TMAG682, Extra Excercises in
Stability and Error estimates

1. Consider the initial value problem
u(t) +au(t) =0, t>0, u(0)=1up, (a= constant).

Assume a constant time step k£ and verify the iterative formulas for
dG(0) and ¢G(1) approximations U and U, respectively: i.e.

U, = (1 -|—1ak>nu0’ ﬁn = (%)nuo.

2. Prove an a priori and an a posteriori error estimate for a finite element
method (for example ¢G(1)) for the problem

—u"+au=f inI=(0,1), u(0) = u(1) =0,
where the coefficient a = a(x) is a bounded positive function on I.

3. a) Formulate a ¢G(1) method for the problem

{(() u'(z)) =0, 0<z<l,
a(0)u'(0) = uy, u(1) = 0.

and give an a posteriori error estimate.

b) Compute the approximate solution in a) for a uniform partition of
I =[0,1] into 4 intervals and

a(x):{ 1/4, T <1/2,

1/2, x> 1/2.

c¢) Show that, with these special choices, the computed solution is equal
to the exact one, i.e. the error is equal to 0.
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4. Let || - || denote the L9(0,1)-norm. Consider the problem

—u" = f, 0<zx <1,
u'(0) = v, u(l)=0.

a) Show that |u(0)| < ||«'|| and [|u|| < ||«|.
b) Use a) to show that ||u'|| < ||f|| + |vol-

5. Let ||-|| denote the Ly(0,1)-norm. Consider the following heat equation

uw—u" =0, 0<z<l, ¢t>0,
u(0,t) = ug(1,¢) =0, t >0,
u(z,0) = ug(x), 0<z<l.

a) Show that the norms: ||u(-,t)|| and ||us(-,?)|| are non-increasing in

1/2
time. [Ju|| = ( I8 u(:v)zdx>
b) Show that ||u(-,t)|| — 0, as t — oo.

c¢) Give a physical interpretation for a) and b).
6. Consider the problem
—eu +zu' +u=f, inl=(0,1), u(0) = /(1) =0,
where ¢ is a positive constant, and f € Ls(I). Prove that

[lew”|| < |I£1]

7. Give an a priori error estimate for the following problem:
(QUgy)ee = f, 0<zx <1, u(0) = 4'(0) = u(1) =u'(1) =0,
where a(z) > 0 on the interval I = (0,1).

8. Prove an a priori error estimate for the finite element method for the
problem

—u"(z) +u'(z) = f(z), 0<z<]1, u(0) = u(1) = 0.



9.

10.

11.

12.

(a) Prove an a priori error estimate for the ¢G(1) approximation of the
boundary value problem

—u"+cu'+u=f in I=(0,1), u(0) = u(l) =0,
where ¢ > 0 is constant.
(b) For which value of ¢ is the a priori error estimate optimal?
We modify problem 2 above according to
—eu" +e(z)u' +u=f(z) 0<z<l, u(0) = u'(1) = 0,

where ¢ is a positive constant, the function ¢ satisfies ¢(z) > 0, ¢'(z) <
0, and f € Ly(I). Prove that there are positive constants C;, Cy and
(3 such that

Vell[| < Gillfll, e[| < Collfll,  and ellu”|| < Cs]If]],
where || - || is the Ly(I)-norm.

Show that for a continuously differentiable function v defined on (0, 1)
we have that
[10][* < v(0)” + v(1)* + [v'[|*.

Hint: Use partial integration for f01/2 v(z)?dzr and f11/21)(x)2 dz and
note that (x — 1/2) has the derivative 1.

Determine the solution for the wave equation

i—cu"=f, x>0, t>0,
’U,(.T,O) = U’O(m)v ’U,t(.T,O) = UO(‘r)v > 07
ug(1,t) =0, t>0,

in the following cases:

a) f=0.
b)le, U():O, ’U()ZO.



