Matematik Chalmers
TMA683 Tillimpad matematik K2/Bt2
2019-01-19; KL 8:30-12:30

Telefon: Per Ljung: 031-772 5325; Examinator: Fardin Saedpanah 031-772 3515
Hjalpmedel: Endast tabell pa backsidan av testen. Kalkylator ej tillaten.
Betygsgréanser, 3: 20-29p, 4: 30-39p och 5: 40-50p.

Losningar/Granskning: Se kurshemsidan.

1. Anvéand Laplacetransformer for att l6sa integro-differentialekvationen (8p)

y' (1) + 2y(t) + 2/0 y(r)ydr=1+e"t y(0)=1.

2. (a) Bestam Fourierserien till 27-periodiska funktionen (4p)
1 0<x<m,
f(z){-l -m <z <0.
(b) Anvénd resultatet i (a) till att berdkna summan (3p)
oo
(_1)k—1
S = —_—
2 ok
k=1
3. (a) Bestdm Ly-projektionen av f(z) = 322 — 423 i P((0,1). (4p)
(b) Visa att {1, — 1,2} &r linjirt oberoende i P (R). (4p)
4. Betrakta vagekvationen (9p)
i —u" =0, 0O<z<l, t>0,
u(0,t) = u(l,t) =0, t>0,
u(x,0) = sin 27z, 0<z<l,
U(z,0) = sinmz, 0<z<l1

Anvénd variabelseparationsmetoden for att bestdmma u(z,t).

5. Betrakta varmeledningsekvationen for (8p)
(z,t) —u’(x,t) = f(z,1), 0<zxz<l, t>0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) = up(x) 0<z<l

Bevisa foljande stabilitetsrelationen:
t
[u(, I < [luol| +/O [PACEIINER

6. Betrakta begynnelseviardesproblemet
—u'+u=1, 0<z<l,
u(0) =2, /(1) =3.
(a) Harled variationsformulering. (3p)

(b) Hérled ¢G(1) finita element furmulering (kontinuerliga stykvis linjira polynomer). Héarleda
det linjara ekvationssystemet i formen S¢ + M¢ = F | och berdkna styvhetsmatris S (Stiffness
matrix). Ej lastvektor F' (Load vector) och ej massmatris M (Mass matrix). (7p)

(OBS! Anvéiind likformig partition med steglingd hoch T, : 0 =xz¢ < 21 < -+ < Ty, < Typpt1 = 1.)
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Table of Laplace Transforms and trigonomerty

f(t) F(s)
af(t) + bg(t) aF(s) + bG(s)
tf(t) —F'(s)
t"f(t) (=) F(s)
et f (1) F(s +a)
fE—=T)0(t—1T) e TsF(s)
f(@) sF(s) — f(0)
f7(@) s?F(s) — sf(0) — f'(0)
£ 1) SEG) =Y ()
k=1
t f(r)dr Fis)
0
00) -
tm 1
n! sntl
efat I
s+a
cosh at = i 2
sinh at = a4 2
cos bt %—&-52
. b
sin bt peT)
[ S
% sin bt 2+ )
1 . 1
@(sm bt — bt cos bt) EESE

2sinasinb = cos(a — b) — cos(a + b)

2sinacosb = sin(a — b) + sin(a + b)

2cosacosb = cos(a — b) + cos(a + b)
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1. Take the Laplace transform and consider the initial data y(0) = 1,

Y (s 1 1

sY(s)—y(0)+2Y(s)+2%:g+5+1

s? + 2542 1 1 52 +3s+1
—Y()=—F+—+1 = Y

s () s+s—|—1+ (s) = (s+1)(s242s+2)

Now, using partial fractions, we have

s2+3s+1 A N Bs+C  (A+B)s?+(2A+B+C)s+24+C
(s+1)(s2+25+2) s+1 s2+25+2 (s+1)(s2+2s+2)

A+B=1
:>{2A+B+C:3 = A=-1,B=2,C=3
2A+C=1
Hence
Yi(s) = -1 N 25+3 -1 2s+2)+1 -1 (s+1) N 1
s+1 $2+2s+2 s+1 (s2+2s+1)+1 s+1 (s+1)2+1 (s+1)2+1

= y(t) = —e "+ 2 cost+e sint = (—1+ 2cost +sint)e "

2. (a) f is an odd function, so a,, =0 for n =0,1,2,..., and forn =1,2,...,

_2 /7r f(z)sinnx do = —i(cosmr —cos0) = i(1 - (="
™ Jo

nm nmw
SO
2= 1—(-1)" 4 - -
f(x)_”z::l(n)Sinn;v—ﬁ(sinx—i—sm33x+sm55x+...>
(b) At x =3
s 4 m sindf  sind3 4 1 1
1= - ( il 2 ...):,(1,, Z )
f(3) 7TstJr 3 +—=+ - st
s 2]4:
k=1
> 1)]“1 ™
:;Qk— x

3. (a) Pf € P1(0,1), 50 Pf(z) = & + &, o € (0,1). To find the unknowns &, & we need two
equations. By the definition of Lo-projection:

/01 f(@)z" do = /Ol(Pf)(fc)l"i de, i=0,1

SO

{ Jo (322 — 42%) dw = [} (& + &) da { o+ 356 =0
—

f01(3x2 —42)x do = fol(fo +&ix)x do b0+ =—%

Hence (Pf)(z) =3 — 3a.



(b) Consider a linear combination of 1,¢ — 1,2 as
(65) +042(t - 1) +043t2 =0
Then for t = 0,1, —1 we have
a1 — (g = 0
:>{Oél+0430 == a1 =ay=a3 =0
a1 — 20[2 + a3 = 0

4. We look for u(z,t) = X (z)T(t): from the differential equation we have

.. 9 T X" A=—p2 X'"(z) = —p? X (x)
XT-X"T=0 = Z(t)=" @)=\ "= {Twz—wﬂﬂ

For the first ODE, considering the homogeneous boundary conditions, we have

X" (x) = —p?X () X (x) = Acos ux + Bsin px
{szx$=o :${X@:Xmio g

X(0)=0 = A=0 = X(z)=Bsinuzx
X(1)=0 = Bsinu=0 et sinpy=0 = p=nm, n=1,2,-

So X,(z) = Bypsinnmz and for the second ODE: T, (t) = C), cosnnt + D,, sinnnt. Hence, by
superposition principle, solution is

o0
u(z,t) = Z (C’n cosnmt + Dy, sin mrt) sin nmx
n=1

and
o0

u(z,t) = Z < — nwCy, sinnnt + nmwD,, cos nmf) sin nmx
n=1

Now, using the initial values, we have

{ u(z,0) =Y 07 | Cp sinnrz = sin 27z { Cy=1, C,=0,n=1,3,4,---
—

w(z,0) =Y 0" nwD, sinnrz = sinmx D=1 D,=0,n=234,
Hence

1
u(x,t) = cos 2wt sin 27z + — sinwtsin
s

5. See the book, Theorem 9.1.

6. (a) Define function spaces
V ={v|vv € Ly0,1), v(0) =2}, V={v]|wv €Ly0,1), v(0) =0}

Now, multiply the differential equation by a test function v € \7, then integrate over (0,1) and
integrate by parts:

1 1 1
7/ u”vder/ uvdwz/ v dz
0 0 0

1 1 1

= —/(1)v(1) +u'(0)v(0)+/ u'v' dw +/ wv dr = / v dx
=3 =0

Hence the variational formulation (VF) is:

Find uw € V, such that

1 1 1
/u’v’dm+/ uvdw:/ v dx + 3v(1), Yo eV
0 0 0
2



(b) Consider a uniform partition with constant mesh size h:
Th: 0=20 <21 <+ < Ty < Typpy1 =1
Then the finite element spaces are
V3, = {v | v is continuous piecewise linear on Tp, v(0) = 2} = span{wo, 1, -, Pm, Pm+1}
Vi = {v | v is continuous piecewise linear on 75, v(0) = 0} = span{@1, ..., Om,Pmi1}
Then, the finite element method (FEM) is
Find U € V},, such that

1 1 1
/ Uy dac—l—/ Ux dm:/ X dz + 3x(1), Vx € Vi
0 0 0

We note that U € V}, and
U(z) = owo(x) + &1 (x) + - + Emom (@) + Emr10mr1(T)
Y = U(0) = 1+ -0k A b 0+ Enir -0 = o

m+1
— U(x) = 2po(x) + Zgj%

Now, to find m + 1 unknowns &, ... ,§m+1, we put U(z) in the finite element method and set
X = @i, ’Lzla am+1:
m+1 m—+1

/01 (2@0 + Z & (@ ) x) dx—i—/ (2(p0 + Z &z ) ) dr

1
:/ wi(x) de + 3pi(Tmy1), t=1,....,m+1
0

= nil(/o ‘P]( )@ (z )d:c)éj +Wil / vj(@)pi(z )dx)f

1 1 1
= / wi() dz + 3¢i(Tmy1) — 2/ oo (x)pl(z) dor — 2/ vo(x)pi(z) do, i=1,...,m+1
0 0 0
that is the linear system of equations
S¢+ Me=F
where, £ = {fj}’]ﬁ:ﬁl is the vector of unknowns, S = { fol @y dx 2”7;;11 is the stiffness matrix,

M= {fol pjpi dx 21;;11 is the Mass matrix, and F = {F;}7}" is the load vector with

1 1 1
F; = / @i dr + 30 (Tmy1) — 2/ ©ow; dr — 2/ wop; dx
0 0 0

For the stiffness matrix we have (note that ¢,,4+1 is a half hat function):

fori=1,...,m,
1 @ .
P N il 1.2 2
Si,i—/o%%dx—/mil(h) dz—&—/xi (_E) d:zj:ﬁ
! N Fitl ]- ]- ].
Siit1 = Sit1,i = ; Vi1 dr = . (f E) (E) dr = 7
and X
Tmit 102 1
S’m+1,m+1 :/ <p;n+1@;n+l dx :/ (E) dr = E
0 z,

That is
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