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1. Introduction

The Navier-Stokesequationsform the basicmathematicalmodel in �uid mechanicsanddescribea
largevarietyof phenomenaof �uid �ow occurringin hydro-andaero-dynamics,processingindustry,
biology, oceanography, meteorology, geophysicsand astrophysics.Fluid �o w may containfeatures
of incompressibleand compressible�o w, Newtonian and non-Newtonian �o w, and turbulent and
laminar �o w, with turbulent�o w beingirregularwith rapid�uctuationsin spaceandtimeandlaminar
�o w beingmoreorganized.ComputationalFluid DynamicsCFD concernsthe digital/computational
simulationof �uid �o w by solvingtheNavier-Stokesequationsnumerically.

The basic issues of CFD is computability relating to errors from numerical computation,
and predictability relating to errors from imprecision in given data. The basic question of
computability/predictabilityfor a given �o w situationmay be formulatedasfollows: what quantity
can be computed/predictedto what tolerance/normto what cost?We emphasizethe quantitative
aspectsconcerningboth the choiceof quantityof interest, or output, the error tolerance/normand
the cost.For computabilitythe costre�ects the precisionof the computationwith direct connection
to the computationalwork (numberof arithmeticaloperationsand memoryrequirements),and for
predictabilitythe cost re�ects the requiredprecisionof data.We may expecta turbulent �o w to be
morecostly thana laminar�o w. Further, we expecta pointwisequantity(e.g the viscousstressesa
speci�c points) to be morecostly thanan averagequantity(e.g. the dragor lift), or moregenerally
thecostto increasewith thestrengthof thenorm,andof coursealsowith decreasingtolerance.The
purposeof an adaptivecomputationalmethodis to approacha computationalgoal of computinga
quantityof interestataminimalcomputationalcost.

In thesenoteswe give a survey of our work on computabilityof �uid �o w usingadaptive�nite
elementmethods, with focus on non-stationaryincompressibleNewtonian laminar and beginning
turbulent �o w. Our presentationfollows the generalapprochto adaptive �nite elementmethods
developedtogetherwith thegroupof Prof.Rannacher, which is basedon a posteriorierror estimates
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2 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

derivedby dualitytechniques.For anoverview of adaptive�nite elementmethodsincludingreferences,
we refer to the survey articlesErikssonet al., 1995,Becker and Rannacher, 2001,and the books
Erikssonet al., 2001,and ?, containingmany detailson variousaspectsof adaptive �nite element
methodsomitted in thesenotes.For an overview of �nite elementmethodsfor the incompressible
Navier-Stokesequationsincludingreferences,wereferto Rannacher, 1999,andfor moredetailsonthe
classof methodsconsideredin thesenotes,we referto HoffmanandJohnson,2002a.For a survey of
turbulencemodelingwereferto Gatskietal., 1996,andWagnerandLiu, 1999,andreferencestherein.

Computationalsimulationof turbulent�o w presentsspecialchallenges.To computationallyresolve
all scalesof the �o w in a Direct NumericalSimulationDNS maybepossiblefor Reynoldsnumbers

���

of theorderup to �����	�
����� , while
���

largerthansay �
��� is beyondpresentcomputationalpower,
becausethesmallesteddiestypically areof size

�����

����� andthustherequirednumberof mesh-points
for full resolutiontypically scaleslike

�����

��� . In many applicationse.g.in aero-andhydrodynamics
wemayin facthave

�����

�
��� , or evenlarger. In thesecasesturbulencemodelingis neededto account
for the effect of the unresolved subgridscaleson the computationallyresolved scales.Turbulence
modelingis oneof classicalphysicsoutstandingopenproblemswheretodaycomputationalmethods
in theform of LargeEddySimulationLESopennew possibilitiesfor generationof subgridmodels.

We view thediscretizationerror (resultingfrom usinga �nite elementmethodto solve theNavier-
Stokesequations)togetherwith the modelingerror (resultingfrom usinga subgridmodel in LES),
to form thetotal computationalerror, which thusconnectsto aspectof computability. In anadaptive
methodboththe�nite elementdiscretization(mesh)andthesubgridmodelwill bechosenfrom feed
back informationfrom computation.With this view thesubgridmodelis a partof thecomputational
procedurewhichthusis designedadaptively throughcomputation(andnotadhocapriori).

An a posteriori error estimateunderlying an adaptive �nite elementmethod for the Navier-
Stokesequationsfor computinga certainquantityof interest,involvesan integral in space-timeof
a discretizationresidualtimesanassociateddual weight, andin LES alsoa modelingresidualtimes
anotherassociateddual weight. The dual weightsare obtainedby solving an associatedlinearized
dual problem,with datadependingon the quantityof interest,andcontainsinformationabouterror
propagationin space-time.The discretizationresidualmeasuresto what extent the �nite element
solutionsatis�es the Navier-Stokesequations(pointwise),the modelingresidualsimilarly measures
the error in the subgridmodelusedin the LES computation,and the correspondingtermsin the a
posteriorierrorestimateincludingthedualweightsmeasuretheeffect of theresidualson theoutput.
Thesizeof thedualweightsmayvary with the �o w, theoutputandtheerrornorm,andindicatethe
relativedif�culty of computinge.g.a pointwisequantityvsa globalquantitysuchasa time-meanof a
dragforce.Altogether, suchaposteriorierrorestimatesmaybeusedto adaptivelychoose,with respect
to a certainoutputandtolerancelevel/norm,bothanoptimal �nite elementmeshleadingto minimal
computationalwork andthebestof availablesubgridmodels.

To discretizethe Navier-Stokesequationsto get a discretesystemof equationson eachtime step,
we usethegeneralstabilizedGalerkin/leastsquaresspace-time�nite elementmethoddevelopedover
the yearstogetherwith Hughes,Tezduyarandcoworkers,herereferredto as the GeneralGalerkin

���

-method.This methodincludesthe streamlinediffusionmethodon Eulerianspace-timemeshes,
thecharacteristicGalerkinmethodon Lagrangianspace-timemesheswith orientationalongparticle
trajectories,and Arbitrary Lagrangian-EulerianALE methodswith differentmeshorientation.The

���

-methodconstitutesa general�e xible methodologyfor thediscretizationof theincompressibleand
compressibleNavier-Stokesequationsapplicableto a greatvariety of �o w problemsfrom creeping
viscous�o w to slightly viscous�o w, includingfreeor moving boundaries.

With continuouspiecewise polynomials in spaceof order � and discontinuousor continuous
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COMPUTABILITY AND ADAPTIVITY IN CFD 3

piecewise polynomialsin time of order � , we refer to this methodascG(p)dG(q)or cG(p)cG(q).In
the computationspresentedin thesenoteswe usecG(1)cG(1)with continuouspiecewise linearsin
spacefor bothvelocityandpressureon tetrahedralmeshesandCrank-Nicolsontimestepping.

We now give a shortgeneralintroductionto adaptive �nite elementmethodsbasedon a posteriori
error estimation,and we then passinto the speci�c applicationto CFD which is the themeof this
presentation,includingdiscretization,discretesolvers,subgridmodels,a posteriorierror estimation,
andarangeof applicationsfrom laminarto turbulent�o w.

1.1. Computability, predictabilityandadaptivity

We considera mathematicalmodelof theform
�������

�	��


(1)

where
�

is adifferentialoperatoronfunctions�

�

�

��
��

de�nedonadomainin �	� with



-coordinates,
�
���

��
��

is givendata, and
�

�

����
��

is thesolution. Themodelis subjectto perturbationsof data
representedby �

�

, modelingrepresentedby �

�

, anderrorsfrom discretizationrepresentedby � viewed
asa �nite elementapproximatesolutionto a perturbedproblem

�

���

�

���

�

�

�

(2)

with exactsolution
�

�

.
Let now �

�����

representa quantityof interestor outputwith �

�����

a givenfunction.We maysaythat
the error from data/modelingis equalto �

�����

�	�

�

�

���

and the error from discretizationis equalto
�

�

�

���

���

�

�

�

, andthatthetotalerror �

�����

���

�

�

�

�

�

�����

���

�

�

�����

�

�

�

���

���

�

�

�

, thushasacontribution
from data/modelinganda contribution from discretization.Themodelperturbation �

�

mayrepresent
(i) known perturbationsof thecoef�cients of

�

, which beviewedasperturbationsof givendata,and
then �

�����

���

�

�

���

representsthe toal error from data(from �

�

and �

�

). Alternatively, �

�

mayrepresent
(ii) a subgridmodel,andthen �

�����

���

�

�

�

will be the total computationalerror with �

�����

���

�

�

���

now representingtheerrorfrom modelingandasbefore�

�

�

���

���

�

�

�

theerrorfrom discretization.In
our applicationsto �uid mechanicsbelow, we will focuson (ii) with �

�

correspondingto a turbulence
modelin LES.

We de�ne a solution
�

of
�������

���

to be computablewith respectto a givenoutput �

�����

, norm
 

�

 

, tolerance!#"%$ andcomputationalwork, if thecomputationalgoal
 

�

�����

�&�

�

�

�

 ('

!#"%$ can
be achievedwith the givencomputationalwork, where � is a �nite elementsolutionof a perturbed
problem �

���

�

���

�)�

andthusincludeserrorsfrom bothdiscretizationandmodeling.
Similarly, wede�ne a solution

�

of
�*�����

�+�

to bepredictablewith respectto a givenoutput �

�����

,
norm

 

�

 

, tolerance!#"%$-, � and(asuitablemeasureof) perturbationlevel, if
 

�

�����

���

�

�

�.�

 /'

!#"%$

with data/modelingperturbationsbelow theperturbationlevel, where
�

�

solvestheperturbedproblem
�

���

�

���

�

�

�

.
A mathematicalmodel with predictableand computablesolutions,(including errors from data,

modelinganddiscretization)maybeusefulin thesensethatquantitiesof interestmaybecomputedup
to a tolerancewith givenprecisionof dataandcomputationalwork.

If theuncertaintyin data/modelingis toolarge,individualsolutionsmayeffectivelybeunpredictable,
but suchsolutionsmaystill becomputablein thesensethatthecomputationalerrorin outputfor each
speci�c choiceof data/modelmaybebelow thechosentolerance.In suchcases,accuratecomputations
onasetof data/modelsmaygiveusefulinformationof astatisticalnature.Thisoccursfrequently, since
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4 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

computationalwork is cheap,while data(from experiments/measurement)usuallyis expensive.Onthe
otherhand,non-computablesolutionsdonotseemto beuseful.

An adaptivemethodfor solving
�*�����

� �

includesa feed-back process, wherethe quality of
computedsolutions� of perturbedmodels �

���

�

���

�

�

�

, areinvestigatedwith theobjectiveof decreasing
themodelingerror

�

�

�

�

by improving themodel �

�

, and/orthediscretizationerror
�

�

� � , the latter
typically by appropriatelymodifyingthelocalmeshsize.An adaptivemethodis basedona posteriori
error estimatesestimatingthedata/modelinganddiscretizationerrorsin termsof computableresiduals
suchas

�

�

�*�

�

�

or �

�

� �

�*�

�

�

, or estimatedresidualsin termsof theunknown solution
�

�

.
Adaptive feed-backin modelinganddiscretizationmay be viewed asoneaspectof optimization

with the objective of minimizing the errorsfrom modelingand discretizationfor a certainamount
of computationalwork. Adding also aspectsof optimizationof solutions,which is often the main
objective, one getsa full picture of solution optimizationincluding optimizationof modelingand
discretization.Thisproblemis of thesamegeneralform with now theequation

�*�����

�+�

representing
a Lagrangesystemof equationscharacterizingsolutionoptimality.

1.2. A posteriorierror analysisfor thediscretizationerror

We now presentthekey stepsin thederivationof ana posteriorierrorestimatefor thediscretization
errorin a Galerkin�nite elementmethodfor theequation

�������

� �

of theform: Find �

������� such
that

�����

�

�

�




�

�

�

�

��


�

�

for �

����� , where ��� is a �nite dimensionalsubspace,on a meshwith mesh
size �

�

�

��
��

, of a Hilbert space� with scalarproduct
���




���

andnorm
 

�

 

, and
�
	

���
� is
Frechetdifferentiablewith derivative

����	

�
��� . Supposethat the quantityof interestis a linear
functionalof theform �

�����

�

���


��

�

, where
�

is agivenelementin � , andthusthatwewantto bound
�

�

�����

���

�

�

�

�

�

�

�

�

� 
��

�

�

with
���

�

� � . We thenwrite

�������

�

���

�

�

�

� ���

�
�

���

���

�

���)�

� �

�

�

�

�

�

���

�
�

�

�

�

�

�

�

���)�

� �

�

�

�

�

�

���

���

�

�

���




�

�

�

� 


andlet �

��� bethesolutionto thelinearizeddualproblem
� ��� ���




�

�

�! 




�

�

�

�" 


��

�

for all
 

�#� .
Choosing

 

� �

weobtainthefollowing error representation
�

� 
$�

�

�

���

�

���




�

�

�

� 


�

�

�

���*�����

�

���

�

�

�




�

�

�

�

�

�

���

�

�

�




�

�

�

�

�

�

�

�

�




�

�




in termsof the residual
�

�

�

�

�

� �

�

�*�

�

�

�

andthe dual solution % . We may thenuseGalerkin
orthogonalityto obtain,with &

�'�
� aninterpolantof � satsifyinganinterpolationerror estimateof

theform
 

�

�

�
�

� �(&

�

 '*),+  .-

�

�

 

,
�

� 
��

�

�

�

�

�

�

�

�




� �/&

�

'0)
+

 

�

�

�

�

�

�

�

  .-
�

�

 '*)
+21

 

�

�

�

�

�

�

�

  

�

 




where
-

�

representsa secondderivative, �

�

�

��
��

respresentsthe meshsize,
1

�

 .-

�

�

 43  

�

 

is a stability factorand
)5+

an interpolationconstant.Normalizing
�

, we obtainan a posteriorierror
estimateof theform

�

�

� 
$�

�

� '*),+
1

 

�

�

�

�

�

�

�

 

estimatingtheerrorin termsof theresidual
�

�

�

�

�

, themeshsize � andthestabilityandinterpolation
factors

1

and
)

+

. The interpolationfactor
)

+

only dependson the �nite elementsusedand is easy
to determine.To determine

1

we computethe dual solutionwith
�*���




�

�

�

replacedby
���

�

�




�

�

�

,
assuming�

� approximates
�

pointwisesuf�ciently well.
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COMPUTABILITY AND ADAPTIVITY IN CFD 5

1.3. A posteriorierror analysisincludingmodelingerror

Wenow consideraproblemwith subgridscaleswhere�

� cannotbeexpectedto approximatetheexact
solution

�

pointwise,since
�

containssubgridscaleswhich arenot resolvedby themesh� . We here
view � to bethe�nal �nest meshsizeobtainedthroughanadaptivemethod,andthustheexactsolution

�

containsscaleswhicharenot resolvedevenon the�nest mesh� .

As indicated,we distinguishtwo differentcases:In the�rst casethesubgridscalesof thesolution
�

originatefrom subgridscalesin thedata(theright handside
�

or thecoef�cients of thedifferential
operator

�

includinginitial or boundaryconditions).In thiscasewemayobtainthemodi�ed operator
�

�

underlyingtheGalerkinmethodby direct interpolationof thecoef�cients of
�

on themesh� . We
may alsoseekto de�ne the coef�cients (effectiveparameters) of �

�

on the scale � by a processof
homogenizationwith theobjectiveof increasingtheprecision.

In the secondcasethe subgridfeaturesariseeven with smoothdatathroughnonlinearitiesof
�

,
ashappenswhena laminar�o w goesturbulentanddevelopssmall scalefeatures.This is thecaseof
interestin thispresentation,wherethusthemodi�ed operator �

�

correspondsto a turbulencemodel.

We thusnow considera situationwherethe exact solution
�

containsunresolvablesubgridscales
andwe have to aim for computinga pointwiseapproximation�

� on a mesh� of a local average
�

�

of
�

on thescale� , ratherthan
�

itself. We arethenled to seekanequationfor theaverage
�

�

to give
themodi�ed equationunderlyingtheGalerkinmethod.To obtainanequationfor

�

�

we averagethe
equation

�*�����

� �

on thescale� andobtainanequationof the form
�*���

�

� ���

�

�����

���

�

, where
�

�

�����

�

� �*����� �

�

�

�����

�

�

hasto bemodeledin termsof
�

�

to give a modi�ed equationof theform
�

���

�

���

�

�*�

�

��� �

�

�

�

�

�

���

� �

�

, wherenow
�

�

is anapproximationof
�

�

and �

�

�

�

�

�������

�

�����

represents
thesubgridmodel.

We thensolve theGalerkinequation:�nd �

��� ��� suchthat
� �*�

�

�

� �

�

�

�

�

�

�

�




�

�

�

�

��


�

�

, for
all �

�/� � , andexpect �

� to bea pointwiseapproximationof
�

�

. As a consequence,theappropriate
linearizeddualproblemin this casetakestheform

� ��� ���

�




�

�

�  




�

�

�

�  


$�

�

, for all
 

�'� , where
� � ���

�




�

�

�

� �

�*���

�

�

�

���

�

�

�

, that is, we linearizethe dual problemat
�

�

andnot at the exact
solution

�

, asabove.Whenwe solve thedualproblemnumerically, we replace
�

�

by �

� , which we
anticipateto bepossiblebecause�

� mayapproximate
�

�

pointwise.We thenget thefollowing error
representationfor theerror

���

�

�

� �

� :

�

� 
��

�

�

���

�

� �

�


��

�

�

� �

�

���

�




�

�

�
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�

�

�

�������

�

�

�

�*�

�

�

�




�

�

�

�

�

�

�

�

�

�����

�

���

�

�
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�

�

�

�

�

�

�

�*�

�

�

�

� �

�

�

�

�

�

�




�

�

� �

�

�

�

�

�

�

�

�

�

�

�����




�

�

�

�

���

�

�

�

�




�

� �	�

���

���




�

�

�




�

�




where
�

�

�

�

�

�

�+�

�

�

���

�

�

�

�	�

�

�

�

�

�

�

is acomputablenumericalresidualrelatedto thediscretization
errorin solvingtheequation

���

�

��� �

�

�

�

�

�

���

� �

�

, and
�

�

���




�

�

�

�

�

�

�

�

�

�

�

�

�

�

�����

is a modeling
residualrelatedto theerrorin thesubgridmodel �

�

� . Themodelingresidual
�

�

���




�

�

�

is notdirectly
computable,becauseof thepresenceof

�

, but hasto beestimatedsomehow. We retirn to this problem
below. We further note that we do not have any Galerkin orthogonalitypropertyfor the modeling
residual

�
�

���




�

�

�

.

The linearizeddualproblemis independentof both
�

�

�����

and �

�

� , but in somecasestheremight
be advantagesin including the subgridmodel �

�

� in the dual problem.We then get a linearized
dual problem of the form:

�

�

� � ���

�




�

�

�! 




�

�

�

�  


��

�

, for all
 

��� , where �

� � ���

�




�

�

�

� �
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�

�����

�
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� �

�*�

�

�

�

, andwegetthefollowing errorrepresentationfor theerror
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� �

�

�

�

�

�+�

�

�

���

�

�

�

�	�

�

�

�

�

�

�

is acomputablenumericalresidualrelatedto thediscretization
errorin solvingtheequation

�*�
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��� �

�
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�

�

�

���

� �

�

, and
� �

���




�

�

�

�

�

�
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���

�

�

�

�

�

�����

is a modeling
residualrelatedto the error in the subgridmodel �

�

� . Including the subgridmodel �

�

� in the dual
problemmaybepreferableif this resultsin a regularizationof thedualsolution.

1.4. A posteriorierror analysisfor stabilizedGalerkinmethods

Below we will use a stabilizedGalerkin methodfor the numericalsolution of the Navier-Stokes
equations.We now addressi generaltermsthe modi�cations in the derivation of the a posteriori
error estimatesmotivatedby the stabilization.We �rst recall that stabilizedGalerkinmethodsmay
beobtainedby applyinga standardGalerkinmethodto a properlymodi�ed equation �

�*�

�

���

�

�

�

. For
example,a Galerkinleastsquaresstabilizedmethodis of theform: Find �

� ����� suchthat
� �*�

�

�

�




�

��� �*�

�

� �

�

�

��


�

��� �*�

�

� �

(3)

for all �

� �
� , where

�

is a stabilizationparameter. For simplicity we assumethat
�

is a linear
operatorin thissection.Wemayalternatively considerthisproblemasa standardGalerkinmethodfor
a modi�ed equation �

���

�

���

�

�*�

�

��� ��� ��� �*�

�

���

� �

��� ���

� �

�

�

, where' � ' denotestheadjoint,that
is �nd �

�
���

� suchthat
�����

�

�

� ��� �

�

�*�

�

�

�




�

�

�

�

�

��� �

�

��


�

�

(4)

for all �

� � � . In the a posteriorierror analysis,we introducea dual problemof the form: Find
�

� � suchthat
�

�

�
�

���




�

�

�  




�

�

�

�" 


��

�

, for all
 

� � , where �

�
�

���




�

�

�

� �

�

�������

� �

���

�

�

�

,
which leadsto anerrorrepresentationfor

���

�

� �

� of theform
�

� 
��

�

�

���

���

�


$�

�

�

�

�

�

�

���




�

�

�

� 


�

�

�

�

�

�������

� �

���

�

�

�




�

�

�

�

�

�

�*�

�

�

� ��� �

�

�

�

�

���

�

�

� �




�

�




wherewemayusetheGalerkinorthogonalityfrom (4) to subtractaninterpolantof � andestimatethe
interpolationerror.

Includingsubgridmodelingwith theaveragedexactsolution
�

�

satisfying
�*���

�

� � �

�

�����

���

�

,
stabilizedGalerkinmethodfor theequation

���

�

� � �

�

�

�

�

�

���

�	�

�

reads:�nd �

� � ��� suchthat
�����

�

�

� �

�

�

�

�

�

�

� ��� �

�

� �*�

�

�

� �

�

�

�

�

�

�

� �




�

�

�

�

�

��� �

�

��


�

�

(5)

for all �

���
� . We arethenled to anerrorrepresentationfor

���

�

�

� �

� of theform
�

� 
��

�

�

���

�

� �

�


��

�

�

�

�

�

�

���

�




�

�

�

� 


�

�

�

�

�

�*���

�

�

� �

�*�

�

�

�




�

�

�

�

�

�

�

�

�

�����

�

���

�

�

� ��� �

�

�

�

�

�

�

�����

�

�*�

�

�

� �




�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�*�

�

�

� ��� �

�

�

�

�

� �

�

�

�

�

�

�

�

�*�

�

�

� �




�

�

� �

�

�

�

�

�

�

�

�

�

�

����� ��� �

�

�

�

�

�

�

�

�

�

�

�

�

����� �




�

�

�

�

�
�

�

�

�

�




�

� �)�

�
�

���




�

�

�




�

�




Encyclopediaof ComputationalMechanics. Editedby Erwin Stein,Reńe deBorstandThomasJ.R.Hughes.
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COMPUTABILITY AND ADAPTIVITY IN CFD 7

wherewemayusetheGalerkinorthogonalityof (5) to subtractaninterpolantof � in the�rst termand
estimatethecorrespondinginterpolationerror.

2. TheincompressibleNavier-Stokesequations

TheincompressibleNavier-Stokesequationsexpressingconservationof momentumandincompress-
ibility of a unit densityconstanttemperatureNewtonian�uid with constantkinematicviscosity� , �

enclosedin avolume
�

in � � , take theform: �nd
���




�

�

suchthat
-���� �

�

���	�

� ��


�

�)�

in
�
���




div
�

�

� in
�
���




�

�

 

on �

�����




� � �




�

�

�

�

�

in
�




(6)

where
����



��

�

�

���

+

��



��

� �

is thevelocityvectorand �

��



��

�

thepressure of the �uid at
��



��

�

, and
�

,
 

,
�

�

,
�

�

�

�




!

�

, is a given driving force, Dirichlet boundarydata,initial dataand time interval,
respectively. Further,

-���� �

�

���

�

�)��� ��
 �

� (7)

is the particle derivativeof �

��



��

�

measuringthe rate of change �

�

�

�

��
 �

�

�


��

�

of �

��
 �

�

�


��

�

along
the trajectory


 �

�

�

of a �uid particlewith velocity
�

, satisfying
�


 �

�

�

�

����
 �

�

�


��

�

, whereas usual
�

�

�

���

3

�

�

. Thequantity ���

�

�




� representsthetotal �uid force,andmayalternativelybeexpressed
as

���

�

�




�

�

div �

���




�

�




(8)

where �

���




�

�

�

�

�

+��

���




�

� �

is the stresstensor, with components�

+��

���




�

�

� �

�"!

+��

�����

� �

�

+��

,
composedof thestressdeviatoric

�

�"!

+��

�����

with zerotraceandan isotropicpressure:Here !

+��

�����

�

���

+
�

�

� �

�
�

+

�

3

�

is the strain tensor, with
�

+
�

�

�

�

�

+ 3

�




�

, and
�

+��

is the usualKronecker delta,
the indices # and $ rangingfrom 1 to 3. A Neumanntype boundarycondition,correspondingto the
boundarystressbeingprescribed,takestheform �

�&%

�

� , where
�

�

��% �

+

�('

�

�

+��

%

�

and �

�

�

�

+

�

is a givenboundarystresswith �

+

theforcecomponentin the



+

-direction.
In the model(6) we assumethat the temperature ! is constant.In the generalcasewith variable

density ) andtemperature! , (6) is modi�ed by replacing
-*��� �

by )

-���� �

, andaddingthe following
equationsexpressingconservationof massandenergy:

-���� �

)

�

� in
�����




-
��� �

! �


 ���,+-


!

�

�

�

in
�����


 (9)

togetherwith boundaryand initial conditions,where
+

is a heat conductioncoef�cient and
�

a
heatsource,assumingthe heatcapacityis equal to one.We note that since


 � �

�

� , we have
-

��� �

)

�.�

)

��
 ���

)

���

�

� , which is theusualequationexpressingmassconservation.
We assumethat (6) is normalizedso that the referencevelocity andtypical lengthscaleareboth

equalto one.TheReynoldsnumber
���

is thenequalto �

�

�

. Of course,thespeci�cationof thelength
scalemaynotbeveryobviousandthustheReynoldsnumbermaynothavea veryprecisequantitative
meaning.
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8 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

3. Discretization:GeneralGalerkinG
�

In this sectionwe presentthe generalspace-timeGalerkin least squaresstabilized�nite element
method, referred to as the GeneralGalerkin G

�

- method, for the incompressibleNavier-Stokes
equations(6). This methodincludesthestreamlinediffusionmethodon Eulerianspace-timemeshes,
thecharacteristicGalerkinmethodon Lagrangianspace-timemesheswith orientationalongparticle
trajectories,andArbitrary Lagrangian-EulerianALEmethodswith differentmeshorientation.Further,
the least-squaresstabilizationspresentin the G

�

-method,does take care of the two dif�culties
traditionallymetin thediscretizationof theincompressibleNavier-Stokesequations,namely

� instabilitiesfrom Euleriandiscretizationof convectionterms,
� pressureinstabilitiesin equalorderinterpolationof velocityandpressure.

Altogether, G
�

offers a general�e xible methodologyfor the discretizationof the incompressible
Navier-Stokesequationsapplicableto a greatvariety of �o w problemsfrom creepingviscous�o w
to slightly viscous�o w, includingfreeor moving boundaries.

Let �

� �

���

�

�

���������

�	� �

! bea sequenceof discretetimestepswith associatedtime intervals
��


�

�

�




�

�


��



�

of length �




� �




�

�




�

�

andspace-timeslabs
1




�

��� ��


, andlet �


����

�

� � �

bea
�nite elementspaceconsistingof continuouspiecewisepolynomialsof degree� onamesh�




�������

of meshsize �



��
��

with �

�




the functionsin �




vanishingon � . To de�ne theG
�

-methodfor (6)
with homogeneuosDirichletboundaryconditionsfor thevelocity(

 

�

� ), let for agivenvelocity�eld
�

on
1




�

� ����


vanishingon �

����


, theparticlepaths

 ��� 





�

�

�

bede�ned by

�




�

�

�

�

�
��





�

�

�

�

�

�

��






 ��� 



��



�

�

�





�


�

�




(10)

andintroducethecorrespondingmapping
�� 




	

1




�

1




de�ned by
��



��

�

�

�! 




��� 





�

�

�

�

��
 ��� 





�

�

�




�

�

�

,
where




�


 ��� 





�

�

�

satis�es(10).De�ne for a given �#" � , thespaces

�

�

 




���

�

�

�

�

�

�

1



�

�

	$�

�

��� 





�

�

�

� %

&

�('

�

�

�

�

�

�



�

�

�

�

��� 
��




�

�

�*)

�

�


+�

�

� 


�

,

 




���

�

�

�

�

�

�

1



�,	-�

�

��� 





�

�

�

�
%

&

�('

�

�

�

�




�

�



�

�

�

�

��� 
��




�

�

�

�




� 


togetherwith theiranalogsin
��



��

�

-coordinates:

�

 




�.�

�

	/�

�

�

�

�

 




� 


,

 




�.�

�

	-�

�

�

�

,

 




� 


(11)

where�

��



��

�

�

�

�

��� 





�

�

�

and �

��



��

�

�

�

�

��� 





�

�

�

. De�ning �nally �

 
�0,

 

��1




�

 




�0,
 




, wecannow
formulatetheG

�

-methodasfollows:Find
�

�


(2

�

���

 
�3,

 

, suchthatfor
%

�

�


 � 


�����


(4 


�

�

�

�)�

�

� 
��

�




�

�



�

�

2 


div �

�



�)�

�




div �

�



�	�

�

�"!

�

�

�




!

�

�

� �



�	� �

��5

�

�#6 �


(2

�




5

�

�#6 �




�

� �



�)� �

� div �




div �

�



�	�

)

�




�

�

�




�




�

�

7

�

�

�

��


�

���

��5

�

�#6 �




�

� �

 8

�

�




�

�

�#�

 




�9,

 







(12)

where
5

�" 

6 �




�

�

�

-;:
� �

�

� 


� ������� with the Laplaciande�ned elementwise,
�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�




�

�

�

�

�

in the convection-dominatedcase�

�

� �




and
�

�

�=<

�

�

�

otherwise,
�

�

�=<

�

� if
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COMPUTABILITY AND ADAPTIVITY IN CFD 9

�

�

���




and
�

�

� <

�

�

�

otherwise,with
<

�

and
<

� positiveconstantsof unit size,and
�

�




 #� 


� �

���

�

�




 #�

�

� 


�

�




 #�

�

&

�����	�

�

�

�

�  

�







�

!

�

�

�




!

�" #� �

�

�

&

+ � �('

�

�

!

+��

�

�

�




!

+��

�  � �

�

Further, )

�




�

�

�




7

�&�




� is thejumpacrossthetime level
� 


with �





 thelimit from
�

,

� 


3

�

�

� 


. In
theEulerianstreamlinediffusionmethodwechoose

�

�

� , whichmeansthatthemeshdoesnotmove
in time. The characteristicGalerkinmethodis obtainedby choosing

�

�

� (andthen
�

�

� <

�

�

�

),
which meansthat the meshmoveswith the �uid particles.We may alsochoose

�

differentlywhich
givesvariousversionsof ALE-methods,with the meshandparticlevelocity being(partly) different;
for examplewe maymove themeshwith theparticlevelocity at a freeboundary, while allowing the
meshto movedifferentlyinsidethedomain.

The variationalformulation (12) with
�

�

�

�

�

�

� is obtainedby multiplying the momentum
equationby � , integratingover

1




including integrationby parts,andaddingthe incompressibility
equationmultipliedby � andintegratingover

1




. Choosing
�

�

and
�

� positive asindicatedintroduces
stabilizing least-squaresterms.Note that the viscousterm

�

�

�"!

�

�

�




!

�

�

� �




may alternatively occur
in the form

�

�




�







�

�



�

'

�

+�'

�

�

�




�

+







�

+

�




. In the caseof Dirichlet boundaryconditionsthe
correspondingvariationalformulationswill beequivalent,but notsoin thecaseof Neumannboundary
conditions,seebelow. Note �nally that we may write the term �

�

2 


div �

�

alternatively in the form
� 


2 


�

�

if � vanisheson theboundary.
In extremesituationswith very large velocity gradients,we may add residualdependentshock-

capturing arti�cial viscosity, replacing � by
�

�

� �
���

�

�


 <

�

�

�

�

�


 2

�

�

�

�
�

, where
�

�

�


 2

�

�

'

�

+�'

�

�

+

�

�


(2

�

with
�

�

�

�


(2

�

�

�

�

�

�

�

�&


�

��


2

�

�

���	� �

�




�

�

�

�


(2

�

�

�

-

�

�

�

�




�

�

�

�


(2

�

�

�

)

�




�

�

�

� 3

�




on
1






�

�

�

�


(2

�

�

�

div �

�




(13)

where
-

�

�

�

� ��



��

�

���
���

�

�����

�

�




��
�� � �

�

�

)

� �

�

%

���


��

�
�

�

(14)

for



�

�

, with )

�
�

thejumpacrosstheelementedge�

�

, and
<

�

is apositiveconstantof unit size.Note
that

�

�

�

�


 2

�

is de�ned elementwiseandthat with piecewise linearsin space,the Laplacian� � is
zero.In thecomputationspresentedbelow, wechose

<

�

�

� correspondingto shuttingoff thearti�cial
viscosity. Note that

�

�

�

�


(2

� �

�

�

�

�


 2

�

boundsthe residualof the momentumequation,with the
Laplacianterm boundedby the secondorderdifferencequotient

-

�

�

�

�

arising from the jumpsof
normalderivativesacrosselementboundaries.

Thespecialcaseof theStokesequationsis of courseobtainedomittingthenonlinearterms
�

�

� 
 �

�

and
�

�

� 
 �

� , andsetting
�

�

� <

�

�

�

,
�

�

� <

�

�

�

. This methodcontainsthepressurestabilizingterm
� �

�




2 





�

�

, which correspondsto a weightedLaplacianequationfor the pressurein termsof the
velocity.

Sincein thelocalLagrangeancoordinates
��� 





�

�

�

oneachslab
1




with
�

�

� ,

�

�

�

�

�

�

�

�

�

�

���

��
 ��� 





�

�

�




�

�

�

�

�

�

�

�

��


�
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10 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

the convection term �

� 


� effectively dissappearsin the characteristicGalerkin method,when
expressedin the characteristiccoordinates

��� 





�

�

�

, and thus the discreteequationson eachtime step
effectively correspondto a Stokesproblem.

Theorderof the �

�

-methodwith polynomialsof degree� in space/timeis generally�

�

�

3

�

, see
Erikssonet al., 1996.Thetime steppingmethodin (12) is dG(q),thediscontinuousGalerkinmethod
with piecewisepolynomialsof order � , which is of order

�

�

�

� seenasanODE-solver.

3.1. Neumannboundaryconditions

If wechangeto Neumannboundaryconditions�

� %

�

� ona part �

�

of theboundary� , then �

�




is
chosento bethefunctionsin �




vanishingontheremainingDirichlet part �

� of theboundary, andthe
righthandsideis supplementedwith anintegralover �

�

of �

�

� . As usualthis implementstheNeumann
boundaryconditionin weakform throughthe presenceof the term

�

�

2 


div �

� � �

�

�"!

�

�

�




!

�

�

� �

�

�

�




!

�

�

� �

ontheleft handside,whichwhenintegratedby partsgeneratesanintegralover �

�

of
�

�

� % � �

� .
If theviscoustermappearsin theform

�

�




�







�

� 


thecorrespondingNeumannboundarycondition
hastheform �

�

�

�




� �

%

�

� , where
�

�

�


 is thederivative in theunit outwardnormaldirection
%

.

3.2. Out�ow boundaryconditions

Tosimulateanout�ow boundaryconditionwemayuseaNeumannconditionwith �

�

� corresponding
to a zeroforce at out�ow, simulatingout�ow into a largeemptyreservoir. The alternative condition

�

�

�

�




� �

%

�

� actsslightlydifferentlyasanapproximationof atransparentout�ow boundarycondition
attemptingto let the�o w leave thedomainwith minimalobstruction.

3.3. TheEuleriancG(1)dG(0)method

We now considerthethe �

�

-method(12) with �

�

� , �

�

� and
�

�

� for (6), which is theEulerian
cG(1)dG(0)methodwith continuouspiecewiselinearsin space(cG(1))andpiecewiseconstantsin time
(dG(0))correspondingto thebackwardEulermethod.We thenseekanapproximatevelocity �

��



��

�

suchthat �

��



��

�

is continuousandpiecewiselinearin



for each
�

, and �

��



��

�

is piecewiseconstantin
�

for each



. Similarly, we seekanapproximatepressure
2

��



��

�

which is continuouspiecewiselinear
in




andpiecewiseconstantin
�

. More precisely, we seek�




���

�




�

� �

�




and
2




�

,

�




�

�




for
%

�

�




�����


(4

, andwede�ne

�

��



��

�

�

�




��
�� 


�

�


 �

�

�

�




�

�


��



�




2

��



��

�

� 2




��
�� 


�

�


 �

�

�

�




�

�


��



�

�

(15)

We cannow write the cG(1)dG(0)methodwithout stabilizationas follows: For
%

�

�




�����


(4

, �nd
�

�





(2




�

�#�

�




� ,

�




suchthat

�

�




���




�

�

�







�

� �	�

�




�&


�




��


2







�

� �)� 
 �

�







�

�

�)�

�




�










�

�

�

�

�







�

�
8

�

�




�

�

���

�




�9,

�







(16)

The cG(1)dG(0)methodwith
�

�

-stabilizationtakesthe form: For
%

�

�




�����


 4

, �nd
�

�





(2




�

�

�

�




�9,

�




suchthat

�
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(17)
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where
�

�

�

�

�

�

�
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�




�

�
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�

�

�

�

�




�

�

�

�

�

in theconvection-dominatedcase�
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���




. Notethatif �

�

�

� ,
whichis anaturalchoiceof timesteprespectingaCFL-condition,then

�

�

�

�

� . Notethatthestabilized
form of the cG(1)dG(0)methodis obtainedby replacing� by �

� �

�

�

�
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�

�



�

�

in the terms
�

�
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�
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2







�

�

and
�

�







�

�

. In principle,we shouldmake the replacementthroughtout,but
in thepresentcaseof thecG(1)dG(0),only theindicatedtermsget involvedbecauseof thelow order
of theapproximations.Theperturbationin thestabilizedmethodis of size

�

�

, andthusthestabilized
methodhasthesameorderastheoriginalmethod(�rst orderin � if ��� � ).

Letting � vary in (17)while choosing�

�

� , wegetthefollowing equation(thediscretemomentum
equation):
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(18)

andletting � varywhile setting�

�

� , wegetthefollowing discrete“pressureequation”
� �
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� (19)

The cG(1)dG(0)hasa backward Euler �rst orderaccuratetime stepping,andthus in generalis too
dissipative.

3.4. TheEuleriancG(1)cG(1)method

We now presentthe a cG(1)cG(1)variant of the above cG(1)dG(0)methodusing the continuous
GalerkinmethodcG(1)in time insteadof dG(0).With cG(1)in time thetrial functionsarecontinuous
piecewise linear andthe test functionspiecewise constantin time. The cG(1)cG(1)variantwith

�

�

-
stabilizationreads:For
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(20)

where ��




�

�

�

�

�




�

�




�

�

�

. This methodcorrespondsto a secondorderaccurateCrank-Nicolson
time-stepping,but the stabilizationsuffers from an inconsistency up to the term

�

�

�

�

resultingfrom
thepiecewiseconstancy of thetestfunctions.Theinconsistency seemsto bebeacceptableunless

�

�

is
large,andweusecG(1)cG(1)in thecomputationspresentedbelow. TheEuleriancG(1)dG(1)-method
wouldhaveconsistentstabilization,but hastwo degreesof freedomin timepertimestepandthustwice
asmany degreesof freedom.

4. Discretesolvers

The cG(1)cG(1)-methodwith
�

�

-stabilizationleadsto a systemof the following principal form in
eachstepof anouter�x edpoint iterationwith theconvectionvelocity beinggivenfrom theprevious
iteration:
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(21)
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where
�

���


 �

�




4




� �




���




with
�




a massmatrix,
4




representinga discreteanalogof the
convectionterm with frozenvelocity from the previous iteration, �




is a discreteLaplacian,
�

is a
discretegradient,

�

�

a discretedivergence,and
)

�

�

�

�

�




. In the computationspresentedbelow
we solvedthis systemusinga �x edpoint inner iteration,wherewe �rst solve for

2




� �

7

�

in termsof
�




� �

from theequation

)

2




� �

7
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� ���
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� �

usingamultigrid method,andthensolve for �




� �

7

�

from theequation
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usingGMRES.Theinner iterationconvergesif �




3

�

�

is smallenough.Sincetypically
�
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,
weneed

�

���

�

��� to besmallenough,which is aCFL-like condition.
We mayalsoapplyGMRESdirectly to theequation
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with
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solved in
termsof �




fromtheequation
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usingmultigrid.Thenumberof GMRESiterations
wouldthendependontheconditionnumberof thematrix
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, which
is boundedwith �
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, �
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3

�
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and �




3

�

�

.
In bothvariantsthefull iterative procedureconvergesin a few iterationsin our typical applications

of non-stationaryhighReynoldsnumber�o w with �




3

�




and �




3

�

�

boundedby 1.

5. A posteriorierrorestimation

We now prove an a posteriorierror estimatefor (16) following the generalmethodologypresented
above,whereweaimaterrorcontrolof

�

�

�

!

�


��

�

with
���

�

�(� and
�

�*)

$

�

�
�

�
�

� is agivenfunction.
We introducethe following linearizeddualproblem:Find
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(22)

where
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�

�

�

�
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�
�
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� . Multiplying the �rst equationby
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, integratingover
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togetherwith
integrationby parts,usingthat
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Estimatingnow theinterpolationerrors � � & and
�

��� , andrecallingthede�nition (13),we obtain
anestimateof theform
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(23)

for �

�

�


 �

, where
-

�

measuresderivatives with respectto



of order � , and
)

represents
interpolationconstants.To get a concretea posteriori error estimate,we solve the dual problem
numericallyandcomputeapproximationsof thederivativesof thedualsolutioninvolved.With adaptive
choiceof meshing,we choose�




��
��

and �




from a principleof equidistribution with thederivatives
of thedualsolutionenteringasweights.

5.1. A posteriorierror estimateswith stability factors

In theaposteriorierrorestimate(23),certainderivativesof thethedualsolutionappearasaweightsin
aspacetimeintegralovertheresiduals

�

+

. Wemayestimatethesespace-timeintegral in variousways;
for instanceusingCauchy's inequalitywith $

�

�
�
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-norms
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, weobtainan
a posteriorierrorestimateof theform
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�
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(24)

with
 

�

�

 

� ,
 .-

�

�

 

� ,
 

�

�

 

� and
 .-

�

�

 

� enteringasmultiplicativestabilityfactors. Wemayalternatively
usethemax-normin timefor theresidualsandthe $

�

-normin time for thedualsolution.
The sizeof the stability factorof coursedirectly couplesto computability:asthe stability factors

grow largetheresidualshaveto beverysmallandthecomputationalwork increases.
Obviously(23)is asharperestimatethan(24),andthusbettersuitedfor usein anadaptivealgorithm.

On theotherhand,theestimate(24) is usefulto quantifycomputabilityof thea certainquantityin a
certainproblem.Largestabilityfactorsindicatethatalargecomputationaleffort is needed,while small
stabilityconstantsindicatethattheproblemcanbesolvedwith a minorcomputationaleffort.

The dependenceof the stability factorson the length ! of the simulation of coursecouples
to computability; if the stablity factorsgrow quickly in time then only short time simulation is
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14 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

possible,while if the stability factorsgrow slowly then long-time simulation is feasible.In our
relatedEncyclopediapresentationErikssonet al., 2003 on Parabolicproblemswe proposeto use
the time-dependenceof stability factorsasa meansof classi�cation: In particular, we usethe term
parabolic to identify a problemwith the stability factorsbeingboundedfor all ! (up to possiblya
slow logarithmicgrowth).Roughlyspeakingthisconnectstodiffusion-dominatedconvection-diffusion-
reactionproblems,while in convection-dominatedproblemswe maymeeta linear(or faster)growth,
andfor highly demandingproblems,suchasthecomputationof a point valuein a turbulent�o w, the
stability factorsmay locally grow exponentially, seeErikssonet al., 2001for a studyof the Lorenz
systemasa simplemodelfor theNavier-Stokesequations.

Of particularinterestis the growth of stability factorsfor mean-valuequantitiesin turbulent �o w.
In Section8.1 we computestability factorsfor differentoutputsin laminaran turbulent �o w with
directcouplingto computability. A fundamentalobservationfrom thesestudiesis thatmean-valuesin
turbulent�o w appearto becomputablewith desk-topcomputationalpower, thusindicatingverygood
prospectsfor CFD.

5.2. Computationof lift anddrag

Supposewewantto computeanapproximationof thequantity

4
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�

���




�

� �
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���




�

� %

�

�

+

���




(25)

where�

�

�

���

�

�

is adecompositionof theboundary� , and
� �
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+
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is agivenfunctionon �

�

, and
���




�

�

solves(6). Thequantity
4
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� �

mayrepresentthemeanvalueover )

�




!

�

of theforcein the
direction

�

on a bodywith boundary�

�

immersedin a �o w. If
�

is in thedirectionof themean�o w
we getthadragforce,andif

�

is in a directionperpendicularto themean�o w we getthelift forcein
thatdirection.

Insteadof directly using (25), we may usethe following alternative expressionwith the idea of
increasingtheprecision,seeGilesetal., 1997,

4

�

�

���




�

� �

�
�

!

�
�

�

� �

�

� � � �&
��

�

��
��

�

�

�

�




div
�

� �	�

�

�"!

�����




!

�

�

� � �

�

� 


(26)

where
�

now is anextensionof thegiven
�

into
�

with
� �

� on �

� , which follows by integrating
by partsin thelast two terms,andusingthemomentumequationfor thesolution
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. We notethat
the representationdoesnot dependon the particularextensionof
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beingused.We are thus led to
approximate
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is a �nite elementfunction satisfying
� � �
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, assuming
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is the restriction to
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of a �nite elementfunction and
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is a �nite elementsolution of (6). Again, the discrete
momentumequationshows that
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is independentof the extension
�

. Let now
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. Reasoningasabove we thenobtainana posteriorierrorestimate
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of thesameform as(23)-(24).
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6. Adaptive �nite elementmethodsfor laminar�o w

A posteriorierror estimatesof the type presentedabove; an integral of a residualweightedby the
solutionof a dual problem,have beenshown to generateeffective error indicatorsaswell assharp
stoppingcriterionsfor adaptive �nite elementmethodsin thecaseof stationary2d �o ws, seeBecker
andRannacher, 2001.In this sectionwe presenta coupleof examplesto illustratetheideasextended
to steadyandunsteady3d �o w.

6.1. Computationof thedrag force

Weconsidertheproblemof computingthedragforceonacylinderwith squarecross-sectionimmersed
into a viscous incompressible�o w, and comparewith results from the collection of benchmark
computationsfor laminar�o w aroundacylinder in 2dand3dpresentedin ScḧaferandTurek,1996.

6.1.1. Steady�ow We startconsideringsteady3d �o w arounda cylinder with squarecross-section
-

�

-

with
-

�

�

�

� centeredat
�

�

���
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�
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�

�

�

�

�

aligned in the



�

-direction, in a channelof
dimensions

�

���

� � ���

, with
�

�

�

� �

� . We have no slip boundaryconditionson the cylinder
andthechannelwalls.At theout�ow weusea transparantout�ow condition,andthein�o w condition
is given by
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� . The kinematic
viscosityis �
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���
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� and �
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� ��� , which givesa Reynoldsnumber
��� �
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- 3
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� �

� , with
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3��

. Thegoalis to computethedragcoef�cient �
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, de�ned by
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� �
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� (27)

Thevaluesof �

�

obtainedby thedifferentparticipantsreportedin ScḧaferandTurek,1996lie in the
(quitewide) interval )

�

�

�
	




	

�

�

�

�

.
We compute �

�

using (26) and an adaptive cG(1)cG(1)-methodon tetrahedralmeshesin space
basedonanaposteriorierrorestimatewith dualweights.Startingfrom thecoarseinitial meshin Fig.1
we re�ne approximately50%of theelementsin eachstepof theadaptive method.In Fig.3 we show
adaptively re�ned meshesafter4 and6 re�nements,andweplot thecomputeddualsolutionin Fig.4.

Wealternativelybasethemeshre�nement(adhoc)solelyontheresiduls(nodualweights)andshow
in Fig.5thecorrespondingmeshobtainedafter4 re�nements.

As a referencevalueto beusedto evaluatetheconvergenceof the two differentadaptive methods,
we choosethevalue �

�
���

�

� �

obtainedfrom a computationwith 2.013.984unknowns.In Fig.2we
plot theerrorvs thenumberof unknownsfor thetwo adaptive stategiessandnotethattheonewith th
dualweightsseemsto givesthebestvalue.

Figure1. Cross-sectionsof themeshesin the 
�� -planeat ������� ����� (left) andin the 
�� -planeat ������� � (right),
for theinitial mesh.

6.1.2. Unsteady�ow We now considerthe sameproblemasin Section6.1.1,but now with �

�

�

�

�

�

� which givesanunsteady�o w with
��� �

����� . Herethevaluefor themaximumof �

�

over three
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Figure2. Convergenceratesfor duality basedre�nement('o') andresidualbasedre�nement('*') for ��� � ��� ,
asa log-logplot of numberof unknownsversusrelativeerrors.

Figure3. Cross-sectionsof themeshesin the 
�� -planeat ������� ����� (left) andin the 
�� -planeat ������� � (right),
for computingthedragforcewith ��� ����� , after4 (upper)and6 (lower)adaptivemeshre�nementsrespectively.

Figure4. Dualsolutionafter4 adaptive meshre�nementsin the 
 � -planeat � � ��� ����� .

Figure5. Cross-sectionsof themeshesin the 
�� -planeat ������� ����� (left) andin the 
�� -planeat ������� � (right),
for computingthedragforceafter4 adaptive meshre�nementsbasedon theresiduals.
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periodsis estimatedin Scḧafer andTurek, 1996to be in the interval )

��� �




� � �

�

, andvaluesbetween
)

��� �

�




�+���

�

�

arepresented.Basedon the on the samereferencemeshas in the previous sectionwe
setthe referencevalueto �

� �

���

�

� . In Fig.7 we show the adaptively re�ned meshesafter 4 and6
re�nements,andin Fig.6weplot theconvergencerateswith respectto thereferencevalue.

3.6 3.8 4 4.2 4.4 4.6 4.8 5
�1.2

�1.1

�1

�0.9

�0.8

�0.7

�0.6

�0.5

Figure6. Convergenceratesfor dualitybasedre�nementfor ��� ��� � � , asa log-logplot of numberof unknowns
versusrelativeerrors.

Figure7. Cross-sectionsof themeshesin the 
�� -planeat ������� ����� (left) andin the 
�� -planeat ������� � (right),
for computingthedragforcewith ��� ��� � � , after4 (upper)and6 (lower)adaptivemeshre�nementsrespectively.

6.2. Computationof a local meanvalue

To illustratehow theadaptivealgorithmworksfor adifferentcomputationalgoal,weshow in Fig.8the
resultingadaptively re�ned meshesfrom a computationwheretheoutputfunctionalis thelocalmean
valueof the�rst componentof thevelocityoveracubewith sidelength0.05centeredat

�

�

���




�

�

�

�




�

� �

�

,
in thecaseof �

�

�

�

� � � .
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Figure8. Cross-sectionsof themeshesin the 
�� -planeat ������� ����� (left) andin the 
�� -planeat ������� � (right),
for computingtheaverageover thesquarewith sidelength0.05centeredat � ��� ��� ��� ����� ��� ��� , after4 (upper)and6

(lower)adaptive meshre�nementsrespectively.

7. Adaptive �nite elementmethodsfor turbulent�o w

To constructadaptive LES �nite elementmethodsfor turbulent �o w computations,we have to take
into considerationnot only theerrorfrom discretization,but alsothemodelingerrorfrom thesubgrid
modelwe use.In thecaseof a DNS thesameframework asfor thelaminar�o ws applies(no subgrid
modeling).

7.1. TheaveragedNavier-Stokesequations

In a turbulent �o w with pointwiseunresolvablescales,we may aim at computinginsteada running
average

���

�




�

�

�

of
���




�

�

, where

�

�

��



��

�

�
�

�

�

�

���

�

�

�

�

�

�

�

�

�

��
�� �


��

�

�

�

�

�

���




(28)

where� is thelocalmeshsize,
,

�

�.�

�

�

� �

	

�

�

+
� '

�

3

�+�

, andthus�

�

representsalocalmeanvalue
of a function � . Noting thataveragingcommuteswith spaceandtime differentiationif � is constant,
weareled to thefollowing Navier-Stokeslike equationsfor

���

�




�

�

�

by takingtherunningaverageof
theequations(6), with suitableconstructionsneartheboundary�

�

,
�

�

�

�)���

�

��
 ���

�

� ���

�

�

� 


�

�

� �

�

�����

�+�

in
�
���




div
�

�

�

� in
�
���




�

�

�

 

on �

� ���




�

�

� �




�

�

�

�

�

in
�




(29)

where
�

�

�����

�	��

���

�

�����

, and
�

�

+��

�����

�

���

+

�

�

�

�

�

�

�

+

�

�

�

arethecomponentsof theReynoldsstress
tensor

�

�

�����

. Alternatively, we may restrict
�

�

to averagingin spaceonly, or to otheraveragesor
�lter s, seeGatskietal., 1996,Thebasicproblemof LargeeddysimulationLESis now to model

�

�

�����

in termsof
�

�

in a subgridmodel �

�

�

���

�

�

, or
�

�

�����

in a model
�

�

�

���

�

�

. LES is assumedto resolveall
thescalesdown to theinertial range, which refersto a rangeof (smallest)scalesfor which theenergy
spectrumhasa power law behaviour. In the restof this paperwe usuallylet

�

�

bea spatialaverage
only, de�ned by

�

�

��



��

�

�

�

�

�

�

���

����
�� �


��

�

�

�

� (30)
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7.2. Subgridmodeling

ThedifferentLESsubgridmodelsproposedtake thegeneralform (Ansatz)of a mixedmodel:

�

�

�

+��

�

�

�

�

�

�

� �

��� �

�

+��

���

�

� �

�

�

+��

!

+��

���

�

�




(31)

with analgebraic �rst partandaviscoussecondpartwith aturbulentviscosity(tensor)
�

�

+��

, alsoreferred
to asaneddyviscosity. NotethattheAnsatztakestrace-freeform with theisotropicpartbeingabsorbed
into thepressure,seee.g.Lesieur, 1997.

Theclassicaleddyviscositymodelis theSmagorinsky modelwith
��

�

+��

�

� and
�

�

+��

�

�

�

, where

�

�

�

�

)

�

�

�

� �

!

���

�

�

�




(32)

where
)

� is theSmagorinskyconstant, commonlysetto �

�

� � �

�

�

. Eddyviscositymodelsarein general
consideredtoodissipativeandareunableto predictbackscatter, wheresubgridscalesfeedenergy into
resolvedscales.

Scalesimilarity models, �rst introducedby Bardinaetal., 1980andfurtherdevelopedby e.g.Liu et
al., 1994,take theform (with

�

�

+��

�

� ),

��

�

+��

���

�

�

�

)��

���

+��

���

�

�

�

)��

� ���

�

+

�

�

�

�

�

�

���

�

+

�

�

���

�

�

�

�

�




(33)

where
�

representsa coarserscalethan � , and
)

�

is a scalesimilarity constant.In a scalesimilarity
modelstheReynoldsstressesonthecomputationalscale� areassumedto beproportionalto Reynolds
stressesof theresolved�eld on coarserscales.Thescalesimilarity modelscanpredictbackscatterbut
areconsiderednot to bedissipativeenough,andthusoftenarecombinedwith aneddyviscositymodel
in a mixedmodel.

In dynamicmodels�rst introducedby Germanoet al., 1991, the parameters
)

� and
)��

are
determined(locally in space-time)e.g.by comparingresolvedReynoldsstressesondifferentscales.

TheVariationalmultiscalemethodby Hughesetal., 2000is amodi�ed eddyviscositymodel,where
theeddyviscosityonly on the�nest resolvedscales.TherearefurtherFractal models, seee.g.Scotti
andMeneveau,1995,basedon fractal interpolationof thevelocity �eld for a directevaluationof the
Reynoldsstresses,andalsomodelsbasedonhomogenization, seee.g.Frisch,1995.

In anadaptive LES methodincludingerrorsfrom subgridmodeling,we want to adaptively choose
the bestparametersin a particularsubgridmodelandalsothe bestof differentsubgridmodels.For
this purposewe needa posteriorierror estimatesseparatingthe subgridmodelingerror from the
discretizationerror. We returnto this topicbelow.

7.2.1. Scalesimilarity of turbulentsolutions Turbulent�o w show somefeaturesof scalesimilarity,
which is expressedin the Kolmogorov �

3

� -law (se e.g. Frisch, 1995), correspondingto Hölder
continuityof thevelocitieswith exponent �

3

� . This givessomehopefor scalesimilarity models,but
featuresof small-scalecoherentstructuresalsopresentin turbulent�o w, posechallenges.In Section7.5
we investigatefeaturesof scalesimilarity in a computedturbulent shear�o w using a Haar Multi-
Resolution-AanalysisMRA.

To motivateHöldercontinuityof thevelocitieswith exponent �

3

� we mayargueasfollows: If
�

is
the smallestscalepresentin the �o w and � is thecorrespondingvelocity amplitude,thenwe should
have �

�

� � (local Reynoldsnumber� � ) and �

�

�

�

3

�

� �

� � (signi�cant turbulentdissipationon the
smallestscale),whichgives � � �

�

, thatis Höldercontinuitywith exponent�

3

� on thesmallestscale,
andby scalesimilarity weshouldhavethesameexponentalsooncoarserscales.
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7.3. TheG
�

-methodfor turbulent�ow

TheG
�

-methodfor LES usingtheSmagorinsky subgridmodeltakestheform (Hoffman,2002):Find
�

�

�
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� ,

 

, suchthatfor
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(34)

where
5

�" 

6 �
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-;: � �
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� ������� with the Laplaciande�ned elementwise,
�

�

�

�

�

�

�

�

�




�

�

�

�

�

�

�

�

�




�

�

�

�

�

in the convection-dominatedcase
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, where �

�

is a turbulent eddyviscosityand
��
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is an algebraicpart
in themixedmodel(31),and
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de�ned by (14), and where
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(2

�

�

is de�ned elementwiseand with piecewise
linearsin space,theLaplacian� �

� is zero.In thecomputationspresentedbelow, we choose
<

�

�

�

correspondingto shuttingoff thearti�cial viscosity.

7.3.1. ThecG(1)cG(1)-methodfor turbulent�ow ThecorrespondingcG(1)cG(1)-methodreads:For
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where ��




�

�

�

�

�
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�

�
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�

�

�

.

7.4. A posteriorierror estimationfor turbulent�ow

To derive an a posteriorierror estimatefor
�

�

�	�

� , where
�

�

is the runningaverageof the exact
velocity

�

satisfying (29), we have to take into accountboth the error from discretizationand
that from subgrid modeling.Aiming at error control of the quantity
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(36)
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c
�

2004JohnWiley & Sons,Ltd.



COMPUTABILITY AND ADAPTIVITY IN CFD 21

where
� 


�

�

�

�

�

�

�

�

�

�

�

� �

�

� , andwe notethatweusetheviscosity
�

� , includingtheeddyviscosity
�

�

. Dependingof thechoiceof
�

, thequantity
�
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���
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� �
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�




�

�

mayrepresentdifferentnorms
of theerror, or local or globalmeanvaluessuchasthemeandragor lift force.Following thegeneral
methodologypresentedabove,we arriveat anerrorrepresentationformulausingintegrationsby parts
from whichwecanderivevariousaposteriorierrorestimates.We statetheresultsin thefollowing two
theoremsfrom Hoffman,2002:
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We note that Theorem1 is valid for any
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interpolantsof thedualsolution
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, andthenestimatetheinterpolationerrorsin termsof derivatives
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andpowersof thespaceandtime discretizationparameters.As anexample,we presentthe
correspondingerror estimatesfor the cG(1)cG(1)-method,and for simplicity we considerthe case
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for �

�

�


 �

, where
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with �

�

�

�

�

the diameterof element
�

at
�

,
-
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measuresderivativeswith
respectto




of order � , and
)

�




)

�

representsinterpolationconstants.

Remark 3. We notethat there are several possibilitiesto posethedual problem.In (36) wechoseto
includetheturbulentviscosity�

�

in thedual problem,but wecouldalternativelyhavechosento only
usetheviscosity� , which wouldhavegivena differentmodelingresidual

� �

���




�

�

�

. Themotivation
for usingthelarger turbulentviscosityis improvedregularity of thedualsolution

�

�


��

�

.

Remark 4. If
�

�




�

���

�

� , we may view the stabilizing termsas a modi�cation of the continuous
equation,which wesolvebya standard Galerkinmethod,accordingto Section1.4.Wethenmodifythe
dualproblemaccordingly, to obtainGalerkinorthogonalityfor thediscretizationerror of thesolution
of thestabilizedequations.

7.5. Estimationof themodelingresidual

The subgridresidualon the scale � cannotbe directly evaluated,becauseit involves the unknown
solution

�

, or ratherthecomponentsof theexactReynold'sstresses
�

�

+��

�����

, andweproposeto instead
estimatethesecomponentsby scalesimilarity from evaluatingReynold'sstresscomponentsoncoarser
scales

�

, � basedon computedvelocitieson thescale� . We startseekingthis way to evaluatethe
subgridmodelingresidualin thecasewe arenot usingany subgridmodel,that is we simply seekto
estimatethecomponents

�

�

+��

�����

. Usingthescalesimilarity model(33),or theideasin Hoffmanet al.,
2000;Hoffman,2000;Hoffman,2001;Hoffman,2002,wemayseekto extrapolate
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from coarser
scales
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� asfollows:
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from HoffmanandJohnson,2002a,de�ned by
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(38)

and ��� is the �nest scalein the exact solution.This extrapolationformula is basedon an Ansatzof
�

�

+��

�����

of theform

�

�

�

�




 #� ��
��

�

)

��
��

���

���

�

(39)

for covariancesof theform
�

�

�

�




 #�

�

�

�

 #�

�

� �

�

 

�

, andafundamentalquestionisnow if theAnsatz
(39) is valid for

�

�

+��

�����

in thecomputations,that is if we have scalesimilarity. We testthis hypothesis
for thecomputedsolution �

� , wherewecompute
5

�

+��

� �

�

�

+��

�

�

�

�

�

�

�

+��

�

�

�

�

,
5

�

+��

� �

�

�

+��

�

�

�

�

�

�

�

�

+��

�

�

�

�

,
and

5

�

+��

� ���

�

+��

�

�

�

�

�

�

�

�

+��

�

�

�

�

. As anapproximationof therunningaverageoperatoron thescale�

we usea projection )

�
�

�

ontothespaceof piecewiseconstantfunctionson themeshcorrespondingto
� . Thespacesof piecewiseconstantfunctionson successively uniformly re�ned meshesform a Haar
Multi ResolutionAnalysisMRA in $

�

�
�

�

, wheretheuniformre�nementdividing onetetrahedroninto
eightnew onesis describedin Figure9.

In Hoffmanet al., 2000;Hoffman,2000,covarianceswith respectto a HaarMRA is investigated,
andit is shown that )

�

+

�

�

�

�

�

)

�

+

�

�

)

�

�

�

�

� '

���

�

�

Haarcoeff. of
�

+

�

Haarcoeff. of
�

�

, wherewe
sumover scaleson scales� �ner thanor equalto � , and

5

�

�$+




5

�

�$+




5

�

�$+

now representsthesumof Haar
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Figure9. Uniformly re�ned tetrahedralandtriangularelements.

coef�cients of
���

�

�

�

�

�

on thescales
�

� , �

� , and 	 � respectively. If Ansatz(39) is valid (
� �

�

�

�

�

�

is
scalesimilar andthuspossibleto extrapolate)

5

�

�$+

,
5

�

�$+

, and
5

�

�$+

shoulddecreaseregularly. If we have
scalesimilarity in the coarserscales

�

� , �

� , and 	 � , we anticipatescalesimilarity in �ner scales,
sincewe assumethat we arein the inertial range.In Figure10 we presentthe $

�

-normsof
5

�

�$+

,
5

�

�$+

,
and

5

�

�$+

, from Hoffman,2002,showing thatwe have a certaindegreeof scalesimilarity, andwe �nd
that the decreaseis typically by a factor1.5.FromHoffmanet al., 2000;Hoffman,2000,we have a
dependence

5

�

+��
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�

�

�

�
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, for
�
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beingtheHölderexponentsof
�
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and
�
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respectively. If we
assumethat
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+
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, we getthat
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���	�

�

�

� �

�

�

�

�

, which is very closeto
�

�

�

3

� , correspondingto the velocity being
Höldercontinuouswith exponent1/3,which is consistentwith theKolmogorov 5/3-lawfor theenergy
spectrum,seeFrisch,1995.The resultsin Figure10 supportthe Ansatz(39), althoughwe notethat
theseareglobalresults(usingtheglobal $

�

-norm).
If weusea subgridmodelin thecomputationsweneedto estimatethedifference

�

�

�����

� �

�

�

�

�

�

�

,
andwearethusleadto modeltermsof theform �
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. We maybaseourestimation
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,
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andin a similar way we get
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de�ned by (38).
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Figure10. ���

�

� �

�

� (' � '), ���

�

� �

�

� (' � ') and ���	�

� �

�

� (' 
 ')

7.6. Discretizationerror vs.modelingerror

We now proceedto estimatein a concrete�o w theerrorsfrom bothdiscretizationandmodelingusing
thea posteriorierrorestimatefrom Theorem2. We considera turbulent�o w obtainedafter transition
to turbulencein planeCouette�o w usingthecG(1)cG(1)-methodfrom Section7.3.1without subgrid
model.We computeon theunit cubeusinga regular tetrahedralmeshwith �

�

�

�

�

�

�

� nodesand
weuseperiodicboundaryconditionsin thestreamwise




�

-directionandin thespanwise



�

-direction,
andwith thestreamwisevelocity equalto � � on top andbottom,andwe set �

�

�

3

�
������� andthus
theReynoldsnumberis �
������� . We computeon the time interval )

�

�




�

�

�

wherethe �o w hasbecome
turbulentaftertransition,usinga computedvelocityat

�	�
�

� asexactinitial condition.We mayview
the computationasa DNS at an effective Reynoldsnumberin the range100-1000.We thusconsider
a “real” turbulent �o w, andnot a �o w with an arti�cially constructed“turbulent” inlet velocity. For
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moredetailsof thecomputationanda studyof thetransitionprocessfrom laminarto turbulent�o w in
Couette�o w, seeHoffmanandJohnson,2002b.In Fig.11weplot thevelocityisosurfacesfor

�

�

�

�

�

�

�

,
aftertransitionto turbulence,andof coursenotethatthe�o w appearshighly irregular.

RecallingTheorem2, wehave that
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representstheerrorfrom discretizationand
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� 


representstheerrorfrom modeling.Notethatsince �

�

�

3

�

� and �

�

�

3

�
������� , we expecttheexact
�o w to containscales�ner scalesthan � , andthusweexpectanerrorfrom modeling.We now seekto
evaluate

�
�

and
�

�

usingTheorem2 with computeddualsolutions
�

�


��

�

asinput.Thediscretization
residualsare directly computablefrom the approximatesolutions

�

�

�


(2

�

�

, whereasthe modeling
residual

� �

���




�

�

�

hasto be estimated.Herewe use(33), with
)

�

�

� , to estimatethe modeling
residualwithout a subgridmodel.In the estimateof the discretizationerror we use

)

�

�

�

3

	 and
)

�

�

�

3

�

, whichareapproximationsof theinterpolationconstantsmotivatedby a simpleanalysison
a referenceelement.

If themodelingerrorwithouta subgridmodelis neglible comparedto thediscretizationerror, then
wedo not needa subgridmodel.If on theotherhandthemodelingerrordominates,weneedto either
usea subgridmodelor to re�ne thecomputationalmesh.

In Fig.12we presentestimatesof the relative discretizationerror andmodelingerror, normalized
by �

�

�
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�
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�
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� � � (
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), in thecomputationof a space-timeaverageover
�

�

)

�

� �

�

�

�

�




�

�

�

of thesolution
�

�

, with � beinga spatialcubewith sidelength
�

�

�

�

, centeredat
�

�

���




�

� �




�

� �

�

. This correspondsto
� �����

���

�

�

�

�

���

� �

�

�	�

3 �

�
�

���

�

�

�

�

���

� �

�

�	�

�

in thedualproblem(36),
where

� �

is thecharacteristicfunctionfor
-

, and
� -��

denotesthespace-timevolumeof
-

. Wedisplay
the estimatederrorsasfunctionsof ! , wherewe computeon the time interval )

!




�

�

�

assumingthe
initial velocityateachinitial time ! (takenfrom thesimulationon )

�

�




�

�

�

), is exact..
We �nd thattheestimatesof thediscretizationerrorandthemodelingerrorareof thesameorderin

this computation,botherrorsarelessthana few percentof thesizeof thesolution,andtheerrorsof
courseincreaseif we computeover a longertime. In theestimateof thediscretizationerrorwe have
neglectedtheresidual

�

�

�

�

�

�

, sincetheotherresidualsdominatefor � smallwhenwe do not usean
eddyviscositysubgridmodel.Wenotethatboth

�
�

and
�

�

arelargerfor smallerspace-timeaverages,
supportingourbelief thatit is harderto computesmallerspace-timeaveragesthanlarger. We alsonote
that the differencebetween

�
�

and
�

�

is smallerfor larger
�

�

�

�

. Altogether, we estimatethe error
from modelingto be signi�cant ascomparedto the error from discretization,andthusthat subgrid
modelingcouldbemotivated.
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Figure11.Velocity isosurfacesfor � ����� ��� � in Couette�o w for � ����� � � ��� ��� � ����� ��� � � �
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Figure12. ���

�����

('-') and ���

�����

('*') for 	���
 � � ��� � � � (left), ��� � � (middle), ��� � (right), asfunctionsof time

In this test,we usethe computedvelocity with �

�

�

3

�

� as exact DNS and we estimatedthe
modelingerroronthecoarserscale�

�

�

3

�

�

.Theunresolvedscaleis thusjustonemultipleof 2,orone
scale,andthemodelingerroraccordinglysmall.With theDNS insteadon say �

�

�

3

�

�

�

, we would
havefour scalesto modelandthemodelingerrorwouldincrease.Thus:thelargertheReynoldsnumber
is thestrongeris theneedfor subgridmodeling(andthebetterthechancesof achieving improvements
from subgridmodeling).

In Fig.13 we presentplots of the discretizationresiduals
�

�

�

�

�


 2

�

�

,
�

�

�

�

�

�

and the modeling
residual

� �

���




�

�

�

. We seethat�rst
�

�

�

�

�


(2

�

�

is largein themiddleof thedomain,but aftersome
time

�

�

�

�

�


(2

�

�

is largestat thetop andbottom.This is becausethe�o w is changingfrom a Couette
pro�le (linearpro�le in theverticaldirectionof thestreamwisevelocity),wherethe residualis large
in themiddle,into a solutionwith smallvelocitiesin themiddleandsharpboundarylayersat top and
bottomthatthemeshis notcapableof resolving,causinglargeresidualsin theselayers.Themodeling
residual

�
�

���




�

�

�

behavessimilarily, whereas
�

�

�

�

�

�

, on theotherhand,is moreisotropic.

Remark 5. In the computationof the dual problemwe usea cG(1)cG(1)-method,correspondingto
themethodusedfor theprimal problem,ona uniformtetrahedral meshwith �

�

�

�

�

�

�

�

nodes,and
weapproximateboth

�

�

and �

� with �

� , projectedontothismesh.

Remark 6. Sincewe usea stabilizedGalerkin methodthere are also termsfrom the stabilization
presentin

�
�

and
�

�

. In this studyweassumethesetermsto besmall compared to the other terms
sincethey areweightedbya smallstabilizationparameter.

7.7. Evaluationof differentsubgridmodels

In Section7.6 we estimatedthe errorsfrom discretizationand modelingin a casewithout subgrid
model.We now considerthe problemof estimatingthe error from modelingfor different subgrid
models,with the goal of beingable to adaptively choosingthe bestfrom a setof availablesubgrid
models.We seek

�

�

, with �

�

�

3

�

�

, andwe use
�

�

�

�

�

�

�

�

asanapproximationof thetrueReynolds
stresses

�

�

�����

. We comparethescalesimilarity model(33)andtheSmagorinsky model(32).
Experiencetells us, seee.g.Gatskiet al., 1996,that neitheran eddyviscositymodelnor a scale

similarity modelmay work asa standalonesubgridmodel.Instead,a combinationof the two in a
mixedmodelmaybe superior. A possibleexplanationis that

�

�

�����

is combinedof a low frequency
partandahigh frequency part,andthataneddyviscositymodelhastypically abetterchanceto model
thehighfrequency partwhereasascalesimilarity modeltypically hasabetterchanceto modelthelow
frequency part.As a testwe try to �t thethescalesimilarity model(33)andtheeddyviscositymodel
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Figure13.High valueisosurf.: � �

�

�

���

�

�

�

� � (upper), � ��� �

���

� � (middle), � � � � � �

���

� � (lower), � ��� ��� ���
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(32) to ourapproximationof thetrueReynoldsstresses
�

�

�������

�

�

�

�

�

�

�

�

, by changingtheconstants
)

� and
)��

, wherewebasethemodelson thesolution �

�

�

� , projectedontothescale� .
We �nd thatweareunableto �t theSmagorinsky modelby changing

)

� . Usingthescalesimilarity
modelweareableto reducethemodelingerrorby

�

��� , for
) �

�

�

�

�

� . Admittedly, ourtestis limited,
andmoretestsareneedto draw any conclusions.

Remark 7. Wenotethatthistestdoesnotrule outtheSmagorinskymodelasa possiblesubgridmodel,
sinceit is knownGatskietal., 1996,thateddyviscositymodelsdoespoorin thesetypeof tests,possibly
becauseof theformof theReynoldsstressesbeingcomposedof a low frequencypart aswell asa high
frequencypart.Wemaysplit theReynoldsstressesas

�

�

�����

�

�

�

�

����� �

�

� �

�

�

�����

�

�

�

�

����� �

�

�




�

,

� , wherea scalesimilarity modelmightbea goodmodelfor thelow frequencypart
�

�

�

����� �

�

, andan
eddyviscositymodelwouldbea goodmodelfor thehigh frequencypart

�

�

�����

�

�

�

�

����� �

�

.

Remark 8. Therole of theSmagorinsky viscosity, which is kind of arti�cial vicosity is to ensure that
thediscretemodelcontainssuf�cient turbulentdissipationon the �nest scalesof thecomputation,or
rather theright amountof dissipation.Now, theGalerkindiscretizationprocessitself, apart fromthe
modeling, typically also introducesarti�cial viscosityin the form of stabilizing least-squares terms
or shock-capturingresidual-dependentviscosity, and thusarti�cal viscosityis introducedboth from
discretizationand Smagorinsky subgridmodeling, and it maybe dif�cult to tell thesecontributions
apart. It maybe that the proper amountof arti�cial viscosityin the discretizationwouldensure just
the right amountof turbulent dissipation,and thenSmagorinsky would not lead to improvement,as
our testindicates.Of coursethekey questionis to decideif thediscretizationgivestheright amountof
dissipation;wehopeto beableto dosothrougha posteriorierror estimationasindicated.
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Figure14. ���

� � �

for ��� � ��� ��� � ��� ��� � � � ('-') and ��� � � ('*') (left), and ����� ��� ��� � ��� ��� ��� � ('-') and
��� � � ('*') (right), for 	���
 � � ��� � ��� , asfunctionsof time

7.8. Adaptivestrategiesfor turbulent�ow computations

Basedon the a posteriori error estimationpresented,we may device adaptive methodsfor both
discretizationandmodeling.Forexample,wemayuseadaptivemeshre�nementonlywithoutasubgrid
model(exceptfrom thearti�cal viscosityof theGalerkinmethod),whereweuseasubgridmodelonly
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to estimatethemodelingresidual.Wemayalsoadaptively choosethebestof availablesubgridmodels
(differentAnsatzor parametervalues).

8. Computabilityandpredictability

We now return to the basic problem of computability/predictabilityof �uid �o w From the error
representationof Theorem1 we know that the computationalerror of an output quantity may be
expressedas a space-timeintegralsof residualstimes (derivativesof) the solution to an associated
linearizeddualproblem.Theresidualsmeasurehow well thecomputedsolutionsatis�estheNavier-
Stokes equations,and the solutionof the dual problemdetermineshow the residualin�uences the
particularoutputconsidered.We mayalternatively view thedualproblemasdescribinghow theerror,
producedthrougha nonzeroresidual,is propagatedin space-timeto theoutputquantity. Thesizeof
(thederivativesof) thedualsolutiondirectly couplesto computability:the larger thesequantitiesare
thehigheris thecomputationalcost.

The linearizeddual Navier-Stokes equationsare closely relatedto the linearizedNavier-Stokes
equations,where the linearizeddual Navier-Stokes equationsdescribethe propagationof errors
coupling to the questionof computability, and the linearizedNavier-Stokes equationsdescribethe
propagationof physicalperturbationscouplingto predictabilityandhydrodynamicstability.

8.1. Computabilityof theNavier-Stokesequations

In this sectionwe investigatecomputabilityof differentoutputquantitiesfor a setof testproblems.
As indicated,dualsolutionscarriesinformationon thegrowth andpropagationof perturbationsfrom
discretizationandmodeling,andin particularunderliethemeshselectionin adaptivemethods.Wemay
evaluatethedualsolutionin termsof stabilityfactors,or wemaystudythedualsolutionin moredetail.
The purposeof computingstability factorsis to get a roughmeasureof relevant stability features.
For more preciseerror estimation,the form of the a posteriorierror estimateswith (more or less
local) stabilityweights,is advantageous.The(derivativesof the)dualsolutionmaybevastlydifferent
dependingon the dataof the dualproblemconnectingto output,with smoothdatacorrespondingto
largemeanvalues,andof coursetheunderlying�o w. We presenta selectionof stability factorsfrom
Hoffman andJohnson,2002a,using for the dual solution the $

�

�

�




!�6 $

�

�
�

� �

-norm in space-time,
denotedby

 

�

 

� with
�

�

)

�




!

�

, andcorrespondinglyusing $

�

�

�




!�6 $

�

�
�

� �

for theresiduals,see
Tab. I. Thedifferentstability factorsmeasurethedualsolutionand�rst orderderivativesin space-time
thereof.A variety of alternative combinationsof normsin space/timefor the residualsandthe dual
solutionsarepossible.We now presentresultsfrom Hoffman, 2002,comparingdual solutionsand
stability factorsfor laminarandturbulent�o ws.We generallycomputeon regulartetrahedralmeshes
with meshsize �

�

�

3

�

�

� �

3

�

� usingthecG(1)cG(1)-method,andtheviscosity � variesfrom �
�

�

�

to ���

�

� . Thestabilizationintroducesanumericalvicosity, whichmaybeof size � � �

�

atbest,indicating
thatwecomputewith effectiveviscositiesin therange���

�

�

to ���

�

� . We linearizedthedualproblems
at computedapproximationsof theprimal solutionsaveragedover a regular tetrahedralmeshof size

�

�

�

3

� � , which in thecaseof turbulentsolutionsmight leadto anunder-estimationof thestability
factors.We usethesamecomputationalmeshesfor thedualproblemasfor theprimalproblem.

In general,the stability factorsincreasewith (i) the numberof derivatesof the dual solution,(ii)
meanvaluesof decreasingdiameter, and(iii) thecomplexity/stability of theunderlying�o w. In thea
posteriorierrorestimate,stabilityfactorsof derivativesareaccompaniedwith correspondingpowersof

Encyclopediaof ComputationalMechanics. Editedby Erwin Stein,Reńe deBorstandThomasJ.R.Hughes.
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TableI. Stability factors,where ��� �

� correspondsto the
�

�

�����

�

�

�	� � � -norm
1

�

�

�

1

�

�

�

1

�

�

�

1
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�

�

1
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�

�

1

�

�

�
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�
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�
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�

TableII. Bluff body:stability factors

�

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1/16 6.0 3.4 121.1 33.1 16.3 57.7

1/8 4.9 3.1 78.6 19.2 12.1 35.8

1/4 3.3 2.6 46.2 11.2 7.8 18.1

1/2 1.7 1.9 20.0 5.2 3.7 8.7

themeshsizein space/time,andthereis a trade-off: e.g.with a derivative in time presentthereis an
extra factorof thetimestep,but thestability factorwithout thederivativeis smaller.

8.1.1. Bluff body We considerchannel�o w with no slip walls and �

�

� quadraticcross-sectionof
length4 containinga cubicbodyof sidelength �

�

�

� with centerat
�

�

���




�

� �




�

� �

�

, where



�

� is the
in�o w boundary. Weimposeaparabolicin�o w condition

�

�

�

� �

���

� �

� ��
��

� �


 �




�




�

�

, atransparant
out�ow condition,andwe set �

�

���

�

� . We computeon a regulartetrahedralmesh,with �

�

�

3

�

�

,
usingthecG(1)cG(1)-method.Westartfrom

�

�

� at time
� �

� , andwecomputeto time !

�
�

� . We
considertheproblemof computingthespace-timeaverageof

�

�

over thedomain�

�

)

! �

�

�

�

�




!

�

,
where �

� �

is a cubecenteredat
�

�

���




�

���




�

� �

�

with side length
�

�

�

�

. To estimatethis error the
appropriatedatato thelinearizeddualproblemis zero�nal dataanda force

� �

�

�

�

3

�

�

�

�

�

�

�

�

�




�




�

�

actingoverthetimeinterval )

! �

�

�

�

�




!

�

, with
�

�

thecharacteristicfunctionof � and
�

�

�

�

�

�

�




the
volumeof � . We give stability factorscorrespondingto a computationstartingat

� �

�

�

for different

�

�

�

�

in Tab. II.
The residualsare of order 1, and the product of meshsize and stability factor increaseswith

decreasing
�

�

�

�

. This examplesupportsour belief that pointwise quantitiesare more dif�cult to
computethanmeanvalues.In Fig.16we notethedecreasein thedualsolutionwith (backward)time
for

�

�

�

�

whenthe initial datais convectedout of thecomputationaldomain,indicatingthat theerror
in themeanvalueof thesolutionover thetime interval )

�

� �

�

�

�

�


 �

�

�

is independentof theerror in
thesolutionfor

�

�

�

� in thiscase.

8.1.2. Stepdown We considernow a channelwith no slip walls and �

�

� quadraticcross-section
of length 4, and a stepdown of heightand length0.5. We have a parabolicin�o w condition

�

�

�

�

�

�

� �

� � � �

� �

���

��
.�

���


 �




�




�

�

, andwe usea transparentout�ow condition.We set �

�

�
�

�

� ,
andwecomputeonaregulartetrahedralmesh,with �

�

�

3

�

�

, usingthecG(1)cG(1)-method.Westart
from

�

�

� at time
���

� , andin Fig.8.1.2duringthestartup phasewe canfollow theformationof
therecirculationzonebehindthestepandalsotheformationof a correspondingzonewherethe�o w
separatesfrom thetopboundary.
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Figure15.Timeevolution for thebluff bodyproblemwith � ����� � � � � � � � �
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Figure16.Bluff body: ����� � � �

� for 	���
 � ���

�

� (left), andfor thedragproblem(right), asfunctionsof time.

TableIII. Stepdown: stability factors

�

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1/8 30.9 16.2 836.8 124.0 138.4 278.4

1/4 22.9 4.2 533.4 39.0 48.9 46.8

1/2 10.8 2.4 220.3 10.5 16.1 25.2

We considerthe problemof computinga space-timeaverageover the time interval )

�




�
�

�

anda
spatialcube�

� �

centeredat
�

�

���




�

���




�

� �

�

with sidelength
�

�

�

�

, startingthecomputationat
�	�

� .
Theresidualsareof order0.1,andin Tab.III wepresentstablityfactorscorrespondingtodifferent

�

�

�

�

.
In Fig.8.1.2weseehow thedual“�nal data”is transportedbackwardsin space-time.

8.1.3. Drag of Bluff body Wereconsiderthebluff bodyproblemwith now theobjectiveof computing
theaverageof thedragforceovera timeinterval )

�

� 
 �

�

�

. Thecorrespondingdatafor thedualproblem
is a boundarycondition

�

�

�

�




�




�

�

on the facesof the bluff body. We notethat the norm of the
dual solutionafter an initial (backwardsin time) growth approachesa stablevalue,seeFig.16.The
correspondingdualsolutionis shown in Fig.19.Thedualsolutiondoesnotgoto zeroasin theprevious
cases,indicating(notverysurprising)thatthecomputationof atimeaverageis dependentof thequality
of thesolutionduringthewholetime interval, in contrastto thepreviouscasesin Section8.1.1-8.1.2
wherethedependenceof thequalityof thesolutionfor previoustimewasdecreasingwith (backward)
time.

We observe that the stability factorsfor the time mean-valueof the dragareconsiderablysmaller
thanthosefor morelocalspace-timemean-values.

8.1.4. Jets We considera channelwith no slip walls and �

�

� rectangularcrosssectionof length
4 with an obstaclewith four quadraticholesof size0.25at




�

�

�

� � . We have a parabolicin�o w
conditionandwe usea transparantout�ow condition.Thein�o w conditioncausesthe�o w to form 4
highvelocity jetsthroughtheholes,andin thedomainbehindtheobstaclewegeta irregularunsteady
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Figure17.Dualsolutionfor Stepdown problemfor 	���
 � ���

�

� , andbackwardtime.

TableIV. Bluff bodydrag:stability factors
1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

0.13 0.11 1.6 0.03 0.43 0.06

TableV. Jets:stability factorscorrespondingto aspace-timeaverageover 
��

� ���

� � ��� , with 	���
 � � ��� � � � .

!

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1/4 4.2 4.2 189.4 28.7 31.7 39.5

1/2 3.0 2.9 101.9 8.6 14.0 12.4

�o w pattern.We computeon a tetrahedralmesh,with �

�

�

3

�

�

, locally re�ned to �

�

�

3

�

� for
�

�

�

�

�

'




�

'

�

�

�

�

� , and �

�

�
�

�

� , usingthecG(1)cG(1)-method.Westartfrom
�

�

� attime
� �

� ,
andwecomputeto time

� �

�
� . Theresidualsareof order1, andin In Tab. V weconsiderthecaseof
computinga space-timeaverageoverthespatialcube� with

�

�

�

�

�

�

�

�

�

� for differenttimeintervals
)

!

�




���

�

, andwe �nd thatwegetlargerstability factorsfor decreasing!

� We then�x thetime interval
to )

�




���

�

andwevary thesidelength
�

�

�

�

of thespatialcube� , resultingin largerstability factorsfor
smaller

�

�

�

�

, seeTab. VI.

8.1.5. Turbulent �ow We now considerthecaseof the Couette�o w from Section7.6, with results
takenfrom Hoffman,2002.Weconsidercomputingthespace-timeaverageasin Section7.6.In Fig.23
we show snapshotsof the dual solutionsfor

�

�

�

�

�

�

� �




�

�

�

�




�

�

�

�

� , and in Fig.22 we plot the
(backward) time evolution of the $

�

-normsin spaceof thecorrespondingdual solutions.In general,
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Figure18.Timeevolution for thestepdown problemwith � ����� � � � � � � �
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Figure19.Dualsolutionfor theDragproblemat � �����

Figure20.Jetproblemisosurfacesat time � ��� � .

TableVI. Jets:stability factorscorrespondingto aspace-timeaverageover 
��

�

� � � � � , with sidelength 	���
 � .

�

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1

�

�

�

1/16 5.2 5.5 189.8 13.0 21.1 23.1

1/8 5.0 5.4 164.7 12.1 20.0 22.9

1/4 4.1 5.0 115.6 7.8 15.2 19.0

1/2 2.3 4.0 55.9 3.6 8.5 7.9

Encyclopediaof ComputationalMechanics. Editedby Erwin Stein,Reńe deBorstandThomasJ.R.Hughes.
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theareaunderthesecurvescorrespondsto thestability factors.
FromFig.21we seethat the residualsarefairly constantin time, whereasthesolutionof thedual

problemis growing (backwards)in time.
In theinitial phasea dualsolutiongrows throughtheactionof theforce

�

duringthe time interval
)

�

� �

�

�

�

�




�

�

�

. This initial growth is larger for small
�

�

�

�

, which may be explainedby the larger
quotient �

�

�

�

�

� �

�������������
	 ����		�

3

�	� �
� ��	 �

�

�

�

�

� �

3

�

�

�

�

�

�

�

3

�

�

�

�

for smaller
�

�

�

�

. This
phenomenonis alsopresentin the laminar �o ws consideredin the previous sectionsand is caused
by the divergencefree condition,which is active in increasingthe dual solution, and dependson

�

�

�

�

�

� �

. Sincethisphenomenais connectedto thedivergencefreecondition,wecanobservethesame
phenomenaalsoin thesimpleproblem

�

�

� 


�

� �

,

 �

�

�

� .
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Figure21. � ��� �

���

� � (upper), � �

�

�

���

�

�

�

� � (middle),and � � � � � �

���

� � (lower)asfunctionsof time.

In thenext phase,whentheforce
�

is zero,thereis a growth dueto thereactionterm



�

�

�

� in th
dualproblem(22). If �

� is non-smoothasin a turbulent �o w, this is a reactive termwith potentially
strongproductionsince




�

� is large,which in principlecouldcausethedual solutionto grow very
large.However, this pessimisticscenariodoesnot take place,sincethegrowth of thedualsolutionin
reality is rathermodest,whcih mustcorrespondto cancelationsin theactionof thereactiontermwith
alternatingsignsof the componentsof




�

� . Visibly, morecancellationsmust take placefor larger
meanvaluesasthecorespondingdualsolutionissmaller. Thisis goodnewsandindicatescomputability
of meanvaluesin turbulent�o w

In particulara time averageof a certainquantitymaybeexpectedto bemorecomputablethanthe
samequantityat a speci�c time.Thissupportedby Figure22,wherein theupperright �gure now the
force

�

is activeover thewholetime interval correspondingto a timemean-value.
Thegrowth of thedualsolutionis expectedto beweaker for laminar�o ws, for whcih thereaction

term in the dual equationhassmallercoef�cients. As an example,we plot in Figure 22 the dual
solutionlinearizedat the laminarCouette�o w

�

�

�

�

� �

� �

� �

�




�




�

�

, with �

�

�

�

�
��� . We seethat
thedualsolutionis initially quickly dampedfollowedby a slow furtherdecreasecausedby diffusive
mechanisms.In Figure22wealsoplot thedualsolutionlinearizedatalaminar�o w with �

�

�

�

�
������� ,
which correspondsto a moreunstable�o w. In this casewe getan initial growth of thedual solution
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Figure 22. ��� �

� for 	���
 � � ��� ��� ��� � ��� ��� � � � linearizedat a turbulent �o w (upper left), time averageover

 �

�

� ��� ��� � for a turbulent �o w (upperright), laminar�o w with �

�

�

� � � ��� � (lower left), andlaminar�o w
with �

�

�

��� � � (lower right), asfunctionsof time.

dueto thereactionterm,afterwhich we have a similar scenarioasin thecaseof �

�

�

�

����� . We thus
have evidencethat (asit shouldbe) is morecomputationallydemandingto computea moreunstable
�o w (with a largerReynoldsnumber

���

), eventhoughtheexactsolutionis thesame.

9. Summary

We have presenteda generalframwork for adaptive computationalsimulationof �uid �o w basedon
Galerkin�nite elementdiscretizationandsubgridmodelling,togetherwith aposteriorierrorestimation
in termsof discretizationandmodelingresidualsmultiplied with stability factors/weightobtainedby
solvinganassociatedlinearizeddualproblem.Wehavecomputedstabilityfactors/weightsfor different
outputsin both laminarandturbulent �o w, andgivenevidenceof computabilitybasedon thesizeof
residualsandstabilityfactors.In particular, wehaveshown thatstabilityfactorsfor meanvalueoutputs
in turbulent �o w may be of moderatesize indicatingcomputabilityof turbulent �o w. We have also
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Figure23. Streamwisehigh dualvelocity isosurfaces:	���
 � � ��� � ��� (left), 	���
 � � ��� � � (middle), 	���
 � � ��� �

(right), for � ��� ��� � � ��� .

discussedadaptive methodswith automaticselectionof discretization(local sizeof spacemeshand
timesteps),andsubgridmodelingincludingvarioustypesof Ansatzfor thesubgridmodel.
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