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Column generation: a method for solving linear programs

(LP) (and actually also MILP’s) with very many columns
(variables)

» The cutting stock problem—second formulation—comprises
very many columns and relatively few rows

» What if not? (i.e., fairly many of both rows and columns, but
“hard” due to integer requirements)

» The Dantzig-Wolfe reformulation
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Formulation of a general linear program in a form suitable

for column generation: Dantzig—\Wolfe decomposition

» Let X = {x € R | Ax = b} (or Ax < b) be a polyhedron
with

» extreme points X, p € P and

» extreme recession directions (extreme rays) X', r € R

X2 Xt
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Inner representation of the set X

x = Z)\p)_(p—i—Zu,}r

peEP rer
xe X< Z)‘le

peEP

Ap >0, peP

ur>0, reR

» x € X is a convex combination of the extreme points plus a
conical combination of the extreme directions

» Use this inner representation of the set X to reformulate a
linear program according to the Dantzig-Wolfe decomposition
principle

» Solve by column generation
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A linear program and a corresponding master problem

(LP) z* = minimum c¢'x

subject to Dx =d  +— (complicating constraints)
Ax=b <+— ("simple" constraints)
x>0

» Let X={x>0|Ax=b}
» Extreme points of X: X, p € P

» Extreme directions of X: X', r e R
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The complete master problem (MP)

(MP) z*=min Y A (c"XP)+ > p(c'x")
(Aor) pEP rerR

st. > Ap(DXP)+ > pu(DX")=d |7

pEP rer
Z Ap=1 lq
peEP

Ap =0, peP
wr=>0, reR

» # constraints in (MP) equals # constraints in “Dx =d" + 1

> # columns very large
(equals # extreme points & # directions of X)
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The restricted master problem (RMP)

» Assume that not all extreme points/directions have been
found: PCP; RCR

(RMP) z* < m|n Z)\ (c"xP) +Zu, (c'x")

reR
s.t. Z Ap(DXP) + > " 1 (Dx") = d | 7
pEP rer
Z Ap =1 | q
peP
Ap 20, pe P
>0, reR

» The number of constraints in (RMP) equals that of (MP)

» The number of columns is considerably smaller
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The linear programming dual of the (restricted) master

problem (D-RMP)

» The linear programming dual of (RMP) is given by

(D-RMP) z*<max d'm+gq

(7,9)
st. (DxP)'m+qg<(c'%xP), peP |X
(DX)'7w  <(c'X"), reR |p
with solution (7, )
» Reduced cost for the variable \,, p € P\ P (& xP):

(c"xP) — (DxP)'7# —G=(c—D'"#®)"x" - g

» Reduced cost for the variable i, r € R\ R (& x"):
(c"x)— (DX 7" =(c—-D"wx)Tx"
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Column generation

» The smallest reduced cost is found by solving the column
generation subproblem to

min(c — D7) x <a|t: min(c — D'7)"x — c';)

xeX xeX
: : _pT\Tgrl 5. _PpTa\Tgr
<:>m|n{g1€|7r;{(c D 7) x } q; rn%%rg{(c D 7) x }}

» Gives as solution an extreme point, XP, or an extreme
direction x"
» Unbounded solutions can be detected within the simplex
method! How?
= a new column in (RMP) (if the reduced cost < 0):

c'xP c'x
» Either [ DxP | or | Dx" | enters the problem and
1 0

improves the solution
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A small integer linear optimization example of

Dantzig-Wolfe decomposition and column generation

(ILP)
Zip =min 2x; +3x2 + x3+4xg
s.t. 3X1 —|—2X2—|—3X3—|—2X4:5 ‘ Dx =d
x1+ X0+ x3+ x3=2
X1, X2, X3, X3€ {07 1}
1 1 1 0 0 0
1 0 0 1 1 0
> )<|LP - ol>lz11loll1]110]1]1
0 0 1 0 1 1
= {x!, ... x%

» Optimal solution: xj;p = (0,1,1,0)"

» Optimal value: zjp, =4
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Linear programming relaxation

(LP)
Z*=min 2x1+3x0+ x3+4x4 [c"x]
s.t. 3X1—|—2X2—|—3X3—|—2X4:5 [DX:d]
X1+ xo+ x3+ x3=2 [x € X]
0< X1, X2, X3, X4§]- [XGX]
1 1 1 0 0 0
X 1] o] [o] (1] (1] [0
Ay lo 1o 1] o] |2
0 0 1 0 1 1
= conv {x},...,x%}
6 6
= x€R4x:Z)\pRP;Z)\p:1;)\p20,p:1,...,6
p=1 p=1

Ann-Brith Strémberg
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The complete master problem and the initial columns

(MP)

z¥ =min 51 + 32 + 6A3 + 44X+ 7A5 + 5)g
s.t. BA1 +6X2 +5A3 + 504 +4)X5 + 50 =5
M+ o+ M3+ M+ s+ =1
AL, A2, A3, Mg, A5, Ag>0

» Initial columns: A1, Ap, A3

(RMP) (D-RMP)
z*¥ < min bBA; +3)\; +6)3 z"<max 5w+ gq
s.t. BA1 +6X +5A3=5 st. bmr+qg<5bh
A+ Ao+ A3=1 6mr+qg<3
A1, A2, A3>0 5T+ q<6
» Solution: A= (100", 7=-2, g=15
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Reduced costs computation

min {(c — DTTT)Tx — c‘y} = min {(c _ DTﬁ-)T)_(P _ c']}
xeX p=1,...,6

= min_ { [(2,3,1,4) — (3,2,3,2) - (—2)] XP — 15}

=1,...,

= min{0,0,1,-1,0,0} = -1 < 0

» New extreme point found in (LP): X* = (0,1,1,0)"

c'x* 4
= New column in (RMP): [ Dx* | =[5
1 1
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New, extended restricted master problem

(RMP) (D-RMP)

* <
z* < min 5)\1 + 3\ + 63 + 4\, z* <max 57 +gq

.. <
s.t. BA1 + 6\ +5X3 +5 =5 s.t. br+ g <5
or +q<3
)\1‘1‘ )\2"1' )\3-1— )\4:1
A1, A2, A3, A >0 57+ q<6
1 2, 3 4 = 57T+q§4
» Solution: A =(0,0,0,1)T, Fo-1 G§-9

» Reduced costs:
min { (5,5,4,6) x — 9} =min{1,0,2,0,2,1} =0
p:17"'76
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Optimal solution to (MP) and to (LP)

>

—

>

A* =(0,0,0,1,0,0)7, m=-1, ¢"=9
x*=x*=(0,1,1,0)" = X{Lp " =4=7zp
A coincidence that the solution was integral!

In general, the solution x* to (LP) may have fractional
variable values

Solution to (ILP)?

Need to find an integer solution (not certainly an optimal
solution to (ILP), why?) among the columns generated, i.e.,
solve

min {(2,3, 1,4)x ‘ (3,2,3,2)x =5, x € {x}, %% %3, %%} }
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Another numerical example of Dantzig-Wolfe

decomposition and column generation

min x1 — 3x (0)
st —x1 + 2x < 6 (1) <—  (complicating)

x1 + x < b (2)

X1 5 X2 2 0 (3)

X1

5

X = {xeRi\x1+xz35}:conv{(o,O)T,(o,5)T,(5,0)T}
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Complete Dantzig-Wolfe master problem
(0 0 5\  (5Xs
(@) n() () - €2

xeX = AL+ X+ A3 =1
A1, A2,A3 >0
min  — 15X > +5)3 (0)
s.t. 10X —5X3<6 (1)
AMF+A+A3 =1
A1, A2,A3 >0

» The first (RMP) is then constructed from the points (0,0)"
and (0,5)" (corresponds to A1 and \»)
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Iteration 1

| 4
min — 15X, (0) B
s.t. 10A <6 (1) | Solution: A=(3HT
A+ =1 Dual solution: 7@ =—-5,§=0

A1, A2 >0
» Smallest reduced cost:
min |(¢ — #D)x — z;] = min ([(1,-3) = (-3)(~1.2)] x -

xeX xe
=min{-1x |x1+x2§5;x202}:—g<0:>)‘(: (g)

» New column:

— T 5
Cator - = ()
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Iteration 2

min —15X, + 5\3 )
s.t. 10X, —5A3<6 | Solution: A= (0, %’ 14_5)T
M + X2 +X3=1 | Dual solution: ﬁ:—%,c‘;:—%

A1, A2, A3 >0

» Smallest reduced cost:

)r(r%ig c' —7D)x — q] = m|n ([(1,=3) = (-H)(-1,2)] x — (-2))
—mln{—3x1 I+ 3| x1+x <5 x>02}—0

11 4
» Optimal solution: A* = < ’E’E)
T = (41T, 2*23_3.%:_9

— x* = (5)\3,5)\2) 3:3)
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Upper bound on the optimal objective value for (LP)

» The complete master problem (MP):

z* = min Z Ap(c"%P) + Z pr(c'x")

peEP rerR
st. > M(DXP)+ > pu(DX)=d |«
eP rer
’ Z Ap =1 | q
pEP

Apritr 20, pEP,reR

» The (dual of the) restricted master problem (D-RMP) yields
an upper bound on z*:

7#<z=d ®+§=max d w+gq
(m,q

st. (DxP)'m+qg<c'xP, pe?P
(Dx"'w <"X', reRrR
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Lower bound on the optimal objective value for (LP)

» Let A\j, p€ P, and uy, r € R, be optimal in the complete
master problem (MP)

» Let (71, §) be an optimal dual solution for the restricted master
problem (RMP), with columns corresponding to P and R

» Multiply the right-hand side elements of the primal (i.e., d
and 1) by 7 and g, respectively

== (1'st ineq. from dual, 2'nd ineq. since Y Ay = 1)

0> z*—Z:z*—dTﬁ'—l-c']

= Z Ay [CT)'(” (DxP)" ]—i-z Ly [ r)Tﬁ'}

pEP reR
> . CT—p_ DxP T—_—] * - |:CT~S— D~s T—]
_Ir)n€|7r;[ xP—(DxP)' & q—i-;zu,srg% x*—(Dx*)'
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Lower bound on the optimal objective value for (LP)

» If the subproblem has an unbounded solution then no
optimistic estimate (i.e., lower bound since we minimize) can
be computed in this iteration

» Otherwise it holds that
min [cT%° — (D}“S)Tﬁ] >0
SER

Z>z">Z+min {(c —D'7)"xP — E]}
peEP

_ 3 . _DT_T =
z—i—)r(r;lg(c ) ' x—g

::z
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Convergence of the column generation algorithm

» The number of columns generated is finite, since X is
polyhedral

» When no more columns are generated, the solution to the last
restricted master problem will also solve (LP)

» For each new column that is added to the restricted master
problem (RMP), its optimal objective value will decrease

= The pessimistic estimate Z, converges monotonically to z*

» The optimistic estimate z, also converges, but not
monotonically

» If at iteration k an optimal solution to the complete master
problem (MP) is received, then z, = Zx holds

= Stopping criterion: Z, — z; < ¢, where z} = maxs—1,_x Z,
and € >0
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Column generation

Dantzig-Wolfe

RN

Original Problem

Integer Restricted
Master Problem

Integer Master
Problem

Continuous Riil?:tzie
relaxation g_
contraints

Master Problem )—>( Restricted Master

Restrict sets
of routes Q > New routes

Subproblems



Dantzig-Wolfe decomposition applied to a linear program

with block-angular structure

(LP)  min clTxl + C2TX2 +t ) x,
st. Dixi+Doxp+---+Dpx,<d | Dualvar: m
Aix <b, | X1 € X1
Arx> <by| x2€X;

Ax,<b,| x,e€X,
X1,X2, ", Xp 20

Cartesian product set:

X=Xi xXox...xX,
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Dantzig-Wolfe decomposition interpreted as decentralized

planning

» The main office (master problem) sets prizes () for the
common resources (complicating constraints)

» The departments (subproblems) suggest (production) plans
(i.e., columns) (Dj)'(f) based on given prices

» The main office “mixes” the suggested plans (columns)
optimally; sets new prices

» The procedure is repeated

Master problem

prices

Subproblem 1 Subproblem 2 Subproblem n
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Inner representations of the sets X;, j=1,...,n

» Let X; ={x; > 0| Ajx; < b;} and express x; as
xi = D A% ) ]
pEP; rer;
xj € Xj = Z)‘szl j=1,...,n
pEP;
Apj =0, peP;
>0, reR;

—

> XJ-:conv{)_(f|p€Pj}+cone{)?j|r€Rj}, J=1...,n
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The complete master problem (MP)

(MP) _min Z < PIRVICRARDD HU(CT}f))

=1 *peP; reR;
s.t.z<z A (DX?) ZMUDx>§d
Jj=1 " peP; reR;

Y o Ay=1, j=1,....n

pEP;
MApj =0, pePj, j=1,...,n
>0, reR;, j=1,...,n

» The number of constraints in the master problem equals the
number of constraints in “Dx < d” + n

» The restricted master problem (RMP) is formulated
analogously as before, with 75j§77] and ﬁngJ, j=1,....n
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Use the dual solution to generate new columns

» The linear programming dual of the restricted master problem
(D-RMP) max d'm+Y7 g

(m,q)
s.t. (Dj)'(f)Tw +q; > (cJ-T'J‘.’), pPEP;, j=1,....n |\
(Dj};)TW >(¢/Xx0), reR;, j=1,...,n |,
g <0,
with solution @, G;, j=1,...,n
> Generate new columns (minimization < reduced cost < 0):

+\T
For j=1,...,n, solve | min {(Cj—Djﬁ'> xj}—c‘]j

X;eX;

= Subproblem solutions: X or X}

Top T~r P
Cj X; C; X; forj=1,...,n,
= New columns: | D/xP | or | DX} where e; denotes

J
e the jth unit column

0
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Find feasible solutions (right-hand side allocation)

> If the (RI\_/IP) is not solved to optimality, let ij, p € P;, and
i, r € Rj, j=1,...,n, denote a feasible (and almost
optimal) solution to (RMP). It then holds that

ZDJ<ZX,,J-)?§’+ Zﬁg%‘) <d (%)
j=1

PE’ﬁj I’G'ﬁj
€x;
» If the (RMP) solution is close to optimal, a good feasible

solution to (LP) is given by a solution, for j =1,...,n, to

min ijrxj

st. Dix; < ) Ay(DjEF) + Y g(Dix))  (+%)

p€75j ré'ﬁj
Xj € X_,

where () and (+x) = > 7_; Djx; < d holds
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Branch—and—price for integer linear optimization problems
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Branch—and—price for integer linear optimization problems

For ease of notation, we here consider binary variables

(ILP) zip =min ¢'x

st. Dx=d
xeX={xeB"| Ax=b}={xP | pe P}

> Inner representation (and convexification):

convX=1qx=> N |> N=1 1,20, pecP
peEP peEP

> Define ¢, := ¢ xP and d, =DxP, pcP
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A stronger formulation: The complete integer master

problem (IMP)

(IMP) Zip = Zyp = min Z CpAp

pEP
st. > dph,=d
peP
d =1
pEP

Ap € {0,1}, peP
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The complete master problem (MP)

» The continuous relaxation of (IMP) to (MP) (i.e., relax
Ap € {0,1} to A\, > 0) yields the same lower bound as the
Lagrangian dual w.r.t. the constraints Dx = d (i.e., z)

(MP) Zimp = Zmp i= min Z CpAp

pEP
st. Y dph,=d
peEP
D =1
peEP

Ap =0, peP

» The continuous relaxation (LP) of (ILP) is never better than
any Lagrangian dual bound
= Zip S 7L = Zyp < Ziyp = Zip
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Restricted (continuous) master problem (RMP)

> Let P CP.
(RMP) is a restriction of (MP) <= (MP) is a relaxation of (RMP)

(RMP)  ziyp > zizp < Zrmp :=min Y o),

peEP
st. Y dph,=d
pEP
Z Ap=1 (*)
pEP
Ap >0, pE P
Cp c'xP
» Generate columns | d, | = | Dx? | until an (almost)
1 1

optimal solution to (MP), Xp, p € P, is found
» The corresponding solution to (LP): X = >

N
peP )‘Px
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Branching over a variable x; with 0 < X; < 1

[left branch] xj =0 or xp=1 [right branch]

peP peP
¢ I

[delete col's] Z Ap = Z Ap =1 [replaces (x)]
peP:Rf=1 peP:xP=1
) )

[replaces ()] Z Ap=1 Z Ap =0 [delete col's|
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Generate columns in B&B nodes

= zivp < ZiLp

X =1

ZIMPKO = ZIMPk ZIMPK1 = ZIMPk

» In each node (IMP), (IMPO), (IMP1), ...): Generate columns
until it is (almost) optimal (i.e., all reduced costs > 0) or it is
verified infeasible

> If X{\pye.. feasible = zpy, = 2z p = Cut off the branch
(k,t,...)

— Cut branches (r,s,...) with Zjyp.s > Zjypre..
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The column generation subproblem, reduced costs

>

min (c — D'7K)Tx — " = (c - D"7%) %P — g* =: &(xP)
xeXk
(7K, %) is a dual solution to the (RMP) and
Xk =XnN{x|x =k}, k€{0,1} (etc. down the tree)
c'xP

If ¢(xP) < 0 then (DRP) is a new column in (IMPk)
1

Minimization of the subproblem? A solution (column) x" is
good enough if £(x") <0

If £(xP) > 0 then no more columns are needed to solve
(IMPk) to optimality

In general, several columns can be generated simultaneously,
i.e., save all columns r with ¢(x") < 0 (not only the optimal)

The same columns may be generated in different nodes —>
create “column pool” to check w.r.t. reduced costs ¢
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An instance solved by Branch—and—price

Zip = min X1+ 2xp =Z\up = Zmp = Z[p = min x; +2xo
st. 2x1+2x >1 st. 2x1+2x >1
X1,X2E{O,].} OSXl,XQS].
_ 0 0 1 1\ _ A3+ A 20
convX = conv{(o), <1>, <0>7 <1)} = {(/\2+/\4> Zl)\p =1 Vp }

(MP) Zf\kAP = min 2X0 + A3+ 3\
st 2 + 2 3+4X4>1
A+ + A3+ =1
A1, A2,A3,A4 >0
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Initial columns: A1 and A3

Choose e.g., (8) and (1) that is, the variables A\; and A3

Zf\k/lp < ZRMP = min A3 = max m™+q
s.t. 2X3>1 s.t. g<0
)\1+)\3:1 27r+q§1
)\1,)\320 7T20

Solution: (31,%s) = (3.3) = % = (3,0), 7=}, §=0
Reduced costs: minyg(o 12 {(0,1)x} = 0 = Optimum for (MP)

Fix variable values: x31=0 or xy=1
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Branching, left (IMP0): A3 =0

min 0 infeasible Zimpo < min 2o

st. 0>1 . [} . s.t. 2X >1
=1 add A1+ =1
A1>0 column A1, A0 >0

= max T+ . ~
- q<0 Solution: ( 1,A2) = (%,%)

L. aqa= — X — ( l)T

2r 4+ q<2 02
>0 T=1, =0

Reduced costs: minycg 12 {(—=1,0)x — 0} = -1 <0

= New column! (A3 or A4, but A3 = 0) = Choose A4
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ZIMPO < min 2)\2 + 3)\4

<
st 244N >1 st q<0
2r+q<2
A+ A+ N=1 4r 4 q<3
)\17)\27)‘420 9=
T>0

> Solution: (A1, Az, Ag) = Goh=x=(:3".7=2
g=0

» Reduced costs: minyco 1} {(-3.3)x}=-1 =

» Generate new column: A3, but A3 = 0 = Optimum for
(IMPO0)
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Branching, right (IMP1): \; =0

ZmMp1 S min A3 — max 74gq

>
st 24321 st. 21+ q<1
A3=1 >0
A3>0 -

» Solution: A3 =1 =>x= (1,007, 7=0,g=1
> Reduced costs: minycoq2 {(1,2)x =1} = -1 <0 =

» Generate new column: Aj, but A\; = 0 = Optimum for
(IMP1)

Branching, left, left: (IMP00) A\, = Ay =0
(IMP00): A2 = A3 = Ay = 0 = infeasible
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Branching, left, right: (IMPO1) A\,

(IMPO1): A; = A3 =0

Zimpor < min - 2Xp + 3y = max w+4q
st. 2x+4M>1 st. 2n+qg<2
A+ =1 47 +qg<3
Ao, Ag >0 >0

» Solution: (A2, \4) = (1,0)T = x=(0,1)T, 7=0,§=2
» Reduced costs: minycpo1p {(1,2)x —2} = -2<0
— Generate new column: A1, but A1 =0

— Generate new column: A3, but A3 =0

= Optimum for (IMP01)
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Branch—and—price tree

Zmpo1 = 2

infeasibl -
infeasible St = (0,1)]
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[llustration

<2 ¢ _
1 ix = X|MPO1 x4

3o
X> = XiMP1 = X|ip
X1

x Xivp 1
2x1 +2x > 1
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