
2

'&

$%

�

F
or

m
ore

gen
eral

p
rob

lem
s,

w
h
ere

th
e

con
strain

ts
are

n
orm

ally
m

an
ip

u
lated

,
th

is
is

n
ot

en
ou

gh
.

�

W
e

can
in

clu
d
e

p
en

alty
fu

n
ction

s
for

con
strain

ts
th

at

w
e

relax
.

�

W
e

can
p
ro

d
u
ce

estim
ates

of
th

e
L
agran

ge
m

u
ltip

liers

an
d

in
voke

th
em

.

�

W
e

w
ill

lo
ok

at
b
oth

ty
p
es

of
ap

p
roach

es.

3

'&

$%

P
e
n
a
lty

fu
n
ctio

n
s

�

C
on

sid
er

th
e

op
tim

ization
p
rob

lem
to

m
in

im
ize

f
(x

),

su
b
ject

to
x
∈
S
,

(1)

w
h
ere

S
⊂

R
n

is
n
on

-em
p
ty,

closed
,
an

d
f

:
R

n
→

R
is

d
iff

eren
tiab

le.

�

B
asic

id
ea

b
eh

in
d

all
p
en

alty
m

eth
o
d
s:

to
rep

lace
th

e

p
rob

lem
(1)

w
ith

th
e

eq
u
ivalen

t
u
n
con

strain
ed

on
e:

m
in

im
ize

f
(x

)
+
χ

S
(x

),

L
e
c
tu

re
1
3
–
1
4
:

N
o
n
lin

e
a
rly

c
o
n
stra

in
e
d

o
p
tim

iz
a
tio

n

M
ich

ael
P
atrik

sson

2,
4

M
arch

2004

0
-0

1

'&

$%

B
a
sic

id
e
a
s

�

A
n
on

lin
early

con
strain

ed
p
rob

lem
m

u
st

som
eh

ow
b
e

con
verted

—
relax

ed
—

in
to

a
p
rob

lem
w

h
ich

w
e

can
solve

(a
lin

ear/q
u
ad

ratic
or

u
n
con

strain
ed

p
rob

lem
).

�

W
e

solve
a

seq
u
en

ce
of

su
ch

p
rob

lem
s.

�

T
o

m
ake

su
re

th
at

w
e

ten
d

tow
ard

s
a

solu
tion

to
th

e

origin
al

p
rob

lem
,
w

e
m

u
st

im
p
ose

p
rop

erties
of

th
e

origin
al

p
rob

lem
m

ore
an

d
m

ore.

�

H
ow

is
th

is
d
on

e?

�

In
sim

p
ler

p
rob

lem
like

lin
early

con
strain

ed
on

es,
a

lin
e

search
in
f

is
en

ou
gh

.
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'&

$%

�

C
h
o
ose

a
fu

n
ction

ψ
:
R

→
R

+
su

ch
th

at
ψ

(s)
=

0
if

an
d

on
ly

if
s

=
0

[ty
p
ical

ex
am

p
les

of
ψ

(·)
w

ill
b
e

ψ
1 (s)

=
|s|,

or
ψ

2 (s)
=
s
2].

A
p
p
rox

im
ation

to
χ

S
:

ν
χ̌

S
(x

)
:=

ν (
m
∑i=

1

ψ (
m

ax
{0,g

i (x
)} )

+
∑̀j=

1

ψ (h
j (x

) ) )
.

�

ν
>

0
is

a
p
en

alty
p
aram

eter.

�

D
iff

eren
t

treatm
en

t
of

in
eq

u
ality

/eq
u
ality

con
strain

ts

sin
ce

an
eq

u
ality

con
strain

t
is

v
iolated

w
h
en

ever

h
j
6=

0,
w

h
ile

an
in

eq
u
ality

con
strain

t
is

v
iolated

on
ly

w
h
en

g
i
>

0;
eq

u
ivalen

t
to

m
ax

{0,g
i (x

)}
6=

0.

7

'&

$%

E
x
a
m

p
le

�

L
et
S

=
{
x
∈

R
2
|
−
x

2
≤

0,(x
1
−

1)
2
+
x

22
=

1
}.

�

L
et
ψ

(s)
=
s
2.

T
h
en

,

χ̌
S
(x

)
=

[m
ax

{0,−
x

2 }] 2
+

[(x
1
−

1)
2
+
x

22
−

1] 2.
�

G
rap

h
of
χ̌

S
,
an

d
S

:

4

'&

$%

w
h
ere

χ
S
(x

)
=

{
0,

if
x
∈
S
,

+
∞
,

oth
erw

ise,

th
e

in
d
icator

fu
n
ction

of
th

e
set

S
.

�

F
easib

ility
is

top
p
riority

;
on

ly
w

h
en

ach
iev

in
g

feasib
ility

can
w

e
con

cen
trate

on
m

in
im

izin
g
f
.

�

C
om

p
u
tation

ally
b
ad

:
n
on

-d
iff

eren
tiab

le,
d
iscon

tin
u
ou

s,

an
d

even
n
ot

fi
n
ite

(th
ou

gh
it

is
con

vex
p
rov

id
ed

S
is

a

con
vex

set).
N

eed
to

b
e

n
u
m

erically
“w

arn
ed

”
ab

ou
t

b
ein

g
in

feasib
le

or
n
ear-in

feasib
le.

�

R
ep

lace
th

e
in

d
icator

fu
n
ction

w
ith

a
n
u
m

erically

b
etter

b
eh

av
in

g
fu

n
ction

.

5

'&

$%

E
x
te

rio
r

p
e
n
a
lty

m
e
th

o
d
s

�

S
U

M
T

—
S
eq

u
en

tial
U

n
con

strain
ed

M
in

im
ization

T
ech

n
iq

u
es—

w
ere

d
ev

ised
in

th
e

late
1960s

b
y

F
iacco

an
d

M
cC

orm
ick

.
T

h
ey

are
still

am
on

g
th

e
m

ore

p
op

u
lar

on
es

for
som

e
classes

of
p
rob

lem
s,

alth
ou

gh

th
ere

are
later

m
o
d
ifi

cation
s

th
at

are
m

ore
often

u
sed

.

�

S
u
p
p
oseS

=
{
x
∈

R
n
|
g

i (x
)
≤

0,
i
=

1,...,m
,

h
j (x

)
=

0,
j

=
1,...,`

},

g
i
∈
C

(
R

n),
i
=

1,...,m
,
h

j
∈
C

(
R

n),
j

=
1,...,`.



1
0

'&

$%

T
h
e

a
lg

o
rith

m
a
n
d

its
co

n
v
e
rg

e
n
ce

p
ro

p
e
rtie

s

�

A
ssu

m
e

th
at

th
e

p
rob

lem
(1)

p
ossesses

op
tim

al

solu
tion

s.
T

h
en

,
every

lim
it

p
oin

t
of

th
e

seq
u
en

ce
{
x

∗ν },

ν
→

+
∞

,
of

glob
ally

op
tim

al
solu

tion
s

to
(2)

is

glob
ally

op
tim

al
in

th
e

p
rob

lem
(1).

�

O
f
in

terest
for

con
vex

p
rob

lem
s.

W
h
at

ab
ou

t
gen

eral

p
rob

lem
s?

1
1

'&

$%

�

T
h
eorem

13.4:
L
et
f
,
g

i
(i

=
1,...,m

),
an

d
h

j

(j
=

1,...,`),
b
e

con
tin

u
ou

sly
d
iff

eren
tiab

le.
F
u
rth

er

assu
m

e
th

at
th

e
p
en

alty
fu

n
ction

ψ
is

con
tin

u
ou

sly

d
iff

eren
tiab

le
an

d
th

at
ψ

′(s)
≥

0
for

all
s
≥

0.

C
on

sid
er

a
seq

u
en

ce
{
x

k }
of

station
ary

p
oin

ts
in

(2),

corresp
on

d
in

g
to

a
p
ositive

seq
u
en

ce
of

p
en

alty

p
aram

eters
{ν

k }
con

vergin
g

to
+
∞

.
A

ssu
m

e
th

at

lim
k
→

+
∞

x
k

=
x̂

,
an

d
th

at
th

e
L
IC

Q
h
old

s
at

x̂
.

T
h
en

,

x̂
is

a
K

K
T

-p
oin

t
for

(1).

8

'&

$%

9

'&

$%

P
ro

p
e
rtie

s
o
f
th

e
p
e
n
a
lty

p
ro

b
le

m

�

W
e

assu
m

e
th

e
p
rob

lem
(1)

h
as

an
op

tim
al

solu
tion

x
∗.

�

W
e

assu
m

e
th

at
for

every
ν
>

0
th

e
p
rob

lem
to

m
in

im
ize

x
∈ �

n

f
(x

)
+
ν
χ̌

S
(x

)
(2)

h
as

at
least

on
e

op
tim

al
solu

tion
x

∗ν .

�

χ̌
S
≥

0;
χ̌

S
(x

)
=

0
if

an
d

on
ly

if
x
∈
S

.

�

T
h
e

R
elax

ation
T

h
eorem

7.1
states

th
at

th
e

in
eq

u
ality

f
(x

∗ν )
+
ν
χ̌
(x

∗ν )
≤
f
(x

∗)
+
χ

S
(x

∗)
=
f
(x

∗)
h
old

s
for

every
p
ositive

ν
.

(L
ow

er
b
ou

n
d

on
th

e
op

tim
al

valu
e.)
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�

A
p
p
rox

im
ation

of
χ

S
:

ν
χ̂

S
(x

)
:=

{
ν ∑

mi=
1
φ
[g

i (x
)],

if
g

i (x
)
<

0,
i
=

1,...,m
,

+
∞
,

oth
erw

ise,

w
h
ere

φ
:
R

−
→

R
+

is
a

con
tin

u
ou

s,
n
on

-n
egative

fu
n
ction

su
ch

th
at
φ
(s

k )
→

∞
for

all
n
egative

seq
u
en

ces
{s

k }
con

vergin
g

to
zero.

�

E
x
am

p
les:

φ
1 (s)

=
−
s
−

1;
φ

2 (s)
=

−
log

[m
in
{1,−

s}].

�

T
h
e

fam
ou

s
d
iff

eren
tiab

le
logarith

m
ic

b
arrier

fu
n
ction

φ̃
2 (s)

=
−

log
(−
s)

gives
rise

to
th

e
sam

e
con

vergen
ce

th
eory,

if
w

e
d
rop

th
e

n
on

-n
egativ

ity
req

u
irem

en
t

on
φ
.

1
5

'&

$%

E
x
a
m

p
le

�

C
on

sid
er
S

=
{
x
∈

R
|
−
x
≤

0
}.

C
h
o
ose

φ
=
φ

1
=

−
s
−

1.
G

rap
h

of
th

e
b
arrier

fu
n
ction

ν
χ̂

S
in

F
igu

re
1

for
variou

s
valu

es
of
ν

(n
ote

h
ow

ν
χ̂

S

con
verges

to
χ

S
as
ν
↓

0!):

1
2

'&

$%

�

F
rom

th
e

p
ro

of
w

e
can

ob
tain

estim
ates

of
L
agran

ge

m
u
ltip

liers:
th

e
op

tim
ality

con
d
ition

s
of

(2)
gives

th
at

µ
i
≈
ν

k ψ
′[m

ax
{0,g

i (x
k )}]

an
d

λ
j
≈
ν

k ψ
′[h

j (x
k )].

1
3

'&

$%

In
te

rio
r

p
e
n
a
lty

m
e
th

o
d
s

�

In
con

trast
to

ex
terior

m
eth

o
d
s,

in
terior

p
en

alty,
or

b
arrier,

fu
n
ction

m
eth

o
d
s

con
stru

ct
ap

p
rox

im
ation

s

in
sid

e
th

e
set

S
an

d
set

a
b
arrier

again
st

leav
in

g
it.

�

If
a

glob
ally

op
tim

al
solu

tion
to

(1)
is

on
th

e
b
ou

n
d
ary

of
th

e
feasib

le
region

,
th

e
m

eth
o
d

gen
erates

a
seq

u
en

ce

of
in

terior
p
oin

ts
th

at
con

verge
to

it.

�

W
e

assu
m

e
th

at
th

e
feasib

le
set

h
as

th
e

follow
in

g
form

:

S
=

{
x
∈

R
n
|
g

i (x
)
≤

0,
i
=

1,...,m
}.

�

W
e

n
eed

to
assu

m
e

th
at

th
ere

ex
ists

a
strictly

feasib
le

p
oin

t
x̂
∈

R
n,

i.e.,
su

ch
th

at
g

i (x̂
)
<

0,
i
=

1,...,m
.
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'&

$%

�

T
h
eorem

13.6:
L
et
f

an
d
g

i
(i

=
1,...,m

),
b
e

con
tin

u
ou

sly
d
iff

eren
tiab

le.
F
u
rth

er
assu

m
e

th
at

th
e

b
arrier

fu
n
ction

φ
is

con
tin

u
ou

sly
d
iff

eren
tiab

le
an

d

th
at
φ
′(s)

≥
0

for
all

s
<

0.

C
on

sid
er

a
seq

u
en

ce
{
x

k }
of

station
ary

p
oin

ts
in

(3)

corresp
on

d
in

g
to

a
p
ositive

seq
u
en

ce
of

p
en

alty

p
aram

eters
{ν

k }
con

vergin
g

to
0.

A
ssu

m
e

th
at

lim
k
→

+
∞

x
k

=
x̂

,
an

d
th

at
th

e
L
IC

Q
h
old

s
at

x̂
.

T
h
en

,

x̂
is

a
K

K
T

-p
oin

t
for

(1).

�

If
w

e
u
se
φ
(s)

=
φ

1 (s)
=

−
1/s,

th
en

φ
′(s)

=
1/s

2,
an

d

th
e

seq
u
en

ce
{ν

k /g
2i (x

k )}
con

verges
tow

ard
s

th
e

L
agran

ge
m

u
ltip

lier
µ̂

i
corresp

on
d
in

g
to

th
e

con
strain

t

i
(i

=
1,...,m

).

1
9

'&

$%

In
te

rio
r

p
o
in

t
(p

o
ly

n
o
m

ia
l)

m
e
th

o
d

fo
r

L
P

�

C
on

sid
er

th
e

d
u
al

L
P

to

m
ax

im
ize

b
T
y
,

su
b
ject

to

{
A

T
y

+
s

=
c
,

s
≥

0
n,

(4)

an
d

th
e

corresp
on

d
in

g
sy

stem
of

op
tim

ality
con

d
ition

s:


A
T
y

+
s

=
c
,

A
x

=
b
,

x
≥

0
n,

s
≥

0
n,

x
T
s

=
0.

1
6

'&

$%

−
0.5

0
0.5

1
1.5

2
2.5

3
10

−
3

10
−

2

10
−

1

10
0

10
1

10
2

10
3

χ
S

x

ν=
1

ν=
0.1

ν=
0.01

F
ig

u
re

1
:

T
h
e

g
ra

p
h

o
f

ν
χ̂

S
fo

r
v
a
rio

u
s

ch
o
ices

o
f

ν
.

N
o
te

th
e

lo
g
a
-

rith
m

ic
sca

le.

1
7

'&

$%

A
lg

o
rith

m
a
n
d

its
co

n
v
e
rg

e
n
ce

�

P
en

alty
p
rob

lem
:m
in

im
ize

f
(x

)
+
ν
χ̂

S
(x

)
(3)

�

C
on

vergen
ce

of
glob

al
solu

tion
s

to
(3)

to
glob

ally

op
tim

al
solu

tion
s

to
(1)

straigh
tforw

ard
.

R
esu

lt
for

station
ary

(K
K

T
)

p
oin

ts
m

ore
p
ractical:



2
2

'&

$%

S
e
q
u
e
n
tia

l
q
u
a
d
ra

tic
p
ro

g
ra

m
m

in
g

(S
Q

P
)

m
e
th

o
d
s:

A
fi
rst

im
a
g
e

�

W
e

stu
d
y

th
e

eq
u
ality

con
strain

ed
p
rob

lem
to

m
in

im
ize

f
(x

),
(6a)

su
b
ject

to
h

j (x
)

=
0,

j
=

1,...,`,
(6b

)

w
h
ere

f
:
R

n
7→

R
an

d
h

j
:
R

n
7→

R
are

in
C

1
on

R
n.

2
3

'&

$%

�

T
h
e

K
K

T
con

d
ition

s
state

th
at

at
a

lo
cal

m
in

im
u
m

x
∗

of
f

over
th

e
feasib

le
set,

w
h
ere

x
∗

satisfi
es

som
e

C
Q

,

th
ere

ex
ists

a
vector

λ
∗
∈

R
`

w
ith

∇
x
L

(x
∗,λ

∗)
:=

∇
f
(x

∗)
+
∑̀j=

1

λ
∗j ∇
h

j (x
∗)

=
0

n,

∇

� L
(x

∗,λ
∗)

:=
h

(x
∗)

=
0

`.

�

A
p
p
ealin

g
to

fi
n
d

a
K

K
T

p
oin

t
b
y

d
irectly

attack
in

g

th
is

sy
stem

of
n
on

lin
ear

eq
u
ation

s,
w

h
ich

h
as
n

+
`

u
n
k
n
ow

n
s

as
w

ell
as

eq
u
ation

s.

2
0

'&

$%

�

A
p
p
ly

a
b
arrier

m
eth

o
d

for
(4).

S
u
b
p
rob

lem
:

m
in

im
ize

−
b

T
y
−
ν

n
∑j=

1

log
(s

j )

su
b
ject

to
A

T
y

+
s

=
c
.

�

T
h
e

K
K

T
con

d
ition

s
for

th
is

p
rob

lem
is:



A
T
y

+
s

=
c
,

A
x

=
b
,

x
j s

j
=
ν,

j
=

1,...,n
.

(5)

�

P
ertu

rb
ation

in
th

e
com

p
lem

en
tary

con
d
ition

s!

2
1

'&

$%

�

U
sin

g
a

N
ew

ton
m

eth
o
d

for
th

e
sy

stem
(5)

y
ield

s
a

very
eff

ective
L
P

m
eth

o
d
.

If
th

e
sy

stem
is

solved

ex
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w
e
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tral
p
ath

to
an

op
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solu
tion
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p
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b
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of
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p
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p
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p
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b
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=

m
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=
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∈
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+
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=
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∈

R
n
×

R
`

solves
th

e
secon

d
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∇
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=
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