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Location of facilities which serve customers \
Potential sites: J = {1,...,n} (geographical locations)
Existing customers: Z ={1,...,m} (geographical locations)
fixed cost of using depot j

transportation cost when customer i’s demand is fulfilled entirely
from depot j

Decision problem:
Which depots to open?
Which depots to serve which customers, and how much?

Goal: minimize cost

Assumption: depots have unlimited capacity (to be removed)

Project course: Optimization TM

The solution of a difficult problem

(facility location)

Birgit Grohe
3 September 2008
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Minimize cost \

Deliver precisely the demand

Deliver only from open depots

x is the portion of the demand

Do not partially open a depot

Suppose depots have limited capacity
demand of customer i (D =}, d;)
capacity of depot j—if it is opened

Constraints:

Zdﬂij <bjy;, j€J (5)

€T

(= zij <y;, Vi, j)

replace (2) with (5) J

/ Variables:

1, if depot j is set up
Y; = .
0, otherwise
x;; = portion of customer i’s demand to be delivered from depot j

Uncapacitated facility location (UFL)

gg=min Y cymy + Y fis
€L jeT JET
s.t. > i = 1, iel
jeT
Tij — Yj < 0, 1€, jeJd
Tij e [0,1, i€eZ jeJ
Yj € {07 1}a .7 € j

~




/Trick: Exchange x;; for w;; in constraint (1) and in “half” the \
objective, add the constraints z;; = w;;, and let 0 < a < 1.

2* = min (XZZCijxij + (1*04)22%'10;'3' + ijyj

/ Capacitated facility location (CFL) \

z* = min Z Z Cij%ij + Z ijj (0)

== == — i€ jeJ jeg
i€ je i€T je je .
.t. iq = 1, IS 1
s.t. >wy o= 1, ieT (1) ® J_;“ﬂ ’ ()
jET ]
) dixij  — bjy; < 0, JjETI 5
Sdiw by, £ 0. jed ) 2 e o ®)
i€T . .
Tij e [0,1], 1€Z,5€¢TJ (3
> by = D, (© : Ot ©)
JjeET Yy; € {07 1}7 J € J (4)
wiy — x5 = 0, iel, jed (M) Observation: Total capacity of open depots must cover the entire
zy; € [0,1], i€Z,jeJ (3) demand = an additional (redundant) constraint:
Wi j > 0, 1€ I, _] eJ (8) capacity demand
yj € {07 1}7 J € j (4) (1), (5) - Z bjy]' Z Z Zdzx” = Zdl Z .Z‘ij = Zdll = D
\ K JjeT FISVARISY A i€ jeJT 1€T /
/ Subproblem in  and y: \ /- Constraints (7) tie together (x, y) with w. \
e Lagrangian relax these with multipliers A;;
dzy(A) = 1;11;1 Z Z [acij — Nijlaey  + Z fyj — Lagrange function
T ieTjeg = I A) =
s.t. Z bjy; > D, (6) (z,w,y,A) =
‘ penalty
JET e e
> dizi; < by, jied (5) =3 " |aciizi; + (1 - a)eijwi; + Aij(wij —zi) | + Y fi95
€T €L jeT Jj€T
7 € [01] ieLjed @) =D D (acy; — Az + Y Sy + > > (1= ey + Ayl wy
y; € {0,1}, jeJ (4) i€ je€T jeT i€T jeT

For every y-solution (such that }_.. 7 bjy; > D) we have:
e Ify; =0thenz;; =0,i€Z

\o If Y = 1 then Ziel’ dzac” < bj J

e Subproblem (for fixed value of A):
Minimize the Lagrange function under constraints (1), (5), (6),

(3); (8) & (4).

K Separates into one in (z,y) and |Z| in w. /
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/Solving the continuous knapsack problems [CKSPJ-]\ / Value [in (z,y)-subproblem] of opening depot j \
Greedy Algorithm: That is: letting y; = 1 (|J| continuous knapsack problems)
e Sort MJT_)" < 0,7 € Z, in increasing order [CKSP;] vi(A) = f; + min Z [acij — Nij] 245
€T
= indices {i1,%2,...,im}, m < |Z|.
{iv, iz } 7] s.t. Zdixi]’ <b;
e If m = 0 then z;; = 0,7 € Z. Else, let k =1 and: ieT
e Let x;,; = min{1;b; — Zf;ll dixi,;} and let k :=k + 1 until 25 € [0,1]; il
Zle diz;,j =b; or k=m. = Projection ontc y-space (a 0/1 knapsack problem)
e Solution fulfills ), ., diz;; = b; and z;5 € [0,1], 7 € Z. [0/1-KSP] Goy(A) = myin Z v;(A) -y,
. z SV
o v;(A) = f; +min Y }1, Yjeg iy — Xyl Ty ot S by > D,
JET
/ yi € {01}, jeJ
11 10
/ Subproblem in w \ / Solving 0/1 knapsack problem \

(JZ| semi-assignment problems):

min Z [(1 — Oé)Ci]' + )‘U] Wi 5

Yo jeg

€L JET
wi; >0, jeJ

Solving semi-assignment problem

e Find ¢; such that (1 — a&)cie, + Aig, = mi}l{(l —a)ej + A}
j€

\o Let wig;(A) =1, wij(X) =0, j # ;. J

Not polynomial. Solve with Dynammic Programming or Branch &
Bound (CPLEX).

Solution:

yi(A) €{0,1},j € J.

zij(A) =0, € T, if y;(\) = 0.

z;5(X) = z;; by the above, i € Z, if y;(A) = 1.




13

/ How to find better value of \;;7 \ / Value of relaxed problem for fixed value of A \
Penalty: min. .. Ziel’ Zje] )\ij (wij — l‘ij)
e If w;j(A) > x;;(X) = Increase value of A;; (more expensive to qA) = qey(A) + qu(A)
. . N—— S———
violate constraint) difficult  simple
o If w;;(A) < x;;(X) = Decrease value of A;; (more expensive to e Can show that g(A) < ¢* for all A € RIIxI7| (weak duality)

violate constraint)

Aij is the penalty for violating w;; = x;;
e Iterative method (subgradient algorithm) to find optimal “ P Y & Wij “

penalties A*: Find best underestimate of ¢* <= find “optimal” values of

Ities A;;
NI = X+ e [wi(A) —2 (D], £=0,1,... penaities Aqj

That is:  max ¢q(A) < ¢* (most often max ¢q(A) < 2*, not
where p; > 0 is a step length, decreasing with ¢ AERIZIXITI AERIZ XIT1

strong duality)

e Use feasibility heuristic from every [z(A"), w(A*), y(A")] to yield

a feasible solution to CFL (open more depots, send only from

\ open depots, x = w,...). Example: Benders’ subproblem! / K /

15
- ™ e Example: |Z] = 4, | 7] = 3, a — L ™
.o => ... (Qgy(A) =min 5y, + 8.875ys + 18ys
(next page) s.t. 12y, + 10ys + 13y3 > 23, y € {0,1}®
6 2 4 6
11 12
8 4 4
(cij) = ()= 16 | ,(di) = (i) = 10
16 2 6 8
21 13
10 12 4 5
R 70 0
Gzy(A) = min Ej:l v;(A) Y5 3 10 2
s, 12y; + 10ys + 13yz > 23 | Let (\};) = . .
y e {0,1}3
0.1} 0 7 5
Observe: implies that y3 = 1 must hold.

. / -
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/ Solution to (z,y) problem for A = A’ \ / \
Ul(At) =11+ min —4xy11 — 2291 + 3x31 + 51
1 00
Lo 1 s.t.  6x11 +4war + 8x31 + bran <12, @ € [0, 1}4
y(A) = (1,0,1)T, z(A") =  Gay(N) =5+ 0+18 =23 = mn =2 =1, 1 =2 =0, n(A) =5
0 0 0
0 0 1
bl . P h . v2(A") =16+ min  z15 — 6222 — T3z — Tao
- 1
w-pro jm separates into one for each customer 1 St 6215+ Ass + 8735 + 5242 < 10, @3 € [0,1]}
(A" =3 ¢, (X)),  where l—a=1 1
w( ) Z ! ( ) ( 2) — $22:$42:1, $32:§, $12:O, 1)2()\t):8_875
3
g,(A") =min Y [(1 - a)ey; + Alj] wyy
j=1 v3()\t) =214+ min 2z13 4+ 0z23 + 3233 — 3243
3 4
s.t. 6xq13 +4wo3 + 8x33 + 5 <13, x3€]0,1
ot Zwij _1, wiy > 0, j=1,23 Z13 Z23 L33 ZL43 = 19, t3 [ }
j=1 = Toz3 =Za3 =1, T13 =233 =0, v3(A") =18
19 18

/ Solution to w problem \
0 1 0
1 0 0
w(A) = . qw(A") =13,
o 1 1
2 2
1 0 O
A = Goy(AY) + qu(AY) =35
1) = deyX) + qu(X) New A vector (e.g., pr = 8):
= z* > 35
At A+ o [w(A) — (W)

7*pt Pt 0 —1 8 0
3 10 2-p | | 310 6
5 248 & 5 6 4
Pt 7

5— py 8 7 -3 J

g (AY) = min
s.t.

10w11 + w12 + 2w13
win twiztwiz =1, wy; 20, j=1,2,3
wiz(AY) = 1, wir(A*) = wiz(A*) =0, ¢,(A) =1

¢;(A) = min
s.t.

dwar + 14weg + 4wz
woy + w2z twez =1, wy; >0, 7=1,2,3
U]gl()\t) = 1, wgg()\t) = w23()\t) = 0, qﬁ,()\t) =4

qy(A") = min
s.t.

13w31 + 3wss + 3wss

w3y + w3z t+wsz =1, ws; >0, 7=1,2,3

1
w3z(AY) = waz(A") = 3 w31 (AY) =0, ¢3(A") =3

-
I

qa(A") = min
s.t.

Swg1 + 13wgg + Twys
1,U41+’U]42+’U}43=1, w4j203j=1a2a3

wir(X) = 1, waz(X') = was(X') =0, ¢, (A") = 5J




Choice of step lengths (p:) later (subgradient optimization,
convergence to an optimal value of A)

Feasibility heuristics can be made more or less sophisticated

There are more ways in which to Lagrangian relax continuous
constraints in an optimization problem

E.g.: Lagrangian relax (1) or (5)
(with multipliers u; € R resp. v; € Ry) in the original
formulation (CFL)

There are also other methods for solving CFL, e.g. Bender’s
algorithm using Bender’s subproblem (later).

~
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/ Feasible solution <= z(\") = w(\")? No — \
Feasibility heuristic
Idea: Open depots given by y(A") = y¥ = y(A") = (1,0,1)T.
Send only from open depots (y;' =0 = zj] = 0,Vi).
Fulfill demand but do not violate capacity restrictions:

s 03
Let 22 = 1o =

0 0 1

1 0 0
ZH=6-14+4-24+24+64+10+11+21=52+1
= 2% € [35,52 + 1] = [¢(A"), 2] (not very good interval)

\ /
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