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minimize f(x), 8:9<;>="2?/3A@2(*BC+�+%�

x ∈ S, 8D9 3 =
E -/(�)%( S ⊂ <n

$5" ; 0F�!45GA-/(�&/)%�H ;  #& f : <n 7→ <
$'" ; B*�! >+%$' I?/�!?/"245G�&#$5JK(*)%(� >+.$ ; 3/4'(LM?/ #B�+.$5�! ONQPSR'TVUQW5RYXZR\[]W_^/`�X*a�TVU�a<b%RdcYRYa�e�3/?/$54'&/"��! �+.-/(�fI /� E 45(*&/g!(h+%- ; + ; 0F�!4iGS-#(*&/)2�! j- ; "

;  k$' / /(�)l)%(�0/)%(�"%(� I+ ; +.$5�! j$' �+.(*)26m"n�HLo(CpA+.)2(*6�(h0F�!$' >+." ;  /&j&/$5)%(*BC+.$5�! /" 8Mq -/(*�H)%(*6sr/Nutm$' 
v ; "%-xwHyS�HLM(*) =Cz yA?/0/0F�!"%(h+%- ; + S = { x ∈ <n | Ax = b; x ≥ 0 }

$5"n /�H S{|(�6m0#+|GH} ;  /&�$5"3F�!?/ /&#(*& 8 LM�!),"2$'6�0/4'$5B*$5+|G��HL~+.-#(�0#)%(*"2(* >+ ; +.$'�H = N q -/(1"2(�+��HL�(�pA+.)%(�6m(10F�!$' >+%",$'"��� /$i+.( z
V = {v1, v2, . . . , vI}.

� ; BZ-�0K�H$' >+ x ∈ S
B ;  �3F( E )2$5+2+.(* ; " ; B��! >�!(Cp�B��!6h3/$5 ; +.$5�! ��HL~+.-#(�(�pA+.)%(�6m(�0F�!$' >+." z

x ∈ S ⇐⇒ x =

I∑

i=1

αivi,

E -/(�)%(
I∑

i=1

αi = 1,

αi ≥ 0, i = 1, 2, . . . , I.

q -/( ; &S� ;  I+ ; g!(��HLo+.-#$'"1)%(�0/)%(�"%(* >+ ; +.$5�! �$5"n+.- ; +�$5+�$5"�T��AX:��"%$'6�0/45(*)n+%��&#( ; 4 E $i+.-�$' ;  �!0S+.$'6�$'� ; +.$5�! ; 45g!�!)%$i+.-/6�+.- ;  �+.-#(�4'$5 /( ; )�B��! /":+.) ; $' >+."	+.- ; +l&/(C�� /( S ; 3K�<�!(]�Q(�"%"%(� >+.$ ; 4'45GH}E (�- ; �H(��! /4iG� #�! S{| #(*g ; +%$5�A$5+|G�4'(�L�+*}�"%$' #B*(m+%-/(�� ∑I

i=1
αi = 1 � B��! /":+.) ; $' >+hB ;  �3F(�&/( ; 45+E $i+.-�3>G�+.-/(1"2?/3/"2+%$5+%?#+.$5�! ��HL_�H /(1�HL�+%-/(�� ; )%$ ; 3/4'(�"*N

q -/(�&#$'" ; &#� ;  >+ ; g!(m�HL	+.-/(�)%(*0#)%(*"2(* >+ ; +.$'�H �$5"�+.- ; +�+%-/(�"%(C+ V
$'"h3F�H+%-��!(�)2G�4 ; )%g!(�LM�!) ;4 ; )%g!(�{|"2B ; 45(k0/)2�!3/4'(�6�} ;  /&�$i+�$'"� /�H+�fI /� E  O�,B*�H6m0 ; )%( E $i+.-�+.-#(jB ; "2(j�HL1+.-/(j"2$'6�0/4'(�p6�(�+%-/�S&Q} E -/(*)2( E (�B ;  # /�H+�"%$56m0/4iG�(� I?/6m(�) ; +%(�+.-/(�(CpA+%)%(*6�(�0K�H$' >+."�$' ��H)%&/(�)�+%�j+.-/(� 0/$5BZf�+.-#(�3F(*":+��! /(HN��| �+.-#$'", /�! #4'$' #( ; )�B ; "%(]} E (�6 ; G ; 4'"2�� /(*(�& ; 4 ; )2g!(l I?/6h3F(*)	�HL~+.-#(*6$5 ��!)%&#(*)l+.�m�|"%0 ;  ��;  j�!0#+.$56 ; 4�"2�!4'?#+%$'�! QN q -/(h+%)%$5BZfk$'"�+.��B*�H /"%$5&/(*)n+%-/(h� ; )%$ ; 3/45(*" αi
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+%- ; + E (�&/�� /�H+�fI /� E } ;  /&�+.��g!(* /(�) ; +%(n+.-#�!"%(n+%- ; +
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"2(*(*6 0/)2�H�/+ ; 3/4'(	3>G�"%�!4i�A$' /g�+.-#(�45$' /( ; ) � ) ;  /f������!4iLM(�"2?/3/0/)2�!3/45(*6 zI; + ; LM( ; "%$'3#4'(	"%�!45?#+.$5�! 
xk

E (VgH(* /(�) ; +%( ;  �(�pS+%)%(�6m(10F�!$' >+,3>G�"%�H45�A$' /gh+%-/(10/)%�H3/4'(�67+.�
minimize zk(y) := f(xk) + ∇f(xk)

T(y − xk), 8 t ;>="%?#3A@2(*BC+n+.�
y ∈ S. 8 t]3 =

q -/(16�(�+%-/�S&�$5" ; ",LM�!4'45� E " z
� Nn��-#�S�!"2( ;  ��
	��
��������������������	�}

x0 ∈ S
N�� (�+

k := 0
N
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i
+2#

{1, 2, . . . , I} R�S �T-0/*121�&;4,+ 6?+A#�M,�IH
i0 RVU �F&

Î :=
{i0}

/�#�M
x0 := vi0

R
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	��YN

^ !$1 _%�`&;4%� U$a )��J!$:*1 ��K 8 t =8R�b 4,+.6E)�� !$:*1 ��KcN5+ _%�06EB%6d/%6L/*#T!$)�&C+AK?/*1,6e!$12B�&C+ !$#"&;4%�'�IH�&;� �Ff
Kg�h)�!5+A#�&

ik ∈ I Rji > ik ∈ Î
&;4%��#G&;4%�'/�1 N,!*�+ &;4*Kk6O&O!$)%68Dl:,�0-0/*B%67�

xk

+.6m&;4%��#G6O&e/%&C+ !$#�/�� ( Rn S �porq%s'td&;4%���vuE+ 67��Dw+ &"+.6?/x#%�Fuc�IH�&;� ��Kg�y),!5+2#�& n S �porq%sFDzug4%!�67�P+2#�-�12B%6;+.!5#<uE+2121V+AKEf
)��J!�_%�'&;4%�G6e!$1{B�&C+.!$#�Dz/*#�M|u}�Q1 �8&

Î := Î ∪ {ik} R
tANnyA�!45�H(l+.-/(<[ X �F�[I��~F������	m+%��+%-/(1�!)%$5g!$' ; 4K0#)%�!3/45(*6�+.��+.-/(1"2(�+

Î ⊂ I
N

^ !$1 _%�'&;4%�|)��J!$:*1 ��K�&O!

minimize f(x),"2?/3A@2(�B�+�+.�
x =

∑

i∈Î

αivi,

∑

i∈Î

αi = 1,

αi ≥ 0, i ∈ Î .

b 4%�<!$)�&C+AKGB*K�+.6T/P_%�0-F&O!*�
αk

u`4%!,6e�P-F!*���J�86F)�!$#�M5+A#%N�_%��-I&O!*�`+2#P&;4%�Q!���+.N5+2#�/�1z6I)�/�-8��+.6
xk+1 :=

∑
i∈Î

αi

k
vi R

� N��dL ; �F�O� ]*] �
	���~F[I�
� X [I����	�$5"�LM?/4i��4'45(*&
−→

yA+.�H0V�
xk+1

+.-/(� j$'" ;  ; 0/0/)2��p#$56 ; +.$'�H ��HL
x∗

N��l+%-/(*) E $'"2(H}�4'(C+ k := k + 1
} ;  /&�gH��+%� 9 N

q -/( ; 45g!�!)2$5+.-#6 $5"|�I?/$5+%(�"2$'6�$'4 ; )�+%�j+.-/( � ) ;  #f,�*���!4iLM( ; 45g!�!)%$i+.-/6�N q -/(�6 ; $5 O} ;  /&��!(C{):Gj$'6�0K�H)2+ ;  I+*}K&#$5JK(*)%(� /B*(]} $'"l+%- ; +�+.-#( � ) ;  /f������!45LM( ; 4'g!�!)2$5+%-/6s&#)%�!0/" ; 4'4_+%-/(�0/)%(C�S$5�!?/"(�pS+%)%(�6m(�0K�!$5 >+." �A$5"%$5+%(*&O} ;  #&��! /4iGm�H0#+.$56m$5�*(*"o�<�!(�)�4'$5 /(�"%(*gH6m(� I+%"*NS�| �yS$'6�0/45$'B*$ ; 4���(*B*�H6�{
0F�!"%$i+.$5�! O}S+%-/(1(CpA+.)2(*6�(V0F�!$5 I+�$' #LM�!)26 ; +.$'�H �$'",":+.�!)2(*&�� E (�B*�!?#4'&�" ; G�+.- ; +	+.-/( ; 45g!�!)%$i+.-/6- ; " ; �D6�(*6��!)2G � �]L E -/(�)%(k$i+�- ; "�3K(�(* �� ;  /& +%- ;  /fI"�+.��+.-/$5"m(�pS+%) ; $' #LM�!)26 ; +.$'�H �+.-/(
; 45g!�!)2$5+.-#6 B ;  k6 ; f](�6h?#BZ-j3K(C+%+.(�)l0/)2�!g!)%(�"%" z $' #"2+.( ; &��HL�+%-/(�45$' /(�"%( ; )%BZ-j$5 k+.-#( � ) ;  #f,�
���!45LM( ; 45g!�!)2$5+.-#6�}OyA+.(�0�t�$5" ; T��HW c R �D^IR5T�`.e/b%RMa�ex[]Wo"%( ; )%BZ-����H(*) ; 4'4�+%-/(�(�pS+%)%(�6m(�0K�H$' >+."g!(� /(*) ; +.(�&ON q -/(�6�(�+.-#�S&�+.-/(�)%(�LM�H)%(�3F(*B��!6�(*"�6h?#BZ-h6m�H)%( (8��B*$5(* >+_+%- ;  �+%-/( � ) ;  /f������H45LM(
; 45g!�!)2$5+.-#6�$5 �0/) ; BC+.$5B*(HN


