
Lecture11:Integerprogramming

MichaelPatriksson

24February2004

0-0



1

'

&

$

%

Screeningofsmeartests(granskacellprover)

�Preventcancerinthewomb(livmoderhalscancer)

�Regularexaminationsofallwomenabovetheageof18

�Manualscreeningofeachsmeartestusingamicroscope

�Pre-screeningusinggraphicsprocessing⇒≤50000pointsthat

mustbemanuallyscreened

�≈300pictures/smeartest(asfewaspossible⇒moretimefor

eachpicture)

�Optimization?

�Screenthepicturesintherightorder(automaticallybythe

microscope)—notinthislecture
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Asmeartestandaninitialgrid

�Totally36246pointsand392squares(pictures)

�Canwedecreasethenumberofpicturesthathavetobescreened?
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Thesmallestrectanglethatcoversallpointsina

square
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Generationofalternativesquares
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Thesmeartestandallsquare-candidates

�Totally1610squarecandidates

�Findtheleastnumberofsquarestocoverallthepoints
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Mathematicalmodel

Thecoefficientαkj=







1ifsquarejcoverspointk

0otherwise

Thevariablexj=







1ifsquarejischosen

0otherwise

Covereachpointwithatleastonesquare:(Setcovering)

min
∑

j

xj

s.t.
∑

j

αkjxj≥1forallk

xj∈{0,1}forallj
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Smeartestwith“minimum”numberofsquares

�36246pointsarecoveredby339squares

�≈13%fewerthantheoriginal392
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Whenareintegermodelsneeded?

�Productsorrawmaterialsareindivisible

�Logicalconstraints:“ifAthenB”;“AorB”

�Fixedcosts

�Combinatorics(sequencing,allocation)

�On/off-decisiontobuy,invest,hire,generateelectricity,...
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Either0≤x≤1orx≥7

1

0
0

y

17M
x

LetM�1:x≤1+My,x≥7y,y∈{0,1}

Variablexmayonlytakethevalues2,45,78&107

x=2y1+45y2+78y3+107y4

y1+y2+y3+y4=1

y1,y2,y3,y4∈{0,1}
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Atleast2of3constraintsmustbefulfilled
x1+x2≤4(1)

2x1+x2≤6(2)

x2≤3(3)

andx1,x2≥0

x1+x2≤4+M(1−y1)(1)

2x1+x2≤6+M(1−y2)(2)

x2≤3+M(1−y3)(3)

y1+y2+y3≥2

∗=feasibleregionsy1,y2,y3∈{0,1}

M≥2andx1,x2≥0
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Fixedcosts

x=theamountofacertainproducttobesent.

Ifx>0thentheinitialcostc1(e.g.carhire)isgenerated.

Variablecostc2perunitsent.

Totalcost:f(x)=







0ifx=0effect

c1+c2·xifx>0wanted!

s
c
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c2

1

c1

x

Mightsendan
emptycar!
Hardlyprofitable

LetM=carcapacity

y=







1ifx>0effect

0ifx=0wanted!

f(x,y)=c1·y+c2·x

x≤M·y

x≥0,y∈{0,1}
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Otherapplicationsofintegeroptimization

�Facilitylocation(newhospitals,shoppingcenters,etc.)

�Scheduling(onmachines,personnel,projects,forschools)

�Logistics(material-andwarehousecontrol)

�Distribution(transportationofgoods,busesfordisabledpersons)

�Productionplanning

�Telecommunication(networkdesign,frequencyallocation)

�VLSI-design
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Thecombinatorialexplosion

Assignnpersonstocarryoutnjobs.#feasiblesolutions:n!

Assumethatafeasiblesolutionisevaluatedin10
−9

seconds

n25810100

n!21204.0·10
4

3.6·10
6

9.3·10
157

dtimee10
−8

s10
−6

s10
−4

s10
−2

s10
142

yrs

Completeenumerationofallsolutionsisnotanefficientalgorithm!

AnalgorithmexiststhatsolvesthisproblemintimeO(n
4
)∝n

4

n258101001000

n
4

166254.1·10
3

10
4

10
8

10
12

dtimee10
−7

s10
−6

s10
−5

s10
−5

s10
−1

s17min
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Linearcontinuousoptimizationmodel

maxzLP=x1+2x2

s.t.x1+x2≤10(1)

−x1+3x2≤9(2)

x1≤7(3)

x1,x2≥0(4,5)

x
∗

LP=





21/4

19/4





z
∗

LP=14+
3

4
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x
∗
LP a

c=(1,2)
T

x1+2x2=0
123456789

1

2

3

4

5

6

x1

x2

(2)

(3)

(1)

(4)

(5)
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Linearintegeroptimizationmodel

maxzIP=x1+2x2

s.t.x1+x2≤10(1)

−x1+3x2≤9(2)

x1≤7(3)

x1,x2≥0(4,5)

x1,x2integer

x
∗

IP=





6

4





z
∗

IP=14<z
∗

LP

q=feasible
integerpoints

qqqqqqqq qqqqqqqq qqqqqqqq qqqqqqqq qqqqb
x
∗
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Thebranch–and–bound-algorithm

Relaxintegralityconstraints⇒linearprogram⇒xLP=(5.25,4.75)

PSfragreplacements

zLP=14.75

zLP=14.33

zLP=14

zLP=13infeasible

integral

integral

x1≤5x1≥6

x2≤4x2≥5

�LP=(5,4.67)

�LP=(6,4)
�LP=(5,4)

qqqqqqqq qqqqqqqq qqqqqqqq qqqqqqqq qqqqq
x
∗
LP c
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Thecomplexityofintegeroptimization:An

example

�TheMexicoLPhas(intheversionwhichishanded

out)113variablesand84linearconstraints.Solution

byaslow(333MHzUnix)computer:0.01s.

�Wecreateanintegerprogramming(IP)variant:adda

fixedcostforusingarailwaylinkfortherawmaterial

transport.78binary(0/1)variables.

�CplexusesBranch&Bound(B&B),inwhichtoa

continuousrelaxationisaddedintegerrequirementson

someoftheintegervaluesthatreceivedafractional

valueintheLPsolution.
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�Solutiontimes:

Fixedcost100=⇒20s.

18,000B&Bnodes

60,000simplexiterations

300=⇒3min.

208,000B&Bnodes

650,000simplexiterations

�Thereare2
78

≈0.3·10
24

possiblecombinations.B&B

isgoodatimplicitlyenumeratingthemall.
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�Thehigherthefixedcost,themoredifficultthe

problem.Why?

�Continuousrelaxationworseandworseapproximation.
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ThePhilipsexample—TSPsolvedheuristically

�Letcijdenotethedistancefromcityitocityj,with

i<j,andi,j∈N={1,2,...,n},and

�xij=

{

1,iflink(i,j)ispartoftheTSPtour,

0,otherwise.
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�TheTravelingSalesmanProblem(TSP):

minimize
n
∑

i=1

n
∑

j=1:j6=i

cijxij

subjectto
∑

i∈S

∑

j∈S

xij≤|S|−1,S⊂N,(1)

n
∑

i=1

n
∑

j=1:j6=i

xij=n,(2)

n
∑

i=1

xij=2,j∈N,(3)

xij∈{0,1},i,j∈N.
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Interpretations

�Constraint(1)impliesthattherecanbenosub-tours,

thatis,atourwherefewerthanncitiesarevisited

(thatis,ifS⊂Nthentherecanbeatmost|S|−1

linksbetweennodesinthesetS,where|S|isthe

cardinality–numberofmembersof–thesetS);

�Constraint(2)impliesthatintotalncitiesmustbe

visited;

�Constraint(3)impliesthateachcityisconnectedto

twoothers,suchthatwemakesuretoarrivefromone

cityandleaveforthenext.
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Lagrangianrelaxation

�TSPisNP-hard—noknownpolynomialalgorithms

exist

�Lagrangianrelax(3)forallnodesexceptstartingnode

�Remainingproblem:1-MST—findtheminimum

spanningtreeinthegraphwithoutthestartingnode

anditsconnectinglinks;then,addthetwocheapest

linkstoconnectthestartingnode
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�ObjectivefunctionoftheLagrangianproblem:

q(λ)=minimum
x

n
∑

i=1

n
∑

j=1:j6=i

cijxij+
n
∑

j=2

λj

(

2−
n
∑

i=1:i6=j

xij

)

=2
n
∑

j=1

λj+minimum
x

n
∑

i=1

n
∑

j=1:j6=i

(cij−λi−λj)xij.

�Ahigh(low)valueofthemultiplierλjmakesnodej

attractive(unattractive)inthe1-MSTproblem,and

willthereforeleadtomore(less)linksbeingattached

toit.

�Subgradientmethodforupdatingthemultipliers.
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�Updatingstep:

λj:=λj+α

(

2−
n
∑

i=1:i6=j

xij

)

,j=2,...,n,

whereα>0isasteplength.

�Updatemeans:

Currentdegreeatnodej: 













>2=⇒λj↓(linkcost↑)

=2=⇒λj↔(linkcostconstant)

<2=⇒λj↑(linkcost↓)

Linkcostshiftedupwards(downwards)iftoomany

(toofew)linksconnectedtonodejinthe1-MST.
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Feasibilityheuristic

�AdjustsLagrangiansolutionxsuchthatitbecomes

feasible.

�Oftenagoodthingtodowhenapproachingthedual

optimalsolution—xoftenthenonlymildlyinfeasible.

�Identifypathin1-MSTwithmanylinks;forma

subgraphwiththeremainingnodeswhichisapath;

connectthetwo.

�Result:AHamiltoniancycle(TSPtour).

�Wethenhavebothanupperbound(feasiblepoint)and

alowerbound(q)ontheoptimalvalue—aquality

measure!
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ThePhilipsexample

�Fixednumberofsubgradientmethods.

�FeasibilityheuristicusedeveryKiterations(K>1),

startingatalatesubgradientiteration.

�Typicalexample:Optimalpathlengthintheorderof2

meters;upperandlowerboundsproducedconcluded

thattherelativeerrorintheproductionplanisless

than7%.

�Also:increaseinproductionbysome70%.


