
TMA682, Extra Exerise in Fourierseries
The funtion f in the following exerises is assumed to be 2�-periodi,unless otherwise expliitly stated.1. Find the Fourier series expansions of(a) f(x) = j sinxj; (b) f(x) = j osxj:answer: (a) j sinxj = 2�� 4�P1n=1 os 2nx4n2�1 ; (b) j osxj = 2�� 4�P1n=1 (�1)n os 2nx4n2�1 :2. Use the Fourier series expansion for f(x) = x2; (�� < x < �):x2 = �23 + 4 1Xn=1 (�1)nn2 osnx;to show that(a) x3 � �2x = 12 1Xn=1 (�1)nn3 sinnx; �� < x < �(b) x4 � 4�2x2 = 48 1Xn=1 (�1)n+1n4 os nx� 7�415 ; �� < x < �() 1Xn=1 1n4 = �490 :1



We de�ne the even and odd parts of a funtion f(x) byfe(x) = 12[f(x) + f(�x)℄ and fo(x) = 12[f(x)� f(�x)℄:3. Show that fe(x) is an even funtion, and fo(x) is an odd funtion.4. What are the even and odd parts of the following funtion?f(x) = � x2; x < 0e�x; x > 0:answer:fe(x) = 12 � x2 + ex; x < 0x2 + e�x; x > 0: fo(x) = 12 � x2 � ex; x < 0e�x � x2; x > 0:5. The funtion f(x) = 2x; 0 � x � 1 is periodi with period P = 1.(a) Find the Fourier series expansion of f(x).(b) Use the result in (a) to ompute the sum1Xn=1 1n2 :answer: (a) f(x) � 1� 2�P1n=1 1n sin 2n�x: (b) �2=6.6. Assume that the funtion f(x) = x2; 0 < x < 2 is 2-periodi. Find theFourier series expansion of f(x).answer: f(x) = 43 + 4�2P1n=1 1n2 osn�x� 4�P1n=1 1n sinn�x:7. (a) Find the Fourier series expansion of the 2-periodi funtion f de-�ned in [�1; 1℄: f(x) = � 1; jxj � 1=20; 1=2 < jxj � 1(b) What is the series sum in the disontinuity points?answer: (a) f(x) = 12 + 2�P1n=1 (�1)n+12n�1 os(2n� 1)�x: (b) 1=2:2



8. Assume that the funtion f(x) = x; 0 < x < 2 is 2-periodi.(a) Find the omplex Fourier series expansion of f(x).(b) Use (a) to give the real (osinus-sinus form) Fourier series expansionof f(x).() Find all solutions to the di�erential equationy00(x)� y(x) = f(x):answer: (a) f(x) = 1�Pn6=0 1in�ein�: (b) f(x) = 1� 2�P1n=1 1n sinn�x:() y(x) = yh(x) + yp(x); yh(x) = Aex +Be�x,yp(x) =P1n=�1 ynein�x; y0 = �1; (1 + n2�2)yn = 1in� ; n 6= 0.9. The funtion f(x) = jxj3; jxj � 2 is 4-periodi. Find the Fourier seriesexpasion for both f and f 0.answer: f(x) = 2 + 48�4 1Xn=1 2 + (�1)n(n2�2 � 2)n4 os n�2 x:f 0(x) = �24�3 1Xn=1 2 + (�1)n(n2�2 � 2)n3 sin n�2 x:10. The data funtion f(x) = x(2 � x); 0 � x < 2 is 2-periodi. Find a2-peridi solution for the di�erential equationy00(x) + y0(x) + 2y(x) = f(x);as a omplex Fourier serirs.answer: y(x) = 13 + 2Xn6=0 ein�xn2�2(n2�2 � in� � 2) :
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