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1. Introduction

The NavierStoles equationsform the basicmathematicamodelin uid medanicsand describea

large variety of phenomenaf uid ow occurringin hydro-andaero-dynamicsprocessingndustry

biology, oceanographymeteorology geophysicsand astrophysicsFluid o w may containfeatures
of incompessibleand compessible o w, Newtonian and non-Nevtonian o w, and turbulent and

laminar o w, with turbulent o w beingirregularwith rapid uctuationsin spaceandtime andlaminar

o w beingmoreorganized ComputationaFluid DynamicsCFD concernghe digital/computational
simulationof uid o w by solvingthe Navier-Stokesequationsiumerically

The basic issuesof CFD is computability relating to errors from numerical computation,
and predictability relating to errors from imprecision in given data. The basic question of
computability/predictabilityfor a given o w situationmay be formulatedas follows: what quantity
can be computed/predictedo what tolerance/normo what cost? We emphasizethe quantitative
aspectsconcerningboth the choice of quantity of interest or output the error tolerance/normand
the cost. For computabilitythe costre ects the precisionof the computationwith direct connection
to the computationawork (numberof arithmeticaloperationsand memoryrequirements)and for
predictabilitythe costre ects the requiredprecisionof data.We may expecta turbulent ow to be
more costly thana laminar o w. Further we expecta pointwisequantity (e.g the viscousstresses
speci ¢ points)to be more costly thanan averagequantity (e.g.the dragor lift), or more generally
the costto increasewith the strengthof the norm,andof coursealsowith decreasingoleranceThe
purposeof an adaptivecomputationaimethodis to approacha computationalgoal of computinga
quantityof interestat a minimal computationatost.

In thesenoteswe give a suney of our work on computabilityof uid o w usingadaptive nite
elementmethods with focus on non-stationaryincompressibleNewtonian laminar and beginning
turbulent ow. Our presentatiorfollows the generalapprochto adaptve nite elementmethods
developedtogethemwith the groupof Prof. Rannachemwhich is basedon a posteriorierror estimates
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2 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

derivedby dualitytechniqueskor anoverview of adaptve nite elemenmethodsncludingreferences,
we refer to the suney articles Erikssonet al., 1995, Becker and Rannacher2001, and the books
Erikssonet al., 2001,and?, containingmary detailson variousaspectof adaptve nite element
methodsomittedin thesenotes.For an overview of nite elementmethodsfor the incompressible
Navier-Stokesequationsncludingreferencesyereferto Rannacher999,andfor moredetailsonthe
classof methodsconsideredn thesenoteswe referto HoffmanandJohnson2002a.For a surey of
turbulencemodelingwe referto Gatskietal., 1996,andWagnerandLiu, 1999,andreferencesherein.

Computationasimulationof turbulent o w presentspecialchallengesTo computationallyesole
all scalesof the o w in a Direct NumericalSimulationDNS may be possiblefor Reynoldsnumbers

of theorderupto ,while  largerthansay is beyondpresentomputationapower,
becausehe smallesieddiesypically areof size andthustherequirednumberof mesh-points
for full resolutiontypically scaledike . In mary applicationse.g.in aero-andhydrodynamics
we mayin facthave , orevenlarger. In thesecasegurbulencemodelingis neededo account
for the effect of the unresolhed subgrid scaleson the computationallyresoled scales.Turbulence
modelingis oneof classicalphysicsoutstandingppenproblemswheretodaycomputationamethods
in theform of Large EddySimulationLESopennew possibilitiesfor generatiorof subgridmodels

We view the discretizationerror (resultingfrom usinga nite elementmethodto solve the Navier-
Stokes equations)ogetherwith the modelingerror (resultingfrom usinga subgridmodelin LES),
to form thetotal computationakrror, which thusconnectgo aspeciof computability In anadaptve
methodboththe nite elementdiscretizationmesh)andthe subgridmodelwill be choserfrom feed
bad informationfrom computationWith this view the subgridmodelis a partof the computational
procedurevhichthusis designedadaptiely throughcomputationandnotadhocapriori).

An a posteriori error estimateunderlying an adaptve nite elementmethodfor the Navier-
Stokes equationsfor computinga certainquantity of interest,involvesan integral in space-timeof
a discretizationresidualtimesan associatedlual weight andin LES alsoa modelingresidualtimes
anotherassociatediual weight. The dual weightsare obtainedby solving an associatedinearized
dual problem,with datadependingon the quantity of interest,and containsinformationabouterror
propagationin space-time.The discretizationresidualmeasurego what extent the nite element
solutionsatis esthe Navier-Stokes equationgpointwise),the modelingresidualsimilarly measures
the errorin the subgridmodelusedin the LES computationand the correspondingermsin the a
posteriorierror estimateincluding the dual weightsmeasurehe effect of the residualson the output.
The size of the dual weightsmay vary with the o w, the outputandthe error norm,andindicatethe
relative dif culty of computinge.g.a pointwisequantityvs a globalquantitysuchasatime-mearof a
dragforce.Altogether sucha posteriorierrorestimatesnaybeusedto adaptvely choosewith respect
to a certainoutputandtolerancdevel/norm,both an optimal nite elementmeshleadingto minimal
computationaork andthe bestof availablesubgridmodels.

To discretizethe Navier-Stokesequationdo get a discretesystemof equationson eachtime step,
we usethe generalktabilizedGalerkin/leassquarespace-timenite elementmethoddevelopedover
the yearstogetherwith Hughes,Tezduyarand coworkers, herereferredto asthe GeneralGalerkin

-method.This methodincludesthe streamlinediffusion methodon Eulerianspace-timaneshes,
the characteristicGalerkin methodon Lagrangianspace-timemesheswith orientationalongparticle
trajectoriesand Arbitrary Lagrangian-EulerianALE methodswith differentmeshorientation.The

-methodconstitutesa generale xible methodologyfor thediscretizatiorof theincompressibland
compressibldNavier-Stokes equationsapplicableto a greatvariety of ow problemsfrom creeping
viscous o w to slightly viscous o w, includingfree or moving boundaries.

With continuouspiecavise polynomialsin spaceof order and discontinuousor continuous
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COMPUTABILITY AND ADAPTIVITY IN CFD 3

piecavise polynomialsin time of order , we referto this methodascG(p)dG(qg)or cG(p)cG(q).In
the computationgresentedn thesenoteswe usecG(1)cG(1)with continuouspiecavise linearsin
spacdor bothvelocity andpressuren tetrahedrameshesndCrank-Nicolsortime stepping.

We now give a shortgeneralintroductionto adaptive nite elementmethodsbasedon a posteriori
error estimation,and we then passinto the speci ¢ applicationto CFD which is the themeof this
presentationincluding discretizationdiscretesolvers, subgridmodels,a posteriorierror estimation,
andarangeof applicationdrom laminarto turbulent o w.

1.1. Computability predictabilityand adaptivity

We considera mathematicaiodelof theform

)
where isadifferentialopemtor onfunctions de nedonadomainin  with -coordinates,
is givendata, and is the solution The modelis subjectto perturbationof data

representetly , modelingrepresentely , anderrorsfrom discretizationrepresentedly  viewed
asa nite elementapproximatesolutionto a perturbedroblem

2

with exactsolution .
Let now represent quantityof interestor outputwith a givenfunction.We may saythat
the error from data/modelings equalto andthe error from discretizationis equalto
, andthatthetotal error , thushasa contritution

from data/modelinganda contribution from discretization The modelperturbation may represent
(i) known perturbation®f the coefcients of , which be viewed asperturbation®f givendata,and

then representshetoal errorfrom data(from and ). Alternatively, mayrepresent
(ii) a subgridmodel,andthen will be the total computationakrror with
now representinghe errorfrom modelingandasbefore theerrorfrom discretizationIn

our applicationgo uid mechanicdelown, we will focuson (ii) with  correspondingo aturbulence
modelin LES.

We de ne a solution of to be computablewith respecto a given output , horm
, tolerance andcomputationaivork, if the computationagoal can
be achieved with the given computationalvork, where is a nite elementsolutionof a perturbed
problem andthusincludeserrorsfrom bothdiscretizatiorandmodeling.
Similarly, we de ne asolution of to bepredictablewith respecto a givenoutput ,
norm ,tolerance and(asuitablemeasur®f) perturbatiorevel, if

with data/modelingerturbationdelon the perturbatiorievel, where solvesthe perturbedoroblem

A mathematicaimodel with predictableand computablesolutions, (including errorsfrom data,
modelinganddiscretization)naybe usefulin the sensghatquantitiesof interestmaybecomputedip
to atolerancewith givenprecisionof dataandcomputationaork.

If theuncertaintyin data/modelings toolarge,individualsolutionamayeffectively beunpredictable,
but suchsolutionsmay still be computablén the sensdhatthe computationaérrorin outputfor each
speci c choiceof data/modeinaybebelown thechosertoleranceln suchcasesaccurateomputations
onasetof data/modelsnaygive usefulinformationof astatisticahature.Thisoccursfrequently since
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4 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

computationaWork is cheapwhile data(from experiments/measuremenuallyis expensve.Onthe
otherhand,non-computablsolutionsdo not seemo beuseful.

An adaptivemethodfor solving includesa feed-bak process wherethe quality of
computedsolutions of perturbednodels , areinvestigatedvith the objective of decreasing
themodelingerror by improving themodel , and/orthe discretizatiorerror , thelatter

typically by appropriatelymodifying the local meshsize.An adaptve methodis basecbn a posteriori
error estimategstimatinghedata/modelingnddiscretizatiorerrorsin termsof computableesiduals
suchas or , or estimatedesidualdn termsof the unknavn solution .

Adaptive feed-backin modelingand discretizationmay be viewed as one aspectof optimization
with the objective of minimizing the errorsfrom modelingand discretizationfor a certainamount
of computationalwork. Adding also aspectsf optimizationof solutions,which is often the main
objective, one getsa full picture of solution optimizationincluding optimizationof modelingand
discretizationThis problemis of the samegeneraform with now theequation representing
a Lagrangesystemof equationsharacterizingolutionoptimality.

1.2. A posteriorierror analysisfor thedisctetizationerror

We now presenthe key stepsin the derivation of ana posteriorierror estimatefor the discretization

errorin a Galerkin nite elementmethodfor the equation of the form: Find such

that for ,Where isa nite dimensionakubspacepnameshwith mesh

size , of a Hilbert space with scalarproduct andnorm , and is

Frechetdifferentiablewith derivative . Supposehatthe quantity of interestis a linear

functionalof theform ,Where isagivenelemenin ,andthusthatwewantto bound
with . Wethenwrite

andlet bethesolutionto thelinearizeddual problem for all

Choosing we obtainthefollowing error representation

in termsof the residual andthe dual solution . We may thenuseGalerkin

orthogonalityto obtain,with aninterpolantof  satsifyinganinterpolationerror estimateof

theform ,

where  represents secondderivative, respresentthe meshsize,

is a stability factorand  aninterpolationconstantNormalizing , we obtainan a posteriorierror
estimateof theform

estimatinghe errorin termsof theresidual , themeshsize andthe stability andinterpolation
factors and . Theinterpolationfactor only dependsn the nite elementsusedandis easy
to determine.To determine we computethe dual solutionwith replacedby .

assuming approximates pointwisesufciently well.
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COMPUTABILITY AND ADAPTIVITY IN CFD 5

1.3. A posteriorierror analysisincludingmodelingerror

We now considema problemwith subgridscalesvhere  cannotbe expectedo approximatehe exact

solution pointwise,since containssubgridscaleswhich arenotresohedby themesh . We here

view tobethe nal nest meshsizeobtainedhroughanadaptve methodandthustheexactsolution
containsscalesvhicharenotresolvedevenonthe nest mesh .

As indicated we distinguishtwo differentcasesin the rst casethe subgridscalesof the solution

originatefrom subgridscaledn the data(theright handside or thecoefcients of thedifferential
operator includinginitial or boundaryconditions).n this casewe may obtainthe modi ed operator

underlyingthe Galerkinmethodby directinterpolationof the coefcients of onthemesh . We
may also seekto de ne the coefcients (effectiveparametes) of onthe scale by a processof
homaenizatiorwith the objective of increasinghe precision.

In the secondcasethe subgridfeaturesarise even with smoothdatathroughnonlinearitiesof
ashappensvhenalaminar o w goesturbulentanddevelopssmall scalefeaturesThis is the caseof
interestin this presentationwherethusthemodi ed operator correspond#o aturbulencemodel.

We thusnow considera situationwherethe exact solution containsunresohablesubgridscales
andwe have to aim for computinga pointwiseapproximation onamesh of alocal average
of onthescale , ratherthan itself. We arethenled to seekanequatiorfor theaverage to give
the modi ed equationunderlyingthe Galerkinmethod.To obtainan equationfor ~ we averagethe

equation onthescale andobtainanequationof the form , Where
hasto bemodeledn termsof  to giveamodi ed equationof theform
, wherenow is anapproximatiorof  and represents
thesubgridmodel.
We thensolwve the Galerkinequation: nd suchthat , for
all , andexpect  to bea pointwiseapproximatiorof . As aconsequencdhe appropriate
linearizeddual problemin this casetakestheform , for all , Where

, thatis, we linearizethe dual problemat  andnot at the exact
solution , asabore. Whenwe solve the dual problemnumerically we replace by , whichwe
anticipateto be possiblebecause mayapproximate pointwise.We thengetthe following error
representatiofor theerror :

where is acomputablenumericaresiduakelatedo thediscretization
errorin solvingtheequation ,and is amodeling
residualrelatedto theerrorin thesubgridmodel . Themodelingresidual is notdirectly

computablebecaus®f thepresencef |, but hasto be estimatedsomehav. We retirnto this problem
belon. We further note that we do not have ary Galerkin orthogonalitypropertyfor the modeling
residual

The linearizeddual problemis independenof both and , butin somecasegheremight
be adwantagesn including the subgrid model in the dual problem. We then get a linearized
dual problem of the form: , for all , where
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6 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

, andwe getthefollowing errorrepresentatiofor theerror

where isacomputablewumericaresiduakelatedo thediscretization
errorin solvingthe equation ,and is amodeling
residualrelatedto the errorin the subgridmodel . Including the subgridmodel in the dual

problemmaybe preferabléf this resultsin aregularizationof thedualsolution.

1.4. A posteriorierror analysisfor stabilizedGalerkinmethods

Below we will use a stabilized Galerkin methodfor the numericalsolution of the Navier-Stokes
equationsWe now address generaltermsthe modi cations in the derivation of the a posteriori
error estimategnotivatedby the stabilization.We rst recall that stabilizedGalerkinmethodsmay

be obtainedby applyinga standard>alerkinmethodto a properlymodi ed equation . For
example,a Galerkinleastsquarestabilizedmethodis of theform: Find suchthat

3
for all , Where is a stabilizationparameterFor simplicity we assumethat is a linear
operatolin this section We may alternatvely considethis problemasa standardsalerkinmethodfor
amodi ed equation , where' ' denotedgheadjoint,that
is nd suchthat

4
for all . In the a posteriorierror analysis,we introducea dual problemof the form: Find

suchthat , for all , Where ,

which leadsto anerrorrepresentatiofor of theform

wherewe may usethe Galerkinorthogonalityfrom (4) to subtractaninterpolantof andestimatethe
interpolationerror.

Including subgridmodelingwith the averagedexactsolution  satisfying ,
stabilizedGalerkinmethodfor theequation reads:nd suchthat

(5)

for all . We arethenled to anerrorrepresentatiofor of theform
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COMPUTABILITY AND ADAPTIVITY IN CFD 7

wherewe mayusethe Galerkinorthogonalityof (5) to subtracianinterpolantof in the rst termand
estimatehe correspondingnterpolationerror.

2. Theincompressibl®&avier-Stokesequations

TheincompressibléNavier-Stokesequationgxpressingconseration of momentumandincompress-
ibility of a unit densityconstantemperaturéewtonian uid with constankinematicviscosity

enclosedn avolume in ,taketheform: nd suchthat
in

div g\n ©)
in

where is the velocityvectorand the pressue of the uid at ,and ,

. , IS a given driving force, Dirichlet boundarydata,initial dataandtime interval,
respectiely. Further

()

is the particle derivative of measuringthe rate of change— of along
the trajectory of a uid particlewith velocity , satisfying , Whereasusual

. Thequantity representthetotal uid force,andmayalternatvely beexpressed
as

div ®)

where is the stresstensor with components ,
composedf the stressdeviatoric with zerotraceandanisotropicpressureHere

is the strain tensor with , and is the usual Kronecler delta,
theindices and rangingfrom 1 to 3. A Neumanntype boundarycondition,correspondingdo the
boundarystressheingprescribedtakesthe form , Where and
is agivenboundarystresswith  theforcecomponentn the -direction.

In the model (6) we assumehat the tempeature is constantin the generalcasewith variable
density andtemperature , (6) is modi ed by replacing by , andaddingthe following
equationgxpressingconserationof massandenepy:

in

in )

togetherwith boundaryand initial conditions,where is a heatconductioncoefcient and a

heatsource,assumingthe heatcapacityis equalto one.We note that since , we have
, whichis theusualequatiorexpressingnassconseration.

We assumehat (6) is normalizedso that the referencevelocity andtypical length scaleare both
equalto one.TheReynoldsnumber  isthenequalto . Of coursethe speci cationof thelength
scalemaynotbevery obviousandthusthe Reynoldsnumbemaynot have a very precisequantitatve
meaning.
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8 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

3. DiscretizationGeneralGalerkinG

In this sectionwe presentthe generalspace-timeGalerkin least squaresstabilized nite element
method, referredto as the GeneralGalerkin G - method, for the incompressibleNavier-Stokes
equationg6). This methodincludesthe streamlinediffusionmethodon Eulerianspace-timaneshes,
the characteristicGalerkin methodon Lagrangianspace-timemesheswith orientationalongparticle
trajectoriesandArbitrary Lagrangian-EulerianALE methodswith differentmeshorientation Further
the least-squarestabilizationspresentin the G -method, doestake care of the two dif culties
traditionallymetin thediscretizatiorof theincompressibl®&avier-Stokesequationspamely

instabilitiesfrom Euleriandiscretizatiorof corvectionterms,
pressureénstabilitiesin equalorderinterpolationof velocity andpressure.

Altogether G offers a general e xible methodologyfor the discretizationof the incompressible
Navier-Stokes equationsapplicableto a greatvariety of o w problemsfrom creepingviscous o w
to slightly viscous o w, includingfree or moving boundaries.

Let beasequencef discretetime stepswith associatedime intervals
of length andspace-timelabs , andlet bea
nite elemenspaceconsistingof continuougiecavise polynomialsof degree onamesh
of meshsize with the functionsin vanishingon . To de ne the G -methodfor (6)
with homogeneuoBirichlet boundaryconditionsfor thevelocity ( ), letfor agivenvelocity eld
on vanishingon , the particlepaths bede ned by
N (10)
andintroducethe correspondingnapping de ned by .
where satis es(10).De ne for agiven , thespaces
togethemith theiranalogsn -coordinates:

(11)
where and .De ning nally , We cannow
formulatethe G -methodasfollows: Find , suchthatfor

div div
div div (12)
where with the Laplaciande ned elementwise, -
in the corvection-dominatedase and otherwise, if
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COMPUTABILITY AND ADAPTIVITY IN CFD 9

and otherwisewith and positive constant®f unit size,and
Further isthejumpacrosghetimelevel with  thelimit from .In
the Eulerianstreamlinediffusionmethodwe choose , whichmeanghatthe meshdoesnot move
in time. The characteristicGalerkin methodis obtamedby choosing (andthen ),

which meansthat the meshmoveswith the uid particles.We may alsochoose differentlywhich
givesvariousversionsof ALE-methodswith the meshand particlevelocity being (partly) different;
for examplewe may move the meshwith the particlevelocity at a free boundarywhile allowing the
meshto move differentlyinsidethedomain.

The variationalformulation (12) with is obtainedby multiplying the momentum
equationby , integratingover  including integrationby parts,and addingthe incompressibility
equatiormultipliedby andintegratingover . Choosing and positive asindicatedintroduces
stabilizing least-squareterms. Note that the viscousterm may alternatvely occur
in the form . In the caseof Dirichlet boundaryconditionsthe
correspondingariationalformulationswill be equivalent,but notsoin thecaseof Neumanrboundary
conditions,seebelow. Note nally thatwe may write the term div  alternatvely in the form

if vanisheontheboundary

In extremesituationswith very large velocity gradientswe may add residualdependenshodk-

capturing arti cial viscosity replacing by , Where
with
on (13)
div
where
— (14)

for ,with  thejumpacrossheelemenedge ,and isapositiveconstanof unitsize.Note
that is de ned elementwiseandthat with piecavise linearsin spacethe Laplacian is
zero.In thecomputationpresentedbelon, we chose correspondingo shuttingoff thearti cial
viscosity Note that boundsthe residualof the momentumequationwith the
Laplacianterm boundedby the secondorder differencequotient arising from the jumps of

normalderivativesacrosselemenboundaries.
Thespeciakaseof the Stokesequationss of courseobtainedomittingthenonlineaterms
and , andsetting , . This methodcontainsthe pressurestabilizingterm
, which correspondgo a weightedLaplacianequationfor the pressuran termsof the
velocity.
Sincein thelocal Lagrangeamroordinates oneachslab  with ,
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10 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

the corvection term effectively dissappearsn the characteristicGalerkin method,when
expressedn the characteristicoordinates , andthusthe discreteequationson eachtime step
effectively correspondo a Stokesproblem.

Theorderof the  -methodwith polynomialsof degree in space/times generally , see
Erikssonet al., 1996.Thetime steppingmethodin (12) is dG(q), the discontinuousGalerkinmethod
with piecavise polynomialsof order , whichis of order seemsanODE-soler.

3.1. Neumanrboundaryconditions

If we changeto Neumanrboundaryconditions onapart oftheboundary , then is
choserto bethefunctionsin vanishingontheremainingDirichletpart  of theboundaryandthe
right handsideis supplementedith anintegralover of . AsusualthisimplementgsheNeumann
boundaryconditionin weakform throughthe presencef the term div

ontheleft handside,whichwhenintegratedby partsgenerateanintegralover  of .
If theviscoustermappearsn theform the correspondingNeumanrboundarycondition
hastheform — , where— is thederivative in the unit outwardnormaldirection .

3.2. Out ow boundaryconditions

To simulateanout o w boundaryconditionwe mayuseaNeumanrconditionwith corresponding
to a zeroforce at out ow, simulatingout ow into a large emptyreserwir. The alternatve condition

— actsslightly differentlyasanapproximatiorof atranspaentout ow boundarycondition
attemptingto let the o w leave thedomainwith minimal obstruction.

3.3. TheEuleriancG(1)dG(0)method

We now considerthethe  -method(12) with , and for (6), whichis the Eulerian
¢G(1)dG(0)methodwith continuouspieceaviselinearsin spacgcG(1))andpiecaviseconstantsn time
(dG(0)) correspondingo the backward Euler method.We thenseekan approximatevelocity

suchthat is continuousandpiecaviselinearin  for each , and is piecaviseconstantn
for each . Similarly, we seekanapproximatepressure whichis continuougieceviselinear
in andpieceviseconstanin . More preciselywe seek and for
, andwe de ne

(15)

We cannow write the cG(1)dG(0)methodwithout stabilizationas follows: For , nd

suchthat
(16)
The cG(1)dG(0)methodwith  -stabilizationtakesthe form: For , hd
suchthat

(17)
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COMPUTABILITY AND ADAPTIVITY IN CFD 11

where - in the corvection-dominatedase . Notethatif -,
whichis anaturalchoiceof time steprespecting CFL-condition then —. Notethatthestabilized
form of the cG(1)dG(0)methodis obtainedby replacing by in the terms

and . In principle, we shouldmake the replacementhroughtout but

in the presentaseof the cG(1)dG(0),0nly theindicatedtermsgetinvolved becaus®f the low order
of the approximationsThe perturbationin the stabilizedmethodis of size , andthusthe stabilized

methodhasthe sameorderastheoriginalmethod( rst orderin  if ).
Letting varyin (17)while choosing , we getthefollowing equation(the discretemomentum
equation):
(18)
andletting varywhile setting , we getthefollowing discrete‘pressuresquation”
(19)

The cG(1)dG(0)hasa backward Euler rst orderaccurateime stepping,andthusin generalis too
dissipatve.

3.4. TheEuleriancG(1)cG(1)method

We now presentthe a cG(1)cG(1)variant of the above cG(1)dG(0)methodusing the continuous
GalerkinmethodcG(1)in time insteadof dG(0).With cG(1)in time thetrial functionsarecontinuous
piecavise linear andthe testfunctionspiecavise constantn time. The cG(1)cG(1)variantwith -
stabilizationreadsfor , hd suchthat

(20)

where - . This methodcorrespondso a secondorderaccurateCrank-Nicolson
time-steppingbut the stabilizationsuffers from aninconsisteng up to the term resultingfrom
the piecavise constang of thetestfunctions.Theinconsisteng seemgo bebe acceptableinless is
large,andwe usecG(1)cG(1)in thecomputationpresentedbelon. The EuleriancG(1)dG(1)-method
would have consistenstabilization put hastwo degreesf freedomin time pertime stepandthustwice
asmary degreesof freedom.

4. Discretesolvers
The cG(1)cG(1)-methodvith  -stabilizationleadsto a systemof the following principal form in

eachstepof anouter x edpointiterationwith the corvectionvelocity beinggivenfrom the previous
iteration:

(21)
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12 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

where with amassmatrix, representin@ discreteanalogof the
cornvectiontermwith frozenvelocity from the previousiteration, is a discreteLaplacian, isa
discretegradient,  adiscretedivergenceand . In the computationgresentedelon
we solvedthis systemusinga x ed pointinneriteration,wherewe rst solve for in termsof
from the equation

usinga multigrid method,andthensolve for from the equation
usingGMRES.Theinneriterationcorvergesif is smallenoughSincetypically .
we need—— to besmallenoughwhichis a CFL-like condition.

We may alsoapply GMRESdirectly to the equation with solvedin
termsof  fromtheequation usingmultigrid. Thenumbemf GMRESiterations
wouldthendependntheconditionnumberof thematrix — ,Which
is boundedwith , and .

In bothvariantsthe full iterative procedurecorvergesin a few iterationsin our typical applications
of non-stationanhigh Reynoldsnumber o w with and boundedy 1.

5. A posteriorierrorestimation

We now prove an a posteriorierror estimatefor (16) following the generalmethodologypresented

above,whereweaimaterrorcontrolof with and isagivenfunction.
We introducethe following linearizeddual problem:Find
suchthatin

in

div in

on (22)

in
where . Multiplying the rst equationby , integratingover togetherwith
integrationby parts,usingthat , andassuminghat ,
gives

div div
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COMPUTABILITY AND ADAPTIVITY IN CFD 13

div
div
Estimatingnow theinterpolationerrors and , andrecallingthede nition (13), we obtain
anestimateof theform
(23)
for , Where measuregierivatives with respectto  of order , and represents

interpolationconstants.To get a concretea posteriori error estimate,we solve the dual problem
numericallyandcomputeapproximationsf thederivativesof thedualsolutioninvolved.With adaptve
choiceof meshingwe choose and from aprincipleof equidistritution with the derivatives
of thedualsolutionenteringasweights.

5.1. Aposteriorierror estimatesvith stability factors

In theaposteriorierrorestimatg23), certainderivativesof thethe dualsolutionappeamasaweightsin
aspacdimeintegralovertheresiduals . We mayestimatehesespace-timéntegralin variousways;
for instanceusingCauchys inequalitywith -norms with , We obtainan
aposteriorierrorestimateof theform

(24)

with , , and enteringasmultiplicative stabilityfactors. We mayalternatvely
usethemax-normin time for theresidualsandthe  -normin time for thedualsolution.

The size of the stability factorof coursedirectly couplesto computability:asthe stability factors
grow largetheresidualshave to be very smallandthe computationaWwork increases.

Obviously (23)is asharpeestimateahan(24),andthusbettersuitedfor usein anadaptve algorithm.
Onthe otherhand,the estimatg(24) is usefulto quantify computabilityof the a certainquantityin a
certainproblem Largestability factorsndicatethatalargecomputationaéffort is neededwhile small
stability constantsndicatethatthe problemcanbe solvedwith a minor computationaéffort.

The dependencef the stability factorson the length  of the simulation of coursecouples
to computability; if the stablity factorsgrow quickly in time then only short time simulationis

Encyclopediaf ComputationaMedanics Editedby Erwin Stein,Reré de BorstandThomas).R.Hughes.
¢ 2004JohnWiley & Sons,Ltd.



14 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

possible,while if the stability factorsgrow slowly then long-time simulationis feasible.In our
related EngyclopediapresentatiorErikssonet al., 2003 on Parabolic problemswe proposeto use
the time-dependencef stability factorsas a meansof classi cation: In particular we usethe term
parabolic to identify a problemwith the stability factorsbeingboundedfor all ~ (up to possiblya
slow logarithmicgrowth). Roughlyspeakinghis connectso diffusion-dominatedorvection-difusion-
reactionproblemswhile in cornvection-dominate@roblemswe may meeta linear (or faster)growth,
andfor highly demandingproblems suchasthe computatiorof a point valuein a turbulent o w, the
stability factorsmay locally grow exponentially seeErikssonet al., 2001 for a studyof the Lorenz
systemasa simplemodelfor the Navier-Stokesequations.

Of particularinterestis the growth of stability factorsfor mean-waluequantitiesin turbulent o w.
In Section8.1 we computestability factorsfor differentoutputsin laminaran turbulent o w with
directcouplingto computability A fundamentabbsenationfrom thesestudiess thatmean-aluesin
turbulent o w appeato be computablavith desk-topcomputationapower, thusindicatingvery good
prospectfor CFD.

5.2. Computatiorof lift anddrag

Supposeve wantto computeanapproximatiorof the quantity

- (25)
where is adecompositiomf theboundary , and isagivenfunctionon ,and
solves(6). Thequantity mayrepresenthe meanvalueover of theforcein the

direction onabodywith boundary immersedna ow.If isinthedirectionofthemeanow
we getthadragforce,andif isin adirectionperpendiculato themean o w we getthelift forcein
thatdirection.

Insteadof directly using (25), we may usethe following alternatve expressionwith the idea of
increasinghe precisionseeGilesetal., 1997,

— div (26)
where now is anextensionof thegiven into  with on , whichfollows by integrating
by partsin thelasttwo terms,andusingthe momentunequationfor the solution . We notethat

the representatiomloesnot dependon the particularextensionof — beingused.We arethusled to
approximate by the quantity

— div

where is a nite elementfunction satisfying on , assuming is the restrictionto
of a nite elementfunction and is a nite elementsolution of (6). Again, the discrete
momentumequationshows that is independenbf the extension . Let now
be the solution of the linearizeddual problem (22) with and on and
on forall . Reasonin@sabore we thenobtainan a posteriorierror estimate
for of thesameform as(23)-(24).

Encyclopediaf ComputationaMedanics Editedby Erwin Stein,Reré de BorstandThomas).R.Hughes.
¢ 2004JohnWiley & Sons,Ltd.



COMPUTABILITY AND ADAPTIVITY IN CFD 15

6. Adaptive nite elemenimethoddor laminar o w

A posteriorierror estimatesof the type presentedabove; an integral of a residualweightedby the
solutionof a dual problem,have beenshowvn to generatesffective error indicatorsaswell assharp
stoppingcriterionsfor adaptve nite elementmethodsn the caseof stationary2d o ws, seeBecler
andRannacher2001.1n this sectionwe presenta coupleof examplesto illustratethe ideasextended
to steadyandunsteadydd o w.

6.1. Computatiorof thedrag force

We considetheproblemof computinghedragforceonacylinderwith squarecross-sectiormmersed
into a viscousincompressibleo w, and comparewith resultsfrom the collection of benchmark
computationgor laminar o w arounda cylinderin 2d and3d presentedh SchaferandTurek,1996.

6.1.1. Steadyow We startconsideringsteady3d o w arounda cylinder with squarecross-section

with centeredat alignedin the -direction,in a channelof
dimensions , with . We have no slip boundaryconditionson the cylinder
andthechannelalls. At the out ow we useatransparanbut ow condition,andthein o w condition
is given by and . The kinematic
viscosityis and , which givesa Reynolds number , with

. Thegoalis to computethedragcoefcient , de ned by

(27)

Thevaluesof  obtainedby the differentparticipantgeportedn SchaferandTurek,1996lie in the
(quitewide) intenal .

We compute  using (26) and an adaptve cG(1)cG(1)-methodn tetrahedraimeshesn space
basedn anaposteriorierrorestimatavith dualweights.Startingfrom the coarsenitial meshin Fig.1
we re ne approximately50% of the elementsn eachstepof the adaptve method.In Fig.3 we shav
adaptvely re ned meshesfter4 and6 re nements,andwe plot the computeddual solutionin Fig.4.

We alternatvely basehemeshre nement(adhoc)solelyontheresidulg(nodualweights)andshowv
in Fig.5thecorrespondingneshobtainedafter4 re nements.

As areferencevalueto be usedto evaluatethe corvergenceof the two differentadaptve methods,
we choosehevalue obtainedfrom a computatiorwith 2.013.984unknavns.In Fig.2 we
plot the errorvs the numberof unknavnsfor thetwo adaptie statgiessandnotethatthe onewith th
dualweightsseemso givesthe bestvalue.

Figurel. Cross-sectionef themeshesn the -planeat (left) andin the  -planeat (right),
for theinitial mesh.

6.1.2. Unsteadyow We now considerthe sameproblemasin Section6.1.1,but now with
which givesanunsteadyo w with . Herethevaluefor themaximumof  overthree
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Figure2. Corvergenceratesfor duality basedre nement('0') andresidualbasede nement(*') for ,
asalog-log plot of numberof unknavnsversusrelative errors.

Figure3. Cross-sectionsf themeshesn the  -planeat (left) andin the  -planeat (right),
for computingthedragforcewith , after4 (upper)and6 (lower) adaptve meshre nementsrespectiely.

Figure4. Dual solutionafter4 adaptve meshre nementsin the -planeat

Figureb. Cross-sectionsf themeshesn the  -planeat (left) andin the  -planeat (right),
for computingthedragforceafter4 adaptve meshre nementsbasedn theresiduals.
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COMPUTABILITY AND ADAPTIVITY IN CFD 17

periodsis estimatedn Schafer and Turek, 1996to be in the intenal , andvaluesbetween

are presentedBasedon the on the samereferencemeshasin the previous sectionwe
setthe referencevalueto . In Fig.7 we show the adaptvely re ned meshesfter4 and6
re nements,andin Fig.6 we plot the corvergencerateswith respecto thereferencevalue.

0.5

1.2 I I I I I I
3.6 3.8 4 4.2 4.4 4.6 4.8 5

Figure6. Convergenceratesfor duality basede nementfor , asalog-log plot of numberof unknavns
versugelative errors.

Figure7. Cross-sectionef themeshesn the -planeat (left) andin the  -planeat (right),
for computinghedragforcewith , after4 (upper)and6 (lower) adaptve meshre nementsrespectiely.

6.2. Computatiorof a local meanvalue

Toillustratehow theadaptve algorithmworksfor a differentcomputationagoal,we shav in Fig.8the
resultingadaptvely re ned meshegrom a computatiorwherethe outputfunctionalis thelocal mean
valueof the rst componenbf thevelocityoveracubewith sidelength0.05centeredt ,
in the caseof
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18 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

Figure8. Cross-sectionef themeshesn the -planeat (left) andin the  -planeat (right),
for computingthe averageover the squarewith sidelength0.05centeredat , after4 (upper)and6
(lower) adaptve meshre nementsrespectiely.

7. Adaptive nite elemenimethoddor turbulent o w

To constructadaptve LES nite elementmethodsfor turbulent o w computationswe have to take
into consideratiomot only the errorfrom discretizationput alsothe modelingerrorfrom the subgrid
modelwe use.In the caseof a DNS the sameframavork asfor thelaminar o ws applies(no subgrid
modeling).

7.1. TheavermgedNavierStolesequations

In aturbulent o w with pointwiseunresohablescaleswe may aim at computinginsteada running
averge of , Where

— (28)
where isthelocalmeshsize, ,andthus representalocalmeanvalue
of afunction . Noting thataveragingcommuteswith spaceandtime differentiationif is constant,
we areledto thefollowing Navier-Stokeslik e equationgor by takingthe runningaverageof
theequationg6), with suitableconstructionsmieartheboundary

in
div in
on (29)
in
where ,and arethe component®f the Reynoldsstress
tensor . Alternatively, we mayrestrict  to averagingin spaceonly, or to otheraveragesor
Iter s, seeGatskietal., 1996, Thebasicproblemof Large eddysimulationLES is now to model
intermsof  in asubgridmodel ,or in amodel . LESis assumedo resole all

thescalesdown to theinertial range, which refersto arangeof (smallest)scalesfor which the enegy
spectrumhasa power law behaiour. In the restof this paperwe usuallylet  be a spatialaverage
only, de ned by

— (30)
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7.2. Subgridmodeling

ThedifferentLES subgridmodelsproposedake the generaform (Ansatz)of a mixedmodel
- (31)

with analgebraic rst partandaviscoussecondartwith aturbulentviscosity(tensor) , alsoreferred
to asaneddyviscosity Notethatthe Ansatztakestrace-fredorm with theisotropicpartbeingabsorbed
into thepressureseee.g.Lesieur 1997.

Theclassicakddyviscositymodelis the Smayorinsky modelwith and , Where
(32)
where  istheSmaorinsky constantcommonlysetto . Eddyviscositymodelsarein general

consideredoo dissipatve andareunableto predictbadscatter wheresubgridscaledfeedenegy into
resohedscales.

Scalesimilarity models rst introducedby Bardinaetal., 1980andfurtherdevelopedby e.g.Liu et
al., 1994 take theform (with ),

(33)

where representacoarserscalethan ,and  is ascalesimilarity constantln a scalesimilarity
modelsthe Reynoldsstressesnthecomputationascale areassumedo beproportionato Reynolds
stressesf theresohed eld on coarseiscalesThescalesimilarity modelscanpredictbackscattebut
areconsidereahotto bedissipatve enoughandthusoftenarecombinedwith aneddyviscositymodel
in amixedmodel.

In dynamicmodels rst introducedby Germanoet al., 1991, the parameters and are
determinedlocally in space-timeg.g.by comparingesohedReynoldsstressesn differentscales.

TheVariational multiscalemethodby Hughe<etal., 2000is amodi ed eddyviscositymodel,where
the eddyviscosityonly on the nest resohedscalesTherearefurther Fractal models seee.g. Scotti
andMeneveau,1995,basedon fractalinterpolationof the velocity eld for a directevaluationof the
Reynoldsstressesandalsomodelsbasecon homaenization seee.g.Frisch,1995.

In anadaptve LES methodincluding errorsfrom subgridmodeling,we wantto adaptvely choose
the bestparametersén a particularsubgridmodelandalsothe bestof differentsubgridmodels.For
this purposewe needa posteriorierror estimatesseparatinghe subgrid modeling error from the
discretizatiorerror. We returnto this topic below.

7.2.1. Scalesimilarity of turbulentsolutions Turbulent o w shav somefeaturesof scalesimilarity,
which is expressedin the Kolmagorov -law (se e.g. Frisch, 1995), correspondingo Holder
continuity of the velocitieswith exponent . This givessomehopefor scalesimilarity models,but
featureof small-scaleoheentstructuesalsopresentn turbulent o w, posechallengesin Section7.5
we investigatefeaturesof scalesimilarity in a computedturbulent shear o w using a Haar Multi-
Resolution-AanalysiMRA.

To motivateHolder continuity of the velocitieswith exponent ~ we mayargueasfollows: If is
the smallestscalepresentin the o w and is the correspondingelocity amplitude thenwe should
have (local Reynoldsnumber ) and (signi cant turbulentdissipationon the
smallesiscale)which gives , thatis Holdercontinuitywith exponent  onthesmallestscale,
andby scalesimilarity we shouldhave the sameexponentalsoon coarseiscales.
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7.3. TheG -methodor turbulent ow
The G -methodfor LES usingthe Smagorinsi subgridmodeltakesthe form (Hoffman,2002):Find

, suchthatfor
div div
34
div div (34)
where with the Laplaciande ned elementwise, -
in the corvection-dominatedase and otherwise,

if and otherwise,with and  positve constantsof unit size,

, Where is aturbulenteddyviscosityand is analgebraicpart
in themixedmodel(31),and with

div
on
div

with de ned by (14), and where is de ned elementwiseand with pieceavise
linearsin spacethe Laplacian is zero.In the computationgpresentedbelown, we choose

correspondingo shuttingoff thearti cial viscosity

7.3.1. ThecG(1)cG(1)methodfor turbulent ow ThecorrespondingG(1)cG(1)-methodeadsFor

, nd , suchthat
dv  div (35)
where -
7.4. A posteriorierror estimatiorfor turbulent ow
To derive an a posteriorierror estimatefor , where s the running averageof the exact
velocity  satisfying (29), we have to take into accountboth the error from discretizationand
that from subgrid modeling. Aiming at error control of the quantity in
, with given,we introducethe following linearizeddual problem:
Find suchthat
in
div in
on (36)
in
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where , andwe notethatwe usetheviscosity , includingthe eddyviscosity

. Dependingof thechoiceof , thequantity mayrepresentlifferentnorms
of theerror, or local or globalmeanvaluessuchasthe meandragor lift force.Following the general
methodologypresente@dbove, we arrive at an errorrepresentatioformulausingintegrationsby parts
from which we canderive variousa posteriorierrorestimates. \Wstatethe resultsin thefollowing two
theoremdrom Hoffman,2002:

Theorem1. Wth  thesolutionto (29)and given,we havethefollowing error
representatiorformulafor :

whee are thesolutionsto the dual problem(36),and

on

with from (34).

We note that Theoreml is valid for ary f are computedusinga
Galerkinmethodwe mayusetheGalerkinorthogonalitypropertyfor thediscretizatiorerrorto subtract
interpolantof thedualsolution , andthenestimataheinterpolationerrorsin termsof derivatives
of andpowersof the spaceandtime discretizatiorparametersAs an example ,we presenthe
correspondingerror estimatedor the cG(1)cG(1)method,and for simplicity we considerthe case
when

Theorem?2. If  solveg29) solves(35) with , solves(36),
and is given,then
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for , Whee , for ,
with the diameterof element at , measuesderivativeswith
respecto oforder ,and representsnterpolationconstants.

Remark 3. We notethat there are several possibilitiesto posethe dual problem.In (36) we choseto
includetheturbulentviscosity  in thedual problem,but we couldalternativelyhavechosento only
usetheviscosity , which wouldhavegivena differentmodelingresidual . Themotivation
for usingthelarger turbulentviscosityis improvedregularity of thedual solution

Remark 4. If , We may view the stabilizing termsas a modi cation of the continuous
equationwhich wesolveby a standad Galerkinmethodaccoidingto Sectionl.4.We thenmodifythe
dual problemaccowdingly, to obtain Galerkinorthogonalityfor the discretizationerror of the solution
of the stabilizedequations.

7.5. Estimationof themodelingresidual

The subgridresidualon the scale cannotbe directly evaluated,becauseét involvesthe unknavn
solution , or ratherthecomponentsf the exactReynold's stresses , andwe proposeo instead
estimatehesecomponentby scalesimilarity from evaluatingReynold's stressomponentsn coarser
scales basedon computedvelocitieson the scale . We startseekingthis way to evaluatethe
subgridmodelingresidualin the casewe arenot usingary subgridmodel,thatis we simply seekto
estimatehe components . Usingthe scalesimilarity model(33), or theideasin Hoffmanetal.,
2000;Hoffman,2000;Hoffman,2001;Hoffman,2002,we mayseekto extrapolate from coarser
scales and asfollows:

37)

with from HoffmanandJohnson2002a,de ned by

(38)

and is the nest scalein the exact solution. This extrapolationformulais basedon an Ansatzof

of theform
(39)
for covariance®f theform ,andafundamentatjuestioris now if theAnsatz
(39)is valid for in the computationsthatis if we have scalesimilarity. We testthis hypothesis
for thecomputedsolution , wherewe compute , ,
and . As anapproximatiorof the runningaverageoperatoron the scale

we usea projection  ontothe spaceof piecavise constanfunctionson the meshcorrespondingo
. The space®f piecavise constanfunctionson successkely uniformly re ned meshedorm a Haar
Multi ResolutiorAnalysisMRA in , Wheretheuniformre nementdividing onetetrahedrornto
eightnew onesis describedn Figure9.
In Hoffmanet al., 2000;Hoffman, 2000, covarianceswith respecto a HaarMRA is investigated,
andit is shavn that Haarcoef. of Haarcoef. of , wherewe

sumover scaleson scales ner thanor equalto , and now representshe sumof Haar
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Figure9. Uniformly re ned tetrahedrahndtriangularelements.

coefcients of onthescales , ,and respectiely. If Ansatz(39)is valid ( is
scalesimilar andthuspossibleto extrapolate) , ,and  shoulddecreaseegularly. If we have
scalesimilarity in the coarserscales , ,and , we anticipatescalesimilarity in ner scales,

sincewe assumehatwe arein the inertial range.In Figure10 we presenthe -normsof ,
and , from Hoffman, 2002,shaving thatwe have a certaindegreeof scalesimilarity, andwe nd
thatthe decreasés typically by a factor1.5. From Hoffmanet al., 2000; Hoffman, 2000, we have a

dependence , for beingthe Holderexponentsof and  respectrely. If we
assumehat , we getthat , which givesthat
, Which is very closeto , correspondingo the velocity being

Holdercontinuouswith exponentl/3,whichis consistentvith the Kolmaogorov 5/3-lawfor the enegy
spectrumseeFrisch,1995. Theresultsin Figure 10 supportthe Ansatz(39), althoughwe notethat
theseareglobalresults(usingtheglobal -norm).

If we usea subgridmodelin the computationsve needto estimatehedifference

andwe arethusleadto modeltermsof the form . We maybaseour estimation
of on extrapolation,andwe thenhave to nd approximationgo and
. Using the Ansatz(39), may usethe approximation .

where with de ned by

(40)
andin a similar way we get , Where
with de nedby

(41)
We thenget , with ,

, and de ned by (38).
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7.6. Discretizationerror vs.modelingerror

We now proceedo estimaten a concreteo w theerrorsfrom bothdiscretizatiorandmodelingusing
the a posteriorierrorestimatefrom Theorem2. We considera turbulent o w obtainedafter transition
to turbulencein planeCouette o w usingthe cG(1)cG(1)methodfrom Section7.3.1without subgrid
model.We computeon the unit cubeusinga regular tetrahedrameshwith nodesand
we useperiodicboundaryconditionsin the streamwise -directionandin thespanwise -direction,
andwith the streamwiserelocity equalto on top andbottom,andwe set andthus
the Reynoldsnumberis . We computeon thetime interval wherethe o w hasbecome
turbulentaftertransition,usinga computedvelocity at asexactinitial condition.We mayview

the computationrasa DNS at an effective Reynoldsnumberin the range100-1000.Ve thusconsider
a “real” turbulent ow, andnota o w with anarti cially constructedturbulent” inlet velocity. For
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moredetailsof the computatioranda studyof thetransitionprocesgrom laminarto turbulent o w in

Couetteo w, seeHoffmanandJohnson2002b In Fig.11we plotthevelocityisosurficesor ,

aftertransitionto turbulence andof coursenotethatthe o w appearsighly irregular
RecallingTheorem2, we have that

where

representgheerrorfrom discretizatiorand

representthe errorfrom modeling.Note thatsince and , We expectthe exact
0 w to containscalesner scaleghan , andthuswe expectanerrorfrom modeling.We now seekto

evaluate and  usingTheorem?2 with computediualsolutions asinput. Thediscretization
residualsare directly computablefrom the approximatesolutions , Whereasthe modeling
residual hasto be estimatedHerewe use(33), with , to estimatethe modeling
residualwithout a subgridmodel. In the estimateof the discretizationerror we use and

, Wwhich areapproximation®f theinterpolationconstantsnotivatedby a simpleanalysison
areferenceslement.

If themodelingerrorwithouta subgridmodelis neglible comparedo the discretizatiorerror, then
we do not needa subgridmodel.If onthe otherhandthe modelingerrordominatesye needto either
usea subgridmodelor to re ne thecomputationaimesh.

In Fig.12we presentestimatesf the relative discretizationerror and modelingerror, normalized

by ( ), in the computatiorof a space-timewverageover

of thesolution , with beinga spatialcubewith sidelength , centerecht

. This corresponds$o in the dual problem(36),

where isthecharacteristifunctionfor ,and denoteshespace-time&olumeof .Wedisplay

the estimatecerrorsasfunctionsof , wherewe computeon the time interval assuminghe
initial velocity ateachinitial time  (takenfrom the simulationon ), is exact..

We nd thattheestimate®f the discretizatiorerrorandthe modelingerrorareof the sameorderin
this computationpoth errorsarelessthana few percentof the size of the solution,andthe errorsof
courseincreasdf we computeover alongertime. In the estimateof the discretizatiorerror we have
neglectedtheresidual , Sincethe otherresidualsdominatefor smallwhenwe do notusean
eddyviscositysubgridmodel. We notethatboth and  arelargerfor smallerspace-timeverages,
supportingour beliefthatit is harderto computesmallerspace-timeverageghanlarger We alsonote
thatthe differencebetween and is smallerfor larger . Altogether we estimatethe error
from modelingto be signi cant ascomparedo the error from discretization,andthusthat subgrid
modelingcould be motivated.
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Figurell. Velocityisosurbicesfor in Couetteo w for
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Figurel2. (-) and (*) for (left), (middle),  (right), asfunctionsof time

In this test, we usethe computedvelocity with as exact DNS and we estimatedthe
modelingerroronthecoarsescale . Theunresoledscaleis thusjustonemultipleof 2, or one
scale,andthe modelingerroraccordinglysmall. With the DNS insteadon say , we would
have four scaleso modelandthemodelingerrorwouldincreaseThus:thelargertheReynoldsnumber
is thestrongeiis the needfor subgridmodeling(andthe betterthe chance®f achieving improvements
from subgridmodeling).

In Fig.13 we presentplots of the discretizationresiduals , andthe modeling
residual . We seethat rst is largein themiddle of thedomain,but aftersome
time is largestat the top andbottom.This is becaus¢he o w is changingrom a Couette

pro le (linearpro le in the verticaldirectionof the streamwisevelocity), wherethe residualis large
in themiddle,into a solutionwith smallvelocitiesin the middleandsharpboundarylayersattop and
bottomthatthemeshis not capableof resolving,causingargeresidualsn theseayers.Themodeling
residual behaessimilarily, whereas , ontheotherhand,is moreisotropic.

Remark 5. In the computationof the dual problemwe usea cG(1)cG(1)-method;orrespondingo
themethodusedfor the primal problem,on a uniformtetrahedial meshwith nodesand
weapproximateboth and  with | projectedontothis mesh.

Remark 6. Sincewe usea stabilizedGalerkin methodthere are also termsfrom the stabilization
presentin and . In this studywe assumédhesetermsto be small compaedto the otherterms
sincethey are weightedby a smallstabilizationparameter

7.7. Evaluationof differentsubgridmodels

In Section7.6 we estimatedthe errorsfrom discretizationand modelingin a casewithout subgrid
model. We now considerthe problemof estimatingthe error from modelingfor different subgrid
models,with the goal of beingableto adaptvely choosingthe bestfrom a setof available subgrid
modelsWe seek , with , andwe use asanapproximatiorof thetrue Reynolds
stresses . We comparehe scalesimilarity model(33) andthe Smagorinsi model(32).
Experiencetells us, seee.g. Gatskiet al., 1996, that neitheran eddy viscosity modelnor a scale
similarity model may work asa standalonesubgridmodel. Instead,a combinationof the two in a
mixed modelmay be superior A possibleexplanationis that is combinedof a low frequeng
partandahigh frequeng part,andthataneddyviscositymodelhastypically a betterchanceio model
thehighfrequeny partwhereas scalesimilarity modeltypically hasa betterchanceio modelthelow
frequeng part.As atestwetry to t thethescalesimilarity model(33) andthe eddyviscositymodel

Encyclopediaf ComputationaMedanics Editedby Erwin Stein,Reré de BorstandThomas).R.Hughes.
¢ 2004JohnWiley & Sons,Ltd.



28 ENCYCLOPEDIAOF COMPUTATIONAL MECHANICS

Figure13.High valueisosurf.: (upper), (middle), (lower),
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(32) to our approximatiorof thetrue Reynoldsstresses , by changinghe constants
and ,wherewebasethemodelsonthesolution , projectedontothescale .
We nd thatwe areunableto t the Smagorinsik modelby changing . Usingthescalesimilarity
modelwe areableto reduceghemodelingerrorby , for . Admittedly, ourtestis limited,

andmoretestsareneedto draw arny conclusions.

Remark 7. Wenotethatthistestdoesnotrule outthe Smagorinsky modelasa possiblesubgridmodel,
sinceit is knownGatskietal., 1996 thateddyviscositymodelsdoespoorin theseypeof testspossibly
becausef theform of the Reynoldsstressedeingcomposeaf a low frequencypart aswell asa high
frequencyart. We maysplittheReynoldsstressesis

, wheee a scalesimilarity modelmightbe a goodmodelfor thelow frequencypart ,andan
eddyviscositymodelwouldbea goodmodelfor the high frequencypart

Remark 8. Therole of the Smaorinsky viscosity which is kind of arti cial vicosity is to ensue that
the discretemodelcontainssufcient turbulentdissipationon the nest scalesof the computationpr
rathertheright amountof dissipation.Now the Galerkindiscretizationprocesstself, apart fromthe
modeling typically also introducesarti cial viscosityin the form of stabilizingleast-squagsterms
or sho&-capturingresidual-dependentiscosity and thusarti cal viscosityis introducedboth from
discretizationand Smaorinsky subgrid modeling and it may be dif cult to tell thesecontributions
apart. It maybe that the proper amountof arti cial viscosityin the discretizationwould ensue just
the right amountof turbulent dissipation,and then Smayorinsky would not lead to improvementas
our testindicates Of coursethe key questionis to decideif thediscretizationgivestheright amountof
dissipation;we hopeto beableto do sothrougha posteriorierror estimatiorasindicated.

0 L L L L L L L 0 L L L L L L L
21 22 23 24 25 26 27 28 29 30 21 22 23 24 25 26 27 28 29 30

Figure 14. for (- and (*) (left), and (-) and
(*) (right), for , asfunctionsof time

7.8. Adaptivestrategiesfor turbulent ow computations

Basedon the a posteriorierror estimationpresentedwe may device adaptve methodsfor both
discretizatiorandmodeling.For example we mayuseadaptve meshre nementonly withoutasubgrid
model(exceptfrom thearti cal viscosityof the Galerkinmethod)wherewe usea subgridmodelonly
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to estimatehe modelingresidual We may alsoadaptvely choosehe bestof availablesubgridmodels
(differentAnsatzor parametewvalues).

8. Computabilityandpredictability

We now returnto the basic problem of computability/predictabilityof uid ow From the error
representatiorof Theoreml1 we know that the computationalerror of an output quantity may be
expressedas a space-timeantegrals of residualstimes (derivatives of) the solutionto an associated
linearizeddual problem.The residualsmeasurénow well the computedsolutionsatis esthe Navier-
Stokes equationsand the solution of the dual problemdetermineshow the residualin uences the
particularoutputconsideredWe mayalternatvely view the dual problemasdescribinghow theerror,
producedhrougha non zeroresidual,is propagatedn space-timeo the outputquantity The sizeof
(the derivativesof) the dual solutiondirectly couplesto computability:the largerthesequantitiesare
thehigheris thecomputationatost.

The linearizeddual Navier-Stokes equationsare closely relatedto the linearized Navier-Stokes
equations,where the linearized dual Navier-Stokes equationsdescribethe propagationof errors
coupling to the questionof computability and the linearizedNavier-Stokes equationsdescribethe
propagatiorof physicalperturbationgouplingto predictabilityandhydrodynamicstability.

8.1. Computabilityof the NavierStolesequations

In this sectionwe investigatecomputabilityof differentoutputquantitiesfor a setof testproblems.
As indicated dual solutionscarriesinformationon the growth and propagatiorof perturbationgrom
discretizatiorandmodeling,andin particularunderliethemeshselectiorin adaptve methodsWe may
evaluatethedualsolutionin termsof stability factors,or we maystudythedualsolutionin moredetail.
The purposeof computingstability factorsis to get a rough measureof relevant stability features.
For more preciseerror estimation,the form of the a posteriorierror estimateswvith (more or less
local) stability weights,is advantageousT he (derivativesof the) dual solutionmay be vastly different
dependingon the dataof the dual problemconnectingo output,with smoothdatacorrespondindo
large meanvalues,andof coursethe underlying o w. We presenta selectionof stability factorsfrom
Hoffman and Johnson2002a,using for the dual solutionthe -normin space-time,
denotedby with , andcorrespondinglysing for theresidualssee
Tah I. Thedifferentstability factorsmeasurehe dualsolutionand rst orderderivativesin space-time
thereof.A variety of alternatve combinationsof normsin space/timdor the residualsandthe dual
solutionsare possible.We now presentresultsfrom Hoffman, 2002, comparingdual solutionsand
stability factorsfor laminarandturbulent o ws. We generallycomputeon regulartetrahedrameshes
with meshsize usingthecG(1)cG(1)-methodandtheviscosity variesfrom
to . Thestabilizationintroduces numericalicosity, whichmaybeof size atbest,ndicating
thatwe computewith effective viscositiesn therange to . We linearizedthe dualproblems
at computedapproximation®f the primal solutionsaveragedover a regular tetrahedrameshof size
, Whichin the caseof turbulentsolutionsmight leadto an underestimationof the stability
factors We usethe samecomputationameshedor the dualproblemasfor the primal problem.
In generalthe stability factorsincreasewith (i) the numberof derivatesof the dual solution, (ii)
meanvaluesof decreasingliameterand(iii) the compleity/stability of the underlying o w. In thea
posteriorierrorestimatestability factorsof derivativesareaccompaniegvith correspondingowersof
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Tablel. Stability factorswhere correspondso the -norm

Tablell. Bluff body:stability factors

1/16 6.0 34 1211 33.1 16.3 57.7
1/8 49 31 786 19.2 1211 358
1/4 33 26 462 112 78 181
/2 17 19 200 52 37 87

themeshsizein space/timeandthereis atrade-of: e.g.with a derivative in time presenthereis an
extrafactorof thetime step,but the stability factorwithoutthe derivative is smaller

8.1.1. Bluff body We considerchannel o w with no slip walls and guadraticcross-sectiomf
length4 containinga cubic body of sidelength with centerat , where is the
in o w boundaryWeimposea parabolidn o w condition , atransparant
out ow condition,andwe set . We computeon a regulartetrahedramesh with ,
usingthecG(1)cG(1)-method/e startfrom attime , andwe computeto time . We
considerthe problemof computingthe space-timewverageof  overthedomain ,
where is a cubecenteredat with sidelength . To estimatethis error the
appropriatalatato thelinearizeddualproblemis zero nal dataandaforce
actingoverthetimeintenal ,with  thecharacteristifunctionof and the
volumeof . We give stability factorscorrespondingo a computatiorstartingat for different
in Tah II.

The residualsare of order 1, and the productof meshsize and stability factor increaseswith
decreasing . This example supportsour belief that pointwise quantitiesare more dif cult to
computethanmeanvalues.In Fig.16we notethe decreasén the dual solutionwith (backward)time
for whentheinitial datais corvectedout of the computationalomain,indicatingthatthe error
in the meanvalueof the solutionover thetime interval is independenof theerrorin
the solutionfor in this case.

8.1.2. Stepdown We considemow a channelwith no slip walls and quadraticcross-section
of length 4, and a stepdown of heightandlength0.5. We have a parabolicin o w condition

, andwe usea transparenbut ow condition.We set ,
andwe computeon aregulartetrahedraimeshwith , usingthecG(1)cG(1)-methodMe star
from attime , andin Fig.8.1.2duringthe startup phasewe canfollow the formationof
therecirculationzonebehindthe stepandalsothe formationof a correspondingonewherethe o w
separatefrom thetop boundary
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Figure15. Time evolution for the bluff body problemwith

Encyclopediaf ComputationaMedanics Editedby Erwin Stein,Reré de BorstandThomas).R.Hughes.
¢ 2004JohnWiley & Sons,Ltd.



COMPUTABILITY AND ADAPTIVITY IN CFD 33

35

0.008 -

0.006

0.004

0.002

L L L L L L L
12 13 14 15 16 17 18 19 20

Figurel6.Bluff body: for (left), andfor thedragproblem(right), asfunctionsof time.

Tablelll. Stepdown: stability factors

1/8 309 16.2 836.8 124.0 138.4 278.4
1/4 229 42 5334 39.0 489 468
1/2 108 2.4 2203 105 161 25.2

We considerthe problemof computinga space-timeaverageover the time intenal anda
spatialcube centerecht with sidelength , Startingthe computatiorat
Theresidualsareof order0.1,andin Tahlll we presenstablityfactorscorrespondingp different
In Fig.8.1.2we seehow thedual“ nal data”is transportedackwardsin space-time.

8.1.3. Drag of Bluff body We reconsidethebluff bodyproblemwith now theobjective of computing
theaverageof thedragforceoveratimeinterval . Thecorrespondinglatafor thedualproblem
is a boundarycondition on the facesof the bluff body. We note that the norm of the
dual solutionafter aninitial (backwardsin time) growth approaches stablevalue,seeFig.16.The
correspondinglualsolutionis shavnin Fig.19.Thedualsolutiondoesnotgoto zeroasin theprevious
casesindicating(notverysurprisingthatthecomputatiorof atime averagds dependentf thequality
of the solutionduringthe wholetime interval, in contrastto the previouscasesn Section8.1.1-8.1.2
wherethe dependencef the quality of the solutionfor previoustime wasdecreasingvith (backward)
time.

We obsere that the stability factorsfor the time mean-alueof the dragare considerablysmaller
thanthosefor morelocal space-timenean-alues.

8.1.4. Jets We considera channelwith no slip walls and rectangularcrosssectionof length
4 with an obstaclewith four quadraticholesof size 0.25at . We have a parabolicin o w
conditionandwe usea transparanbut ow condition.Thein o w conditioncauseghe o w to form 4
high velocity jetsthroughthe holes,andin the domainbehindthe obstacleve getairregularunsteady
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Figurel7.Dual solutionfor Stepdown problemfor , andbackwardtime.

TablelV. Bluff bodydrag:stability factors

0.13 0.11 1.6 0.03 0.43 0.06

TableV. Jets:stability factorscorrespondingo a space-timeverageover , with

1/4 42 42 1894 28.7 31.7 395
1/2 3.0 29 1019 86 140 124

ow pattern.We computeon a tetrahedramesh,with , locally re ned to for

,and , usingthecG(1)cG(1)-methodiVe startfrom attime ,

andwe computeto time . Theresidualsareof orderl, andin In Tah V we consideithe caseof

computinga space-timeverageoverthe spatialcube with for differenttimeintervals

,andwe nd thatwe getlargerstability factorsfor decreasing Wethen x thetimeinterval

to andwe varythesidelength of thespatialcube |, resultingin largerstability factorsfor
smaller , seeTah VI.

8.1.5. Turbulent ow We now considerthe caseof the Couette o w from Section7.6, with results
takenfrom Hoffman,2002.We considercomputingthe space-timeverageasin Section7.6.In Fig.23
we shav snapshotf the dual solutionsfor , andin Fig.22 we plot the
(backward)time evolution of the  -normsin spaceof the correspondinglual solutions.In general,
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Figure18. Time evolution for the stepdown problemwith
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Figure19. Dual solutionfor the Drag problemat

Figure20. Jetproblemisosurficesattime

TableVI. Jets:stability factorscorrespondingo a space-timeverageover

, with sidelength

1/16 5.2
1/8 5.0
1/4 4.1
12 23

55
54
5.0
4.0

189.8 13.0
164.7 12.1
1156 7.8
559 3.6

21.1
20.0
15.2
8.5

23.1
22.9
19.0
7.9
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theareaunderthesecurvescorrespond$o thestability factors.
From Fig.21we seethatthe residualsarefairly constantin time, whereaghe solutionof the dual
problemis growing (backwards)in time.
In theinitial phasea dual solutiongrows throughthe actionof theforce  duringthetime interval
. This initial growth is larger for small , which may be explainedby the larger
quotient for smaller . This
phenomenoris also presentin the laminar o ws consideredn the previous sectionsandis caused
by the divergencefree condition, which is active in increasingthe dual solution, and dependson
. Sincethis phenomenés connectedo the divergenceree condition,we canobsenethesame
phenomenalsoin the simpleproblem ,

0.5

0.4

0.3

021 q

0.1r q

0 I I I I I I I I I
20 21 22 23 24 25 26 27 28 29 30

Figure21. (upper), (middle),and (lower) asfunctionsof time.

In the next phasewhentheforce is zero,thereis a growth dueto thereactionterm inth
dual problem(22). If is non-smoothasin a turbulent o w, this is a reactie termwith potentially
strongproductionsince is large, which in principle could causethe dual solutionto grow very
large. However, this pessimisticscenaricdoesnot take place,sincethe growth of the dual solutionin
reality is rathermodestwhcih mustcorrespondo cancelationgn the actionof thereactiontermwith
alternatingsignsof the component®f . Visibly, more cancellationsnusttake placefor larger
mearvaluesasthecorespondingualsolutionis smaller Thisis goodnewvsandindicatescomputability
of meanvaluesin turbulent o w

In particulara time averageof a certainquantitymay be expectedtio be morecomputableghanthe
samequantityata speci c time. This supportedy Figure22, wherein theupperright gure now the
force is active overthewholetimeinterval correspondingo atime mean-alue.

The growth of the dual solutionis expectedto be wealer for laminar o ws, for whcih the reaction
termin the dual equationhas smallercoefcients. As an example,we plot in Figure 22 the dual
solutionlinearizedat the laminarCouette o w , with . We seethat
the dual solutionis initially quickly dampedollowed by a slow furtherdecreaseauseddy diffusive
mechanismdn Figure22wealsoplotthedualsolutionlinearizedatalaminar o w with
which corresponds$o a moreunstableo w. In this casewe getaninitial growth of the dual solutlon
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Figure 22. for linearizedat a turbulent ow (upperleft), time averageover
for aturbulent o w (upperright), laminar o w with (lower left), andlaminar o w

with (lowerright), asfunctionsof time.
dueto thereactionterm,afterwhich we have a similar scenariaasin the caseof . We thus

have evidencethat (asit shouldbe)is morecomputationallyjdemandingo computea moreunstable
o w (with alargerReynoldsnumber ), eventhoughthe exactsolutionis thesame.

9. Summary

We have presentea generalframwork for adaptve computationakimulationof uid o w basedon
Galerkin nite elementiscretizatiorandsubgridmodelling,togethemith aposteriorierrorestimation
in termsof discretizatiorand modelingresidualamultiplied with stability factors/weighbtbtainedby
solvinganassociatetinearizeddualproblem We have computedstability factors/weightsor different
outputsin both laminarandturbulent o w, andgiven evidenceof computabilitybasedon the size of
residualsandstability factorsIn particular we have shavn thatstability factorsfor meanvalueoutputs
in turbulent o w may be of moderatesize indicating computabilityof turbulent o w. We have also
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Figure23. Streamwiséhigh dual velocity isosurfices: (left), (middle),
(right), for

discusseddaptve methodswith automaticselectionof discretization(local size of spacemeshand
time steps) andsubgridmodelingincludingvarioustypesof Ansatzfor thesubgridmodel.
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