
���������	����
�����
� ��������������� ������ "!$#&%('*),+�#&%(-/.

0�132 ! 2  "- 2 '4'657#&%(-
8:9�9�;=<?>A@=BDCFE6GH>JIK>MLONQPSRUTWV6XUR3YJ@�Z\[�9�;�]A^K>JI_I(`=a�9�[bBD;�9�;�c�IK>d@=EJef<?9�<?<JIK>gY?hiG6EH9bGH[�[�<jhlkM`m9�[�n�I_GHc�GH;FY?nQIKhoGH>
YA@�Zpc�q�>rIK<?<rI6`ma�9�[bBD;�9�;�c�IK>?;lIsnQIK[�[tI�YfuvT$w(x6y�RzN�{o|mG6BFIK;�<?9�<?<JIK>}`m93hlk4aiGHcQ>AGHh�hiGH;~T$wF�KXUR�VW�U�mw���PST���w��
T$wF�KXUR�V�LONQPSRUTWV�@mEAe�N�RAX?Nz�6��R?y�w"��RUT$w=��@=EJe�YJ^K<?<AGH>�YA[�C�<?[�9�c�GH;�B�GHZ�IK[�[tI�9�>AGH[tIK<?9b@�;�<?9�[�[�aiGHcQ>AGHh�hoGH<
��X6P�XUR�L�T$w"N�wlP�{
8:93aiGH>Aq�>_Y?<A@�>JI�B�GH[tIK>�I6`�nQIKh�9�<AGH[j�O9,ai@�n�GH;��W��I�Y?<_el^K>_elkK[�[bGH>:`m9,@QYAY_<?9�[�[j�sBD9�ZOGH;FY?9b@�;FGH>�^K;�;�C
YJk�[t^K;�c�G*��@=EJe�B�G6YAY?C�<A@�Z�elIK>M`m97@mEAnDYJk�ZOG6B�I��Dh�[b@=EJn�C�>MnQIKh�9�<AGH[7�F{� Q¡D�F{ �F¡l¢D{� £@=EJe�¤D{¦¥D{

§_¨F© ! 2,2 -=ª$'(-
8:9FhlkKZ49�;�;FGH>�9�c�GH;«@�Z¬IK<?<d;�9"aoq�>d<?9�<?<JI�hlk�9�;�>?C�<JI�B�G:C�h�h�cQ9�$<AGH>�GH;FY?nm9�[�<®<?9�[�[l;l^�YA<JI�c�kK;�cf;�9oYAG6Y*{
¯�k�nQIK;�;�93BD9bY?nmC�<AGH>JI�GH>JI�[bqQY?;�9�;�c�IK>}@mEAe�e�]A^K[�hlI�Y}kK<MZOG6B�B�G�YA@�Z°;�9±9�;�<AG�[�²mEJn�I�B�G6Y}[bqQYJID{
³g;

2 × 2
ZsIK<?>?9bY:^K>MGH<?<}YAEJeFGHZsIOI6`�<JIK[±hlk���q�[ ]?IK;FB�G��S@�>?Z

M =

(

a b

c d

)

.

´r^K>}^K>M;lkKcQ>JI4GU��GHZ4hoGH[±hlk�ZsIK<?>?9bYJGH>}YA@�Z�`m97Y?n�IK[�[7YA<?CFB�GH>JI�97B�GH<?<JI�el^��S<AGQµ

A =

(

1 2
1 5

)

B =

(

1 1
1 0

)

C =

(

1 0
0 1

)

D =

(

1 1
1 1

)

E =

(

1 2
3 6

)

F =

(

1 2
0 0

)

³g;�ZsIK<?>?9bY}Z£C�[�<?9�h�[�9bE6GH>JI�Y_ZOG6B�`�GHnm<A@�>AGH>M9±h�[tIK;FGH<Mhlk���q�[ ]?IK;FB�Gr`m9bY(µ
(

a b

c d

)(

x

y

)

=

(

ax + by

cx + dy

)

.

¶7`Qk
2 × 2

ZsIK<?>?9bYAGH>}Z£C�[�<?9�h�[�9bE6GH>JI�Y_hlk��Sq�[ ]AIK;FB�G�YJ^K<?<(µ
(

a b

c d

)

·

(

x y

z w

)

=

(

ax + bz ay + bw

cx + dz cy + dw

)

.

· ¸º¹�»l¼i½A¾"¿j¼\¾lÀ_Á ¹®Â:Ã�½AÄAÅ�Æ�½AÆfÇ}¹�¼

 Q{M³g;
2 × 2

ZsIK<?>?9bYfc�GH>(¡7Z�e}I�@(`QIK;FY?<Jk�GH;FB�GOZfC�[�<?9�h�[�9�n�IK<?9b@�;�ZOG6BÈ`�GHnm<A@�>AGH>(¡7C�h�h�eF@*`É<?9�[�[dGH; ÊQË�ÌzÍÎ�Ï Ð�ÑÒzÏbÓÐ�ÑÔÓ�ÍÔÕ&ÏtÎ&Ó�Ð�Ñ ÖA×�ÑÎ�Ð�Ø�Ø�Ë�Ù ÌOÙgÒzÙ ÌÚ ×�ÑÎ�Û Ë�ÑÙ ÌzÜÞÝ�$C�;�nm<?9b@�;7{j´}C�>4BFk�ß�à_;�c�G�B�GUáF;�9�<?9b@�;FY?Zs^K;�c�Bâ@mEAe�ZskK[�Zs^K;�c�B±{}�Sã/IK;�Y�^Kc�GH>4IK<?<�ZsIK<?>?9bYAGH;
�KXUR��KN�R�hlk�h�C�;�nm<AGH>M97h�[tIK;FGH<({ä�

�D{Må_^Knm;lI«C�<�e�C�>�ZsIK<?>?9bYJGH;
A
@*`�IK;æ`�GH>?n�IK>�hlk�h�C�;�nm<AGH>?;lI

(0, 0)
¡
(1, 0)

¡
(0, 1)

¡
(1, 1)

{,¯�`�Y
aoG6YA<J^KZ

A

(

0

0

)

, A

(

1

0

)

, A

(

0

1

) @mEAe
A

(

1

1

)

.

åM9�<JI�GH;æa�9�[bB±¡7ZOG6BÈ<?`Qk�n�@�h�9b@�>�I6`/h�[tIK;FGH<(¡3YA@�Zç`=9bYJIK>£e�C�>fB�G6YJYJI�h�C�;�nm<AGH>�I6`ma�9�[bBFI�Y�Z�e}I
ZsIK<?>?9bYAGH;7{

è {_érq�>MYJIKZ4ZsI4Y�IKns��q�>�ZsIK<?>?9bYAGH>?;lI
C,F

{
�F{_|=<JIK>?<JI:;�C4ã/IK<?[tIKa4c�GH;F@�ZêIK<?<jYAn=>?9�`QIMn�@�Z4ZsIK;FB�@�<}L4N�PSuN�ë,9�GH<?<��D<AGH>?Z\��q�;FY?<AGH>jhlkrGH;OI6`�BFI�ì
<A@�>AGH>?;lI_9DGH>?<jcQ>?C�h�h�>?C�Z�{Qí3^�Y�9DGH;4ã�IK<?[tIKa�ZsIK;�ClIK[�e=C�>jZsIK;�ZsIK<JIK>j9�;4GH;�ZsIK<?>?9bY(¡�@=EJefZsIK<JI
YAG6BFIK;�9�;�ZsIK<?>?9bYAGH>?;lI

B,D,E
Y�IKZ£<}B�G_�S²=>JIf`�GHnm<A@�>AGH>?;lI (

0
0

)

,

(

1
0

)

,

(

1
0

)

,

(

1
1

) {
érq�>£;=C�YJIKZ4ZsI�Y�IKn/YJ@�Zî9dC�h�h�cQ9�$<4���&I�Y?<���q�>�ZsIK<?>?9bYAGH>?;lI

B,D,E
ZOGH;�[tkK<£;=C�ã/IK<?[tIKa

c�q�>JI�aiGH>J^Kn=;�9�;�c�IK>?;lID{

¥



¥D{Mã�IK;�nQIK;�B�GH[tI�C�h�h�ZsIK<?>?9bYAGH>?;lI
A,B,C,D,E, F

9±<?`QkfcQ>?C�h�hoGH>}aoGH>A@mGH;FB�Grhlk�e�C�>}B�G:�S²m>JI ��� Ü�Ü7Ù Ì&Ó�ÏlÌzÏtÒ Ú ×�ÑØ�����Î�ÏtÓ Ó�Ù Ò��
	ÒzÏtÌzÌzË��
��zÜ�Ù Ú ÓKÌ��JÝ
� Ù�	SÓ�ÏtÑÎ�Ð�Ø�Ø�ÏtÑWÝh�C�;�n=<AGH>?;lI«[�9�cQc�GH>�9���q�>?elkK[�[tIK;FB�G�<?9�[�[j`�IK>JIK;FBD>JI�GU�S<AGH>r`�GH>?n�IK;æI(`�ZsIK<?>?9bYAGH;7{i8®IK>z��q�>ra�[�9�>�B�GH<

@�[�9�n�I�a�9�[bB�GH>f�Sq�>�B�Gs<?`Qk�@�[�9�nQI�cQ>?C�h�hiGH>?;lI�I6`ÈZsIK<?>?9bYAGH>�ß���IK;~;�9dcQ9bYAYJI�B�GH<�ß�¯�`�Y(¡3n�IK;~;�9
e�9�<?<JIO;lkKc�@�;/GHc�GH;FY?nQIKh�YJ@�Z YJ^K>AY?nm9�[ ]?GH>MZsIK<?>?9bYAGH>?;lI�9,B�GH;��Sq�>AYA<JI4cQ>?C�h�hiGH;��S>JkK;�ZsIK<?>?9bYAGH>?;lI
97B�GH;�IK;FBD>JI�ß��_Z°;�9±nQIK;�B�GH<(¡�n�IK;�;�93aoGH`m9bYJI4IK<?<MYJk4^K>��&IK[�[bGH<�ß

� ��½AÆf¿g¹M¼o½z»o¿�»

 Q{��};FB�GH>AYJq�n�e�C�>rZsIK<?>?9bYAGH;
A
@(`QIK;�`�GH>?n�IK>rhlksh�C�;�n=<AGH>?;lI

(1, 2)
¡
(2, 4)

¡
(5, 10)

{i8®I�BÉ^K>rB�GH<
YA@�Z�el^K;FB�GH>�ß£8®IK>z�Sq�>}el^K;FB�GH>}B�GH<?<JI�ß��}>�h�C�;�nm<AGH>?;lIOY?[�C�Z4h�Zs^�YJY?9�cQ<�`�IK[bBFI�ß

�D{�8_9bY�I£IK<?<®ZsIK<?>?9bYJGH;
A
@(`QIK;ÉN��KëUT$u��N�Rg`�IK>S]?GM[�9�;�]?GMc�GH;F@�Z¬@�>?9�c�@fhlk�;lkKc�@�;«[�9�;�]zG}c�GH;F@�Z�@�>?9�c�@�{

ã Ij@�¡7IK<?<rcQ9�`�GH<�GH;É[�9�;�]?G
`
c�GH;F@�Z @�>?9�c�@«áF;�;FY�B�GH<�GH;É[�9�;�]?G

m
c�GH;F@�Zç@�>?9�c�@�Y�k«IK<?<r`QIK>S]zG

h�C�;�n=<®hlk
`
Y?nm9bEAnQI�Y®I(`

A
<?9�[�[lGH;4h�C�;�nm<	hlk

m
{l�Sí3G6BD;�9�;�cFµm|=nm>?9�`f[�9�;�]?GH;OhlkrhlIK>JIKZOGH<AGH>z��@�>?Z�{ä�

è {��jq�>AYAq�n�`m9bYJI«IK<?<:`m9�[�n�GH;/ZsIK<?>?9bY
M

YA@�Z eFGH[bY?<�I6`ma�9�[bBFIK>�GH;É[�9�;�]?Gfc�GH;F@�Z @�>?9�c�@�hlk«GH;/[�9�;�]zG
c�GH;F@�Zp@�>?9�c�@�{

�F{�8_9bY�If@mEAnDYJk4IK<?<
M

(

x

y

)

+ M

(

z

w

)

= M

[

(

x

y

)

+
(

z

w

)

] ¡m�Sq�>�c�@mBD<�²DEAnm[�9�c
2 × 2

ZsIK<?>?9bY
M
{

8®I�B/;�9jelIK>�`=9bYJIK<r9gB�GH;�;lI�@mEAe/��q�>AGHc�k�GH;FB�G�C�h�h�cQ9�$<£^K>£IK<?<�GH;ÉZsIK<?>?9bY
M

c�GH>rC�h�h�eF@*`�<?9�[�[
GH;ÈuÔTWw(x6y�R�N��KëHTWu���wFT$w=�Q{

¥D{Mí3^�Y�|DIK<AY��D{ è hlk«Y?9bBFIK;� (¥D f9jao@�n�GH;/@=EJe���n�^K;�;/9�c�GH;��J{ií3^�Yr¯rGUáF;�9�<?9b@�;æ¤D{��4hlk«Y?9bBFIK;��F  �s9
ao@�n�GH;7{D|=<J^KZ4ZOGH>�B�GH<?<JIfq(`�GH>AGH;FY�ZOG6Bshlk�Y?<Jk�GH;FB�GH<�IK<?<�GH;sZsIK<?>?9bY�c�GH>dGH;�[�9�;�]?^K>�I6`ma�9�[bBD;�9�;�c=ß

¢D{Mí3kK<
R
`�IK>JI4hlIK>JIK[�[bGH[�[b@�cQ>JIKZ4ZOGH<:`QIK>AY�eFq�>?;/^K>Mh�C�;�n=<AGH>?;lI

(0, 0)
¡
(1, 0)

¡
(0, 1)

¡
(1, 1)

{l8®I�B
a�[�9�>

M(R)
¡FB�`�YM`�I�B�a�[�9�>�ëHTWu���XUw�I(`�hlIK>JIK[�[bGH[�[b@�cQ>JIKZ4ZOGH<_C�;FB�GH>��SC�;�nm<?9b@�;FGH;�cQ9�`�GH;�I6`

M
ß ! Ù ÌÞÌzÍiÌzÙ�ÖAÏWÜ�ÑÔÏ"�#�AÏtÓ%$'&)( * Ú Ñ+	�ÌgÙ Ì#Ó�ÑÐ�Î,�zÑÍÏtÌ.-8®I�B�elIK>

A(R), B(R),
GH<AEQ{D�Sq�>���@�>?Z�ß

�m{�8_9bY�I4IK<?<MGH;
2 × 2

ZsIK<?>?9bY_I(`=a�9�[bBFIK>}GH<?<}hlIK>JIK[�[bGH[�[b@�cQ>JIKZphlk4GH<?<�hlIK>JIK[�[bGH[�[b@�cQ>JIKZ �$ZOqK]Þ[�9�cQ<?`m9bY
GH<?<4B�GHc�GH;FGH>AGH>JIK<4hlIK>JIK[�[bGH[�[b@�cQ>JIKZ��U{}�Sí7G6BD;�9�;�cFµ0/�G6Y?nm>?9�`æIK[�[tI�h�C�;�nm<AGH>�9�GH<?<�hlIK>JIK[�[bGH[�[b@�cQ>JIKZ
YA@�Z°@�>?<AY?`�GHnm<A@�>AGH>}cQ9�`m;lI�YA@�Z�[�9�;�]A^K>?n�@�Z£a�9�;lIK<?9b@�;FGH>�I6`�<?`Qk�`�GHn=<A@�>AGH>({ä�

1 {
∗
8®I�B�c�q�>

A
ZOG6B�GH;�>J^K<4[�9�;�]?G�YA@�Z T$wlP�Xfc�kK>4c�GH;F@�Z @�>?9�c�@�ß2�}@�[�[tIÉGH<?<4hlIK>OGU��GHZ4hoGH[M@mEAe

�Sq�>AYJq�n�`m9bYJI�B�GH<?<JI���q�>MGH;�c�@=BD< ²mEJn=[�9�c�ZsIK<?>?9bY
M
{

¤D{
∗
�_Z ;�9�elIK>g[�²mEJn�IK<AYdIKaFY?<?>JIKeFGH>JIrY?nm9�[�[�;lI�B�GH;OZOGH[�[tIK;4ZsIK<?>?9bYAGH>?;lI

A,B,C
>AG6YAhoGHnm<?9�`�G

D,E, F@(`QIK;7¡D��q�>AYAq�n�BFk�`m9bYJI4IK<?<���q�>�`�IK>S]?G:[�9�;�]zGO�$c�GH;F@�Zp@�>?9�c�@�ßK��^K>�a�9�[bB�GH;�I(`«GH;�[�9�;�]?G�^K>MGH;�[�9�;�]?G
C�;FB�GH>�`�GH>?nQIK; I6`â`QIK>S]zG�ZsIK<?>?9bY�I6` YJIKZ4ZsI3��<�²mh���YA@�Z

A,B,C
¡dZOGH; 9�;=<AG�IK[�[�<?9bB C�;FB�GH>

`�GH>?n�IK;�I6`OGH;OZsIK<?>?9bY�I6`OY�IKZ4ZsI�<�²mh�YJ@�Z
D,E, F

{m´_C�>®Y?<J^KZ4ZOGH>dB�GH<?<JI£ZOG6BOBD9�<?<d>AG6Y?C�[�<JIK<
954��D{

 76D{ érq�>�C�h�h�cQ9�S<AGH>?;lIs�D{ è �4@mEAe��D{ è ¢�93ao@�n�GH;7{

8 ·mÆ:ÂM¿j¼i¾

 Q{�/�GH>J^Kn=;lI
B · A

{9/�GH>J^Kn=;lI�;=C
B(A

(

1

1

)

)
@mEAe

(B · A)
(

1

1

) @=EJe�]?^KZ���q�>�>AGHC�[�<JIK<AGH;"ß�/�[�9�>MB�GH<
IK[�[�<?9bB�YJk�el^K>}@�aiGH>A@mGH;FB�G£I6`«h�C�;�n=<_@=EJe�ZsIK<?>?9bYAGH>�ß

�D{�8®I�B�^K>MB�GH;�c�GH;FGH>AGH[�[tIsYJIK<AYAGH;�YA@�Z°@*`�IK;FY?<Jk�GH;FB�G�^K>MGH<?<}Y?hiG6EH9tIK[��IK[�[3I(`�ß : 	SÓmÐ�Ø£Ë�ÍÍÐ,�tÙ ËSÓ�Ù #ÕÞÙ Ó�ÏbÓ$Ý
è {���9�;�;�GH;�ZsIK<?>?9bY

M
YA@�ZpI6`ma�9�[bBFIK> (

1

1

) hlk (

2

1

) @mEAe (

3

1

) hlk (

4

3

) ¡�B�`�YMY�k4IK<?<

M

(

1

1

)

=
(

2

1

) @=EJe
M

(

3

1

)

=
(

4

3

)

¢



��IK;�;�9iYAn=>?9�`QI£@�Z�B�G6YAY�I�<?`Qk£GHnm`QIK<?9b@�;FGH>�YJ@�Z XHwOGHn=`QIK<?9b@�;/�SYJ@�Z�9�;�;FGHelkK[�[bGH>�<?>AG:ZsIK<?>?9bYAGH>��U{
�F{���IK;�;�9±e�9�<?<JI4GH;�ZsIK<?>?9bY

K
YA@�Zpc�kK>�<?9�[�[�alIKn�ID¡FB�`�YMYJk4IK<?<

K

(

2

1

)

=
(

1

1

) @mEAe
K

(

4

3

)

=
(

3

1

)

?

¥D{�8®I�B a�[�9�>«;�C
KM

(

x

y

) ß�8®I�B a�[�9�>
MK

(

x

y

) ß�´}C�>�el^K;�c�GH>«B�GH<?<JI~9�eF@�h ZOG6B aiGHcQ>AGHh�hiGH>
9�;�`�GH>AYM�$C�;�nm<?9b@�;"ß

¢D{���9�;�;FYMB�GH<M;lkKc�@�;�9�;=`�GH>AY��SC�;�n=<?9b@�;�<?9�[�[,B�GH;�[�9�;�]?^K>JIOI(`=a�9�[bBD;�9�;�c�GH;�cQ9�`�GH;�I(`
M =

(

1 2

3 6

) ß

�m{���9�;�;FY4B�GH<�;lkKc�@�;�ZsIK<?>?9bY
M

YJk�IK<?<
M

(

x

y

)

=
(

x

y

) ��q�>4IK[�[tI
(x, y)

ß ��9�;�;FY4B�GH<�ZskK;�c�I ��� ÓÓ �
�
�zÜ�Ù Ú ÓiÍÐ�ØÎSË�ÌiÕ�Ë�ÑËFÍÔÕ 	�ÑÛ ×�ÍÔÓWÝ
YJk�BFIK;lI�ß£í7G6BD;�9�;�cFµF8�^K[ ]

(x, y)
ZOG6B�@�ZOYA@�>?cF{

1 {�8®I�B~^K>£B�GH<�YA@�Zî^K>£Y�k�Y?hiG6EH9bGH[�[�<£ZOG6B
I =

(

1 0

0 1

) ßs8®I�BÈa�[bGH`
KM

@=EJe
MK

9dC�h�h�cQ9�$<
��¥�ß

¤D{Mí7qQY}GHnm`QIK<?9b@�;FGH;
B

(

x

y

)

�
(

a

b

) c�GH;F@�Z IK<?<Me�9�<?<JIOGH;�ZsIK<?>?9bY
N
Y�k4IK<?<

BN =
(

1 0

0 1

) @=EJe
YAG6BFIK;�c�q�>JI�;lkKc�@�<_n=[�²=�$<?9�cQ<({

 76D{�8®I�BselIK>�B�GH<?<JIfIK<?<dc�q�>JI�ZOG6B�aiGHcQ>AGHh�hoGH<_TWwF��XURJV®YJ@�Zê`m9l[t^K>AB�G}@QYJY®;l^K>d`=9oY?<?CFB�GH>JI�B�G}a�9�;l^K>JI
@�hoGH>JIK<A@�>AGH>�ß

 Q Q{���kKZ49�;�;/GH>MYS]A^K[�`�I�@�Zpe�C�>}9�;=`�GH>AYM�SC�;�nm<?9b@�;�9�a�[tIK;FB�nQIK;�YAG6YMYA@�Z�9�;=`�GH>AY?<_GH[bGHZOGH;=<_Z I�h�GH;
@�hoGH>JIK<A@�>({ ��C�;�n�IK>_B�GH<?<JI�el^K>�ß���q�>AYJq�n�IK[�[�<AYJk�B�GUáF;�9bGH>JIOaoGHcQ>AGHh�hiGH<M9�;=`�GH>AYMZsIK<?>?9bY({

 (�D{M¶3G6Y?<JIOn�@�Z4ZsIK;FB�@�<��DXHu �æT$wF�M93ã/IK<?[tIKa7{ /�GH>J^Knm;lI4;�C�9�;�`�GH>AYAGH;�<?9�[�[7ZsIK<?>?9bYAGH;
B
@mEAe4]A^KZ��Sq�>

ZOG6B
N
95��¤D{

  è {�/�GH>J^Kn=;lI};�C�ZOG6B�ã�IK<?[tIKaFY�e�]A^K[�h�9�;=`�GH>AYAGH>?;lI_<?9�[�[mB�G�kK<AGH>AY?<Jk�GH;FB�G�ZsIK<?>?9bYAGH>?;lI
A,C,D,E, F

{
�_Z ;�9g9�;�<AG4>AG6BFIK;æ9�;FYAGH>�`�IK>z��q�>�YJk«n�@�Z4ZOGH>�;�9g9®I(`mY?;�9�<?<�ã ;FG6BFIK;/��q�>AY?<Jk«`�IK>z��q�>�ã/IK<?[tIKa
9�;�<AG�c�GH>_GH>�;lkKc�@�<}a�>JI�Y?`QIK>��Sq�>�`m9bYAYJI4I(`«B�G6YJYJI�ZsIK<?>?9bYAGH>({

 H�F{
∗
�jq�>�`=9�[�nQI�ZsIK<?>?9bYAGH>

M
n�IK;�ZsIK;�e�9�<?<JI4GH;�ZsIK<?>?9bY

M−1
YJk4IK<?<

MM−1 = I
ß

 (¥D{
∗
��IK;�;�9±c�G�GH;���@�>?ZOGH[±��q�>

M−1
@�Z

MM−1 = I
@=EJe

M =
(

a b

c d

) ß

 (¢D{ érq�>�C�h�h�cQ9�S<AGH>?;lIs¢D{¦�QID¡l¢D{¦�Ka7¡l¢D{ 1 EQ¡"¢D{¦¤4@=EJe�¢D{¦�D �9±ai@�n�GH;7{

� � ¼o¿g¹

 Q{�8®I�B«^K>MIK>AG(IK;�I6`�>AGHn=<JIK;�c�GH[�;
R
9"C�h�h�cQ9�S< 4�¢�ß:8®I�B«a�[�9�>�IK>AG(IK;�I(`

K(R)
9iB�G_<?`�k���IK[�[bGH;�BFk

K =
(

9 1

0 1

) @mEAe
K =

(

1 9

0 1

)

?

�D{���IK;�;�97YAGr;lkKc�@�<}Y�IKZ£alIK;FB�GH<}ZOGH[�[tIK;�<JIK[bGH;�9±ZsIK<?>?9bYAGH;
K
@mEAe�IK>AG(IOI(`

K(R)
{

è {Mí3kK<
K =

(

4 1

3 5

) {9/�G6YA<J^KZ IK>AG(IK;�I6`
K(R)

{9��C�;�nQIK>}GH>?<}YJIKZfalIK;FB���@�>?<z��IK>JIK;FB�G*ß

�F{�8®I�B�YJ^Kc�GH>�GH>?<�Y�IKZ£alIK;FB�IK<?<MIK>AG(IK;�I6`
K(R)

^K>�@�Z
K =

(

1 4

5 3

) ß ��9bEAn�;�9o;FGHc�IK<?9�`�IK>AG(I�ß � ×�ÑÍ×�Î Ù Ì�ÓÏÍØ �ÞÍÍÛ Ë �zÌÞÒzË�ÌØ�Ù Ì,�zÍÔÓ�Ï ��Î�ÌzÏtÓ�Ì � ÑÙ ÌzÜ�ÏtÌiÓ�Ù ÓÓ�Ë�Ñ
	|D^Kc�;lkKc�@�<�`�GH<?<?9�cQ<�@�Z B�GH<?<JID{ �_@�[�[tI�<FGU�~`�I�B~YA@�Zîel^K;FB�GH>�ZOG6B~9�;�aiq�>AB�G6Y4@�>ABD;�9�;�c�GH;âI6`
`�GHn=<A@�>AGH>?;lID¡gYJ@�Z YAhl^K;�;FGH>�C�h�h

R
¡�;l^K>

M
`�GH>?nQIK>4hlk�B�GHZ�{M�$8®I�B�ZOGH;lI�Y�ZOG6B�9�;�aiq�>AB�G6Y

@�>ABD;�9�;�c=ß��

�



¥D{��F@�>?Z£C�[bGH>JI�GH;«YJIK<AYdZOG6B�GH;��S@�>?ZOGH["��q�>�IK>AG(IK;�I6`
M(R)

C�<?<?>?²DEAnm<�9"n�@mG��sEH9bGH;�<AGH>?;lI£��q�>�B�GH;
c�@=BD< ²mEJn=[�9�c�IOZsIK<?>?9bYAGH;

M
{

¢D{�8	GH>?9álGH>JIsIK<?<MBD9�;�Y�IK<AYMY?<J^KZ4ZOGH>���q�>}IK>AG(I�@�>?;lIsI(`sáFcQC�>AGH>?;lI
A(R)

¡
B(R)

¡3{6{6{6¡
F (R)

ß�¶�9�<?<JI4hlk��$>JkKc�I��z¥�9�c�GH;7{
�m{
∗
/�GH`=9bYJI�BD9�;ÉYJIK<AY({ií±9bY?<JI�C�<�IK[�[tI«@�[�9�n�Is�&IK[�[�YJ@�Z Zsk�YA<AGfaiGHelIK;FBD[tI�Y�@mEAe/C�<?>AG6BÉYJIKn�GH;/9,`QIK>S]?G
GH;FY?nm9�[�<���IK[�[&{

1 {
∗
�F@�>?Z£C�[bGH>JI�GH;�[�9�nm;lIK;FB�G�[�9�n=;lIK;FB�G£YJIK<AY��&I�Y?<��Sq�>MGH<?<}c�@=BD< ²mEJn=[�9�cQ<MhlIK>JIK[�[bGH[�[b@�cQ>JIKZ�{

¤D{ érq�>�C�h�h�cQ9�S<AGH;��F{¦�D �9±ai@�n�GH;7{

¸ � ¿�»o¿j¼iÁ ½AÆ�¹MÆ_»"¿j¼

 Q{��fX6P�XUR�L�T$w"N�wlP�XHwf<?9�[�[lGH;
2×2

ZsIK<?>?9bY
M =

(

a b

c d

) ^K>
Det(M) = ad− bc

{ ��^K;�;FGH>�;�9l9�c�GH;
B�GH<?<JI�C�<?<?>?²DEAnFß�8®IK>�elIK>_BDC�YAGH<?<MB�GH<M<?9bBD9�c�IK>AG�C�;FB�GH>}n=C�>AYAGH;"ß

�D{�/�GH>J^Kn=;lI4B�GH<AGH>?Z49�;lIK;=<AGH>?;lIO<?9�[�[3ZsIK<?>?9bYAGH>?;lI
A,B,C,D,E

@mEAe
F
{

è {�8®I�B�^K>���q�>?elkK[�[tIK;FB�GH<}ZOGH[�[tIK;
Det(M)

@mEAe�IK>AG(IK;�I(`
M(R)

ß£¶�9�<?<JI�;�C�hlk��$>JkKc�I��z¥�9�c�GH;7{

�F{���9�;�;FYgB�GH<g<?`�k:@�[�9�nQI}h�C�;�nm<AGH>
(x, y)

@mEAe
(z, w)

YJkrIK<?<jã (

x

y

)

� ã (

z

w

) ¡QBFk
M =

(

1 2

4 8

) ß

¥D{�8_9bY�I4IK<?<}@�Z
Det(M) = 0

¡FBFkfáF;�;FY}B�GH<M<?`Qk�@�[�9�nQI�h�C�;�n=<AGH>
(x, y)

@mEAe
(z, w)

YJk4IK<?<

M

(

x

y

)

= M

(

z

w

)

.

¢D{�8®I�B�elIK>MB�GH<AGH>?Z49�;lIK;�<:ZOG6B�9�;�]?GHn=<?9�`m9�<AGH<_IK<?<�c�q�>JI�ß
�m{�8®I�B�`�GH<�`m9±;�C�@�ZpGH;�B�GH<AGH>?Z49�;lIK;�<AGH;ÉI6`�GH;�ZsIK<?>?9bY}YA@�Zp^K>�9�;=`�GH>?<AGH>?alIK>�ß
1 {M¶3G6Y?<JI�n�@�Z4ZsIK;FB�@�< �DXUu � ��X6P®9�ã�IK<?[tIKa7{�8�^K[ ]�<?`�k

2 × 2
ZsIK<?>?9bYAGH>

M
@=EJe

N
@mEAe�]?^KZ���q�>

YAG6BFIK;
Det(MN)

@mEAe
Det(NM)

ZOG6B
Det(N)

@mEAe
Det(N)

{ �g>A@(`QI�c�^K>?;lI�ZOG6B�IK;FBD>JI
ZsIK<?>?9bYAGH>({"|mGH>}BDC�;lkKc�@�<_ZOq�;FY?<AGH>�ß

¤D{M¶,I�>AG6BFIrhlk�Y?`QIK>AGH<	<?9�[�[F�S>JkKc�I�í 1 {"� ��>JkKc�I�;lkKc�@�;«GH[�[bGH>®[bqQY	B�GH;7{ä�	à};=`�^K;FB�B�GH<?<JI:��^K>�IK<?<®Y?`QIK>JI
hlk4��q�[ ]AIK;FB�G��S>JkKc�ID{l8®I�B�>Jk�B�GH>rB�GH<_��q�>_Y�IKZ£alIK;FB�ZOGH[�[tIK;

Det(M)
¡
Det(N)

@=EJe/IK>AG(IK;ÈI(`
N(M(R))

ß
 76D{�8®I�B�e�]A^K[�hoGH>MBD9�c4��q�>AGHc�k�GH;FB�G�C�h�h�cQ9�S<_IK<?<M<A@�[�nQI�BD9�;�C�h�h�<J^�EAnm<}9±C�h�h�cQ9�S<}ã 1 ß
 Q Q{���IK;�BDC�IK>?cQC�ZOGH;�<AGH>JI���q�>�BD9�<?<�YA`�IK>�9±ã �£9�c�GH;7¡=�&I�Y?<�;�C�ZOG6B�C�<?c�kK;�c�Y?h�C�;�nm<��$>JkK;�BD9�<?<MY?`QIK>

97ã~ 76�ß
 (�D{

∗
��IK;~BDC�a�[�9�I(`ÉZOG6B�IK[�[tI�IKaFYA@�[�C�<?<AG6EAn�GH;�9	�S>JkKc�I�ã� 76�c�GH;F@�Z IK<?<£[�9bYA<JI�C�<�IK[�[tI�@�[�9�nQI��&IK[�[
YA@�Z�Zsk�Y?<AG�aiGHelIK;FBD[tI�Y}@mEAe�C�<?>AG6B�YJIKn�GH;�9±`QIK>S]zG�GH;FY?nm9�[�<�ß

  è {
∗
8_9bY�I�BD9�;�C�h�h�<J^�EAnm<��S>JkK;�C�h�h�cQ9�$<Mã 1 IK[�c�GHa�>JIK9bY?nm<({

 H�F{ érq�>�C�h�h�cQ9�S<AGH>?;lI4�F{ è ID¡��F{¦�Q¥�9±ai@�n�GH;7{

1


