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Thecanonicalprimal–dualpair

A∈R
m×n

,b∈R
m

,andc∈R
n

maximizez=c
T
x(1)

subjecttoAx≤b,

x≥0
n
,

and

minimizew=b
T
y(2)

subjecttoA
T
y≥c,

y≥0
m
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ThedualoftheLPinstandardform

minimizez=c
T
x(P)

subjecttoAx=b,

x≥0
n
,

and

maximizew=b
T
y(D)

subjecttoA
T
y≤c,

yfree
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RulesforformulatingdualLPs

�Wesaythataninequalityiscanonicalifitisof≤

[respectively,≥]forminamaximization[respectively,

minimization]problem.

�Wesaythatavariableiscanonicalifitis≥0.

�Theruleisthatthedualvariable[constraint]fora

primalconstraint[variable]iscanonicaliftheotherone

iscanonical.Ifthedirectionofaprimalconstraint[sign

ofaprimalvariable]istheoppositefromthecanonical,

thenthedualvariable[dualconstraint]isalsoopposite

fromthecanonical.
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�Further,thedualvariable[constraint]foraprimal

equalityconstraint[freevariable]isfree[anequality

constraint].

�Summary:

primal/dualconstraintdual/primalvariable

canonicalinequality⇐⇒≥0

non-canonicalinequality⇐⇒≤0

equality⇐⇒unrestricted(free)
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WeakDualityTheorem11.4

�Ifxisafeasiblesolutionto(P)andyafeasible

solutionto(D),thenc
T
x≥b

T
y.

�Similarrelationfortheprimal–dualpair(2)–(1):the

maxproblemneverhasahigherobjectivevalue.

�Proof.c
T
x≥(A

T
y)

T
x=y

T
Ax=y

T
b=b

T
y.

�Corollary:Ifc
T
x=b

T
yforafeasibleprimal–dualpair

(x,y)thentheymustbeoptimal.
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StrongDualityTheorem11.6

�Inthecompendium,strongdualityisestablishedfor

thepair(P)and(D).Here,weestablishtheresultfor

thepair(1),(2).

�Ifoneoftheproblems(1)and(2)hasafiniteoptimal

solution,thensodoesitsdual,andtheiroptimal

objectivevaluesareequal.

�Proof.Theideabehindtheproofisasfollows.We

supposefirstthatitistheprimalmaximization

problemthathasafiniteoptimalsolution.(Thisis

withoutlossofgenerality.)Wethenstateanoptimal

BFSrepresentinganoptimalextremepointx,and
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thereafterestablish(a)thatfromtheoptimality

conditionthatthereducedcostsarenon-positive,we

canconstructadualvectoroftheformy
T

=c
T

BB
−1

whichisfeasiblein(2).(b)Weshowthattheobjective

valuesc
T
xandb

T
yareequal.Hence,thedualvector

mustbeoptimalinitsproblem.

�(a)Supposewehaveaddedslackss∈R
m

,and

representedanoptimalextremepointxthrougha

basic/non-basicpartitioningof(x,s)and

correspondinglyof(A,I
m

)and(c,0
m

).Supposethat

thebasisisoptimal.Then,allthereducedcostsofthe

xandsvariablesarenon-positive.
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�Hence,c̄
T

x=c
T
−c

T

BB
−1

A≤(0
n
)
T

and

c̄s=(0
m

)
T
−c

T

BB
−1

I
m
≤(0

m
)
T
.

�Now,letusdefineadualvectorasfollows:

y
T

:=c
T

BB
−1

.

�Wenoticethatthischoiceisidenticaltothatwhichwe

sawwasprovidedinthepricingstepoftheSimplex

method.Therefore,wecansaythatthisvectoris

providedforfreefromhavingusedtheSimplexmethod

infindinganoptimalBFS.

�Then,c
T
−y

T
A≤(0

n
)
T

and−y
T
I

m
≤(0

m
)
T
.

�Inotherwords,A
T
y≥candy≥0

m
,thatis,

y:=(c
T

BB
−1

)
T

isfeasiblein(2).
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�(b)NotethatattheBFSchosen,

z=c
T

BB
−1

b=y
T
b=w.Bytheconstructionofthe

dualvectoryinthisway,itwillalwayshavethesame

valueastheprimalBFS!Inparticular,ithasherethe

sameobjectivevalueastheprimaloptimalone.Use

theaboveCorollary.
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ComplementarySlacknessTheorem11.12

�Letxbeafeasiblesolutionto(1)andyafeasible

solutionto(2).Thenxisoptimalto(1)andyoptimal

to(2)ifandonlyif

xj(cj−y
T
A·j)=0,j=1,...,n,(3a)

yi(Ai·x−bi)=0,i=1...,m,(3b)

whereA·jisthejthcolumnofAandAi·theithrow

ofA.

�Proof.FromWeakandStrongDualitywehaveboth

that

c
T
x≥(A

T
y)

T
x=y

T
Ax=y

T
b=b

T
y
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andthatc
T
x=b

T
yholds.Sincewehaveequality

throughoutabove,wehavethat

0=[c−A
T
y]

T
x=y

T
[Ax−b].Sinceeachtermis

signrestricted,eachonemustbezero.Wearedone

withthisdirection.

�Theconverseargumentfollowssimilarly:weakduality

pluscomplementarityimpliesstrongduality.
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Necessaryandsufficientoptimalityconditions:

Strongduality,theglobaloptimalityconditions,

andtheKKTconditionsareequivalentforLP

�Wehaveseenabovethatthefollowingstatement

characterizestheoptimalityofaprimal–dualpair

(x,y):

�xisfeasiblein(1),yisfeasiblein(2),and

complementarityholds.

�Inotherwords,wehavethefollowingresult(thinkof

theKKTconditions!):
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�Theorem11.14:Takeavectorx∈R
n
.Forxtobean

optimalsolutiontothelinearprogram(1),itisboth

necessaryandsufficientthat

(a)xisafeasiblesolutionto(1);

(b)correspondingtoxthereisadualfeasiblesolution

y∈R
m

to(2);and

(c)xandytogethersatisfycomplementarity(3).

�ThisispreciselythesameastheKKTconditions!

�Thosewhowishestoestablishthis—notethatthereare

nomultipliersforthe“x≥0
n
”constraints,andinthe

KKTconditionsthereare.Introducesuchamultiplier

vectorandseethatitcanlaterbeeliminated.
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�Further:supposethatxandyarefeasiblein(1)and

(2).Then,thefollowingareequivalent:

(a)xandyhavethesameobjectivevalue;

(b)xandysolve(1)and(2);

(c)xandysatisfycomplementarity.
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TheSimplexmethodandtheglobaloptimality

conditions

�TheSimplexmethodisremarkableinthatitsatisfies

twoofthethreeconditionsateveryBFS,andthe

remainingoneissatisfiedatoptimality:

�xisfeasibleafterPhase-Ihasbeencompleted.

�xandyalwayssatisfycomplementarity.Why?Ifxjis

inthebasis,thenithasazeroreducedcost,implying

thatthedualconstraintjhasnoslack.Ifthereduced

costofxjisnon-zero,thenitsvalueiszero.
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�Thefeasibilityofy
T

=c
T

BB
−1

isnotfulfilleduntilwe

reachanoptimalBFS.Howistheincomingcriterion

relatedtothis?Weintroduceasanincomingvariable

thatvariablewhichhasthebestreducedcost.Since

thereducedcostmeasuresthedualfeasibilityofy,this

meansthatweselectthemostviolateddualconstraint;

atthenewBFS,thatconstraintisthensatisfied(since

thereducedcosttheniszero).TheSimplexmethod

henceworkstotrytosatisfydualfeasibility!
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Farkas’Lemmarevisited

�LetAbeanm×nmatrixandbanm×1vector.

Thenexactlyoneofthesystems

Ax=b,(I)

x≥0
n
,

and

A
T
y≤0

n
,(II)

b
T
y>0,

hasafeasiblesolution,andtheothersystemis

inconsistent.
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�Proof.If(I)hasasolutionx,then

b
T
y=x

T
A

T
y>0.

Butx≥0
n
,soA

T
y≤0

n
cannothold,whichmeans

that(II)isinfeasible.

�Assumethat(II)isinfeasible.Considerthelinear

program

maximizeb
T
y(4)

subjecttoA
T
y≤0

n
,

yfree,
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anditsdualprogram

minimize(0
n
)
T
x(5)

subjecttoAx=b,

x≥0
n
.

Since(II)isinfeasible,y=0
m

isanoptimalsolutionto

(4).HencetheStrongDualityTheorem11.6givesthat

thereexistsanoptimalsolutionto(5).Thissolutionis

feasibleto(I).
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Decentralizedplanning

�Considerthefollowingprofitmaximizationproblem:

maximizez=p
T
x=

m
∑

i=1

p
T

ixi,

s.t.
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forwhichwehavethefollowinginterpretation:

�Wehavemindependentsubunits,responsiblefor

findingtheiroptimalproductionplan.

�Whiletheyaregovernedbytheirownobjectives,we

(theManagers)wanttosolvetheoverallproblemof

maximizingthecompany’sprofit.

�TheconstraintsBixi≤bi,xi≥0
ni

describeuniti’s

ownproductionlimits,whenusingtheirownresources.
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�Theunitsalsouselimitedresourcesthatarethesame.

�Theresourceconstraintisdifficultaswellasunwanted

toenforcedirectly,becauseitwouldmakeita

centralizedplanningprocess.

�Wewanttheunitstomaximizetheirownprofits

individually.

�Butwemustalsomakesurethattheydonotviolate

theresourceconstraintsCx≤c.

�(Thisconstraintistypicallyoftheform
∑

m

i=1Cixi≤c.)

�How?
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�ANSWER:SolvetheLPdualproblem!

�Generatefromthedualsolutionthedualvectoryfor

thejointresourceconstraint.

�Introduceaninternalpricefortheuseofthisresource,

equaltothisdualvector.

�Leteachunitoptimizetheirownproductionplan,with

anadditionalcostterm.

�Thiswillthenbeadecentralizedplanningprocess.
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�EachunitiwillthensolvetheirownLPproblemto

maximize
xi

[pi−C
T

iy]
T
xi,

subjecttoBixi≤bi,

x≥0
ni

,

resultinginanoptimalproductionplan!

�Decentralizedplanning,isrelatedtoDantzig–Wolfe

decomposition,whichisageneraltechniqueforsolving

large-scaleLPbysolvingasequenceofsmallerLP:s.


