	 � � �

•  �� � � � � �� � �� 
 ⇒ � � ��� � �� � � �� 8 � � 9 � �� �: � �� 
 � � � � � �

q p p p p p p qp p p p p p p pp p p p p p p pq p p p p p p qq p p pqa (x∗, y∗) = (6, 4)
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•! � � "# 
 $% �& > P = {x ∈ <n | aix ≤ bi, i = 1 . . . , k }

• πx ≤ π0 � 
� ' � �( $ ( & 
 )* � � ( 
 " � �� P � � �� = � � � 
 � �� � � � x ∈ P

• + �� 
 > F = {x ∈ P |πx = π0 } � � πx ≤ π0 � 
� ? � � � � �� � 9 � � �� P

• + �� 
 
> �� � � � � � �: � � 
 � � � n − 1



n �'

&

$

%

- �� 1 � � p o � � ��

x11+x12+x13 ≥ 1

x12+x13+x14 ≥ 1

x21+x22+x23+x24 ≥ 1

� D DE C D� BC ⇒ x11 + 2x12 + 2x13 + x14 + x21 + x22 + x23 + x24 ≥ 3 �� �

x11 ≤ z1

x14 ≤ z4

x21 ≤ z1

x24 ≤ z4

� D DE C D� BC ⇒ 2z1 + 2z4 ≥ x11 + x14 + x21 + x24 �� �

�� � � A � � � � ⇒ 2z1 + 2x12 + 2x13 + x22 + x23 + 2z4 ≥ 3 �� �

n n'

&

$

%
- �� 1 � � p o � � �� o �� �
	 �

� � �� � � � 8 rv u � �� = 1

2

> z1 + x12 + x13 + 1

2
x22 + 1

2
x23 + z4 ≥ 3

2 rx u

6 � � � � m � �� = � � � �� � �� �� 
 � �� = � � 
 <� �� = � � �� � � 
� ��� � � �� r �� �� u>

z1 + x12 + x13 + x22 + x23 + z4 ≥
3

2

� � � � � : � �� 
 ��� = � � 
 < � � � ��� � �� � � �� � ��� 
 �� �� 
 � ��� � � �� �� = ���� � � �� �� � �� � : ⇒ 6 � � � � m � �� = � 6 
 <� �� = � � � � � � 
� ��� � � �� >

z1 + x12 + x13 + x22 + x23 + z4 ≥ 2

� �= � ? � 
= � � �� = � � � = � 
 �� � 9 � � � �� 8 � 
 ' � �( $ � �� � = �� � ( & 

 & � & � 


� � � " 
 � �
 �

� � 
= � �� = � � �� � �� � � 
� � �� 
 
� � � � 
� � �� � �� : �� � � � �

�'

&

$

%

- �� � � � p � p 1 � � �� / � � � ��

minimize x11 + x12 + 2x13 + x14 + x21 + 100x22 + 100x23 + x24

+10z1 + 10z2 + z3 + 10z4
 �� ���� � � x11 + x12 + x13 ≥ 1

x12 + x13 + x14 ≥ 1

x21 + x22 + x23 + x24 ≥ 1

0 ≤ xit ≤ zt ≤ 1, t = 0, . . . , 4, i ∈ {1, 2}

� �� �: � � 
 � ��� � � � > x∗ =





1

2
0 1

2

1

2

1

2
0 0 1

2



 z∗ = ( 1

2
0 1

2

1

2
) �� �� �> 13 1

2

�'

&
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%

� o �� 1 1 �� 
 � �� � �� � � o � � � o � �1

 �� � = � � �: � � � � �� 
 p� � � q 
 � �= � = � � � = � � �? � 
 Tp� � � Tq �� �� �

2 ≤ Tq ≤ Tp − 1 ≤ 2 · (Tq − 1)

� � �� 
 
 � � �� � �� 
 � 
 � �� � � � � � � �� � �� �� �>

z` +

`+Tp−2
∑

t=`+1

(xpt + xqt) + z`+Tp−1 ≥ 2, ` = 1, . . . , T − Tp.

� �� �� � �� ��  ! � r T1 = 3 ; T2 = 4 ; T = 5 ; p = 2 ; q = 1 u>

2 ≤ T1 = 3 ≤ T2 − 1 = 3 ≤ 2 · (T1 − 1) = 4

� �� � �� � 
 � �? � � � 8� = � �� � 9 � � � �� 8

z1 + x12 + x13 + x22 + x23 + z4 ≥ 2



n �'

&

$

%

� * � o �� � � � p � p 1 � � �� / � � � �� . � p 1 �* �� � � � � �� � � p � �� � �

minimize x11 + x12 + 2x13 + x14 + x21 + 100x22 + 100x23 + x24

+10z1 + 10z2 + z3 + 10z4

�� � �C� B B� x11 + x12 + x13 ≥ 1

x12 + x13 + x14 ≥ 1

x21 + x22 + x23 + x24 ≥ 1

z1 + x12 + x13 + x22 + x23 + z4 ≥ 2

0 ≤ xit ≤ zt ≤ 1, t = 0, . . . , 4, i ∈ {1, 2}

	 
 B @� � � �� �� B @� A
 x∗ =

0

@

0 0 1 0

1 0 0 0

1

A z∗ = (1 0 1 0) � � �� C 
 14


