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Formulation of LP on column generation form:

Dantzig—Wolfe decomposition

> Let X = {x € R} | Ax = b} (or Ax < b) be a polyhedron
with

> extreme points XP, p € P and

> extreme recession directions X", r € R

X2 %t

X1
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Inner representation of the set X

x = ) AKX

peP rerR
XE X <= Z)‘le

peEP

Ap >0, peP

ur>0, reR

» x € X is a convex combination of the extreme points plus a
conical combination of the extreme directions

» Use this inner representation of the set X to reformulate an
LP according to the Dantzig-Wolfe decomposition principle

» Solve by column generation
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An LP and its corresponding complete master

problem

(LP1) z* = minimum c’x

subject to Ax=b «— (“simple" constraints)
Dx=d +«— (complicating constraints)
x>0

> Let X={x>0|Ax=b}
» Extreme points X, p € P
» Extreme directions X", r e R

—
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The complete master problem

(LP2) 2* = min 26; Ap(€T%P) + > 1 (e7%")

rer
s.t. Z Ap(DXP) + Z w(DX") =d | 7
peP rerR
Z Ap =1 | q
pEP
Ap >0, peP
ur>0, reR

» Number of constraints in (LP2) equals “the number of
constraints in Dx =d” + 1

» Number of columns very large (# extreme points/directions
of X)
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The LP dual of the (restricted) master problem

> Assume not all extreme points/directions found: P CP;
RCR

» The dual of (LP2-R) is given by
(DLP2-R) z* < max d*7 + g

(7,9)
st. (DXP)Tm+qg<(c"%P), peP [N
(DX )T <(c')"), reR |p

with solution (7, §)

» Reduced cost for the variable \,, p € P\ P:
(c™%P) — (DxP)Tw — g = (c — D'#)T%? — g
» Reduced cost for the variable p,, r € R\ R:
(cTx") — (DX")T® = (c — D7) %"
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Column generation

» The smallest reduced cost is found by solving the subproblem

min (c — DT7)Tx (alt: min (c — DT7)Tx — E]>
xeX xeX

> Gives as solution an extreme point, X°, or an extreme
direction X" (Unbounded solutions can be detected within the
simplex method! How?)

— a new column in (LP2) (if the reduced cost < 0):

cTxP cTx
» Either | DxP | or | DX" | enters the problem and improves
1 0
the solution
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(IP)
Zip =min 2x1 +3x2 + x3+4x4
s.t. 3X1+2X2—|—3X3+2X4:5 | Dx =d
x1+ xo+ x3+ x4=2
X1, X2, X3, X46{071}
1 1 1 0 0 0
1) (o] (o) [z] (2] o)l o1 w6
>X_ 0 ) 1 ) O 9 1 ) 0 ) 1 _{X7"')X}
0 0 1 0 1 1

» Optimal solution: x}p = (0,1,1,0)T

» Optimal value: zp, =4
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LP-relaxation

(LP1)
Z*=min 2x1 +3x2 + x3+4x4 [cTX]
s.t. 3X1 + 2X2 + 3X3 + 2X4 =5 [DX = d]
x1+ xo+ x3+ xp=2 [x € X]
0< X1, X2, X3, X4§]- [XEX]
1 1 1 0 0 0
1 0 0 1 1 0
> X=cowv ol ol [1] |o] |2
0 0 1 0 1 1

= conv {x},...,x°}

6

6
={xeR* x:Z)\pip;Z)\p:1;)\p20,p:1,...
p=1 P

=1

,6
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The complete master problem and the initial

columns

(LP2)

z¥ =min 51 +3X2 + 6A3 + 44X + 7TA5 + B¢
s.t. BA1 +6X> +5A3 + 53 +4A5 + 5Ag=bH
A1+ Ao+ A3+ M+ A5+ Ae=1
A1, A2, Az, Mg, As, A6 >0
» Initial columns: A1, Ap, A3

(LP2-R) (DLP2-R)
z*¥ < min bBA; +3)\y +6)3 z"<max b5m+gq
s.t. BA1+ 6> +5M3=5 st. bm+qg<5h
A+ A+ A3=1 6br+g<3
A1, A2, A3>0 51+ q<6
» Solution: A=(1,0,0)T, 7=-2, g=15
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Reduced costs computation

min {(c - D7) Tx — a} = p_rrllin ] {(c —DTa)T%P — a}

xeX =1,...,

= min_ { [(2,3,1,4) — (3,2,3,2) - (=2)] x° — 15}

=1,...,

=min{0,0,1,—-1,0,0} = -1<0

» New extreme point in (LP1): x* = (0,1,1,0)"

T4

c X 4
» New column in (LP2-R): | Dx* | = [ 5
1 1

Ann-Brith Stromberg Dantzig-Wolfe, column generation, branch—-and—price



New, extended problem

(LP2-R) (DLP2-R)

* <
z* < min 5\1 + 3)\2 + 63 + 4\, z* <max 57+ gq

<
s.t. 5A\1 + 62 +5\3 +5 =5 s.t. br+ g <5
6mr+qg<3
A, Ao, Az, A >0 571+ q<6
1 2, 3 4 = 57T+q§4
» Solution: X =(0,0,0,1)T, =1 g=9

» Reduced costs:
min {(5,5,4, 6) xP — 9} =min{1,0,2,0,2,1} =0
p:17"'76
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Optimal solution to (LP2) and (LP1)

» \*=(0,0,0,1,0,0)7, ™=-1, q*=
— x*=x*=(0,1,1,0)" = x}p, ¥ =4=z,
» A coincidence that the solution was integral!

» In general, the solution x* to (LP1) may have fractional
variable values

» Solution to (IP)?

» Need to find an integral solution (not certainly an optimal
solution to (IP)) among the columns generated, i.e., solve

n {(2,3,1,4)x

(3,2,3,2)x =5, x € {x',%*,%%,x*} }
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Numerical example of Dantzig-Wolfe decomposition

min x1 — 3x (0)
st —x1 + 2x < 6 (1) «——  (complicating)
X1 + xo < 5 (2)
xx , x >0 (3)
X2
5
e X1 : X1

X = {x € Ri| X1 +x < 5} = conv {(O,O)T, 0,5)%, (5,0)T}
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Complete DW master problem
x = A1 <8> + A <g> + A3 <g> = <§iz)

x€X AM+X+A3=1
A1,A2,A3 > 0
min — 15X +5)3 (0)
s.t. 10X —5X3<6 (1)
AMF+A+A3 =1
A1, A2,A3 >0

» The first restricted master problem is then constructed from
the points (0,0)" and (0,5)T (corresponds to A\; and ;)
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Iteration 1

>
min — 15X, (0) B
s.t. 100, <6 (1) | Solution: A= (33T
A+ =1 Dual solution: 7?:—%,6]:0

A1, A2 >0

» Smallest reduced cost:

)r(‘réi)rg [(CT —7D)x — (_7] = gg)rg ([(1’ -3) - (_%)(_172)] X— O)
=min{-Ixi|x +x <5x>0}=-3<0=%x= (g)

» New column:
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Iteration 2

min —15X, + 5\3

s.t. 10X, —5X3<6 | Solution: A = (0, %’ 14_5)T
A1+ A2 +A3=1 | Dual solution: ﬁ:—g,qz_%
A1, A2,A3 >0

» Smallest reduced cost:

min (¢’ — #D)x —g] = min ([(1,-3) = (-)(-1.2)] x = (-3))

= min {—%Xl—%X2 +% | x1+x <b x> 02} =0

11 4\"
timal solution: A* = —,—
» Optimal solution (O, R 15>

— x*=(5A3,50)T = (3, 3T, z#=3-3- 4 =-02
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Block-angular structure

max €1 X1+ €3 X2+ -+ + Cp X,
s.t.Dix; + Doxo+---+Dpx,<d | Dualvar: =«
Aixq <b; | X1 € X1
Asxo <b, | Xy € Xo

Ax,<b,| x,€X,
X1,X2, ;X ZO

Cartesian product set:

X=Xy xXox...xX,
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DW decomposition as decentralized planning

» Main office (master problem) sets prizes (7) for the common
resources (complicating constraints)

» Departments (subproblems) suggest (production) plans
(Dj)'(J’-J) based on given prices

» Main office mixes suggested plans optimally; sets new prices

» The procedure is repeated

Master problem

Subproblem 1

Subproblem 2

Ann-Brith Stromberg

plan

prices

Subproblem n
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Find feasible solutions (right-hand side allocation)

> Let 5\{,, p € P, and [H, reR,j=1,...,n, be a feasible and
(almost) optimal solution to the master problem

» A good feasible x-solution is then given by (for each j):

maximize cJTx j

subject to Djx;j < Z X{,(Dj)'(f) - Z [ (DjX7)
pEP rerR
Aij S bj
xi20  [X;={x;=0[Ax; <bj}]

n n
; - . \J P =jgr
since then Z Dix; < Z D; Z )\pxj + Z X | < d
j=1 j=1 peEP reR

XjEXj
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Upper bound on the optimal objective value

z" = min Z Ap(cT%P) + Z 1 (cTR)

pEP rer
st. ) Ap(ARP)+ > p(DX") =d |7
cP rerR
’ D %=1 g

pEP
)‘puU/rZO, peP,reR

st. (DxP)Tw 4 g < (c'%P), peP
(D)7 <(c'%"), reRr
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Lower bound on the optimal objective value

> Let A\j, p€ P, and uy, r € R, be optimal in the complete
master problem, and (7, g) an optimal dual solution for the
columns in P and R.

» Multiply the right-hand side of the primal (d resp. 1) by 7
and g, resp.
SN

0> z*—z=z"—bT7a-1-§
=) A [("xP)—(DxP) ' ®—g]+ > pp [(c"%")—(DK) " ]

peEP reR
> : cT—p —(D%" T= = * e cT~s — (D% T~
> min [(e"%")~ (D)7 q]+r§en:#rsng7g[( %°)— (Dx*) 7]
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Lower bound on the optimal objective value

» If the subproblem has an unbounded solution no optimistic
estimate can be computed in this iteration

» Otherwise it holds that
min [(c'%°) — (D%°)" %] > 0

seER
—
z>z">2z+min [(c—D"#)"%" — g
pe
=z +min(c-DT7)Tx g
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Convergence

» The number of columns generated is finite, since X is
polyhedral

» When no more columns are generated, the solution to the last
restricted master problem will also solve the original LP

» For each new column that is added to the master problem, its
optimal objective value will decrease (or be kept constant)

= The pessimistic estimate Z, converges monotonically to z*

» The optimistic estimate z, also converges, but not
monotonically

» If at iteration k an optimal solution to the complete master
problem is received, then z, = Z, holds

> Stopping criterion: z, — z; < ¢, where zj, = maxs—1, xZ
and e >0

S
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