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Ax = b
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x
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H�g�g�UW9qMODC@FTx<?g�gy;=<?LSknTx<?>Q]�J�J49�LS@FD_<vVI[W<�kn>_<?DFJXBEDC]Ik�BEL�@C]�JsZ?>QBELKzS9�DF9�UWD{<?LI[�Z?LSkyJXBEDC]\kXMrb�>Q<?DFD
<?L�g=<�@C@|<�JX]Ik�BET�T^BE>jDF9�T�T,kS<?D_<nc
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A ¥?¦�§¨¦�©Nª/«X¦ ¤ §N¬x­(®h¯�°W§|ª"¦Wª/¦�¥ A °W§R«4°WªI±�²�©Nª
Ker(A) = {x : Ax = 0}.

� -�� 2 !x%*!$� 2�³´¡3£W¤
A ¥?¦�§¨¦�©Nª/«X¦ ¤ §N¬x­(®hµY¬$¶q²I©Nª·¦�¥ A °�§~«X°�ªI±�²I©Nª

Im(A) = {y ; y = Ax, ¸6¹�§Rª £ ±�º ¤ x}.
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Ker(M)
kSi

M
9nDFH�>	]\�C;4]�>CknL�9�L�U�Z?>GBELX<6[�k�B{½:JK<?DF>F9^@_BE>FL=<wk�BN¾SL�9^BE>_<�k�BY9nl�b�>O¿C<?L

g=i4À�g�g�UW9qM$DC@F;=ZÁMODCB » cn8A<�kÂM&i?>YL�9ÃMrb�>j@FTx<?U�@YJKZ?L�U�k�BE>|t
�ncj¼{BE>_Z?VIL=</LIH�]\�CVn@_i

Im(M)
MOb�>Äk�B�½/JK<?DF>F9^@CBE>FL=<nc{o\BE>KL�9jL=i?U�]�DK@|<?Jvl=<?LSk�JXB6k�JXBET�Tx<?L

kn9�JXBELS@F9^]�LSBE>FL=<4g=i
Ker(M)

]I�_;
Im(M)
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M =

(

0 0
0 0

) t
ÅScY8�9^@|<�<?DFD�BEL�JK<?DF>F9^@

A
U�BE>�BEL�9�L�¿FBEV\DF9�[Æ<([Il�9�T^knL�9�L�UÆ]�JÇ]I�_;ÈBELSkS<�@FD�]�J

Ker(A) = {0}
c

8A<�k�VW<?L
A
[W<?>_<�MOb�>YDÉ`Ig�<6[yJK<?DF>F9^@YMrb�>f<?DFDfkn9�DFDf<?>FUWH�JXBEL�Dw@FVW<?T�ThM$H�L�U�BE>_<�t

�ncjÊ3i?D
A
[W<?>_</BEL

n × n
JK<?DF>F9^@X]\�C;

x,b ∈ R
n
ceÊ3i?D

x1

[�<?>_</BELÌËxÍ ¦W§ ¤ ¬ÏÎ*Ð\¶q°�§CÑ T^bW@FL�9�L�U�DF9�T�T
Ax = b

]\�C;
x0

BEL�T^bW@FL�9�L�UXDF9�T�T3k�BEDfJX]�DC@F[�<?>_<?LSk�B~;S]�JX]�U�BEL=<X@F`n@FDCBEJXBED
Ax = 0

c�8:9^@_<4<?DFD
y = x1 + x0

Z?>�BEL�T^bW@FL�9�L�UXDF9�T�T
Ax = b

c Ò_Ó Ô¨ÕxÖr×qÓ ØqÕxØ$Ù
½ncY8A<�k�;=<?>Y[\9ÃV�<?T�Tx<?DjT^bW@CL�9�L�U�@FJKZ?L�U�k�BEL�DF9�T�T3k�BEDY;S]�JX]�U�BEL=<KBEVI[W<?DF9^]�LS@C@F`n@FDCBEJXBED|t
Ú\cjÛ,<�MO>_<?JÜDF>CB~]�T�9�VW<�T^bW@FL�9�L�U�<?>jDF9�T�T

(

1 2
3 6

)(

x

y

)

=

(

1
3

)

.
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Ker(A)

t
ó c
∗ ô LID_<?U�<?DFD Ax1 = b

cW8:9^@_<v<?DFD ¥Á¦�§$õ6© T^bW@CL�9�L�U x
DF9�T�T

Ax = b
VW<?LK@FV\>F9�[�<�@�@C]�J

x = x1 +x0
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x0
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R
2
DF9�T�T

R
3
UW9�[�BEL <([yJK<?DF>F9^@_BEL

A =





1 −1
1 1
2 −1



 .

8�9^@|<v<?DFD
Im(A)

Z?>QBEDFDAg�Tx<?L7c\¼{B6@FD_Z?J BEV\[�<?DF9^]�LSBELÄMrb�>�k�BEDFD_<vg�Tx<?LKg=i~MO]�>FJXBEL
Ay1 +By2 +

Cy3 + D = 0
c

�ncj¼{BEDF>_<?VID_<4BEV\[W<?DF9^]�LS@C@F`n@FDCBEJXBED(�




1 −1
1 1
2 −1





[

x1

x2

]

=





0
2
2





Ýf>jk�BEDFD_<X@F`\@CDCBEJÜT^bW@Fl=<?>FD|t
�ncj¼{B6@FD_Z?J <?T�Tx<�;Sb�U�BE>FT^B6k�Mrb�>Y[\9�T�V�<�@F`n@FDCBEJXBEDfZ?>jT^bW@Cl=<?>FD(c
ÅSc��GV\[�<?DF9^]�LS@C@C`\@FDCBEJXBED�]([W<?L Z?>�9�LIDCByT^bW@Fl=<?>FD4BNM$DCBE>C@C]�J <?T�Tx<�T^bW@FL�9�L�U�<?>

AX
T�9�UWU�BE>�9{BEDFD�g�Tx<?L

]I�_;Âg�H�L�VIDCBEL
b = (0, 2, 2)

T�9�UWU�BE>{9�L�DCB:9Ãk�BED�g�Tx<?LSBED(cn8:9�T�V�BELyg�H�L�VID{l�T�9�>Yk�BELÄl=Z�@CD_<�<?g�g�>C]����
9�JK<?DF9^]�LSBEL�DF9�T�T7;Sb�U�BE>FT^B6k�BED|t

�ncY8A<�k�l�T�9�>jT^bW@FL�9�L�U�BEL�<6[ÂBEVI[W<?DF9^]�LS@C@F`n@FDCBEJXBEDjJXB6k�k�BEDjLI`�<�;Sb�U�BE>FT^B6k�BED|t
½ncj¼{BEDF>_<?VID_<�¾SUWH�>CBEL7c��XMOb�>CBEU�i�BELSk�BÆb*[��
L�9�L�U @FV\H�T�T^B L�9 l�B6@FD_Z?J4JK<�[I9�T�V�BEL
g�H�L�VIDÆ9�g�Tx<?LSBED·@C]�J U�<([ k�BEL l=Z�@��
D_<v<?g�g�>C]��\9�JK<?DF9^]�LSBEL7c�deb�>F;S]�g�g�L�9�L�U�@��
[I9^@�[�<?T^k�B L�9v;Sb�U�BE>FT^B6k�BEDÆ@_i <?DFD MrBET��
[�BEVIDC]�>FL

f
l�T^BE[Â@_i�V�]�>FDf@C]�J JXb?¿ìT�9�UWD(c

u�[Q@(��BNMODCBE>C@C]�J
-

6

AX0

b = (0, 2, 2)

f = b− AX0

b0

f =





0
2
2



 −





1 −1
1 1
2 −1





[

x1

x2

]

=





−x1 + x2

2 − x1 − x2

2 − 2x1 + x2





9�L�LSBEl=Z?>fk�BED�<?DFDjJ49�L�9�JXBE>_<

|f | =
√

(−x1 + x2)2 + (2 − x1 − x2)2 + (2 − 2x1 + x2)2.

}	[W<�kn>_<?DC@FH�J4JK<?LvH�LSk�BE>,>C]�DFDCB6�CV\LSBED,@FVW<?T�T�<?T�T�DC@_i{J49�L�9�JXBE>_<�@��ÁkSZ?>_<6[wL=<?J4LSBED «�¬$ª�­ ¤ ¦?ÎÁ¥Á¦�²�§F¦ ¤��
«K© ¤ º(²�©Nª c

Ú\c��GDFDwBEL�V�BET�D�U�B6]�JXBEDF>F9^@FV\DR@_Z?DFD:Z?>R<?DFD:[�Z?T ¿C<4;Sb�U�BE>FT^B6k�BED
b0

@_iÄ<?DFDfMrBET�[�BEVIDC]�>FL
f = b − AX0Z?>A[\9�L�V�BET�>_Z?DAJX]�D�g�Tx<?LSBED

3y1 +y2−3y3 = 0
c��,MOb�>F>_<vb([\L�9�L�U�BELÄ>_Z?V\L=<�k�Bj[\9�MO>_<?JaT^bW@FL�9�L�U�BEL

U�BELS]�J <?DFDYMrb�>C@FDYlhBE>_Z?VIL=<
b0

c�8:97@FVW<?T�T7L�H�D_<�M$>_<?J BEL�JXBEDC]Ik�kSZ?>f[I97@FT�9�g�ghBE>jlhBE>_Z?VIL=<Xk�BED
L�`�<�;Sb�U�BE>FT^B6k�BEDfMOb�>f<?DFDf;�9�DFD_<�T^bW@FL�9�L�U�BEL7c
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f = b− AX0

;=<?>jJ49�L�9�JK<?T7TxZ?L�U�k
⇐⇒ f = b− AX0 ⊥

g�Tx<?LSBED
⇐⇒ f = b− AX0 ⊥

[�<?>O¿FBw[�BEVIDC]�>f9Ãg�Tx<?LSBED
⇐⇒ f = b− AX0 ⊥ AX ∀X

⇐⇒ AX · (b − AX0) = 0 ∀X

⇐⇒ (AX)t(b− AX0) = 0 ∀X

⇐⇒ X
t
A

t(b− AX0) = 0 ∀X

⇐⇒ X
t(Atb− A

t
AX0) = 0 ∀X

⇐⇒ A
t
AX0 = A

tbonZ?DFDjL�H�9�L�@F9���>C]�>FL=<�M$>_i?L�DF9^kn9�U�<?>CB�]I�_;�T^bW@j@F`n@FDCBEJXBED��
ó c���Z?V\L=<�H�D{MOBET�[�BEV\DC]�>FLS@jTxZ?L�U�kÃc
ü cjdS]�>FJvH�T^BE>_<�BELÂ@_<?DC@A@_]�J @_Z?U�BE>�;�H�>QJK<?L7��Mrb�>�k�BEDQ]�T^bW@FT�9�U�<vBEV\[W<?DF9^]�LS@C@F`n@FDCBEJXBED

Ax = b
��V�<?L

l�BE>_Z?V\L=<
x0

@_i4<?DFD
|Ax0 − b| ≤ |Ax− b|

MOb�>f<?T�Tx<
x
c
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