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f
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e
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P
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n
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a
rd
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rm

m
in

im
ize

z
=

c
T
x

(P
)

su
b
ject

to
A

x
=

b
,

x
≥

0
n
,

an
d

m
ax

im
ize

w
=

b
T
y

(D
)

su
b
ject

to
A

T
y
≤

c
,

y
free
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R
u
le

s
fo

r
fo

rm
u
la

tin
g

d
u
a
l
L
P

s
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W
e

say
th

at
an

in
eq

u
ality

is
ca

n
o
n
ica

l
if

it
is

of
≤

[resp
ectively,

≥
]
form

in
a

m
ax

im
ization

[resp
ectively,

m
in

im
ization

]
p
rob

lem
.

�
W

e
say

th
at

a
variab

le
is

ca
n
o
n
ica

l
if

it
is
≥

0.
�

T
h
e

ru
le

is
th

at
th

e
d
u
al

variab
le

[con
strain

t]
for

a

p
rim

al
con

strain
t

[variab
le]

is
can

on
ical

if
th

e
oth

er
on

e

is
can

on
ical.

If
th

e
d
irection

of
a

p
rim

al
con

strain
t

[sign

of
a

p
rim

al
variab

le]
is

th
e

op
p
osite

from
th

e
can

on
ical,

th
en

th
e

d
u
al

variab
le

[d
u
al

con
strain

t]
is

also
op

p
osite

from
th

e
can

on
ical.

L
e
c
tu

re
1
0
:

L
in

e
a
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p
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g
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m
m
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g

d
u
a
lity
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rim

a
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d
u
a
l
p
a
ir

A
∈

R
m
×

n,
b
∈

R
m

,
an

d
c
∈

R
n

m
ax

im
ize

z
=

c
T
x

(1)

su
b
ject

to
A

x
≤

b
,

x
≥

0
n
,

an
d

m
in

im
ize

w
=

b
T
y

(2)

su
b
ject

to
A

T
y
≥

c
,

y
≥

0
m
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S
tro

n
g

D
u
a
lity

T
h
e
o
re

m
1
1
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�

In
th

e
com

p
en

d
iu

m
,
stron

g
d
u
ality

is
estab

lish
ed

for

th
e

p
air

(P
)

an
d

(D
).

H
ere,

w
e

estab
lish

th
e

resu
lt

for

th
e

p
air

(1),
(2).

�

If
o
n
e

o
f
th

e
p
ro

b
lem

s
(1)

a
n
d

(2)
h
a
s

a
fi
n
ite

o
p
tim

a
l

so
lu

tio
n
,
th

en
so

d
o
es

its
d
u
a
l,

a
n
d

th
eir

o
p
tim

a
l

o
b
jectiv

e
v
a
lu

es
a
re

eq
u
a
l.

�

P
ro

o
f.

T
h
e

id
ea

b
eh

in
d

th
e

p
ro

of
is

as
follow

s.
W

e

su
p
p
ose

fi
rst

th
at

it
is

th
e

p
rim

al
m

ax
im

ization

p
rob

lem
th

at
h
as

a
fi
n
ite

op
tim

al
solu

tion
.

(T
h
is

is

w
ith

ou
t

loss
of

gen
erality.)

W
e

th
en

state
an

op
tim

al

B
F
S

rep
resen

tin
g

an
op

tim
al

ex
trem

e
p
oin

t
x

,
an

d
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th
ereafter

estab
lish

(a)
th

at
from

th
e

op
tim

ality

con
d
ition

th
at

th
e

red
u
ced

costs
are

n
on

-p
ositive,

w
e

can
con

stru
ct

a
d
u
al

vector
of

th
e

form
y

T
=

c
TB
B

−
1

w
h
ich

is
feasib

le
in

(2).
(b

)
W

e
sh

ow
th

at
th

e
ob

jective

valu
es

c
T
x

an
d

b
T
y

are
eq

u
al.

H
en

ce,
th

e
d
u
al

vector

m
u
st

b
e

op
tim

al
in

its
p
rob

lem
.

�

(a)
S
u
p
p
ose

w
e

h
ave

ad
d
ed

slack
s

s
∈

R
m

,
an

d

rep
resen

ted
an

op
tim

al
ex

trem
e

p
oin

t
x

th
rou

gh
a

b
asic/n

on
-b

asic
p
artition

in
g

of
(x

,s
)

an
d

corresp
on

d
in

gly
of

(A
,I

m
)

an
d

(c
,0

m
).

S
u
p
p
ose

th
at

th
e

b
asis

is
op

tim
al.

T
h
en

,
all

th
e

red
u
ced

costs
of

th
e

x
an

d
s

variab
les

are
n
on

-p
ositive.
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u
rth

er,
th

e
d
u
al

variab
le

[con
strain

t]
for

a
p
rim

al

eq
u
ality

con
strain

t
[free

variab
le]

is
free

[an
eq

u
ality

con
strain

t].

�

S
u
m

m
ary

:

p
rim

a
l/

d
u
a
l
co

n
stra

in
t

d
u
a
l/

p
rim

a
l
v
a
ria

b
le

can
on

ical
in

eq
u
ality

⇐
⇒

≥
0

n
on

-can
on

ical
in

eq
u
ality

⇐
⇒

≤
0

eq
u
ality

⇐
⇒

u
n
restricted

(free)

5

'&

$%

W
e
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a
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h
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1
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If
x

is
a

fea
sib

le
so

lu
tio

n
to

(P
)

a
n
d

y
a

fea
sib

le

so
lu

tio
n

to
(D

),
th

en
c

T
x
≥

b
T
y
.

�

S
im

ilar
relation

for
th

e
p
rim

al–d
u
al

p
air

(2)–(1):
th

e

m
ax

p
rob

lem
n
ever

h
as

a
h
igh

er
ob

jective
valu

e.

�

P
ro

o
f.

c
T
x
≥

(A
T
y
)
T
x

=
y

T
A

x
=

y
T
b

=
b

T
y
.

�

C
orollary

:
If

c
T
x

=
b

T
y

for
a

feasib
le

p
rim

al–d
u
al

p
air

(x
,y

)
th

en
th

ey
m

u
st

b
e

op
tim

al.
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ta
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ss
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1
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�

L
et

x
b
e

a
fea

sib
le

so
lu

tio
n

to
(1)

a
n
d

y
a

fea
sib

le

so
lu

tio
n

to
(2).

T
h
en

x
is

o
p
tim

a
l
to

(1)
a
n
d

y
o
p
tim

a
l

to
(2)

if
a
n
d

o
n
ly

if

x
j (c

j
−

y
T
A

·j )
=

0
,

j
=

1
,...

,n
,

(3a)

y
i (A

i
· x

−
b
i )

=
0
,

i
=

1
...,m

,
(3b

)

w
h
ere

A
·j

is
th

e
j
th

co
lu

m
n

o
f
A

a
n
d

A
i
·
th

e
ith

ro
w

o
f
A

.

�

P
ro

o
f.

F
rom

W
eak

an
d

S
tron

g
D

u
ality

w
e

h
ave

b
oth

th
at

c
T
x
≥

(A
T
y
)
T
x

=
y

T
A

x
=

y
T
b

=
b

T
y

1
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an
d

th
at

c
T
x

=
b

T
y

h
old

s.
S
in

ce
w

e
h
ave

eq
u
ality

th
rou

gh
ou

t
ab

ove,
w

e
h
ave

th
at

0
=

[c
−

A
T
y
]
T
x

=
y

T
[A

x
−

b
].

S
in

ce
each

term
is

sign
restricted

,
each

on
e

m
u
st

b
e

zero.
W

e
are

d
on

e

w
ith

th
is

d
irection

.
�

T
h
e

con
verse

argu
m

en
t

follow
s

sim
ilarly

:
w

eak
d
u
ality

p
lu

s
com

p
lem

en
tarity

im
p
lies

stron
g

d
u
ality.
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�

H
en

ce,
c̄

Tx
=

c
T
−

c
TB
B

−
1A

≤
(0

n)
T

an
d

c̄
s

=
(0

m
)
T
−

c
TB
B

−
1I

m
≤

(0
m

)
T
.

�

N
ow

,
let

u
s

d
efi

n
e

a
d
u
al

vector
as

follow
s:

y
T

:=
c

TB
B

−
1.

�

W
e

n
otice

th
at

th
is

ch
oice

is
id

en
tical

to
th

at
w

h
ich

w
e

saw
w

as
p
rov

id
ed

in
th

e
p
ricin

g
step

of
th

e
S
im

p
lex

m
eth

o
d
.

T
h
erefore,

w
e

can
say

th
at

th
is

vector
is

p
rov

id
ed

for
free

from
h
av

in
g

u
sed

th
e

S
im

p
lex

m
eth

o
d

in
fi
n
d
in

g
an

op
tim

al
B

F
S
.

�

T
h
en

,
c

T
−

y
T
A

≤
(0

n)
T

an
d
−

y
T
I

m
≤

(0
m

)
T
.

�

In
oth

er
w

ord
s,

A
T
y
≥

c
an

d
y
≥

0
m

,
th

at
is,

y
:=

(c
TB
B

−
1)

T
is

feasib
le

in
(2).
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(b
)

N
ote

th
at

at
th

e
B

F
S

ch
osen

,

z
=

c
TB
B

−
1b

=
y

T
b

=
w

.
B

y
th

e
con

stru
ction

of
th

e

d
u
al

vector
y

in
th

is
w

ay,
it

w
ill

a
lw

a
y
s

h
ave

th
e

sam
e

valu
e

as
th

e
p
rim

al
B

F
S
!
In

p
articu

lar,
it

h
as

h
ere

th
e

sam
e

ob
jective

valu
e

as
th

e
p
rim

al
op

tim
al

on
e.

U
se

th
e

ab
ove

C
orollary.
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F
u
rth

er:
su

p
p
ose

th
at

x
an

d
y

are
feasib

le
in

(1)
an

d

(2).
T

h
en

,
th

e
follow

in
g

are
eq

u
ivalen

t:

(a)
x

an
d

y
h
ave

th
e

sam
e

ob
jective

valu
e;

(b
)

x
an

d
y

solve
(1)

an
d

(2);

(c)
x

an
d

y
satisfy

com
p
lem

en
tarity.

1
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$%

T
h
e

S
im

p
le

x
m

e
th

o
d

a
n
d

th
e

g
lo

b
a
l
o
p
tim

a
lity

co
n
d
itio

n
s

�

T
h
e

S
im

p
lex

m
eth

o
d

is
rem

arkab
le

in
th

at
it

satisfi
es

tw
o

of
th

e
th

ree
con

d
ition

s
at

every
B

F
S
,
an

d
th

e

rem
ain

in
g

on
e

is
satisfi

ed
at

op
tim

ality
:

�

x
is

feasib
le

after
P

h
ase-I

h
as

b
een

com
p
leted

.

�

x
an

d
y

alw
ay

s
satisfy

com
p
lem

en
tarity.

W
h
y
?

If
x

j
is

in
th

e
b
asis,

th
en

it
h
as

a
zero

red
u
ced

cost,
im

p
ly

in
g

th
at

th
e

d
u
al

con
strain

t
j

h
as

n
o

slack
.

If
th

e
red

u
ced

cost
of

x
j

is
n
on

-zero,
th

en
its

valu
e

is
zero.

1
2
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N
e
ce

ssa
ry

a
n
d

su
ffi

cie
n
t

o
p
tim

a
lity

co
n
d
itio

n
s:

S
tro

n
g

d
u
a
lity

,
th

e
g
lo

b
a
l
o
p
tim

a
lity

co
n
d
itio

n
s,

a
n
d

th
e

K
K

T
co

n
d
itio

n
s

a
re

e
q
u
iv

a
le

n
t

fo
r

L
P

�

W
e

h
ave

seen
ab

ove
th

at
th

e
follow

in
g

statem
en

t

ch
aracterizes

th
e

op
tim

ality
of

a
p
rim

al–d
u
al

p
air

(x
,y

):

�

x
is

feasib
le

in
(1),

y
is

feasib
le

in
(2),

an
d

com
p
lem

en
tarity

h
old

s.

�

In
oth

er
w

ord
s,

w
e

h
ave

th
e

follow
in

g
resu

lt
(th

in
k

of

th
e

K
K

T
con

d
ition

s!):

1
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T
h
eorem

11.14:
T
a
k
e

a
v
ecto

r
x
∈

R
n
.

F
o
r

x
to

b
e

a
n

o
p
tim

a
l
so

lu
tio

n
to

th
e

lin
ea

r
p
ro

g
ra

m
(1),

it
is

b
o
th

n
ecessa

ry
a
n
d

su
ffi

cien
t

th
a
t

(a)
x

is
a

fea
sib

le
so

lu
tio

n
to

(1);

(b
)

co
rresp

o
n
d
in

g
to

x
th

ere
is

a
d
u
a
l
fea

sib
le

so
lu

tio
n

y
∈

R
m

to
(2);

a
n
d

(c)
x

a
n
d

y
to

g
eth

er
sa

tisfy
co

m
p
lem

en
ta

rity
(3).

�

T
h
is

is
p
recisely

th
e

sam
e

as
th

e
K

K
T

con
d
ition

s!

�

T
h
ose

w
h
o

w
ish

es
to

estab
lish

th
is—

n
ote

th
at

th
ere

are

n
o

m
u
ltip

liers
for

th
e

“
x
≥

0
n”

con
strain

ts,
an

d
in

th
e

K
K

T
con

d
ition

s
th

ere
are.

In
tro

d
u
ce

su
ch

a
m

u
ltip

lier

vector
an

d
see

th
at

it
can

later
b
e

elim
in

ated
.
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o
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If
(I)

h
as

a
solu

tion
x

,
th

en

b
T
y

=
x

T
A

T
y

>
0
.

B
u
t

x
≥

0
n,

so
A

T
y
≤

0
n

can
n
ot

h
old

,
w

h
ich

m
ean

s

th
at

(II)
is

in
feasib

le.

�

A
ssu

m
e

th
at

(II)
is

in
feasib

le.
C

on
sid

er
th

e
lin

ear

p
rogram

m
ax

im
ize

b
T
y

(4)

su
b
ject

to
A

T
y
≤

0
n
,

y
free,

1
9
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an
d

its
d
u
al

p
rogram

m
in

im
ize

(0
n)

T
x

(5)

su
b
ject

to
A

x
=

b
,

x
≥

0
n
.

S
in

ce
(II)

is
in

feasib
le,

y
=

0
m

is
an

op
tim

al
solu

tion
to

(4).
H

en
ce

th
e

S
tron

g
D

u
ality

T
h
eorem

11.6
gives

th
at

th
ere

ex
ists

an
op

tim
al

solu
tion

to
(5).

T
h
is

solu
tion

is

feasib
le

to
(I).

1
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�

T
h
e

feasib
ility

of
y

T
=

c
TB
B

−
1

is
n
ot

fu
lfi

lled
u
n
til

w
e

reach
an

op
tim

al
B

F
S
.
H

ow
is

th
e

in
com

in
g

criterion

related
to

th
is?

W
e

in
tro

d
u
ce

as
an

in
com

in
g

variab
le

th
at

variab
le

w
h
ich

h
as

th
e

b
est

red
u
ced

cost.
S
in

ce

th
e

red
u
ced

cost
m

easu
res

th
e

d
u
al

feasib
ility

of
y
,
th

is

m
ean

s
th

at
w

e
select

th
e

m
ost

v
iolated

d
u
al

con
strain

t;

at
th

e
n
ew

B
F
S
,
th

at
con

strain
t

is
th

en
satisfi

ed
(sin

ce

th
e

red
u
ced

cost
th

en
is

zero).
T

h
e

S
im

p
lex

m
eth

o
d

h
en

ce
w

ork
s

to
try

to
satisfy

d
u
al

feasib
ility

!
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F
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rk

a
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L
e
m

m
a

re
v
isite

d

�

L
et

A
b
e

a
n

m
×

n
m

a
trix

a
n
d

b
a
n

m
×

1
v
ecto

r.

T
h
en

ex
a
ctly

o
n
e

o
f
th

e
sy

stem
s

A
x

=
b
,

(I)

x
≥

0
n
,

a
n
d

A
T
y
≤

0
n
,

(II)

b
T
y

>
0
,

h
a
s

a
fea

sib
le

so
lu

tio
n
,
a
n
d

th
e

o
th

er
sy

stem
is

in
co

n
sisten

t.
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T
h
e

u
n
its

also
u
se

lim
ited

resou
rces

th
at

are
th

e
sam

e.

�

T
h
e

resou
rce

con
strain

t
is

d
iffi

cu
lt

as
w

ell
as

u
n
w

an
ted

to
en

force
d
irectly,

b
ecau

se
it

w
ou

ld
m

ake
it

a

cen
tra

lized
p
la

n
n
in

g
p
ro

cess.

�
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