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¡�UAd,v#[yeLr2h�Z\��rjU9Y�Zf[P]q[P¼2WiZf[PU9d(Y�h\U9V�SPr�]²Z\Ug¢,d,e
f∗ := infimum

x

f(x), � N9OPN2W��
subject to x ∈ X, � N9OPN�V��

gi(x) ≤ 0, i = 1, . . . , m, � NAO^N=a��
% ��r2hfr

f : R
n 7→ R

Wid,e
gi : R

n 7→ R � i = 1, 2, . . . , m
��W9hfr�a�U9dFZf[Pd���U9�xv �5��d,acZf[PU9d,v��

W9d,e
X ⊆ R

n [yv acSPUAvfr2eXO
#�UAh�Wid§Wih\V�[^Zfh7Wih\`_�9r2acZfUAh

µ ∈ R
m � %.rjeLrc¢,d,rCZf��r����! #"$�&%' )(+*-,.%0/�13254&%

L(x, µ) := f(x) +

m
∑

i=1

µigi(x) = f(x) + µTg(x). � N9Oml.�
�zr�Z

q(µ) := infimum
x∈X

L(x, µ) � N9O k#�
V;r�Z\��r6�7�& #"$�&%) �28�9%;:<,#�&=>*-,9%?/�1@2A4!% ��eLrc¢,d,r2e VF`gZ\��rC[^d�¢,]«��] �~W9S^�,r³U9��Zf�,rT��Wi�9h7Wid,�9r
�5��dxa Zf[PU9d UG�9r2h

X
% �,r�d %�r³�,W~�9rT��Wi�Ah\W9d��9[yWid_h\r�SyWGpLr=egZf��rTrcpLY�SP[yac[^Z a�U9d,v#Zfh7Wi[PdFZ\v�% [ Z\�

]¨��S Z\[^Y,S^[Pr�h �GWiSP��r=v
µ
��Zf��r����! #"$�&%' #25�&%B:<,��&=<C>"D4)E&=A(GF [Pv�Z\U

maximize
µ

q(µ), � N9O tAW��
subject to µ ≥ 0

m. � N9O t9VH�
I�J�I KMLDN6O;P�LQN6R�S7TVUWPXLDTGS�Y	Z[N�\^]^TGS7TDN�\_T�U�R^L$Y`R^abTVUWP�LQN�Rdc

S7TVUWPXLDTGS�Y
¡�UAd,v#[yeLr2h�Zf�,r��5U9SPSPU&% [^d��«Z %�U9� v#Zfr2Y_Y�h\U�a�r2eL�,hfr �5UAh.vfU9SP��[^d,�jZf��rTY�h\[^]_W9S,Y�h\U9V�SPr�] � N9OPNe� O·¸rq¢,h\v#Z�v#UAS^�Ar�Z\��r���W9�9h7Wid��A[PW9dseL�,WiS�Y,hfUAV�S^r2] � NAO tf� Og�zrcZ µ∗ eLr2d�UiZ\rgW(eL�,W9S�U9YLZ\[ �

k
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]«��]§O�����r2hfr=WG� Zfr2h��F[^��YxUFvfvf[PV�S^r���%�r³�9r�d,r�h7WGZfr³Wid

x∗ ∈ R
n % ��[ya7� v\WGZ\[Pv#¢,r=v�Z\��r  �=54'E.�&=4DCb132 Fd�9= 2 1"! /$4&%0:.2 1@2A4!%$#���Zf�xWGZ�[yv��

µ∗ ≥ 0
m, � �³�,W9SX�5r2WAv#[PV�[PS^[^Z�`'� � N9Om°iW#�

x∗ ∈ arg min
x∈X

L(x, µ∗), � ��Wi�Ah\W9d��9[yWid�UAYLZf[P]_WiSP[ Z�`'� � N9Om°GV��
x∗ ∈ X, g(x∗) ≤ 0

m, � ±�hf[P]_WiSX�5r=W9vf[^V�[PSP[ Z�`'� � N9Om°ia��
(µ∗)Tg(x∗) = 0. � ¡�UA]qY,S^r2]qr2dFZ\Wih\`bvfSPWAa7¹�d�r2v\v � � NAO °9e<�

»���U&%®Zf�xWGZ v#�,a7� Wid
x∗ v#UAS^�Ar2v�Zf��rTY�h\[^]_WiSxY�h\U9V�SPr�]§O � ��UiZfr³Zf�xWGZ�Z\��r³¢,h\v#Z.a�U9d,e�[ �Zf[PU9d§[P]qY,S^[Pr2v.Z\�,WGZ

x∗ ∈ X
O �

I�J&% ')(dPXU�R^L+*
� ��Zf��r³Y�hf[P]_WiS�Y,hfUAV�S^r2] [yv�a�U9d��9r�p �i�,W9v�Wid_U9Y�Zf[P]gW9SxvfU9SP�LZf[PU9d �AWidxe_WiSyv#U�v\WGZ\[Pv#¢,r2v�v#UA]qr
acUAd,v�Z\h\W9[^dFZ-,A�xWiSP[ ¢xa2WGZ\[^UAd���[^Z([yv§WiS %.W~`Lv YxUFvfvf[PV�S^r ZfU®vfWiZf[yv��5`®Z\��rHacUAd,eL[^Zf[PU9d,v � NAO °#� O. r2d,acr���Zf�,r(Y,hf[P]_WiS Y�h\U9V�SPr�] a2Wid®WiS %.W~`Lv«VxrsvfU9SP�9r=eHV�`4�,vf[^d��{Zf�,r Y�hfULa�r2eL��h\r e�rc�
vfa�hf[PV;r2e r2Wih\SP[^r2h2O/ vfrCZf��rjY�h\ULacr=eL��h\r�Z\U�v#UAS^�Ar�Z\��rjS^[Pd�r=Wih � Z\��r�h\rc�5UAhfrja�U9d��9r�p'��Y�h\U9V�SPr�] ZfU

]g[Pd�[^]g[P¼�r
z =x1 −3x2vf��V10�r=a Z ZfU
−x1 +2x2 ≤ 6,

x1 +x2 ≤ 5,

x1, x2 ≥ 0.

��Wi�Ah\W9d��9[yWidbhfr2SPWip�Zf��rC¢xh\v#Z�acU9dxv�Z\h\W9[^dFZ�U9d�SP`9O

I�J32 4 5 R�*Z TDP�L Z P657*
»���Y�Y;UAvfrjZ\�,WGZ³Zf��rq��Wi�Ah\W9d��9[yWid(h\r�SyWGpLr2e(Y�h\U9V�SPr�]�[Pd � NAO k����,W9v³WB,9%'298),�(C]g[Pd�[P]«��]��Wid,e³Z\�,WGZ
%�r�eLr2d�UiZ\r�Zf�,[Pv��9r2acZfUAh

x(µ)
O . U&%¸e�U Zf��r�hfr=v#��S^Z\v�WiV;UG�9r�vf[^]gY�SP[ �5`;:b±�h\UG�F[yeLr

v#�;<_a�[^r2dFZTacUAd,eL[^Zf[PU9d,v³U9d§Z\��rqY�hfUAV�SPr�]�e�WGZ7W>= Zf�,WiZT[yv��;U9d
f
�
gi (i = 1, . . . , m)

��W9d,e
X ? v#�xa7�«Z\�,WGZ�Z\��r ��Wi�Ah\W9d��9[yWid«hfr2SPWip�r=e�Y�h\U9V,S^r2]w[^d � NAO k��z�xW9v�WT��d�[@,F��r�]q[Pd�[P]«��] �5U9h
r��Ar�h\`

µ ≥ 0
m O�����[Pv.Z\��r�d(��UASPe�v�[Pd§Y,WihfZf[yac�,SPW9h��5UAh�Wid � WqY�h\[^UAhf[���d�¹�d�U&% dH��UAYLZf[P]_WiSv#UAS^��Zf[PU9d

µ∗ O= � 4f1 ( �*� �
µ∗ ≥ 0

m W9d,e
g(x∗) ≤ 0

m Zf�,r�d
(µ∗)Tg(x∗) = 0

[ �CWid,e U9d�SP`H[ �
µ∗

i gi(x
∗) = 0

�5U9h
i = 1, . . . , m

O�����r�a�U9]gY�SPr�]gr�dFZ7Wih\[ Z�` a�U9d,e�[ Z\[^UAd,v � NAO °9e<�T[^d¸Z\��r�9SPU9V,W9S�U9YLZ\[^]_WiSP[^Z�`bacUAd,eL[^Zf[PU9d,v a2Wid(Zf��r2hfr��5U9h\rTW9SPvfUgVxrjr�pLY�hfr=vfvfr2e W9v
µ∗

i gi(x
∗) = 0, i = 1, . . . , m.

� Z�[yvz�,vf�,W9S^SP`³U9�,W9eL�GW9dAZ7Wi�Ar�ZfU��LZ\[^SP[P¼�r�Z\��[yvz�5UAhf] % ��r�d¨v#r=Wih7a7��[^d,���5UAh�W �Ar2acZfU9h
x∗ ∈ R

nvfWiZf[yv��5`�[Pd��(Zf��r_�AS^UAV,WiS�UAYLZf[P]_WiSP[ Z�`¸acUAd,eL[^Zf[PU9d,vC�A[^�Ar�d Wid U9YLZ\[^]_W9S�eL�,W9S�v#UAS^��Zf[PU9d
µ∗ O����rHh\r2W9vfU9d [yv Zf�xWGZsZ\��r vfr�Y,W9h\WiZfrHacUA]qY,S^r2]qr2dFZ\Wih\[^Z�`�acUAd,eL[^Zf[PU9d,v

µ∗
i gi(x

∗) = 0
�



��
 �;
 �  � 	 ����� � ���  	 °

i = 1, . . . , m
��eL[Ph\r2a Z\S^` Y�hfUG��[yeLrq[^dL�5UAhf]_WiZf[PU9d WiV;U9�LZ % ��[ya7�HacU9dxv�Z\h\W9[^dFZ\v

gi(x) ≤ 0
�

i = 1, . . . , m
�)% ��[ya7�qW9d

x∗ vfU9���A�AZ�]¨�,v�Z��5�,S ¢,SPS % [^Zf�_r�,A�xWiSP[ Z�` �GZ\��r�Wi�A�9h\r��FWGZfr=e�acUA]q�Y�SPr�]gr2dAZ7Wih\[ Z�`�a�U9d,e�[ Z\[^UAd
(µ∗)Tg(x∗) = 0

WiSPU9d,r.eLU�r=v�d�UiZ�Y�h\UG��[Pe�r�Z\��[yv�[^d��5U9h\]gWiZf[PU9dzO
·¸r�WiSyv#Ugd�U9ZfrTZf�,WiZ�[ ��Zf�,rjU9h\[^�A[^d,W9S�Y�hfUAV�SPr�] �,WAv.Zf��rC�5UAhf]

f∗ := infimum
x

f(x), � N9O µ9W��
subject to x ∈ X, � N9O µiV��

hj(x) = 0, j = 1, . . . , `, � NAO µAa��
% ��r2hfr

hj : R
n 7→ R � j = 1, . . . , `

�gWih\r acUAdAZ\[^d���UA�,v���Z\��r�d¯Zf�,rs�9SPU9V,W9S�U9YLZ\[^]_WiS^�
[^Z�`4acUAd,eL[^Zf[PU9d,v�% [^SPS�hfr=eL�,a�rbZ\U Z\��rb�5UAS^SPU&% [Pd��{vf`Lv�Z\r�] [Pd4Zfr2hf]_vqUi��Zf��r(]«��S^Zf[PY�SP[^r2h\v
λj � j = 1, . . . , `

�§W9d,e�Z\��rHW9v\v#ULa�[PWiZfr2e
��W9�9h7Wid��Ars�5��d,acZf[PU9d
L(x, λ) := f(x) +

∑`

j=1 λjhj(x) = f(x) + λTh(x) �

x∗ ∈ arg min
x∈X

L(x, λ∗), � ��W9�9h7Wid��A[PW9d�U9YLZ\[^]_W9S^[^Z�`'� � N9O½�GW��
x∗ ∈ X, h(x∗) = 0

`, � ±�h\[^]_WiSz�5r2W9vf[PV�[^SP[^Z�`)� � N9O½�~VH�
vf[^dxacrTZf��r�a�U9]gY�SPr�]gr�dFZ7Wih\[ Z�`�a�U9d,eL[^Zf[PU9dxv.Zf��r2d§W9S %�W~`Lv�Wih\rTv\WGZ\[Pv#¢,r2ezO ?
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¡�UAd,v#[yeLr2h Zf��r¨Y�h\U9V�SPr�] � NAO^N!��% [^Zf� Z\��r«Y�h\U9Y;r�hfZf[Pr2v³v�Z7WGZ\r2e(ZfUA�9r�Zf��r2h�% [^Zf�s[^Z\vTeLrc¢xd�[ �Z\[^UAdzO

% J�I ��� * P6R^R�*P�a�P�\^Z�*�N
	;S�� *� P
�6abP�\���TDP�\_]��^P�L�	��^\�Z c
S7TDNX\

»��,Y�YxUFv#r(d�U&%²Z\�,WGZ
X
[yvq¢,d�[^Zfr � �5U9hgrcp�Wi]gY�SPr)� X acUAd,vf[Pv#Z\v¨Ui�CWs¢,d,[ Z\r(d���]¨Vxr2hgUi�

[PdFZfr��Ar�h��9r=a Z\U9h7v �cO �³r�d,UiZfrTZ\��rjr�SPr�]gr�dFZ7v [^d
X
VF`

xp � p = 1, . . . , P
O�»���U&%�Zf�,WiZ Zf��r

eL�xWiS�U9V10�r=a Z\[^�Ar��5��dxa Zf[PU9d
q
[yv.Y�[^r=acr�� % [yv#rTSP[^d�r=Wih=O . U&%�]_Wid�`gY�[Pr2a�r2v eLU�r2v.[^Z �,W~�9r��FWiZ

]gUAv#Z :(·���` [Pv�[^Z�d�UiZ�W9S %�W~`Lv.V���[PS Z���Y§V�`_Z\��[Pv�]gW9d�`�Y�[Pr2acr=v&:
= � 4f1-( � ����[yv h\r2vf��S^Z��,U9Sye�v�hfr2�AW9h\eLSPr2v\v�Ui��Zf��rjY�h\U9Y;r�hfZf[Pr2v.U9�

f
Wid,e

g
O ?

% J % ')(dPXU�R;L *
� SPS^�xv�Z\h\WiZfrTZf��r�W9VxUG�Ar³h\r2vf��S^Z��5U9h�Zf�,rjS^[Pd�r2W9h ���LN³Y�h\U9V,S^r2]²ZfUq¢,d,e

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 2x3 + 4x4 ≤ 5
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1},

% ��r2hfrgZ\��r�¢xh\v#Z¨acUAd,v#Zfh7Wi[PdAZ�[yv«a�U9d,vf[yeLr�h\r2eHa�U9]gY�SP[Pa2WGZf[Pd��sW9d,e [Pv«ZfU Vxr(��Wi�Ah\W9d��9[yWid
h\r�SyWGpLr2ezO

�
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 3 ����������������� � ��� ��� 	������ 	 *��� ��� 	 � � � ����� � ����� � ��� � ��� �� � 	��
% J32 � TV\�*P6a R^a�N
��a�PXU_UWTV\ �
»���Y�Y;UAvfr�Z\�,WGZ

f
Wid,ejW9S^SA�5��d,acZf[PU9d,v

gi

W9hfr�W <gd,r)�GWid,ejZf�,WiZ
X
[yv�W�Y;U9SP`FZfUAYxr � Zf�,WiZ�[yv��iWVxUA��d,eLr=e«Y;U9SP`���r2e�hfUAd�� O�»���U&%HZ\�,WGZ�Z\��r eL�,W9SLU9V10�r=a Zf[P�9r��5��d,acZf[PU9dg[yv�Y�[^r=acr�� % [yv#r.SP[^d�r=Wih

WiSyv#Uq[Pd�Zf�,[Pv a2W9vfr9O�·��,WGZ [yv.Zf��rC]_WGpL[P]«��]²d���]¨Vxr2h Ui��vfr��A]gr�dFZ\v.Ui��Zf��rj��Wi�9h7Wid,�9[yWid
eL�,W9S��5��d,a Z\[^UAd :
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¡�UAd,v#[yeLr2h�W9�AWi[Pd�Z\��r.�5h\W9]gr�%.U9h\¹³U9��»�r=a Zf[PU9d(N9O�����r�h\r)�)%�r�acUAd,acSP�,eLr=ejZf�xWGZ��5U9h�acUAd��9rcp
Y�h\U9V,S^r2]gvCW(Y�h\[^]_W9S�U9YLZ\[^]_WiS�vfU9SP�LZ\[^UAd

x∗ a2Wid¸Vxr_�Ar�d�r2h\WiZfr2esZf��h\U9�,�9� W Y,hfULacr=eL��h\r[Pd % �,[Pa7�b¢,h\v#Z�Wid U9YLZ\[^]_WiSze��,WiSXvfU9SP�LZf[PU9d
µ∗ [yv.�5U9�,d,e ��WG� Z\r�h�% ��[ya7� x∗ [yv.�9r2d�r�h7WGZ\r2eWAv.W_vfU9SP�LZ\[^UAdbZ\U¨Z\��rj�9SPU9VxWiS�U9YLZ\[^]_W9S^[^Z�` a�U9d,eL[^Zf[PU9dxv � N9Om°.�cO

2dJ�I � N�\ c<Z N�\��6*�( *�( P U�R^L *
#,U9h�d�U9d�� a�U9d��9r�pCY,hfUAV�S^r2]_v�[ Z�[yv�d�UiZ��9�xWih7WidFZfr2r2ejZ\�,WGZ�Z\��[Pv�Y�hfULa�r2eL��h\r�a�Wid¨Vxr �xv#r=e�Z\U
eLr2hf[P�9r�W�Y�hf[P]_WiS�UAYLZf[P]_WiS;v#UAS^�LZ\[^UAdzO � S^SP�,v#Zfh7WGZ\r�Zf��[yv��>WAa Z�V�`gacUAd,v#[yeLr2hf[Pd��CZf�,r�Y�h\U9V�SPr�]
Z\U

minimize f(x) = −2x1 + x2v#�,V10�r2acZ ZfU
x1 + x2 ≤ 3,

x ∈ X =

{(

0
0

)

,

(

0
4

)

,

(

4
4

)

,

(

4
0

)

,

(

1
2

)

,

(

2
1

)}

.

·���[ya7� Ui��Zf�,r«�9SPU9VxWiSzUAYLZf[P]_WiSP[ Z�`(acU9dxeL[ Z\[^UAd,v�[Pd � NAO °#� a�W9d�d�U9Z�Vxr«�5��S ¢xS^SPr2e$:K¡.WiS^�a���SPWiZfrTZf�,r�v#[P¼�rCUi��Zf�,r�eL�,WiSP[^Z�`��AW9Y���Zf�,WiZ�[Pv��
Γ = f∗ − q∗

O

2dJ % � N�\��6*�(dT
	-*]��6*+a�5 TDNX\
¡�UAd,v#[yeLr2h�Z\��rjY�h\U9V�SPr�] ZfU

minimize f(x) = −2x1 + x2vf��V10�r=a Z ZfU
x1 + x2 ≤ 3,

x ∈ Xc = {x ∈ R
2 | 0 ≤ xj ≤ 4; j = 1, 2 },
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 3 � � � ��� � � ����� ��	 � ����� ������� ����� �������
	���� ������� �������
% ��[ya7�([yv�W^/D4!%��!(��f2
	H(!:q�Ar�h7v#[PU9d(Ui��Zf��rjY,hfr2�F[PU9�xv�Y�hfUAV�SPr�]§O.»�UAS^�ArTZf��[yv�Y�h\U9V,S^r2] Wid,e
r��GWiSP�,WiZfr«[^Z\vTUAYLZf[P]_WiS�U9V10�r=a Z\[^�Ar«�GWiSP��r)�

f∗
c

Oj·��,WiZT[yv³Zf��rqhfr2SPWiZf[PU9dsV;rcZ %.r�r2d
f∗

c

Wid,e
Zf��rjUAYLZf[P]_WiSzeL�xWiSz�GWiSP��r

q∗
:

= � 4f1 ( � ����[yv hfr2SPWiZf[PU9d(a�Wid§V;r�v#�,U&% d�ZfU_V;rj�GWiSP[Pe �9r2d�r�h7WiSPSP`9O ?
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¡�UAd,v#[yeLr2h Zf��r¨U9YLZ\[^]g[P¼2WiZf[PU9d Y�h\U9V�SPr�] � NAO^N!� �,Zf��rq��Wi�Ah\W9d��9rT�5��dxa Zf[PU9d � N9Oml.� �xW9d,e§Zf�,rWAvfvfULac[yWGZfr=e{��Wi�Ah\W9d��9[yWid eL�,W9S�Y�h\U9V�SPr�] � NAO k�� ����d,eLr2h«Z\��rba�U9d,eL[^Zf[PU9dxv«v#Z\WGZ\r2e [PdHZf�,rV;r��A[^d�d,[^d��gU9��»�r=a Z\[^UAd{NAO
�zr�Z

(x∗, µ∗)
VxrsW¸Y,W9[^h_U9�³Y�h\[^]_W9S��LeL�,WiS�UAYLZf[P]_WiS�vfU9SP�LZf[PU9dxv«Z\U Zf��r h\r2vfY;r2a Z\[^�Ar

Y�h\[P]gW9S.W9d,e e��,WiS�Y�h\U9V�SPr�]_v2OH·�[ Z\�
f∗ W9d,e q∗

V;r�[Pd��{Zf��r2[^hgh\r2vfYxr=a Zf[P�9r(�GWiSP��r2v�%.r
eLr�¢,d�rTZf�,r :<,#�&= 2 1"!� f��CsWAv

Γ := f∗ − q∗
� % �,[Pa7�§[yv�d�U9dL� d�r2�AWGZ\[^�Ar³V�` %.r2W9¹beL�,W9S^[^Z�`9O

� J�I KMLDN6O;P�LQN6R�S7TVUWPXLDTGS�Y	Z[N�\^]^TGS7TDN�\_T�U�R^L$Y`R^abTVUWP�LQN�Rdc
S7TVUWPXLDTGS�Y

·¸rsrcp�Z\r�d,e¯Z\��rsY�h\ULacr2e���hfr UA�LZfSP[Pd�r2e¯[Pd
»�r2acZf[PU9d N9OPN)� WAvg�5U9SPS^U&%�v2O ·{r ¢xh\v#Zbv#UAS^�Ar
Z\��r(��Wi�Ah\W9d��9[yWid4eL�xWiS�Y�h\U9V�SPr�] � NAO tf� O ��rcZ µ∗ e�r�d�U9Zfr§W{eL�xWiS�U9YLZ\[^]¨��]§O ����r2hfr��Wi� Zfr�h �;[ ��Y;UAv\v#[PV�SPr)� %�r«�9r�d,r�h7WGZfr¨Wid

x∗ ∈ R
n % �,[Pa7� v\WGZ\[Pv#¢,r=v Zf�,r� #=A4)E#�&=�4VCb1@2 Fd�&= 231"!/D4!%0:.2 1@2A4!% #���Z\�,WGZ [yv��

f(x) + µTg(x) ≤ q(µ) + ε � ��W9�9h7Wid��A[PW9d ε
� UAYLZf[P]_WiSP[ Z�`'� � txO^N=W#�

g(x) ≤ 0
m � ±�hf[P]_WiSX�5r=W9vf[^V�[PSP[ Z�`'� � t,OPN�VH�

µTg(x) ≥ −δ � ��W9�9h7Wid��A[PW9d δ
��acU9]gY�SPr�]gr2dAZ7Wih\[ Z�`'� � txO^N=a��

ε + δ ≤ Γ � ±�r�hfZf��h\V,WiZf[PU9d§acU9dxeL[ Z\[^UAd�� � � � t,OPN2e<�
ε, δ ≥ 0 � ±�r�hfZf��h\V,WiZf[PU9d§acU9dxeL[ Z\[^UAd�� ��� � � txO^N2re�

n�v#Z\W9V�S^[yvf� Z\��rjr ,F��[P�GWiSPr�d,a�rCVxr�Z %�r2r�d Zf��rC�5UAS^SPU&% [^d,�¨Z %.U_v�Z7WGZ\r�]gr�dFZ\v
�

NAO.Zf��r2hfr�r�pL[Pv#Z\v³W_Y,Wi[Ph
(ε, δ)

Ui��Y;r�hfZf��h\V,WiZf[PU9d,v�vf�,a7�§Z\�,WGZ�Z\��r«YxWi[Ph
(x∗, µ∗)

v\WGZf�
[Pv#¢,r2v � t,OPNe� �l�O.Zf��rjY,W9[^h

(x∗, µ∗)
eLr�¢,d�r=v WgY�hf[P]_WiS���eL�xWiS�U9YLZ\[^]_W9Szv#UAS^�LZ\[^UAdzO

NAN
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� J&% 4 \ ]^T 5 P
� �6a�* �XP S *] �6*+a�5 TDNX\ N 	 S ��* ��LDN�O^P�L N6RQS�T c

UWP�LDTGSHY Z N�\^]�T$S7TDN�\ 5
¡�U9d,vf[yeLr�h.Zf�,rC�5U9SPS^U&% [Pd��grcp�Zfr2d,vf[^UAd U9��Zf�,r�v#`Lv#Zfr�] � txO^N!� �

f(x) + µTg(x) ≤ q(µ) + ε � ��W9�9h7Wid��A[PW9d ε
� UAYLZf[P]_WiSP[ Z�`'� � t,OmliW��

g(x) ≤ 0
m � ±�hf[P]_WiSX�5r=W9vf[^V�[PSP[ Z�`'� � t,OmlGV��

µigi(x) ≥ −δi, i = 1, . . . , m � ��Wi�9h7Wid,�9[yWid δ
��acU9]gY�SPr�]gr2dAZ7Wih\[ Z�`'� � txO l9a��

ε +
m
∑

i=1

δi ≤ Γ � ±�r�hfZf�,hfV,WiZf[PU9d§acUAd,eL[^Zf[PU9d�� � � � txO l9e<�
ε ≥ 0, δ ≥ 0

m � ±�r2h#Z\��hfVxWGZf[PU9d§acUAd,eL[^Zf[PU9d�� ��� � � t,OmlGre�
»���U&% Zf�,WiZ�Zf��[yv��Ar�h7v#[PU9d¸Ui�.Zf�,r��9SPU9V,W9S�U9Y�Zf[P]gW9S^[^Z�`{a�U9d,e�[ Z\[^UAd,vj[yvjr ,F��[P�GWiSPr�dFZjZfU

Zf��r U9h\[^�A[^dxWiS�UAd�r)��[Pd4Z\�,WGZ�%�rba2Wid W9SPvfU a7�,W9h\WAa Z\r�h\[^¼2r�W Y�h\[^]_WiS���e��,WiS�U9YLZ\[^]_WiS.Y,W9[^h
% [ Z\�4W Y,W9[^h

(ε, δ)
[Pd Zf�,rbv#`Lv#Zfr2] � t,Oml.� O � 2 %>1 ��� Z«[yvjZ\��r�r2WAv#[Pr2v#Z�Z\U r2v#Z\WiV,S^[yv#� Z\��rr ,F��[P�GWiSPr�d,a�rCe�[^h\r2acZfSP`�Vxr�Z %�r2r�d(Zf�,rCZ %�Ugv#`Lv#Zfr2]gv2O

= � 4f1 ( � ����r�WiY,Yxr=Wih7Wid,a�r Ui��Zf��rTv#`Lv#Zfr2] � t,Oml.��[yv�Z\�,WGZ.Ui�zW�eL[yvfW9�9�Ahfr2�AWGZ\r2e¨�9r2h\vf[^UAdUi�³Zf��rsvf`Lv�Z\r�] � t,OPNe� ��% ��r2hfr2[^d %�r ]gr=W9vf��hfr Zf�,rsacU9]gY�SPr�]gr2dAZ7Wih\[ Z�` �5�,S ¢,SPSP]qr2dFZ��5U9hr2WAa7�(a�U9d,v#Zfh7Wi[PdFZ�[Pd,eL[P��[Pe��,WiSPS^` h\WiZf��r2h�Zf�,W9d§S^��]gY;r2e(Z\U9�9r�Zf��r2h [^dFZ\U�Wqvf��]§O / Zf[PS^[P¼�[Pd��
Zf��[yv�e�[Pv\Wi�A�9h\r��AWiZf[PU9d«a2Wid�vfU9]gr�Zf[P]gr2v�Vxr�U9�zW9eL�GWidFZ7Wi�9r�% ��r2d�eLr���[yv#[Pd���Wj��Wi�9h7Wid,�9[yWid��r��,hf[yv�Z\[Pa«�5U9hTZ\��rgY�hfUAV�SPr�] � NAO^N!� �zr=v#Y;r2a�[PW9S^SP` % ��r2d [^ZC[yvCUi��Zf��r_acUAS^�,]qd¸�9r2d�r�h7WGZ\[^UAd�GWih\[^r�Z�`9O ?
� J32 ')(dPXU�R^L+*
»�U9SP�9rTZ\��rjY�h\U9V�SPr�]²Z\U

minimize f(x) = −2x1 + x2vf��V10�r=a Z ZfU
x1 + x2 ≤ 3,

x ∈ X =

{(

0
0

)

,

(

0
4

)

,

(

4
4

)

,

(

4
0

)

,

(

1
2

)

,

(

2
1

)}

V�`{¢xh\v#ZqvfU9SP��[^d�� Zf��r(��W9�9h7Wid��A[PW9d e��,WiS.Y�h\U9V�SPr�] W9v\vfU�a�[PWiZfr=e % [ Z\�4Zf�,r(��Wi�9h7Wid,�9[yWid
hfr2SPWip�WGZf[PU9d Ui��Zf��rjSP[Pd�r2W9h�acU9dxv�Z\h\W9[^dFZ���W9d,ebZf��r2d �9r�d,r�h7WGZfr³Zf�,r«v#r�Z Ui��U9YLZ\[^]_WiS�Y�hf[P]_WiS
v#UAS^��Zf[PU9d,v�Z\��h\U9���A�§Zf��r��xv#r�U9��Zf��r«vf`Lv�Z\r�] � txO^N!� O�#�UAh�% ��[ya7� �GWiSP��r2v�Ui� ε

W9d,e
δ
a�Wid

%�rjeLr2hf[P�9rjWqY�h\[^]_W9S��LeL�,WiS�UAYLZf[P]_WiS�vfU9SP�LZf[PU9d :
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� J�I ��� *`UWTD\�T�U �^U 5 R^P�\^\^TD\ ��S7a�* * R^a�N6O;L * U
#,U9h\]«��SyWGZ\r�Zf�,rT]g[Pd�[P]«��] vfY,W9d�d�[Pd���Z\hfr2r³Y�h\U9V,S^r2] ��� »L� �.WAv.W«d�rcZ %.U9h\¹
	,U&%�Y�h\U9V��SPr�]§O�= � 2 %>1

�
a�U9d,vf[yeLr�h�d�ULeLr

1
WAv�W�vf[^d,¹TW9d,e�WiSPS9U9Zf��r2h�d�ULeLr=v�WAv�vfU9��h7acr=v % [ Z\�«v�Z\hfr2d��iZ\�

1
O ? #�UAhf]¨��SyWGZfr W9SPvfU�Z\��r � »L�KY�h\U9V�SPr�] WAv�W³V,[^d,W9hf`��i[PdAZ\r��Ar�h�Y�h\U9�9h7Wi]g]g[Pd���Y�h\U9V,S^r2](O

� J % � �^U *+abTDZ P�L *�(dPXU�R;L *
¡�UAd,v#[yeLr2h�Z\��rj�9h7WiY,�bV;r�SPU&%jO

1

2

(3, 2)
3

(1, 2)
4

(5, 3)

5

(19, 1)
6

(cij , aij)

i

k

j

(5, 3)

(1, 1)

(3, 5)

(8, 2)

(2, 1)

±�h\UG��[PeLr6�&= =�Zf�,r�v#Y,W9d�d�[Pd��¨Zfh\r�r2v�U9��Z\��[Pv��Ah\W9Y��br�pLY�S^[yac[^ZfSP`9O�¡.W9SPa���SyWGZfr³Zf�,r�v#��] Ui�
cij

Wid,e
aij

�5UAh�r2WAa7�{Z\hfr2r9O�·��,[Pa7�HUAd�r2v�W9hfrq�5r=W9vf[^V�SPr % [^Zf�Hh\r2vfYxr=a ZjZfU§Z\��r E),':9 )(&1
N=k
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/$4&%$#V13"G�92 %>1

∑

(i,j)∈T

aij ≤ 10

� % ��r2hfr T
eLr2d�UiZ\r2vjW a�U9SPS^r=a Zf[PU9d¸Ui��SP[^d�¹LvC�5UAhf]g[Pd�� W v#YxWid�d�[Pd��(Zfh\r�r!�3: ·���[Pa7� UAd�r2v

Wih\r³UAYLZf[P]_WiS � ]g[^d�[P]_WiS5� % [ Z\�§hfr=v#Y;r2acZ.Z\UgZf��rjSP[Pd�¹ a�UAv#Z\v cij

:
����r � »�� Y�hfUAV�SPr�] ��d,eLr2h(WHV,�,eL�9r�Z(a�U9d,v#Zfh7Wi[PdFZ�[Pv Ui� Z\r�d�h\rc�5r2hfh\r2eKZfU¯W9v�Zf��r%H(!1�� 4!"	�;:f( # 2  #% C>"D4)E&=A(GF � ���³±[� O

� J32 
�a�TVUWPXL ��* ��abT 50S7TVZ�5
±�h\UG�F[yeLr�W�=54'/G�9= #$(D�9"V/��g��r2��hf[yv#Zf[ya �5U9h�Zf��rT���³± % ��[ya7��[P]gY�hfUG�Ar2v�Wj�5r2W9vf[PV�S^rTv#UAS^��Zf[PU9dzO

u�Y�Y�SP`b[^Z ZfUgZ\��r�WiV;UG�9rTrcp�W9]qY,S^rAO

� J � � P �6a�PX\ ��TVP�\ � * �QabT 5?S7TDZ�5
±�h\UG�F[yeLrbW��7�& #"$�&%) �28�9% "D(G=5� �<�'1@2A4!% V,W9vfr2e WiSP�9U9h\[^Zf��] �5U9h¨Zf��r(���³±�O � d Y,W9h#Z\[Pa���SPW9h��
a7��U�UAvfrTWgvf��[^Z\WiV,S^r���Wi�9h7Wid,�9[yWid�h\r�SyWGp�WGZ\[^UAd��LWgeLr2v\ach\[^Y�Zf[PU9d(Ui���,U&%�ZfU�vfU9SP�9rTr2WAa7�(��WG�
�9h7Wid��A[PW9dbvf��V�Y�h\U9V�SPr�]��LWqY�h\[^]_WiS;�5r=W9vf[^V�[PSP[ Z�`��,r���h\[Pv#Zf[ya ��W9d,e(W¨a�U9]gY�SPrcZfrj��Wi�9h7Wid,�9[yWid
vfa7�,r�]grC[^d,a�S^�xeL[^d,��Wqvf��[^Z\W9V�S^rjv#Zfr2Y(SPr�d,�iZf�(�5UAhf]¨��SPW,O

u�Y�Y�SP`b[^Z ZfUgZ\��r�WiV;UG�9rTrcp�W9]qY,S^rAO
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¡�UAd,v#[yeLr2h�Z\��rjSP[^d�r=Wih � ��NTY�hfUAV�SPr�]²Z\U¨¢xd,e

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 3x3 + 3x4 ≤ 6 (1)
2x1 + 3x2 + 3x3 + 4x4 ≤ 5 (2)
x1 + x3 = 1

x2 + x4 = 1
x1 , x2 , x3 , x4 ∈ {0, 1}.

�dJ�I � P
�6abP�\���TDP�\ a�*LDP (dP S�TDN�\
��Wi�9h7Wid,�9[yWid§hfr2SPWip§Zf��rgacUAd,v�Z\h\W9[^dFZ7v � Ne�³Wid,e � l.��% [^Zf�¸]«��S^Zf[PY�SP[^r2h\v µ1, µ2 ≥ 0

O #�UAh#�
]¨��SPWiZfr_Z\��r�h\r�SyWGpLr2e¸Y�h\U9V,S^r2]�W9d,e¸Zf��r(acUAhfh\r2vfYxUAd,eL[Pd�� ��W9�9h7Wid��A[PW9d{eL�,W9S�Y�h\U9V,S^r2](O
u�d,WiSP`�¼�rC[ Z7v�Y�h\U9Y;r�hfZf[Pr2v2O
�dJ % � *P�� ] �^P�LDT$S�Y
n��GW9S^�,WiZfr Zf��r§��W9�9h7Wid��A[PW9dHeL�,WiS�UAV10�r2acZf[P�9r��5�,d,a Z\[^UAdKWGZ

µ = (1, 1)T
O � r�SyWGZ\rbZ\��[Pv

�GWiSP��rTZfU
z∗
O

�dJ 2 � �QO �6abP�]�T+*\XS�5
¡.W9SPa���SPWiZfrHW�vf��V��Ah\WAeL[^r2dFZ(Z\U®Zf��rK��Wi�Ah\W9d��9[yWid eL�,W9S«U9V;0�r2a Z\[^�Ar¸�5��d,a Z\[^UAd WGZ

µ =
(1, 1)T

O
�dJ � 
�abTVUWP�L 	 *P657T$O^TVLDTGS�Y ��* ��a�T+50S7TDZ
#�[Pd,e W«�5r2WAv#[PV�SPrTvfU9SP�LZ\[^UAd�ZfUqZ\��rCU9h\[^�A[^d,W9SxY,hfUAV�S^r2]²V�`�v#��[^Z\W9V�SP`_]qULeL[^�5`�[^d,�¨Z\��rjv#UAS^���
Z\[^UAdbZ\UgZf��r���Wi�9h7Wid,�9[yWid�vf��V�Y�h\U9V�SPr�]�WGZ

µ = (1, 1)T
O�� r2SPWiZfrCZf�,[Pv �GW9S^��rTZ\U

z∗
O

N~°
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�dJ � � ��O���a�P�]^T *\ S N6R�S7TVUWT��[P S�TDN�\
. U&%�Wih\r�Zf�,r�]«�,S Z\[^Y�SP[Pr�h7v�[PdgZf��rTv#��V,�9h7W9eL[Pr�dFZ�U9Y�Zf[P]q[P¼2WiZf[PU9d_]grcZ\��ULeg��Y�e�WGZ\r2e$: . U&%
a�W9d Z\��r§hfr=v#��S^Z\vg[PdKZf��r Y�h\r���[PU9�,vgWAvfvf[^�Ad�]gr�dFZ_Wi[ye4[PdKZ\��r a�W9SPa���SPWiZf[PU9d¯Ui�³Zf��r v#Zfr�Y
S^r2d��iZ\�zO

�dJ � � S abN�\��_] �^P�LDT$S�Y
·��,WGZ.[Pv�Zf�,r�h\r�SyWGZf[PU9d_V;rcZ %.r�r2dgZf��rT�GWiSP��r�U9�XZf��rT��Wi�Ah\W9d��9[yWidgeL�,W9S,�5�,d,a Z\[^UAdbWid,e_Zf��r�GWiSP��rCUi�

z∗
: � v [^Z�S^[P¹9r2S^`_Z\�,WGZ�WqY;UAvf[ Z\[^�ArjeL�,WiSP[^Z�`��AW9Y [yv�Y�h\r2vfr�dFZ :§·���` � % ��`_d�U9Z :

�dJ�� � N�\ S7TD\ ��N ��5 a�*LDP ( P6S7TDN�\
·��,WGZ§[yv�Z\��r{h\r�SyWGZ\[^UAd,vf��[^Y�V;rcZ %.r�r2d�Zf�,r{UAYLZf[P]_WiST�~W9S^�,r{U9�jZf��r ��W9�9h7Wid��A[PW9d¯eL�xWiS
Y�h\U9V�SPr�] Widxe Zf�,WiZ¨U9� Zf��r§acUAdAZ\[^d���UA�,v � �z±[�¨h\r�SyWGp�WGZ\[^UAd Ui� Zf�,r UAhf[P�9[Pd,WiS�Y�h\U9V�SPr�] :� UiZ\[^�GWiZfr��
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¡�UAd,v#[yeLr2h�Z\��rjY�h\[^]_W9SXY�hfUAV�SPr�]
f∗ := infimum

x
f(x), � ��OPN2W��

subject to x ∈ X, � ��OPN�V��
hj(x) = 0, j = 1, . . . , `, � �LO^N=a��

% ��r2hfr
f : R

n 7→ R
W9d,e

hj : R
n 7→ R � j = 1, 2, . . . , `

��Wih\r«a�U9dFZf[Pd���U9�,v��5��d,acZf[PU9d,v��
W9d,e

X ⊆ R
n [yv acSPUAvfr2eXO

#�UAh�Wid§Wih\V�[^Zfh7Wih\`_�9r2acZfUAh
λ ∈ R

` � %.rjeLrc¢xd�rCZf��r����! �"G�9%) )(*-,9%0/�13254&%
L(x, λ) := f(x) +

∑̀

j=1

λjhj(x) = f(x) + λTh(x). � ��Oml.�
�zr�Z

q(λ) := infimum
x∈X

L(x, λ) � ��O k#�
V;r�Z\��r6�7�& #"$�&%) �28�9%;:<,#�&=>*-,9%?/�1@2A4!% ��eLrc¢,d,r2e VF`gZ\��rC[^d�¢,]«��] �~W9S^�,r³U9��Zf�,rT��Wi�9h7Wid,�9r
�5��dxa Zf[PU9d UG�9r2h

X
% �,r�d %�r³�,W~�9rT��Wi�Ah\W9d��9[yWid_h\r�SyWGpLr=egZf��rTrcpLY�SP[yac[^Z a�U9d,v#Zfh7Wi[PdFZ\v�% [ Z\�

]¨��S Z\[^Y,S^[Pr�h �GWiSP��r=v
λ
�LZf�,r��7�! �"G�9%) #25�&% :<,#�&=<C0"$4'E&=5($F [yv�ZfU

maximize
λ

q(λ), � ��O tAW��
subject to λ ∈ R

`. � ��O t9VH�
·¸r�v#�,Y�YxUFv#r�Zf�,WiZ

X
[Pv�d�U9d�� r2]qY�Z�`)�Aa�S^UFv#r=egWid,egV;U9��dxeLr2e_vfUjZf�xWGZ�Z\��r��#[^dL¢x]«��]��

a2WidHV;r h\r�Y�SyW9a�r2e V�`���]g[Pd�[P]«��]��b[Pd � �LO^N!� � � �LO k�� ��W9d,eHV;UiZf�4Zf��r(Y�h\[^]_WiS.Wid,e eL�,WiS
NG�
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U9V10�r=a Z\[^�Arb�5��dxa Zf[PU9dxvg[^d � �LO^N!�¨W9d,e � ��O t��¨WGZfZ\W9[^dKZf��r2[^h_UAYLZf[P]_WiS �GWiSP��r=v�O � U9h\r�UG�Ar�h �Zf��r2d

q
[yv�¢,d,[ Z\r)�xa�U9dFZf[Pd���U9�xv��,W9d,e§acUAd,a�W~�Ar³UAd Z\��r % ��UAS^r�vfrcZ

R
` �,vfUgZf�,WiZ � �LO tf��[yv�W� %.r�SPS^� V;r��,W~�Ar2e �³a�U9d��9r�p�Y�h\U9V�SPr�]§O

� JVI � ��O���a�P�]^T *\ S 5 N
	 Z[N�\^Z P �6* 	��^\�Z S7TDN�\ 5����
�zr�Z

λ̄ ∈ R
` O ��r�¢,d�rgWbvf��V��9h7W9e�[^r2dAZ � γ̄ �;ZfU q

WGZ
λ̄
Oju�Syv#U(eLrc¢xd�r«Z\��rqr�dFZf[Phfrqv#�,V;eL[^� �

�5r�h\r�dFZf[yWiS �
∂q(λ̄)

Z\U
q
WGZ

λ̄
O

� J&% � ��O���a�P�]^T *\ S 5 N
	 Z[N�\^Z P �6* 	��^\�Z S7TDN�\ 5������
�zr�Z

x(λ̄)
V;rsWid®U9YLZ\[^]_W9S�v#UAS^�LZ\[^UAd Z\U¸Zf��rs��Wi�9h7Wid��A[PW9d vf��V�Y�h\U9V�SPr�] eLrc¢,d,[^d�� Z\��r

�GWiSP��r_Ui�
q(λ̄)

O(»��,U&% Z\�,WGZjZ\��r_�9r=a ZfUAh
h(x(λ̄)) ∈ ∂q(λ̄)

��Z\�,WGZ¨[Pv���vf��U&% Z\�,WGZ«Zf��r
�9r=a ZfUAh

h(x(λ̄))
Ui��a�U9d,v#Zfh7Wi[PdFZ��5��d,acZf[PU9d��GWiSP��r=v�WiZ�Zf�,r³vf��V�Y�h\U9V�SPr�] vfU9SP�LZf[PU9d

x(λ̄)
[yv

Wgv#��V,�9h7W9eL[Pr�dFZ�Ui�
q
WiZ

λ̄
O

� J32 � R�S7TVUWPXLDTGS�Y
»���U&%wZ\�,WGZj[^� �X�5U9hjvfU9]gr

λ∗ ∈ R
` �z[ Zj��UASPe,v�Z\�,WGZ

0
` ∈ ∂q(λ∗)

Zf��r2d
λ∗ [yvC�9SPU9VxWiSPS^`U9YLZ\[^]_W9SX[^d(Zf�,r���Wi�Ah\W9d��9[yWid eL�,WiSXY,hfUAV�S^r2] � �LO tf� O

� J � � R�S7TVUWPXLDTGS�Y�� \ �;U *+a�TVZ[P�L *�(dPXU�R^L+*
� S^SP�,v#Zfh7WGZ\r³Z\��r�WiV;UG�9rTh\r2vf��S Z UAd Z\��r��z±®Y�h\U9V,S^r2]²ZfU

minimize z = x1 − 3x2

subject to −x1 + 2x2 = 6
x1 + x2 ≤ 5
x1 , x2 ≥ 0,

% ��r�h\r�Zf��r.¢,h7v�Z�acUAd,v#Zfh7Wi[PdAZ�[yv�a�U9d,vf[yeLr�h\r2e¨acU9]gY�SP[ya�WGZ\[^d,�³Widxe«[yv�Zf��r2hfr��5U9h\r.��Wi�9h7Wid,�9[yWid
hfr2SPWipLr2eXO�u.Z

λ∗ = 4/3
Zf��r2hfr«W9hfr�W9S Z\r�h\d,WGZ\[^�Arj��Wi�Ah\W9d��9[yWid(v#�,V�Y�h\U9V�SPr�]�U9YLZ\[^]_W9S�v#U9�

S^��Zf[PU9d,v�� % �,[Pa7� `�[^r2SPeHW9S Z\r�h\d,WGZ\[^�Ar_v#��V,�9h7W9eL[Pr�dFZ\vCU9��Zf��r���Wi�9h7Wid,�9[yWid{e��,WiS��5��d,a Z\[^UAdzO
����r�h\r�W9hfr��9r2vfY;r2ac[yWiSPSP`)�9r�p�W9a Z\S^`^1�� 4³rcp�Zfh\r�]gr�vfU9SP�LZf[PU9dxv�ZfU�Zf��rT��Wi�Ah\W9d��9[yWidqv#�,V�Y�h\U9VL�
S^r2]�� % ��[ya7�4VxU9Zf�K`F[Pr�Sye4r�p�Zfh\r�]gr vf��V��Ah\WAeL[^r2dFZ\v � Zf�,WiZq[yv���v#��V,�9h7W9eL[Pr�dFZ\v«Ui� q

WiZ
λ∗Zf�,WiZ³Wih\rCd�UiZ³d�U9dL� Zfh\[P�F[yWiSza�U9d��9r�p acUA]«V�[Pd,WiZf[PU9d,v U9��U9Zf��r2h�vf��V��9h7W9e�[^r2dAZ7v�Ui�

q
WGZ

λ∗ � O
#�[^d,esZf��r=v#r¨Z %.Ubrcp�Z\hfr2]qrgvf��V��9h7W9e�[^r2dAZ7v�O�¡��,W9h\WAa Zfr2hf[P¼�r�Zf��rgv#�,V;eL[
	�r�h\r�dFZf[yWiS

∂q(λ∗)
O¿ r�h\[ �5`bZf�,WiZ

λ∗ [Pv��AS^UAV,WiSPS^`_UAYLZf[P]_WiSz[Pd(Zf��rj��Wi�9h7Wid,�9[yWidbeL�xWiSzY�h\U9V,S^r2](O
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¡�UAd,v#[yeLr2h�Zf�,r�[Pd�r ,F�,W9S^[^Z�`_acU9dxv�Z\h\W9[^d�r=egY�h\U9V�SPr�] � NAO^N!� �AZf��rC��W9�9h7Wid��Ar.�5��d,a Z\[^UAd � N9Oml.� �W9d,ej��W9�9h7Wid��A[PW9dCe��,WiSFY�h\U9V�SPr�] � NAO tf� � % ��r�h\r�%.r�WAvfvf��]gr�Z\�,WGZ�Zf��r��5��d,acZf[PU9d,v f
Wid,e

gi� i = 1, . . . , m
��W9hfr�a�U9dFZf[Pd���U9�xv�Widxe

X
d�U9dL� r�]gYLZ�`��Fa�S^UFv#r=e_Wid,egV;U9�,d,eLr2ezO � Z��5U9SPS^U&%�v

Z\�,WGZTZf��rg��W9�9h7Wid��A[PW9d eL�,WiS��5��dxa Zf[PU9d
q
[yv³¢,d�[^Zfr)�za�U9dFZf[Pd���U9�xv��XWidxe acUAd,a�W~�Ar�U9d

R
m �W9d,e Zf�,WiZ � N9O t���Z\��r�h\rc�5UAhfrC[yv�W ��%�r2S^S^� V;r��xW~�9r2e �³acU9d��ArcpbY�h\U9V,S^r2](O #���hfZf��r2h��,VxU9Zf�§Zf�,rY�h\[P]gW9SLWid,e¨eL�,WiS�Y�h\U9V,S^r2]gv��,W~�Ar�d,U9dL� r�]gYLZ�`��iacSPUAvfr2e«W9d,e�V;U9�,d,eLr2e¨U9Y�Zf[P]gW9SLv#UAS^�LZ\[^UAd

vfrcZ7v�O

�dJ�I � RQS�TVUWP�LDTGSHY
��rcZ

µ∗ ≥ 0
m O�»��,U&%4Zf�xWGZ�[^�xZ\��r�h\r�rcpL[Pv#Z\v�WCvf��V��Ah\WAeL[^r2dFZ γ∗ Z\U q

WiZ
µ∗ Z\�,WGZ�v\WGZ\[Pv#¢,r=v

γ∗ ≤ 0
m,

W9d,e
(µ∗)Tγ∗ = 0

� %�r�Z\��r�dbv\W~`jZ\�,WGZ�Z\��r��Ar2acZfU9h7v µ∗ W9d,e γ∗ Wih\r /$4&F�C>=5($FQ(G%>1 �9"�!«Z\U�r2WAa7�gUiZf�,r�h$��Zf��r2d
µ∗ [yv�Wid(U9YLZ\[^]_W9Szv#UAS^�LZ\[^UAdbZ\UgZf��r���Wi�Ah\W9d��9[yWidbe��,WiSXY�h\U9V,S^r2] � NAO tf� O

�dJ % � �^U *+abTDZ P�L *�(dPXU�R;L *
¡�UAd,v#[yeLr2h�Z\��r��z±®Y�h\U9V,S^r2]²ZfU

minimize z = x1 − 3x2

subject to −x1 + 2x2 ≤ 6 (1)
−x1 − 2x2 ≤ −7 (2)

x1 + x2 ≤ 5
x1 , x2 ≥ 0,

N= 
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 3 ��  � ������� 	����� ����� ��� ����� � � ����� � ��� ����� �������� � 	�� � � � ����� � ����� �
% ��r�h\r§Zf�,r acUAd,v�Z\h\W9[^dFZ7v � N!�_Wid,e � l.�_W9hfrsa�U9d,vf[yeLr�h\r2e¯acUA]qY,S^[ya�WiZf[Pd�� Widxe Z\��r�h\rc�5UAhfrWih\r ��Wi�Ah\W9d��9[yWidKhfr2SPWipLr2eXO�u.Z

µ∗ = (4/3, 0)T
Zf�,r�h\r rcpL[Pv#Z�rcp�WAa ZfSP` 1�� 4{rcp�Z\hfr2]qr

v#�,V��9h7W9eL[Pr�dFZ7v³U9�
q
��¢,d,e{Zf��r2]§O�¡��xWih7W9a Z\r�h\[^¼2r�Z\��r�v#�,V;eL[
	�r�h\r�dFZf[yWiS

∂q(µ∗)
O #�[^dxe¸W

v#�,V��9h7W9eL[Pr�dFZ �
γ∗ ∈ ∂q(µ∗)

�,ZfU
q
WGZ

µ∗ % �,[Pa7�§�9r2hf[^¢,r=v�Zf�,WiZ µ∗ = (4/3, 0)T
[^d,e�r�r2e

[Pv ��Wi�Ah\W9d��9[yWidbe��,WiSzUAYLZf[P]_WiS O
QTh\W9Y���[ya�WiSPSP` [PS^SP�,v#Zfh7WGZfrg[Pd

R
2 Zf�,r_hfr2SPWiZf[PU9d,vjV;rcZ %.r�r2d¸Zf��r_�Ar2a Z\U9h7v µ∗ � γ∗ ��Wid,eZf��rCZ %.Ugrcp�Zfh\r�]grjvf��V��9h7W9e�[^r2dAZ7v�O
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¡�UAd,v#[yeLr2h�Z\��rjY�h\[^]_W9SXY�hfUAV�SPr�]²Z\U
minimize

x

cTx, �  �OPN2W��
subject to x ∈ X, �  �OPN�V��

Ax ≥ b, �  �OPN2a��
% ��r2hfr

X ⊆ R
n
+

�~W9d,e³Zf��r�S^[Pd�r=Wih�a�U9d,v#Zfh7Wi[PdFZ\vXWih\r�acUAd,vf[PeLr2hfr=eCacU9]gY�SP[ya�WGZ\[^d,�,O�¡�UAd,v#[yeLr2h
Z\��r���W9�9h7Wid��A[PW9d�eL�,WiS�Y�hfUAV�SPr�]²Z\U¨¢xd,e

q∗ = maximum
µ≥0m

q(µ), �  �Oml.�
% ��r2hfr

q(µ) = minimum
x∈X

cTx + µT(b − Ax). �  �O k#�
»���Y,YxUFv#r�Z\�,WGZ�Zf��r�v#r�Z

X
[Pvz¢,d�[^ZfrAO � #�U9h�rcp�Wi]gY�SPr)�=[^Z�]_W~`³a�U9dFZ\W9[^d�W.¢,d,[ Z\r�d���]«V;r�hU9��[PdAZ\r��Ar�h �9r=a Z\U9h7v�[Pd

R
n O � �³r�d�U9ZfrCZ\��rj�9r=a ZfUAh\v.[Pd X

V�`
xi � i = 1, . . . , P

O

�dJ�I � P
�6abP�\���TDP�\ ]��^P�L R^a�N6O;L * U � �

»��,U&%�Z\�,WGZ³Zf��r«��Wi�Ah\W9d��9[yWid(eL�,WiS�Y�h\U9V�SPr�] a�W9d r ,F��[P�~W9S^r2dFZfSP`bV;r��5U9h\]«�,SPWiZfr2e§WAv Zf�,r
Y�h\U9V,S^r2]²ZfUq¢,d,e

q∗ = maximum z,

subject to z ≤ (b − Axi)Tµ + cTxi, i = 1, . . . , P,

u ≥ 0
m.

l�N
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�dJ&% � P �6a�PX\ ��TVP�\ ]���PXL R�abN6O;L * U � ���

�.`³�,vf[Pd�� Zf�,r�Y�h\r���[^UA�,vX�5UAhf]¨��SyWGZf[PU9d �=vf��U&%{Zf�,WiZzZf��r��5U9h\]«��SyWGZ\[^UAdjWiSyv#U�a2WidCV;r�% h\[ ZfZfr�d
W9v.�5UAS^SPU&%�v

�

q∗ = minimum

P
∑

i=1

(cTxi)λi,

subject to

P
∑

i=1

(Axi)λi ≥ b,

P
∑

i=1

λi = 1,

λ ≥ 0
m.

�dJ32 � P �6a�PX\ ��TVP�\ ]���PXL R�abN6O;L * U � ��� �

�.`³�,vf[Pd�� Zf�,r�Y�h\r���[^UA�,vX�5UAhf]¨��SyWGZf[PU9d �=vf��U&%{Zf�,WiZzZf��r��5U9h\]«��SyWGZ\[^UAdjWiSyv#U�a2WidCV;r�% h\[ ZfZfr�d
W9v.�5UAS^SPU&%�v

�

q∗ = minimum
x

cTx,

subject to x ∈ conv X,

Ax ≥ b.

�dJ � � S a�*\�� S�� N 	 � P
��a�P�\���TDPX\ a�*LDP (dP S7TDNX\ � �
·���[ya7��hfr2SPWiZf[PU9d��,U9Sye�v�V;rcZ %.r�r2d

X
W9d,e

conv X
:(·���[ya7��h\r�SyWGZ\[^UAd���U9Sye�v�Vxr�Z %�r2r�d

z∗Wid,e
q∗
:

�dJ � � �;U *+a�TVZ[P�L *�( P U�R^L *
¡�U9d,vf[yeLr�h.Zf�,rjS^[Pd�r2W9h ���LN³Y�h\U9V,S^r2]²ZfUg¢,dxe

z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 2x3 + 4x4 ≤ 5
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1},

% ��r�h\r�Z\��r�¢xh\v#Z.a�U9d,v#Zfh7Wi[PdFZ�[Pv�a�U9d,vf[Pe�r�h\r2e_acUA]gY�S^[ya�WiZf[Pd��«W9d,e�[yv���Wi�Ah\W9d��9[yWidqhfr2SPWipLr2eXO/ Z\[^SP[^¼2r2e Zf�,rjhfr=v#��S^Z [^ds»�r=a Z\[^UAd§ ,O l�ZfUg¢xd,e Zf��r���Wi�9h7Wid,�9[yWidbeL�xWiSXU9Y�Zf[P]gW9SX�GWiSP��r9O
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�dJ � � S a�*\�� S�� N
	 � P
�6abP�\ �XTDP�\ a�*LDP (dP S7TVN�\ � ���
� W9¹9r Z\��r³W9S Z\r�h\d,WGZ\[^�Ar�W9v\vf��]gYLZf[PU9dgZ\�,WGZ.Zf��rTv#r�Z X

[yv�W«YxUAS^`FZ\U9Y;r � W«VxUA��d,eLr=e_Y;U9SP`A���r=eLh\U9d�� � % [^Zf�{rcp�Zfh\r�]gr«Y;U9[PdFZ\v
xi � i = 1, . . . , P

O � ����r¨UAhf[P�9[Pd,W9SzY�h\U9V�SPr�] ��r2d,acr¨[Pv
WqSP[^d�r=Wih Y�h\U9�Ah\W9]§O � � UiZ\[^�GWGZ\r % �F`�Zf��r�W9VxUG�ArTh\rc�5UAhf]¨��SyWGZf[PU9dxv�W9hfrC�GWiSP[Pe§W9SPvfU¨�,d,eLr�hZ\��[Pv³W9v\v#�,]qY�Zf[PU9dzO.·��,WGZThfr2SPWiZf[PU9d(��U9Sye�v�Vxr�Z %�r2r�d

X
Wid,e

conv X
:¸·���[Pa7� h\r�SyWGZ\[^UAd

��UASPe,v�Vxr�Z %�r2r�d
z∗
W9d,e

q∗
:§·��xWGZ Zf�,r�d§[Pv.Z\��rjY�h\U9V�SPr�] [^ds»�r=a Zf[PU9d  ,O l�:

= � 4f1-( � ���,r{acUAd,acSP�,vf[^UAd,v�[Pd »Lr2a Z\[^UAd� �O t4[yv �5��d,e�W9]qr2dFZ\WiS³�5U9h Zf�,r �,vfr{U9�«��Wi�
�Ah\W9d��9[yWidThfr2SPWip�WGZf[PU9dC[Pd«[PdFZfr��Ar�hzY,hfUA�9h7Wi]g]g[^d��xO � Z�[yvz�xv#�,W9S^SP`jv#�,]q]_W9hf[P¼�r=ejW9vX�5UAS^SPU&%�v

���Wi�9h7Wid,�9[yWid_h\r�SyWGpL[^d,�¨Wq�9h\U9��YbUi��a�U9d,v#Zfh7Wi[PdFZ\v�[Pv�r�,F��[^�GW9S^r2dAZ�Z\Uqa�U9d��9r�p�[^�5`�[^d,�«Z\��rjv#r�Z
eLr�¢,d�r=e VF` Zf��r acU9dxv�Z\h\W9[^dFZ\vTZ\�,WGZqWih\r %H4f1���Wi�Ah\W9d��9[yWid{hfr2SPWip�r=eXO ���,r�Y�h\U9V�SPr�]_vj[Pd
»�r=a Z\[^UAd,vC �OPNgW9d,e¸ �Omlba2Wid¸d�U9h\]_WiSPS^` d�U9ZjVxrq�5U9h\]«�,SPWiZfr2e¸Widxe{vfU9SP�9r=e % [^Zf�¸r�SPr�]gr�dL�
Z7Wih\`�Zfr=a7��d�[@,F��r2v��Fvf[Pd,acr�Zf��r³dF�,]«V;r�h

P
[yv��xv#�,W9S^SP`qrcp�Zfh\r�]gr�SP`qSPW9hf�Ar9O�����r�Y�h\U9V,S^r2] [Pd

»�r=a Z\[^UAd  �Oml¨a�Wid ��U&%.r��9r2h�V;rjWGZ#Z7W9a7¹Ar2e��xv#[Pd���/$4!= ,9F %� )(G%>(G"$�)1@2A4!% � � v#r2r³Y,W9h#Z�Ui� ��� Ui�Z\��[Pv.Z\rcp�Z�WidxebZ\��rjSPr2a Z\��h\rTd,UiZfr=v �cO ?
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»��,Y�YxUFv#rTZ\�,WGZ Z\��rjS^[Pd�r=Wih [PdAZ\r��Ar�h�Y�h\U9�9h7Wi]
z∗ = minimum z = cTx,

subject to Ax = b,
Dx ≤ e

x ≥ 0
n

x
[^dFZfr2�9r2h

[yv�WGZfZ\WAa7¹9r2e¨V�`«]gr2W9d,v�U9�X��Wi�Ah\W9d��9[yWid¨hfr2SPWipLWiZf[PU9d¨Ui��Zf��r�S^[Pd�r2W9h�r ,F�,W9S^[^Z�`«a�U9d,v#Zfh7Wi[PdFZ\v2O
����rCh\r�SyWGpLr2e Y�h\U9V�SPr�]�� v.U9YLZ\[^]_WiS��~W9S^�,rT[yv�Z\��r�d§�9[P�9r2dbV�`

q(λ) = minimum cTx + λT(Ax − b)
subject to Dx ≤ e

x ≥ 0
n

x
[PdFZfr��Ar�h

,

W9d,e�Z\��r���W9�9h7Wid��A[PW9dbeL�,W9SXY�h\U9V�SPr�] [yv�Z\U¨¢xd,e

q∗ = maximum
λ

q(λ).

I��QJVI �>\ S * �6abP�LDTGSHY R�abN6R�*+a7S�Y
·��,WiZ�eLU�r2vg[^Z�]qr=WidKZf�,WiZ_Zf��rs��Wi�Ah\W9d��9[yWid4h\r�SyWGpLr=e4Y�h\U9V�SPr�] �,W9vqZ\��r;2 %>1 (G #"$�&= 231"!C>"D4DCb(G"e1"! :�QT[^�Ar r�p�Wi]gY�SPr2vqUi�³��Wi�Ah\W9d��9[yWid h\r�SyWGpLr2e Y�hfUAV�SPr�]_v�Z\�,WGZ_�,W~�Ar � hfr=v#Y;r2ac�Z\[^�Ar�SP`)�,eLU_d,UiZ��,W~�Are��Zf�,rj[^dFZfr2�9h7WiSP[ Z�`bY�hfUAYxr2h#Z�`AO�·��,WiZ�]grcZf�,U�e,v�Wih\rCd�U9h\]_WiSPS^`b�,v#r=e
Z\U�v#UAS^�ArC��Wi�Ah\W9d��9[yWid�h\r�SyWGpLr=ebY�h\U9V,S^r2]gv.Z\�,WGZ³�,W~�9r � h\r2vfY;r2a Z\[^�Ar�SP`)��eLU_d,UiZ��,W~�Are��Zf�,r[PdFZfr��Ah\W9S^[^Z�`(Y�hfUAYxr2h#Z�`;:®·��,[Pa7�¸U9d�r¨Ui��Zf��r¨Z %�U Z�`�Yxr=vTUi��Y�h\U9V,S^r2]gv³d�UAhf]_WiSPSP`([yvTZf�,r
]gUAv#Z�eL[ <_a���S^Z ZfU�vfU9SP�9r�:

lA°
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I��dJ % � N ��\^]�5 N�\ S�� * N6RQS�TVUWP�L � P�L � *
¡�U9d,vf[yeLr�h.Zf�,r�acU9dFZ\[^d���UA�,v�hfr2SPWip�WGZf[PU9d Ui��Zf��rjUAhf[P�9[Pd,WiS�[PdFZfr��Ar�h Y�h\U9�Ah\W9]

�

z∗LP = minimum z = cTx,
subject to Ax = b,

Dx ≤ e,
x ≥ 0

n,Wid,e SPrcZ
(λ∗, µ∗)

eLr2d�UiZ\r�Wqe��,WiSXUAYLZf[P]«��]§O
»���U&%�Z\�,WGZ(Zf��r¸SPU&%�r2hbV;U9��d,e�U9d

z∗
Zf�,WiZ([yv(�9[P�9r2d�V�`KZ\��r ��Wi�Ah\W9d��9[yWid�eL�xWiS

�5��d,acZf[PU9dj[yv�WiS %�W~`�vXWiZ�SPr2W9v#Z�W9vz�9U�ULeTWAvXZ\�,WGZ�Y,hfULeL�,a�r2eTV�`�Z\��r�a�U9dFZf[Pd���U9�,vzhfr2SPWipLWiZf[PU9dzO
� � d§UiZ\��r�h�%.U9h7e�v��Lv#��U&%�Zf�,WiZ z∗ ≥ q∗ ≥ z∗LP

O �
I��dJ 2 � NXU�R;P6a�P6S7T
�6* 50S a�*\�� S�� N 	 a�*LDP (dP S�TDN�\
»���U&%
Zf�,WiZ�[ ��Z\��r«��W9�9h7Wid��A[PW9dbh\r�SyWGpLr2e Y�h\U9V�SPr�]��,W9v Zf��r�[PdFZfr2�9h7WiSP[ Z�`�Y,hfUAYxr2h#Z�`_Z\��r�d
Zf��rsZ %�UHV;U9��dxe�vbW9hfr§r ,F�,W9S*O #��,h#Z\��r�h � v#��U&%�Zf�xWGZ�Z\��rsY,W9h#Z\[PW9S��z± eL�xWiS³vfU9SP�LZ\[^UAd
λ∗ [yvjW(��Wi�Ah\W9d��9[yWidseL�xWiS�U9Y�Zf[P]gW9S�v#UAS^��Zf[PU9dzO � UiZ\[^�GWiZfr % ��`§Zf��r���Wi�Ah\W9d��9[yWidseL�xWiSY�h\U9V�SPr�] a2Wid«V;r.rcpLYxr=a Z\r2e«ZfUT�9[P�9r�v�Z\hfUAd��9r2h�V;U9��d,e,v�Zf�,W9d�Zf�,r�a�U9dFZf[Pd���U9�xv�h\r�SyWGp�WGZ\[^UAd
% ��r�d,r��9r2h.Zf��rjh\r�SyWGpLr2e Y�h\U9V�SPr�]�eLU�r2v�d�U9Z��,W~�9r³Zf��rj[PdFZfr2�9h7WiSP[ Z�`_Y�h\U9Y;r�hfZ�`9O

= � 4f1 ( � �.`jZ\��r�WiV;UG�9r�h\r2vf��S^Z��5UAS^SPU&%�v�Zf�xWGZ���W9�9h7Wid��A[PW9d�h\r�SyWGp�WGZ\[^UAd��~ZfUA�9rcZ\��r�h�% [^Zf�
Wid4W9S^�AU9h\[ Z\��] �5UAh�Zf�,r � W9Y�Y�h\U~p�[P]_WGZ\re�CvfU9SP�LZf[PU9dHU9�.Z\��r ��Wi�Ah\W9d��9[yWid eL�,W9S�Y�h\U9V�SPr�]��a�W9dKV;r �,vfr2eKZfU ¢,dxe¯W9d � WiY�Y,hfU~pL[P]gWiZfr!�«UAYLZf[P]_WiS�vfU9SP�LZf[PU9dKZfU Z\��rs�z± h\r�SyWGp�WGZ\[^UAd
Ui��W SP[^d,r2Wih«[^dFZfr2�9r2h�Y�h\U9�9h7Wi]§O(n�vfYxr=ac[yWiSPS^`{�5U9hqv#UA]qr ����NgY�h\U9V,S^r2]gv�Zf��[yv�[yv«Ws]qUAhfr
r 	�r2acZf[P�9rb]gr=Wid,v�ZfU{WiZ#Z7W9a7¹{Zf��r(Y�h\U9V�SPr�] Zf�,W9dHZfU{�,vfr�Zfh7W9e�[ Z\[^UAd,WiS.�z± Z\r2a7��d,[",F��r=v�O����rsh\r2WAv#UAd¯[yv(WGZbSPr2WAv�Z�Z %.Ui� �5U9Sye

� � N!� � r�Zf��ULe�v�Zf�,WiZ(Wih\rsV,WAv#r=e®U9d���Wi�9h7Wid,�9[yWidhfr2SPWip�WGZf[PU9d_a2Wid�U9� Zfr�db�LZf[PS^[P¼�r³Y�h\U9V�SPr�] v�Z\hf�xa Zf�,hfr³Vxr�Z#Zfr2h�Z\�,Wid �z±HZ\r2a7��d�[@,F��r2v2O � ����[yv[PvTZ\��r_a�WAv#r¨�5U9hjd�r�Z %�UAhf¹F� Z�`�Yxr¨Y�hfUAV�SPr�]_v�� % �,r�h\rgW(��W9�9h7Wid��A[PW9dsh\r�SyWGp�WGZ\[^UAds]grcZf�,U�e
Z�`�Y�[Pa2WiSPS^`®UAd�S^`�h\r�SP[Pr2v U9d�Z\��r{UAhf[P�9[Pd,W9STe�WiZ\W � % ��[ya7�
WiSyvfUKa�W9d�V;r¸�Ar�h\`Kr+<�ac[Pr�dFZfSP`
v�Z\U9h\r2e Wid,eb]gW9d�[PY���SyWGZfr=eXO � � l.� ¡�U9dFZ\[^d���UA�,v�h\r�SyWGp�WiZf[PU9d,v�Ui� � ��NTY�h\U9V�SPr�]_v.Wih\r³U9� Zfr�d� ��r=W~��[^SP`'��eLr2�9r�d,r�h7WGZfr=e � % ��[ya7���xWi]gYxr2h\vbZf�,r{r+<_a�[^r2d,ac`®U9��Zf��r vf[^]gY�SPrcp�]grcZ\��ULeXO� u³v�W�vf[Pe�r�d�UiZ\r %.r«WiSyv#U_h\r�]_W9hf¹_Z\�,WGZ³[ ZT�,W9v V;r�r2dsU9Vxv#r2hf�Ar2e r�]gY�[Phf[ya�W9S^SP`bZ\�,WGZ³[ Z�[yvUi� Z\r�dHV;r2v#Z�ZfUs�xv#r_Z\��rB:<,��&=�vf[P]qY,S^r�p¸]grcZ\��ULe¸�5U9h«vfU9SP��[^d,�§Zf��rb��± h\r�SyWGp�WGZ\[^UAd{U9� W
���LNjY�hfUAV�SPr�]��,V;r2a2Wi�,vfr�[^Z�Zfr2d,e�v�ZfU_�>W9[^h³Vxr�Z#Zfr2h³�,d,eLr�hTeLr��Ar�d�r2h\WAac`bZf�,W9d§Zf��r¨Y�hf[P]_WiS
v#[P]gY�SPrcpb]grcZ\��ULeXO � ?
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����r � r2Y�hfr=v#r2dFZ\WGZ\[^UAds����r�UAhfr2]�a�Wid¸v#UA]gr�Zf[P]gr2vTV;r¨�,vfr2esZfU§acUAd,v�Z\hf�xa ZTW9S Z\r�h\d,WGZ\[^�Ar
�5UAhf]¨��SPWiZf[PU9d,v.U9��eL[yvfa�hfr�ZfrCU9Y�Zf[P]q[P¼2WiZf[PU9d§Y�h\U9V�SPr�]_v2O

¡�U9dxv#[yeLr�h�Z\��rjY�h\U9V�SPr�] ZfU

(P) minimize cTx,
subject to Ax ≥ b,

x ∈ X ⊆ {0, 1}n,

W9d,e4vf��Y�Y;UAvfrbZ\��r(vfrcZ
X
a�U9dFZ\W9[^d,v

P
[PdFZfr��Ar�hq�9r=a ZfUAh\v���vfW~`

xi � i = 1, . . . , P
O �.`

�LZ\[^SP[P¼�[Pd��qZf�,WiZ

X =

{

x ∈ R
n | x =

P
∑

i=1

λix
i;

P
∑

i=1

λi = 1; λi ∈ {0, 1}, i = 1, . . . , P

}

%.rja�Wid % h\[ Z\r³Z\��rjY�h\U9V�SPr�] r ,F��[P�~W9S^r2dFZfSP`bW9v.Z\�,WGZ Z\U

minimize
P
∑

i=1

(

cTxi
)

λi,

(IMP) subject to

P
∑

i=1

(

Axi
)

λi ≥ b,

P
∑

i=1

λi = 1,

λi ∈ {0, 1}, i = 1, . . . , P.

lF�
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I�I�J�I � �;U *+abTDZ[PXL *�(dPXU�R^L+*
¡�U9d,vf[yeLr�h.Zf�,rjY�hfUAV�SPr�]²Z\U

minimize 3x1 + 2x2 + 4x3 + 2x4

subject to 2x1 + 3x2 + 4x3 + 5x4 ≥ 7 (1)
x1 + x2 + x3 + 2x4 ≤ 3 (2)
x1 + x2 = 1 (3)

x3 + x4 = 1 (4)
x1 , x2 , x3 , x4 ∈ {0/1}. (5)

�zrcZ Zf��r{acU9dxv�Z\h\W9[^dFZ\v � Ne� � � l#� ��Widxe � °.�beLrc¢,d,r Zf��r �9h\U9��d,e®vfrcZbUAd % ��[ya7�®Zf��r� r�Y,hfr=v#r2dAZ7WGZ\[^UAd�����r�UAhfr2] [yvb�xv#r=e � Z\�,WGZ([Pv�� Zf�,r{vfrcZ X
WiV;UG�9re�cO #�UAhf]¨��SyWGZfrsZf��r

r ,F��[P�GWiSPr�dFZ�Y�h\U9V�SPr�]§O�»�UAS^�Ar([^Z�V�` [Pd,vfYxr=a Zf[PU9d�O � � 2 %>1 � ����rsv#r�Z X
acU9dFZ7Wi[Pd,vq¢,�9r

[^dFZ\r��9r2h��9r2acZfUAh\v2O �
I�I�J % � N�L �;UW\ �6*\ *+abP S7TDN�\
¡�U9d,vf[yeLr�h�Wi�AW9[^dCZ\��r.U9h\[^�A[^d,W9SiY�h\U9V�SPr�] � ±[� O �³r2v\ach\[^V;r��,U&%{Z\��r�acU9dFZ\[^d���UA�,vzh\r�SyWGp�WGZ\[^UAdUi��Zf��rjY�h\U9V,S^r2] � � � ± � ��Z\�,WGZ�[yv��LZf��rjY,hfUAV�S^r2]²ZfU

minimize

P
∑

i=1

(

cTxi
)

λi,

(MP) subject to

P
∑

i=1

(

Axi
)

λi ≥ b,

P
∑

i=1

λi = 1,

λi ≥ 0, i = 1, . . . , P,a�W9d_VxrCv#UAS^�Ar2eqV�`qZf��r³�,v#r³Ui��a�U9SP��]gd��9r2d�r�h7WGZ\[^UAdzO�»��,U&%��9r�d,r�h7WiSPS^`«Zf�,WiZ�Zf�,r³acUAS^�,]qd
�9r2d�r�h7WGZ\[^UAdHY�hfUAV�SPr�] [yvqW¸��W9�9h7Wid��A[PW9d hfr2SPWipLWiZf[PU9dHU9��Zf��r§Y�h\U9V,S^r2] � ±[��% ��r�h\r Zf��rS^[Pd�r=Wih�acUAd,v#Zfh7Wi[PdAZ7v�Wih\rT��Wi�9h7Wid,�9[yWid�h\r�SyWGpLr2ezO
I�I�J 2 � N�\��6*�(dT
	^Z P S7TVN�\
��U v#UAS^�ArjZf��rqacUAdAZ\[^d���UA�,v�h\r�SyWGp�WiZf[PU9d ��� ± ��[yv�UAV��F[PU9�xv#SP`br�,A�,[^�GWiSPr�dFZ³ZfUbvfU9SP��[^d���Zf��racUAdF�ArcpL[^¢,r2ebY�hfUAV�SPr�]²Z\U

(CP) minimize cTx,
subject to Ax ≥ b,

x ∈ conv X,
% ��r�h\r

conv X =

{

x | x =

P
∑

i=1

λix
i;

P
∑

i=1

λi = 1; λi ≥ 0, i = 1, . . . , P

}

.
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� ��Zf��r�vfrcZ

X
�xW9v.Zf�,rCe�r2v\ach\[^YLZ\[^UAd

X = {x ∈ {0, 1}n | Bx ≥ d }
Zf�,r�d(Zf��rjUAhf[P�9[Pd,W9S

Y�h\U9V,S^r2] �,W9v.Z\��r�acUAdFZf[PdF�,U9�,v.h\r�SyWGp�WGZ\[^UAd�ZfU
minimize cTx,

subject to Ax ≥ b,
(LP) Bx ≥ d,

1 ≥ xj ≥ 0, j = 1, . . . , n.

·���r2dbeLUjZ\��r�Z %.U�acUAdFZf[PdF�,U9�,v�hfr2SPWipLWiZf[PU9d,v � �z±[��Widxe ��� ±[���,W~�Ar�Zf��rTvfW9]qr�U9YLZ\[^]_WiSUAV10�r2acZf[P�9r_�GWiSP��r)��W9d,e % ��r2d eLU Z\��r�`¸d�U9h\]_WiSPS^` eL[
	;r2h : � dHZf�,r�SPWiZ#Z\r�hga�W9vfr)�
% ��[ya7�
UAd�r�Ui��Z\��r�Z %.Ubh\r�SyWGp�WiZf[PU9d,v [yv�Zf��rqv�Z\hfUAd��9r=v�Z : � ds�Ar�d�r2h\W9S �,Zf��r2d�� % ��[Pa7� U9d�r¨Ui��Zf�,r
Z %.U§�5U9h\]«��SyWGZ\[^UAd,vjU9�.Z\��rbY,hfUAV�S^r2]�� � ±[��UAh � � � ±[� ��[yv�[Pd Zf��[yv¨vfr�dxv#r_Z\��rbv#Zfh\U9d��Ar2v#Z�5UAhf]¨��SPWiZf[PU9d :

= � 2 %H1 � ¡�UAd,v�Z\hf�xa Z�Z\��r�acU9dFZ\[^d���UA�,vzh\r�SyWGp�WGZ\[^UAd,v � �z±[��Widxe � ¡�±[���5UAh�Z\��r�d���]gr2hf[ya�W9Sr�pLW9]gY�S^r
minimize 2x1 + x2

subject to −x1 + x2 ≥ 0
2x1 + 2x2 ≥ 1
x1 , x2 ∈ {0, 1}

% [^Zf�
X = { (x1, x2) ∈ {0, 1}2 | 2x1 + 2x2 ≥ 1 }

O ?= � 4f1-( �
� � ��� ±[���,WAv�W���[^�A��r�h�U9YLZ\[^]_W9S,�GWiSP��r�Z\�,Wid � �z±[��%.r Zf��r2dbv\W~`«Z\�,WGZ ��� ±[�[yv�W #�1@"D4!%' = 2 %H(V�&" C>"D4e �"G�9F F 2 %) *34&" F�,9=5�)1@2A4!% Ui� � ±[�cOx»FZfh\U9d,�q��± �5UAhf]¨��SPWiZf[PU9d,v.a�W9dV;r{UAVLZ\W9[^d,r2e�V�`�U9Zf��r2h(]gr=Wid,v(W9v %.r�SPS*O u acUA]g]qUAd %�W~`¯[yv(ZfU¯rcp�Z\r�d,e
W �A[^�Ar�d
�5UAhf]¨��SPWiZf[PU9d$% [^Zf��acUAd,v#Zfh7Wi[PdAZ7vgZf�xWGZ W9hfrsh\r2e���d,e�W9dAZ�[Pd�Z\��rs[PdAZ\r��Ar�h�Y�h\U9�Ah\W9] V��LZ
% ��[ya7�§Wih\r %H4)1�hfr=eL��d,e�W9dFZ�[Pd Zf��r�a�U9dFZf[Pd���U9�,v.h\r�SyWGp�WGZ\[^UAdzO�uwacSyW9v\v#[ya�r�p�Wi]gY�SPr³[yv�Zf�,r
� 4&Fd4&"�! /e,'1#O ?
I�IXJ � 
�abN65 P�\^] Z N�\ 5
·���[ya7�«W9hfr�Z\��r�Y,hfUFv�WidxejacU9dxvzUi�,vfU9SP��[^d,� ��� ± � = % ��[ya7��Y�h\UG�F[yeLr=vzWid�UAYLZf[P]_WiSFv#UAS^�LZ\[^UAdZ\U � ¡�±[� ? Wid,e � ��±[�3:
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¡�UAd,v#[yeLr2hjZf��r /G�VC �f/ 2 1 �'1 (!: =54'/G�9= 2��e�'1@2A4!% C>"D4)E&=A(GF����5U9h\]«��SyWGZ\r2e W9v¨W ]g[ pLr=e [^dFZfr2�9r2h
Y�h\U9V,S^r2]

�

minimize

m
∑

i=1

fiyi +

m
∑

i=1

n
∑

j=1

cijxij

�

subject to

n
∑

j=1

xij ≤ Siyi, i = 1, . . . , m,

m
∑

i=1

xij = Dj , j = 1, . . . , n, (∗)

yi = 0/1, i = 1, . . . , m,
xij ≥ 0, i = 1, . . . , m, j = 1, . . . , n,

% ��r2hfr«Zf��rq�GWih\[PW9V�SPr2v
yi

�
i = 1, . . . , m

��e�r2v\ach\[^V;r2v³S^UA�9[ya�W9S�eLr=ac[yv#[PU9d,vTacUAd,acr2hfd,[^d��bZf��r
SPULa�WGZ\[^UAd{U9��vfU9�,h\a�r2v���Wid,e

xij

�
i = 1, . . . , m

�
j = 1, . . . , n

��eLr=vfa�hf[PVxr ,F�,W9dAZ\[ Z\[^r=vjUi�
[^Zfr2]gv.Z\h\W9d,vfYxUAh#Z\r2eXO

I�% JVI 4 a�*]��^\�]^P�\ S Z[NX\�5?S a�PXTD\ S
»��,U&%�Zf�xWGZ�Zf��r�a�U9d,v#Zfh7Wi[PdFZ

m
∑

i=1

Siyi ≥

n
∑

j=1

Dj

[yv W_acUAd,v#r�,F��r�d,a�r³U9��Z\��r�UAhf[P�9[Pd,WiSXa�U9d,v#Zfh7Wi[PdFZ\v � Z\�,WGZ�[yv��,r��9r2hf`��5r2W9vf[PV�S^rjvfU9SP�LZf[PU9d v\WGZf�[yv�¢xr2vTZf�,[Pv¨acU9dxv�Z\h\W9[^dFZG� ��% ��r2d,acr_[^Z¨a�W9d Vxr�WAe�eLr2e{Z\U§Zf��r_]gULeLr�S % [ Z\��U9��Z«W 	�r2a Z\[^d,�
[^Z\v vfU9SP�LZf[PU9d�O

k,N
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I�% J % � P
�6abP�\ �XTDP�\ a�*LDP (dP S�TDN�\
»���Y�Y;UAvfr %.r¨WAe�e§Z\��[PvTh\r2eL�,d,e�WidFZCacU9dxv�Z\h\W9[^dFZ�Z\U�Zf�,r¨UAhf[P�9[Pd,WiS�]qULeLr2S�Wid,esvfU9SP�9r�Zf��r
hfr=v#�,S Z\[^d�� Y�h\U9V�SPr�]���r2��h\[Pv#Zf[ya�W9S^SP`§VF`s��Wi�Ah\W9d��9[yWid§h\r�SyWGpL[^d,�_Zf��r_a�U9d,v#Zfh7Wi[PdFZ\v

(∗)
Wid,e

�LZf[PSP[^¼2r2eqv#��V,�9h7W9eL[Pr�dFZ�UAYLZf[P]g[^¼=WGZ\[^UAd«U9d«Zf��r ��Wi�9h7Wid,�9[yWidjeL�,W9SFY,hfUAV�S^r2]§O �³r2v\ach\[^V;r�Zf��r
v#UAS^��Zf[PU9d¸Y�hfULa�r2v\v��_·���[ya7�HWih\rqZf��r�]_W9[^d¸Y�h\U9Y;r�hfZf[Pr2vCUi�.Zf�,rbeL�,W9S�Y�hfUAV�SPr�] :w·���`;:
¡.Wid Zf��r2hfrCV;r�WgYxUFv#[^Zf[P�9rjeL�xWiSP[ Z�`��FWiY :

I�% J 2 � *P657T$O;TDLDTGSHY ��* ��a�T+50S7TDZ�5
#�UAh Zf��[yv Y�h\U9V,S^r2] [^Z�[Pv�r2W9vf`_Z\U�acU9dxv�Z\hf�,acZ �5r2WAv#[PV�SPr�v#UAS^�LZ\[^UAd,v�V,WAv#r=e UAd(Zf��rjUAYLZf[P]_WiS
v#UAS^��Zf[PU9d ZfUgr2WAa7�(��Wi�9h7Wid,�9[yWidbvf��V�Y�h\U9V,S^r2](O�n�pLY�SyWi[Pd§��U&% �

I�% J � � N�� *+a O�N
�^\�] 5
¡�U9]gY,W9hfr¨Zf��r�v#Zfh\r�d,�iZf�¸Ui�.Zf�,r_S^U&%.r�hCV;U9��d,e¸UAVLZ\W9[^d�r=es�5h\U9] Zf��r���Wi�9h7Wid,�9[yWid eL�xWiS
�5U9h\]«��SyWGZ\[^UAd a�U9]gY,Wih\r2e*% [ Z\�bZ\�,WGZ�U9��Z\��rjacU9dFZ\[^d���UA�,v � �z± �.hfr2SPWipLWiZf[PU9d Ui��Z\��rCY�h\U9VL�S^r2]§O . U&%K[yv�Z\��r�v#Zfh\r�d��9Zf�gUi��Z\��r�SPU&%�r2h�VxUA��d,e_W 	�r2acZfr=eg[ � %.r�eLU6%H4)1�W9e�eqZ\��r�W9VxUG�Ar
hfr=eL��d,e,WidFZ�acU9dxv�Z\h\W9[^dFZ : � UiZf[P�GWGZ\r��= � 4f1 ( � ��U9ZfrqZf�xWGZjZf�,r�W9e�eLr=e acU9dxv�Z\h\W9[^dFZC[Pvjh\r2e���d,e�W9dAZj[Pd¸Zf��r_UAhf[P�9[Pd,WiS�]gULeLr�S �
V��LZ�Z\�,WGZ¨[ Z«[yv�d,UiZ�h\r2eL��dxe�WidFZ«[Pd Zf��r ��Wi�Ah\W9d��9[yWid{hfr2SPWipLr2e{Y�hfUAV�SPr�]§O ·¸r_Z\��r�h\r�V�`
[^SPSP�,v�Z\h\WiZfr³Zf��r³�>W9acZ�Zf�,WiZ.[^Z [Pv.Ui� Z\r�d VxU9Zf�(YxUFvfvf[^V,S^rCWid,e W9eL�GW9dAZ7Wi�Ar�U9�xv�ZfUgv#Zfh\r�d��9Zf��r2d
Wghfr2SPWip�WGZf[PU9d§V�`b]gr=Wid,v�Ui��W9e�e�[^d���a�U9d,v#Zfh7Wi[PdFZ\v�Z\�,WGZTWih\rjhfr=eL��d,e�W9dFZ�[^d Z\��r�UAhf[P�9[Pd,WiS
�5U9h\]«��SyWGZ\[^UAdzO ?
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#,U9h�Zf�,rTY,hfUAV�S^r2]
minimize f(x)
subject to g(x) ≤ 0

m (P )
x ∈ X,

% ��r2hfr
X ⊆ R

n [Pv�a�S^UFv#r=e ��W9d,e
f : R

n → R
Wid,e

g : R
n → R

m Wih\r_acUAdAZ\[^d���UA�,v��
[^ZT�,U9Sye�v�Z\�,WGZC[^�

x∗ ∈ R
n W9d,e µ∗ ∈ R

m
+

vfWiZf[yv��5`(Z\��r������
	������������������������������������� ���"! �
Z\�,WGZ [yv����xW~�9r³Zf��rjY�h\U9Y;r�hfZf[Pr2v.Z\�,WGZ















x∗ ∈ argminimum
x∈X

f(x) + (µ∗)Tg(x),

u∗
i gi(x

∗) = 0, i = 1, . . . , m,

g(x∗) ≤ 0
m,

Z\��r�d
x∗ [yv�W9d�U9YLZ\[^]_W9S;vfU9SP�LZf[PU9dgZ\U � ±[� O � � d(W9e�e�[ Z\[^UAd�� µ∗ [Pv.WidbU9YLZ\[^]_WiS�vfU9SP�LZf[PU9dgZ\UZ\��r���W9�9h7Wid��A[PW9d�eL�,WiS�Y�hfUAV�SPr�]§O �

I�2QJVI ��� * ��� *N6a�* U
��rcZ

µ̄ ≥ 0
m O / v#r³Zf�,rTh\r2vf��S^Z.W9VxUG�Ar�ZfUqY�h\UG�9r Z\�,WGZ�[^� x̄ ∈ X

vfU9SP�9r=v�Zf�,rC��Wi�Ah\W9d��9[yWid
h\r�SyWGp�WGZ\[^UAd_ZfU

minimize
x∈X

f(x) + µ̄Tg(x),

Z\��r�d
x̄
[yv Wid§UAYLZf[P]_WiSzvfU9SP�LZf[PU9d ZfUgZ\��rjY�h\U9V�SPr�]²Z\U

minimize f(x),
subject to gi(x) ≤ ȳi, i = 1, . . . , m,

x ∈ X,
% ��r2hfrTZ\��rjU9h\[^�A[^dxWiS�acU9dxv�Z\h\W9[^dFZ hf[P�9�FZf� �,W9d,ebvf[yeLr2v��,W~�ArCVxr2r�d§Yxr2h#Z\��h\Vxr=e [PdFZfU

ȳi







= gi(x̄)
�5UAh

µ̄i > 0
i = 1, . . . , m.

≥ gi(x̄)
�5UAh

µ̄i = 0

kAk
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� ����[yv h\r2vf��S Z [yv ¹�d�U&% d§W9v 	 �&(G"D(!1 1 � # � �>(V4!"D(GF§O �
I�2dJ % � �;U *+abTDZ[PXL *�(dPXU�R^L+*
¡�U9d,vf[yeLr�h.Zf�,rj[^dFZfr2�9r2h Y�hfUA�9h7Wi] ZfU
maximize z = 11x1 + 6x2 + 5x3 + 15x4 + 5x5 + 4x6

subject to 5x1 + 3x2 + 4x3 + 6x4 + 3x5 + 4x6 ≤ b
x1 + x2 + x3 = 1

x4 + x5 + x6 = 1
x1 , x2 , x3 , x4 , x5 , x6 = 0/1,

% ��r�h\r
b
[Pv WgY,W9h\W9]grcZfr2h.Zf�,WiZ�a�Wid(Z7Wi¹9rCUAd d�UAdL� d�r��FWGZf[P�9rT�GWiSP��r2v2O���W9�9h7Wid��A[PW9d�h\r�SyWGp

Zf��r�¹�d,WiY,v\W9a7¹TacUAd,v�Z\h\W9[^dFZ�% [^Zf�jZ\��r�]¨��S^Zf[PY�S^[Pr�h
µ ≥ 0

�~Widxej�LZf[PSP[^¼2r�n��Ar�h\rcZ#Z � v�����r�UAhfr2]
ZfUb¢,d,e W9dsU9Y�Zf[P]gW9S�vfU9SP�LZ\[^UAd§�5U9hCW9v³]gW9d�` �GWiSP��r=v�U9�

b
W9v�[Pv³Y;UAv\v#[PV�SPr9O�¡.Wids`AU9���;[^d

Zf��[yv�Y,W9h#Z\[Pa���SPW9h %�W~`)�~¢xd,e�Z\��r�U9YLZ\[^]_W9S�v#UAS^�LZ\[^UAd��5UAh
b = 10

: � � 2 %>1 � ����r ��W9�9h7Wid��A[PW9deL�,W9SXU9V10�r=a Zf[P�9rT�5��dxa Zf[PU9d§�,WAv�V�h\r2Wi¹bYxUA[^dFZ\v WiZ
µ = 5/2

Widxe
µ = 10/3

O �
I�2dJ 2 4 R�R;LDTDZ P S7TDNX\
¡�U9d,vf[yeLr�h«Zf��r§WiV;UG�9r_[PdFZfr��Ar�hqY�h\U9�9h7Wi] % [ Z\�

b = 8
O »��,Y�YxUFv#rbZf�,WiZ«Z\��r ¹�d,W9Y,v\W9a7¹

acUAd,v�Z\h\W9[^dFZ�[yvCW #$4!*-1�hfr=v#UA��h\a�r«acUAd,v#Zfh7Wi[PdAZ �,Z\�,WGZC[yv���[^ZCeLU�r=v�d�U9Z³d�r2r2esZfUbV;r¨�5��S ¢xS^SPr2e
rcp�W9acZfSP`{V,�LZ¨]_W~`¸Vxr �F[PU9SyWGZ\r2eHvfU9]gr�% �xWGZ2O � ����[yv�Z�`�Y;rbU9� a�U9d,v#Zfh7Wi[PdFZ«[yv«U9� Zfr�dHr2dL�acUA��dFZfr�h\r2e�% ��r2d_Zf�,r�h\r�Wih\r ��d,a�r�hfZ\Wi[PdFZf[Pr2v�[^d_Z\��r�e�WiZ\W �FW9d,e % ��r�db[ Z.[Pv�Zf��r2hfr��5U9h\r d�UiZ
]gr2Wid,[^d��9�5��S�ZfU§h\r ,F��[Phfr¨rcp�W9acZCa�U9]gY�SP[PW9d,acr�% [ Z\� Z\��r_acUAd,v�Z\h\W9[^dFZ=O � ZC[yvjWiSyvfUbd,WiZf��h7WiS
ZfU ]qULeLr2S�h\r2vfU9�,h\a�r«acUAd,v�Z\h\W9[^dFZ7v�[Pd Zf��[yv %.W~` % ��r2ds[ ZC[yv�Y;UAv\v#[PV�SPr�Z\Ub[PdAZ\r�h\Y�h\rcZTWb��[ �
U9SyWGZ\[^UAd(WAv Wghfr�,A�,[^h\r�]gr�dFZ.�5U9h�WAe�eL[^Zf[PU9d,W9SXhfr=v#UA��h7acr �FZ\��r���W9�9h7Wid��A[PW9d�Zfr2hf] Zf��r2d �,W9v
Zf��rg[PdFZfr�h\Y�h\rcZ7WGZf[PU9d{Ui��Wid W9e�eL[^Zf[PU9dxWiS�acUFv�ZC�5U9hTZ\��[PvjWAe�eL[^Zf[PU9d,W9S�hfr=v#UA��h7acr9O �H»���Y,YxUFv#r
Zf�,WiZ %.r���r2hfr�W9S^SPU&%K�5U9h�Z\��r³a�U9d,v#Zfh7Wi[PdFZ�ZfU�V;r���[PU9SyWGZ\r2egV�`qWj�5r�%���d�[^Z\v�U9d,S^`AO / v#r�Zf��r
WiV;UG�9r�h\r2vf��S Z�Z\UC¢,d,e_WCh\r2WAv#UAd,WiV�SPr�v#UAS^�LZ\[^UAdqZfUCZf�,[Pv�Y,hfUAV�S^r2]§O � � Wid�`«h\r2W9S � %.U9h\SPe«U9YL�Zf[P]g[^¼=WGZf[PU9dgY�h\U9V,S^r2]gv�[^d,a�S^�xeLr�acUAd,v#Zfh7Wi[PdAZ7v�Zf�,WiZ�[^d_dxWGZf�,hfr�W9hfr vfUi� Z ��vf�,a7�_acU9dxv�Z\h\W9[^dFZ\v
Ui� Z\r�ds]gULeLr�Syv³�9UAW9SPv�U9h³hfr=v#UA��h\a�r�SP[^]g[^Z\v2OT����r¨U9Y�Y;UAvf[^Zfr�Z\U vf�,a7� a�U9d,v#Zfh7Wi[PdFZ\v�W9hfr��xU9�
acUA��h\vfr)� ���9"V: acUAd,v#Zfh7Wi[PdAZ7v�Oq»��,a7�{a�U9d,v#Zfh7Wi[PdFZ\vT]«�xv�ZCVxrg�5�,S ¢,SPSPr2e{rcp�W9acZfSP`)�zWidxe U9� Zfr�d
eLr2v\ach\[PVxrjacUAd,v#Zf[^Zf�LZ\[^UAd,WiSXUAh S^UA�9[ya�WiSXa�U9d,eL[^Zf[PU9dxv�O �

= � 4f1 ( � u a�acUAh\e�[^d���ZfU«n��9r�h\rcZfZ � v�����r2U9h\r�] Wid�UAYLZf[P]_WiS�v#UAS^��Zf[PU9dgZfUqW«��Wi�9h7Wid,�9[yWid
hfr2SPWip�WGZf[PU9d¸Ui��vfU9]gr_Y�h\U9V�SPr�] [Pv¨WiSyv#U W �AS^UAV,WiSPSP`sU9YLZ\[^]_W9S�vfU9SP�LZf[PU9d¸ZfU{W§�9r�h7vf[^UAd{U9�
Zf��rsv\Wi[yeKY�hfUAV�SPr�] [Pd % ��[ya7� Z\��r hf[P�9�FZf� �,W9d,e¯v#[yeLr2vgU9�³Z\��rsacUAd,v#Zfh7Wi[PdAZ7vq�,W~�9r§V;r�r�d
Yxr2h#Z\��h\Vxr=eXO �.`K�~W9hf`�[Pd��¸Zf��r �~W9S^�,r2v_U9�³Z\��rs]«�,S Z\[^Y�SP[Pr�h7v_�,vfr2e¯[^d®Z\��r ��Wi�9h7Wid,�9[yWid
hfr2SPWip�WGZf[PU9dHUAd�r§a�Wid � d�UAhf]_W9S^SP`'��[PdKWAe�eL[^Zf[PU9d UAVLZ\W9[^dKU9YLZ\[^]_W9S�vfU9SP�LZ\[^UAd,v¨ZfU¸Y�hf[P]_WiSY�h\U9V�SPr�] % [^Zf�§W�SyWih\�9r��GW9hf[PrcZ�`gUi��Yxr2h#Z\��hfVxWGZf[PU9dxv�U9�zZf��rTh\[^�A�AZf� �xWid,e�vf[yeLr2v2O . U&%.r��9r2h��
[ Z�[yv�d,U9h\]gW9S^SP` %H4f1�YxUFvfvf[PV�S^r³ZfU¨U9VLZ7Wi[Pd;( �!(G"3!_YxUFvfvf[^V,S^rTYxr2h#Z\��h\V,WGZ\[^UAd��FW9d,e�r=v#Y;r2a�[PW9S^SP`
Zf��r2hfrjd,U9h\]gW9S^SP`beLU_d,UiZ�rcpL[yv�Z�]¨��S^Zf[PY�S^[Pr�h7v�Z\�,WGZ�h\r2vf��S^Z�[^d Wg¼�r2hfUgY;r�hfZf��h\V,WiZf[PU9d � Z\�,WGZ[Pv��

ȳ = 0
m � � % ��[ya7� %�UA��Sye_�,W~�9r�]qr=WidFZ�Z\�,WGZ�%.r��,W~�Ar�v#UAS^�Ar2eqZ\��r³UAhf[P�9[Pd,W9S,Y�h\U9V�SPr�]§O� u�d¸r�p�acr�Y�Zf[PU9d [PvTZ\��r�a�WAv#rgU9�.acUAd��9rcpsY,hfUAV�S^r2]_v % [ Z\� W v#Zfh\[ya ZfSP` a�U9d��9r�psU9V10�r=a Zf[P�9r�5��d,acZf[PU9d

�
�5UAh�vf�,a7��Y,hfUAV�S^r2]_v�%.r�WiS %.W~`LvXUAVLZ\W9[^d�Zf��r�U9YLZ\[^]_WiS�vfU9SP�LZf[PU9djZ\U Zf�,r�UAhf[P�9[Pd,WiS



� �1
 �1
 ��� � � ����� ������� kF°
Y�h\U9V,S^r2] % ��r2d %.rj�,vfr�U9Y�Zf[P]gW9Sz]«�,S Z\[^Y�SP[Pr�h7v [^d§Z\��r«��Wi�9h7Wid,�9[yWid vf��V�Y,hfUAV�S^r2]§O �_���,r
Y;r�hfZf��h\V,WiZf[PU9d,v�eLU �~��U&%.r��Ar�h ��[Pd«v#UA]gr�v#r2d,vfr�V;r2acUA]gr�v#]_W9S^SPr�h�W9vXZ\��r�]¨��S^Zf[PY�S^[Pr�h��GWiSP��r2v
�ArcZ\v a�S^UFv#r2h.ZfUqZf��rjUAYLZf[P]_WiSzUAd�r2v2O
� d4vf��]g]gW9hf`���Z\��r�d ��V�` v#UAS^��[Pd��s��W9�9h7Wid��A[PW9d{vf��V�Y�h\U9V,S^r2]gv � % ��[ya7�Hd�U9h\]_WiSPS^`{[Pv]¨�,a7��S^r=vfv eLr�]_W9d,eL[Pd��4Z\�,Wid�Z\U vfU9SP�9r Z\��r UAhf[P�9[Pd,WiS�Y�hfUAV�SPr�]d� %.r ¢,d,e�Zf��r{rcp�W9acZ

UAYLZf[P]_WiS�vfU9SP�LZ\[^UAd ZfU #$4!FQ(¨Y;r�hfZf��h\Vxr=eHY�h\[^]_W9S�Y�h\U9V�SPr�]_v���V,�LZ¨�,vf�,W9S^SP`�%>4f1 Z\�,WGZqUi�
Z\��rjU9h\[^�A[^dxWiS;Y�hfUAV�SPr�]§O ?
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¡�UAd,v#[yeLr2h�WqY�h\U9V,S^r2] Ui��Zf��rC�5UAhf]
z∗ = minimum f(x),

subject to gi(x) ≤ 0, i = 1, . . . , m, (P )
x ∈ X,

% ��r2hfr
X ⊆ R

n [yv¨a�S^UFv#r=eHWid,e V;U9�,d,eLr2e���Wid,e¸Z\��r��5��dxa Zf[PU9dxv
f, gi : R

n → R
Wih\r

a�U9dFZf[Pd���U9�,v2O����,r Y�hfUAV�SPr�] [yv�W9v\vf��]gr2e«ZfUj�,W~�Ar�W9d¨UAYLZf[P]_WiS,vfU9SP�LZ\[^UAd��
x∗ O � dFZfh\ULeL�,a�rY,W9h\W9]grcZfr2h\v

µi ≥ 0
�
i = 1, . . . , m

�xWid,e(eLrc¢xd�r
s(µ) = minimum f(x),

subject to

m
∑

i=1

µigi(x) ≤ 0 (S)

x ∈ X.����[yv Y�h\U9V�SPr�] �,W9v�UAd�S^`;4!%H(�rcpLY�SP[yac[^Z�acU9dxv�Z\h\W9[^dFZ2O
I � JVI � *P�� ] �^P�LDT$S�Y
»��,U&%4Zf�xWGZ

x∗ [yv�WT�5r=W9vf[^V�SPr�vfU9SP�LZf[PU9dqZfUCZ\��r Y�h\U9V�SPr�] � »'��Wid,e¨Zf�xWGZ�Z\��r�h\rc�5UAhfr s(µ) ≤
z∗
WiS %.W~`Lv³��U9Sye�v��XZf�,WiZj[Pv�� � »<�T[PvCW^"$($=8� �<�)1@2A4!% Ui��Z\��rgU9h\[^�A[^dxWiS�Y�h\U9V�SPr�]§O � UiZf[P�GWGZ\r% ��`

maximumµ≥0m s(µ) ≤ z∗ ��U9Sye�v2O�n�pLY�SyWi[Pd Z\��rjY;UiZfr2dFZf[yWiSX�,vfrjUi��Zf��[yv h\r2vf��S Z �
I � J&% � �^U *+abTDZ P�L *�(dPXU�R;L *
¡�UAd,v#[yeLr2h�Z\��rjSP[^d�r=Wih � ��NTY�hfUAV�SPr�]²Z\U¨¢xd,e
z∗ = maximum z = 5x1 + 8x2 + 7x3 + 9x4

subject to 3x1 + 2x2 + 3x3 + 3x4 ≤ 6 (1)
2x1 + 3x2 + 3x3 + 4x4 ≤ 5 (2)
2x1 + x2 + 2x3 + x4 = 3
x1 , x2 , x3 , x4 ∈ {0, 1}.

k��
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 ,9" "$4! f�)1-( "D(G=5� �bZ\��rgacU9dxv�Z\h\W9[^dFZ\v � Ne�³Widxe � l#��% [^Zf�s]¨��S Z\[^Y,S^[Pr�h7v µ1, µ2 ≥ 0

Wid,e
v�Z7WGZ\r³Z\��rjY�h\U9V�SPr�] � »'�cOx�zr�Z µ̄ = (1, 2)T

O�n��GWiSP�,WGZ\r
s(µ̄)

O
¡�U9d,vf[Pe�r�h�Wi�FWi[PdsZ\��rgU9h\[^�A[^d,W9S�Y�hfUAV�SPr�]���Widxe{��Wi�9h7Wid,�9[yWid h\r�SyWGp Zf�,r�acU9dxv�Z\h\W9[^dFZ\v

� N!��Wid,e � l#� % [ Z\�§]«��S^Zf[PY�SP[^r2h\v µ1, µ2 ≥ 0
O�n��GW9S^�,WiZfrjZ\��r���W9�9h7Wid��A[PW9dbeL�,W9SX�5��d,acZf[PU9d

�GWiSP��rjWGZ
µ = µ̄

O�¡�U9]gY,Wih\r³Zf��rCZ %.Ughfr=v#��S^Z\v2O

I � J 2 � NXU�R;P6a�T+5 N�\ ��T$S�� � P
��a�P�\���TDPX\ ] �^P�LDT$S�Y
�zr�Z

µ ≥ 0
m W9d,e

q(µ) := minimum
x∈X

f(x) +

m
∑

i=1

µigi(x).

»���U&%�Z\�,WGZ
q(µ) ≤ s(µ)

�,W9d,e Zf�,WiZ
maximum

µ≥0m

q(µ) ≤ maximum
µ≥0m

s(µ) ≤ z∗.
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¡�UAd,v#[yeLr2h�Z\��r�v#Z\Widxe�Wih7e ��±®Y�hfUAV�SPr�]²Z\U¨¢xd,e
vLP = minimum cTx,

subject to Ax ≤ b,
Dx ≤ d,
x ∈ R

n
+.

·¸r�v#�,Y�YxUFv#rT�5UAh d�U&%�Z\�,WGZ
X
[Pv V;U9�,d,eLr2ezO

�zr�Z
PX := {x1, x2, . . . , xK}

V;rjZf��r¨v#r�Z�Ui��rcp�Zfh\r�]grjY;U9[PdFZ\v�[Pd§Zf�,r�YxUAS^`���r=eLh\U9d
X := {x ∈ R

n
+ | Ax ≤ b }

O

I � JVI � * 	&N6a U ��LVP S7TDN�\ 5
� Z7v���Wi�Ah\W9d��9[yWidjeL�,W9S�% [ Z\�«h\r2vfYxr=a Z�ZfUC��Wi�Ah\W9d��9[yWidCh\r�SyWGpL[Pd�� Zf�,r�a�U9d,v#Zfh7Wi[PdFZ\v

Dx ≤ d[yv.ZfUq¢,d,e
vLP = vL := maximum q(µ),

subject to µ ≥ 0,

% ��r2hfr
q(µ) := minimum

x∈X

{

cTx + µT(Dx − d)
}

= minimum
i∈PX

{

cTxi + µT(Dxi − d)
}

.

»���U&%�Zf�,WiZ Zf��[yv�a2Wid(r ,F��[P�~W9S^r2dFZfSP`�Vxr % h\[^Z#Zfr2d W9v
q(µ) ≤ cTxi + µT(Dxi − d), i ∈ PX , µ ≥ 0

txN
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Zf�,WiZ�[Pv��

vL := maximum z,

subject to z ≤ cTxi + µT(Dxi − d), i ∈ PX ,

µ ≥ 0.

I � J % 4 a�* 50S7a�TDZ S7TDNX\�� N6RQS�TVUWP�LDTGSHY
»���Y�Y;UAvfrTU9d�SP`�W¨vf��V,vfrcZ�Ui�

PX

[yv.¹Fd,U&% d��FW9d,eba�U9d,vf[yeLr�h.Zf�,r��5UAS^SPU&% [^d,�«h\r2v#Zfh\[PacZf[PU9d�U9�
Zf��r���Wi�Ah\W9d��9[yWidbe��,WiSXY�h\U9V,S^r2]

�

zk+1 := max z, � N=°�O^N=W#�
s.t. z ≤ cTxi + µT(Dxi − d), i = 1, . . . , k, � N=°�O^N2V��

µ ≥ 0. � N=°�O^N=a��
. U&%HeLU %.r�eLr�Zfr�h\]g[^d,r�[ � %.r��,W~�Ar��5U9��d,eTZ\��r�UAYLZf[P]_WiSFv#UAS^�LZ\[^UAdTZfU Z\��r���Wi�9h7Wid,�9[yWid

eL�,W9S�Y�h\U9V�SPr�] :��³r�h\[P�9rjZ\��r«UAYLZf[P]_WiSP[ Z�` Zfr=v�Z �³»���Y�Y;UAvfrjZ\�,WGZ %�rj�5UA��d,e§Z\��r�UAYLZf[P]_WiS
v#UAS^��Zf[PU9dzO�n�pLY�SyWi[Pd§��U&% %.rCU9VLZ7Wi[PdbZ\��rjY�h\[^]_WiSXUAYLZf[P]_WiS�vfU9SP�LZ\[^UAdzO

I � J 2 
�a�N �6a�* 5 5
»���Y�Y;UAvfr.Zf�,WiZ�%�r��,W~�Ar�d�U9Z�`9rcZ��5UA��d,e«Zf��r UAYLZf[P]_WiS�vfU9SP�LZf[PU9d«ZfUTZf��r���Wi�Ah\W9d��9[yWid�eL�xWiS
Y�h\U9V�SPr�]§O�n�pLY�SPW9[^d_�,U&%KY�h\U9�Ahfr=vfv�a2WidgVxr�]gWAeLr�V,WAv#r=eqU9dqZf��r�d�r�%®[PdL�5U9h\]_WGZf[PU9dqZ\�,WGZ
%.WAv.U9VLZ7Wi[Pd�r2e �5h\U9]²Z\��rjU9YLZ\[^]_W9S^[^Z�`_Zfr=v�Z=O
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����r�ac��Z#Zf[Pd��TY�SyWid�r.]grcZf�,U�e¨eLr��Ar�SPU9Y;r2e�W9VxUG�Ar��,WAv�v#Zfh\U9d,�³eL�,W9S^[^Z�`jh\r�SyWGZf[PU9dxv#��[PY,v % [ Z\�
Z\��r«acSyW9v\vf[Pa �TWidFZf¼2[^� �F·¸U9S^�5r«eLr=acU9]gY;UAvf[ Z\[^UAd§]qr�Zf��ULe§�5UAh�SP[^d�r=Wih³Y�hfUA�9h7Wi]g]g[^d,�,O����,r
Y��,hfY;UAvfrCUi��Z\��[yv rcpLr�h7ac[yvfr³[yv�ZfU_eLr�Zfr2hf]g[Pd�rjrcp�W9acZfSP` % ��[ya7� UAd�r2v2O

·¸rjhfr�% hf[^ZfrTZf�,rjY�hfUAV�SPr�] � N=°LOPNe�.WAv��5UAS^SPU&%�v �

maximize
(z,µ)

z,

subject to z − µT(Dxi − d) ≤ cTxi, i = 1, . . . , k,

µ ≥ 0.

·�[^Zf� ��±�eL�,W9S��GWih\[PW9V�SPr2v
λi ≥ 0

�5U9h�Z\��r�SP[^d,r2WihTacUAd,v�Z\h\W9[^dFZ7v�� %.r�UAVLZ\W9[^d§Z\��r«�z±
eL�xWiS�ZfUq¢,dxe

vk+1 = minimum

k
∑

i=1

(cTxi)λi,

subject to
k
∑

i=1

λi = 1,

−
k
∑

i=1

(Dxi − d)λi ≥ 0,

λi ≥ 0, i = 1, . . . , k,

Zf�xWGZ�[yv��
tFk
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vk+1 = minimum cT

(

k
∑

i=1

λix
i

)

, � N2µ�OPNe�
subject to

k
∑

i=1

λi = 1,

λi ≥ 0, i = 1, . . . , k,

D

(

k
∑

i=1

λix
i

)

≤ d.

I �dJ�I �H\ S *+a�R^a�* S7P6S7TDN�\ 5
� dFZfr�h\Y�h\rcZ�Zf�,r�WiV;UG�9rTY�hfUAV�SPr�] [Pd(Zfr�h\]_v�Ui��Zf��rjUAhf[P�9[Pd,W9S ��Y�h\[^]_W9SXY�hfUAV�SPr�]§O

I �dJ % � �^P�LDTGSHY a�*LDP S�TDN�\ 5 �^T$R 5
����r�Y�h\U9V,S^r2] � N=µ�OPNe�T[yv�¹�d�U&% dHW9v�Zf��rQ"$( #V13" 23/�1-(e:BFd� #�1 (G" C>"$4'E&=A(GF � � � ±[�«[Pd Zf��r�³W9dFZf¼�[P� ��·{UAS �5rgWiSP�9UAhf[^Zf�,](Ojn�p�Y,SPW9[^d{Zf��rgY�h\U9�Ahfr=vfv�Ui��Zf��[yvjWiSP�9UAhf[^Zf��]§O . U&% eLU�%�r
eLrcZ\r�h\]g[^d�r % ��rcZ\��r�h�%.r��,W~�9r��5U9��d,e Wid4UAYLZf[P]_WiS�v#UAS^�LZ\[^UAd : . U&% eLU %.rbUAVLZ\W9[^d W
Y�h\[^]_WiS�U9YLZ\[^]_WiS�v#UAS^�LZ\[^UAd :wn�p�Y,SPW9[^d Z\��r_rcp�W9acZ«eL�,W9S^[^Z�` h\r�SyWGZ\[^UAd,v#�,[^Y,vCV;rcZ %.r�r2d¸Zf��r
v#�,VL��Wid,e(]_W9v#Zfr2h�Y�hfUAV�SPr�]_v�[^d(Z\��r�ac�LZfZf[Pd��_Y�SyWid�rjW9d,e �³W9dAZ\¼�[P� ��·{UAS �5rCWiSP�9UAhf[^Zf��]_v2O
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¡�UAd,v#[yeLr2h�Z\��rC�5U9SPSPU&% [^d��gY�h\U9V,S^r2]²ZfU
minimize cTx + f(y),

subject to Ax + F (y) ≥ b,

x ≥ 0
n, y ∈ S,

% ��r2hfr
S ⊂ R

` � F : R
` 7→ R

m � A ∈ R
m×n �.W9d,e b ∈ R

m O®·{rsa�U9d,vf[Pe�r�hgZf�,r�GWih\[yWiV�SPr2v
y
Z\U¨V;r :.2��^/e,9=31�[PdbZ\��rCv#r2d,v#r³Zf�xWGZ�Zf��rTY�h\U9V�SPr�]²[Pd

x
[Pv.SP[^d�r=Wih=O�����r³[yeLr=W

V;r���[Pd,e �.r�d,e�r�h7v�e�r2acUA]gYxUFv#[^Zf[PU9d¨[Pv�Z\UC�LZf[PS^[P¼�r.Z\��[Pv�Y�hfUAYxr2h#Z�`��~Zf��h\U9�,�9�«h\r2v#Zfh\[ya Zf[Pd��TZf�,r
Y�h\U9V,S^r2] V�`_¢�pL[^d,�¨Z\��rj�9r=a Z\U9h

y
ZfU�W¨�5r2WAv#[PV�SPrC�~W9S^�,r9O

I � JVI 4 R^R^LDTVZ[P S�TDN�\ 5
±�h\UG��[Pe�rTW9d§W9Y�Y�SP[Pa2WGZ\[^UAdbUi��Zf�,r�WiV;UG�9rTY�hfUAV�SPr�]²�5UAhf]¨��SPWiZf[PU9dzO
I � J&% � *+abT
� P S7TDN�\ 5���5 ��O�R^a�N�O^L * U
·¸rj[^dFZ\hfULeL�,a�rTZf��r�vfrcZ

R := {y ∈ S | ∃x ≥ 0
n % [^Zf� Ax ≥ b − F (y) }·��,WiZ [Pv�Z\��rjh\U9SPr³U9��Z\��[Pv�v#r�Z :

#��,h#Z\��r�h � %.rT[PdFZfh\ULeL�,acrTZ\��r�eL�,W9Szv#r�Z
D = {u ∈ R

m
+ | ATu ≤ c }Z\U9�9r�Zf��r2h�% [ Z\� Z\��rC�5U9SPSPU&% [^d��gr2dAZ\[ Z\[^r=v

�

u
p
i , i = 1, . . . , npW9d,e

ur
i , i = 1, . . . , nreLr2d�UiZ\r2v.Z\��rjrcp�Zfh\r�]grCY;U9[PdAZ7v Wid,e(r�pFZ\hfr2]grTh7W~`Lv.Ui�

D
��hfr=v#Y;r2acZf[P�9r2S^`AO

�³r�h\[^�Ar³Z\��r �.r�d,e�r�h7v v#��V,Y�hfUAV�SPr�] V�`��,vf[Pd��_�z±�eL�,W9S^[^Z�` �
t�°
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I � J 2 � *+abT
� P S�TDN�\ 5�� UWP65?S *+a�R^a�N�O^L * U
��r2hf[P�9rTZ\��rjhfr=v�Z\hf[ya Z\r2e ]_W9v#Zfr�h�Y�h\U9V,S^r2] �

I � J � 4 L ��N6abTGS��;U ]�* 57Z abT$R�S7TDN�\
��r=vfa�hf[PV;r³Z\��r %.U9h\¹F[Pd��Fv�U9��Z\��r�acUA]qY,S^r�Zfr�WiSP�9UAhf[^Zf�,](O � d§Y,WihfZf[yac�,SPW9h

�

�
. U&% eLU %.rCU9VLZ7Wi[Pd(W¨�5r2WAv#[PV�SPr�v#UAS^��Zf[PU9d ZfUqZf��rjY,hfUAV�S^r2] :

�
·���r2dseLU %�rC¹�d�U&%�Zf�,WiZ %�rC�,W~�Ar��5UA��d,e§Wid(U9YLZ\[^]_W9S�v#UAS^��Zf[PU9d :

�
·���[ya7� W9hfr�Zf��rTh\r ,F��[Phfr2]qr2dFZ\v�U9d_Z\��r³UAhf[P�9[Pd,W9SxY�h\U9V,S^r2] e,WGZ\W�Zf�,WiZ % [PSPS;r2d,vf��hfr
a�U9d��9r2hf�Ar�d,a�r�:

�
� dqZf�,r�a�WAv#r�% ��r2hfr.Zf�,r U9h\[^�A[^d,W9S�Y�hfUAV�SPr�] [yv�SP[^d,r2Wih � % �,WiZ�Wih\r�Z\��r h\r�SyWGZf[PU9dxv#��[PY,vV;rcZ %.r�r2d ��r2d,eLr2h\v�e�r2acUA]gYxUFv#[^Zf[PU9d_WidxeqZf��r�a��LZ#Z\[^d,��Y�SyWid�r�W9d,e �³W9dFZf¼�[P� ��·{UAS �5r
W9S^�AU9h\[ Z\��]_v&:�·��,WGZ�Wih\r�`9UA��h�a�U9d,a�S^�,vf[PU9d,vXh\r��FWih7eL[Pd���Zf��r.WiY�Y,S^[ya�W9V�[^SP[^Z�`³U9�LZf��r=v#r
Z\��hfr2rj]grcZf�,U�e,v&:

�
n�pLY�SyWi[Pd ��U&%
Zf��r=v#r«]qr�Zf��ULe�v³Wih\rCVxr=v�Z�[P]gY�SPr�]gr�dFZfr=e§[^d Y,h\WAa Zf[yacrC�5UAh�WgSP[^d�r=Wih
Y�h\U9�Ah\W9]§O


