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Betygsgrnser, 3: 2029p, 4: 3039p och 5: 4050p.

Lsningar /Granskning: Se kurshemsidan.

1. Anvnd Laplacetransformer fr att 1sa integro-differentialekvationen (6 r Heaviside funktionen)
(6p)

y(t) + 2/0 y(r)dr =0(t) —0(t—1), y(0)=0.

1 5 -3 —4
2. Lt V=R3andv; = |—1|, vo= |—-4|, vs= | 1 |.Fr vilka vrden p ¢t kommer y = | 3
—2 -7 0 t
att finnas i Span{vy,va,vs} ? (7p)
3. (a) Bestm Fourierserien till 2r-periodiska funktionen f(z) =z, 0 < x < 2. (5p)
. . () —1 k
(b) Anvnd resultatet i (a) till att berkna summan S =), % (3p)
4. Betrakta den inhomogena vrmeledningsekvationen (10p)
(xz,t) — u’(x,t) =4, O<z<l1l, t>0,
u(0,t) =0, u(l,t) =5, t >0,
u(z,0) = —222 0<z<l

Anvnd variabelseparationsmetoden fr att bestmma u(x,t).

5. Betrakta randvrdesproblemet (9p)

/
(BVP) —(a(x)u’(x)) =T, O<z<l,
u(0) =u(l) =0,
dr f €C(0,1) och a € C*(0,1). Ange en variationsformulering (VF) fr (BVP) och visa att
(BVP) <= (VF) och u € C%(0,1).

6. Betrakta begynnelsevrdesproblemet
—u"+2u'+3u=4, 0<z<l,
w(0) =0, /(1) =0.
(a) Hrled variationsformulering. (3p)

(b) Hrled ¢G(1) finita element furmulering (kontinuerliga stykvis linjra polynomer). Hrleda det
linjra ekvationssystemet i formen S¢42C¢+3M¢E = F. Berkna styvhetsmatris S (Stiffness matrix)
och lastvektor F' (Load vector). Ej konvektionsmatrisen C' (Convection matrix) och ej massmatris
M (Mass matrix). (7p)
(OBS! Anvnd likformig partition med steglngd h och 7, : 0 =29 < 21 < -+ < Tpy < Tppy1 = 1.)
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Table of Laplace Transforms and trigonomerty
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1. Take the Laplace transform

Y(s) + %Y(s) - % -

s+2 1 e 5 1 e s
Y(s)= - — Y(s) =
(S) s s y s+2 s+2

Hence
y(t) = L7HY (s)} = e 240(t) — e 2= Vp(t — 1).

2. We have y € Span{vy, vs, vs}, if there are real numbers ay, as, a3 € R such that

Y = a1v1 + agvs + azvs

SO
1 5 -3 —4
a; |—1| +as |—4| +a3z | 1 =13
-2 -7 0 t
That is, this linear system should have a non-zero solution:
ai + bas — 3az = —4 a1 + bag — 3a3 = —4
—ay; —4as+ az3 =3 E2+i>—)E2 ag —2a3 = —1
E3+2FE1—FE3
—2&1—7&2 =t 3a2—6a3=t—8
a1 + bas — 3az3 = —4
Eg—gﬁEs as — 2a3 = —1 — t=5

Oas +0ag =t—5

3. (a) f is not an odd/even function, so we need to compute all Fourier coefficients.

ao:l 7Tf(:l:)d:v1/()27r]c(x)dx1/02Trxdx1[122]27727r

T J_x ™ ™ ™ 0
Forn=1,2,...,
1 g 2m 2m
ap = — f(@)cosnz doe = — f(x)cosnz de = — x cosnx dz

™ J)_x ™ Jo ™ Jo

={u=2a, dv=cosnzdz}
1 . 2m 1 2 . 1 2m

= — [msmnm]o - sin nx dx:Tcosmc]O =0
N | . nm Jo n2m

=0

And, forn =1,2,..., we have

1 T ) 1 27 ) 1 27 )
b, = — f(x)sinnz de = — f(z)sinnz de = — rsinnx dz
s ™ Jo 0

o ™
={u=2z, dv=sinnzdz}

o 1 [T 2 1 . or 2
=—— [zcosnz|," +— cosnz dr = —= + ——sinnz| " = —=
n . nw n o nlw. ,
=27 =0



Hence

oo oo .
-2 sinnx
m)=7r+g —smnmzw—Qi
n n
n=1 n=1

2( . +sin2x+sin3x +sin4x +sin5a; )
= — 11 P
ToAsmET T 3 4 5
(b) Atz =72
T T 7 sin2Z  sin3Z  sin4Z  sinbHI
T T _2(~ 7 2 2 2 2 )
5 f(2) T sm2+ 5 + 3 + 1 + 5 +
11 = (=1)F
- —2(1—7 ,_,_.): —2
i 375 i Z21<;+1
k=0
— (D 7
:kZ:O%Jrl_él

4. We look for the solution as u(z,t) = v(z,t) + s(x). Putting the solution in the PDE, we have

o(z,t) —v" (x,t) — s (z) =4, 0<z<l, ¢>0,
v(0,t) + s(0) =0, v(1,t) +s(1) =5, t>0,
v(z,0) + s(x) = —222 0<z<l.
So we need to solve an ODE and a PDE:
{ —s""(z) = 4, 0<z<l,
5(0) =0, s(1

o(x,t) —v"(z,1) =
v(0, t)—O v(l t)

)=
0, O<x<l, t>0,
v(z,0) = =222 — s(x

0, t >0,
) O<z<l

First we solve the ODE:

5(1‘) =222 4+ Cix+ Cy  s(0)=0 Cy =0 o2
{5(0)_0’ s(1) =5 sﬁs{2+C1+Cg—5 so = 7@ =24
Now, we solve the homogeneous PDE, that is

o(x,t) —v"(x,t) =0, O<z<l1l, t>0,
v(0,t) =0, v(1,t) =0, t >0,
v(z,0) = 222 —s(z) = -Tz O0<x<l1.

We look for the solution v(z,t) = X (x)T'(t). Then
. [ " 1 o
XT—X”T:o:g(t):XT()_)\A:g {X(x) 12X (z)

For the first equation, considering the homogeneous boundary conditions, we have

{X”(LL‘):—M2X($) . {X(w):Acosu:r—i—Bsin,ux
X0)=X(1)=0 X0)=X(1)=0

X0)=0 = A=0 = X(x)=Bsinuzx
X(1)=0 = Bsinp=0 22 sinpg=0 = p=nwr, n=1,2,---
So X,,(x) = By, sinnmz and for the second equation: T, (t) = C’ne_“zt = Cne_"2”2t.

Hence, by superposition principle, solution is

oo
p— 2 2 .
t) = g Cne ™" ™ tsinnmz
n=1

3



Now, using the initial condition v(z,0) = —7z, we have
o0
v(z,0) = Z Cpsinnme = —Tx
n=1

and therefore

Cn=- [ (=Tx)sinnrx de = —14 | zsinnrx dx
L Jo 0
={u=2, dv=sinnmzrdz}
14 14 [ 14 14 14
= — [xcosmrx](l) ——/ cosnrr dr = —(=1)" — —— [sinmm:hl) =—(-1)"
nw ) nw nw n2m nmw
=(-1)» =0
Hence
14 SN (—1)n
u(z,t) =v(z,t) + s(z) = — Z (=1) e ™l sinnry — 22% + T
7r n

n=1

5. See the book, Theorem 3.10.

6. (a) Define function space
V ={v|v,v € Ly0,1), v(0) = 0}.

Now, multiply the differential equation by a test function v € V, then integrate over (0,1) and
integrate by parts:

1 1 1 1
—/ u”vdm+2/ u’vdx—i—?)/ uvdx:/4vdm
0 0 0 0

1 1 1 1
= —/(1)v(1) +4/(0)v(0) +/ u'v' dx + 2/ uw'v dx + 3/ wv dx = 4/ v dz
\7/0'/ \7/0'/ 0 0 0 0

Hence the variational formulation (VF) is:

Find u € V, such that

1 1 1 1
/u'v'd:chQ/ u'vder?)/ uvdx:4/vd:17, YveV
0 0 0 0

(b) Consider a uniform partition with constant mesh size h:

Th: 0=2p <21 <+ < Ty < Typy1 =1

Then the finite element space is
Vi, = {v | v is continuous piecewise linear on Ty, v(0) = 0} = span{e1,...,Om, Pm+1}
Then, the finite element method (FEM) is:
Find U € V},, such that

1 1 1 1
/U’X’dx—l—Q/ U’de—i—?)/ de:v:4/ x dx, Vx € Vi
0 0 0 0
4



We note that U € V}, and U(z) = ZmH &jpj(x). Now, to find m + 1 unknowns &1, ..., &mt1, We
put U(zx) in the finite element method andset xy =¢;, t=1,--- ,m+1:

1 m+1 1 m+1

/ (Zfﬂ‘ﬂj ) dx+2/ (ij‘ﬁj ) ) dv
3/01 (Tg:lfjgoj(a:))%(x) dx=4/01<pi(a:) de, i=1,....m+1

— g(/o (@) (a) do £J+2MZH ([ et ar)s

=S;,; =C;,j
m+1 1 1

+3; (/0 wj(x)pi(x) dx)ﬁjzél/o wi(r)de, i=1,....m+1

=M, =F,

that is the linear system of equations
SE+206+3ME=F

For the stiffness matrix we have (note that ¢,,4+1 is a half hat function):

fori=1,...,m,
1 T; x;
i 1.2 i+l 1.2 2
Sii = dx = =) d — =) dr=—
i /O Pip; dr = /m“(h) z+/xi ( h) r=7
! Tit1 1,1 1
Siit1 = Sit1,i = /0 Qi do = /r (- E) (E> dx = -
and .
Tm+1l 1 9 1
Smitmir = | it do= [ ()P do= 3
0 Tm
That is
2 -1
) -1 2 -1
S=- :
h .
-1 2 -1
L1 (m+1)x (m+1)
For the load vector, for i =1 m,
1 Ti41
Fi:/goidx:/ w;drx =h
0 Ti—1
and
1 Tm+1 h
Fm+1:/ Prm+1 dsc:/ s dx:g
0 T
That is
1
F=n|:
1
1/2

(m+1)x1



