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Convexityofsets

LetS⊆R.ThesetSisconvexif

x
1
,x

2
∈S

λ∈(0,1)







=⇒λx
1

+(1−λ)x
2
∈S.

AsetSisconvexif,fromanywhereinS,allotherpointsare

“visible.”(SeeFigure1.)
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Figure1:Aconvexset.(Fortheintermediatevectorshown,thevalue

ofλis∼1/2.)
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Examples

�Theemptysetisaconvexset.

�Theset{x∈R
n
|‖x‖≤a}isconvexforeveryvalueofa∈R.

�Theset{x∈R
n
|‖x‖=a}isnon-convexforeverya≥0.

�Theset{0,1,2}isnon-convex.

Twonon-convexsetsareshowninFigure2.
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Figure2:Twonon-convexsets.
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Intersectionsofconvexsets

SupposethatSk,k∈K,isanycollectionofconvexsets.Then,the

intersection∩k∈KSkisaconvexset.

Proof.Letbothx
1

andx
2

belongto∩k∈KSk.(Iftwosuchpoints

cannotbefound,thentheresultholdsvacuously.)Then,x
1
∈Sk

andx
2
∈Skforallk∈K.Takeλ∈(0,1).Then,

λx
1

+(1−λ)x
2
∈Sk,k∈K,bytheconvexityofthesetsSk.So,

λx
1

+(1−λ)x
2
∈∩k∈KSk.
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Convexandaffinehulls

TheaffinehullofafinitesetV={v
1
,...,v

k
}⊂R

n
istheset

affV:=

{

λ1v
1

+···+λkv
k

∣

∣

∣

∣

∣

λ1,...,λk∈R;

k∑

i=1

λi=1

}

.

TheconvexhullofafinitesetV={v
1
,...,v

k
}⊂R

n
istheset

convV:=

{

λ1v
1

+···+λkv
k

∣

∣

∣

∣

∣

λ1,...,λk≥0;

k∑

i=1

λi=1

}

.

Thesetsaredefinedbyallpossibleaffine(convex)combinationsof

thekpoints.
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Examples

PSfragreplacements
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Figure3:(a)ThesetV.(b)ThesetaffV.(c)ThesetconvV.
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Carathéodory’sTheorem

�TheconvexhullofV⊂R
n

isthesmallestconvexsetcontaining

V.

�LetV⊆R
n
.ThenconvVisthesetofallconvexcombinationsof

pointsofV.

�Everypointoftheconvexhullofasetcanbewrittenasaconvex

combinationofpointsfromtheset.Howmanydoweneed?

�Letx∈convV,whereV⊆R
n
.Thenxcanbeexpressedasa

convexcombinationofn+1orfewerpointsofV.

�Proofbycontradiction:ifmorethann+1pointsareneeded

thenthesepointsmustbeaffinelydependent=⇒canremoveat

leastonesuchpoint.Etcetera.
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Polytope

�AsubsetPofR
n

isapolytopeifitistheconvexhulloffinitely

manypointsinR
n
.

�ThesetshowninFigure4isapolytope.

PSfragreplacementsv1

v
2

v
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v
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v
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Figure4:TheconvexhulloffivepointsinR
2
.

�AcubeandatetrahedronarepolytopesinR
3
.
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Extremepoints

�ApointvofaconvexsetPiscalledanextremepointif

wheneverv=λx
1

+(1−λ)x
2
,wherex

1
,x

2
∈Pandλ∈(0,1),

thenv=x
1

=x
2
.

�Examples:ThesetshowninFigure3(c)hastheextremepoints

v
1

andv
2
.ThesetshowninFigure4hastheextremepointsv

1
,

v
2
,andv

3
.ThesetshowninFigure3(b)donothaveany

extremepoints.

�LetPbethepolytopeconvV,whereV={v
1
,...,v

k
}⊂R

n
.

ThenPisequaltotheconvexhullofitsextremepoints.
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Polyhedra

�AsubsetPofR
n

isapolyhedronifthereexistanm×nmatrix

Aandanm×1vectorbsuchthat

P={x∈R
n
|Ax≤b}.

�Ax≤b⇐⇒aix≤biforalli(aiisrowiofA).

�Examples:(a)Figure5showstheboundedpolyhedron

P={x∈R
2
|x1≥2;x1+x2≤6;2x1−x2≤4}.

�(b)Theunboundedpolyhedron

P={x∈R
2
|x1+x2≥2;x1−x2≤2;3x1−x2≥0}isshown

inFigure6.



10

'

&

$

%

PSfragreplacements
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Figure5:IllustrationoftheboundedpolyhedronP={x∈R
2
|x1≥

2;x1+x2≤6;2x1−x2≤4}.
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Figure6:IllustrationoftheunboundedpolyhedronP={x∈R
2
|

x1+x2≥2;x1−x2≤2;3x1−x2≥0}.
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Algebraiccharacterizationsofextremepoints

�Letx̃∈P={x∈R
n
|Ax≤b},whereAisanm×nmatrix

withrankA=nandbisanm×1vector.Further,letÃx̃=b̃

betheequalitysubsystemofAx̃≤b.Thenx̃isanextreme

pointofPifandonlyifrankÃ=n.

�OfgreatimportanceinLinearProgramming:Athenalwayshas

fullrank!Hence,cansolvesubsystemoflinearequalitiesto

obtainanextremepoint.

�Corollary:ThenumberofextremepointsofPisfinite.

�Corollary:Sincethenumberofextremepointsisfinite,the

convexhulloftheextremepointsofapolyhedronisapolytope.
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Cones

�AsubsetCofR
n

isaconeifλx∈Cwheneverx∈Candλ>0.

�Examples:Theset{x∈R
n
|Ax≤0

m
},whereAisanm×n

matrixandbanm×1vector,isacone.

Figure7(a)illustratesaconvexconeandFigure7(b)illustratesa

non-convexconeinR
2
.

PSfragreplacements

(a)(b)

Figure7:(a)AconvexconeinR
2
.(b)Anon-convexconeinR

2
.
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RepresentationTheorem

�LetQ={x∈R
n
|Ax≤b},whereAisanm×nmatrixandb

anm×1vector,PtheconvexhulloftheextremepointsofQ,

andC={x∈R
n
|Ax≤0

m
}.IfrankA=nthen

Q=P+C={x∈R
n
|x=u+vforsomeu∈Pandv∈C}.

Inotherwords,everypolyhedron(thathasatleastoneextreme

point)isthedirectsumofapolytopeandapolyhedralcone.

�ProofbyinductionontherankofthesubsystemmatrixÃ.

�CentralinLinearProgramming.Canbeusedtoestablish:

OptimalsolutionstoLPproblemsarefoundatextremepoints!
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Figure8:IllustrationoftheRepresentationTheorem(a)inthe

boundedcase,and(b)intheunboundedcase.
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SeparationTheorem

�“IfapointydoesnotlieinaclosedandconvexsetC,thenthere

existsahyperplanethatseparatesyfromC.”

�SupposethatthesetC⊆R
n

isclosedandconvex,andthatthe

pointydoesnotlieinC.Thenthereexistarealαandann×1

vectorπ6=0
n

suchthatπ
T
y>αandπ

T
x≤αforallx∈C.

�Consequence:AsetPisapolytopeifandonlyifitisabounded

polyhedron.

�Afinitelygeneratedconehastheform

cone{v
1
,...,v

m
}:={λ1v

1
+···+λmv

m
|λ1,...,λm≥0}.

�Aconvexconeisfinitelygeneratediffitispolyhedral.
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PSfragreplacements

x1

x2

1

2

2

C

y=(1.5,1.5)

π
T
x=α⇐⇒x1+x2=2

Figure9:IllustrationoftheSeparationTheorem.
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Farkas’Lemma

�LetAbeanm×nmatrixandbanm×1vector.Thenexactly

oneofthesystems

Ax=b,(I)

x≥0
n
,

and

A
T
π≤0

n
,(II)

b
T
π>0,

hasafeasiblesolution,andtheothersystemisinconsistent.

�Farkas’Lemmahasmanyforms.“Theoremsofthealternative.”

�CrucialforLPtheoryandoptimalityconditions.
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Convexityoffunctions

�SupposethatS⊆R
n

isconvex.Afunctionf:R
n
7→R∪{+∞}

isconvexatx̄∈Sif

x∈S

λ∈(0,1)







=⇒f(λx̄+(1−λ)x)≤λf(x̄)+(1−λ)f(x).

�ThefunctionfisconvexonSifitisconvexateveryx̄∈S.

�ThefunctionfisstrictlyconvexonSif<holdsinplaceof≤

aboveforeveryx6=y.

�Aconvexfunctionissuchthatalinearinterpolationneveris

lowerthanthefunctionitself.Forastrictlyconvexfunctionthe

linearinterpolationliesabovethefunction.

�(Strict)concavityoff⇐⇒(strict)convexityof−f.
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�Figure10illustratesaconvexfunction.
PSfragreplacements
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Figure10:Aconvexfunction.

�Thefunctionf:R
n
7→Rdefinedbyf(x):=‖x‖isconvexon

R
n
;f(x):=‖x‖

2
isstrictlyconvexinR

n
.
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�Letc∈R
n
.Thelinearfunctionx7→f(x):=c

T
x=

∑

n

j=1cjxj

isbothconvexandconcaveonR
n
.

�Figure11illustratesanon-convexfunction.
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Figure11:Anon-convexfunction.
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�Sumsofconvexfunctionsareconvex.

�SupposethatS⊆R
n

andP⊆R.Letfurtherg:S7→Rbea

functionwhichisconvexonS,andf:P7→Rbeconvexand

non-decreasing(y≥x=⇒f(y)≥f(x))onP.Then,the

compositefunctionf(g)isconvexontheset

{x∈R
n
|g(x)∈P}.

�Thefunctionx7→−1/log(−g(x))isconvexontheset

{x∈R
n
|g(x)<0}.
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Epigraphs

�CharacterizeconvexityofafunctiononR
n

bytheconvexityof

itsepigraphinR
n+1

.[Note:thegraphofafunctionf:R
n
7→R

istheboundaryofepif.
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Figure12:Aconvexfunction.
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�Theepigraphofafunctionf:R
n
7→R∪{+∞}istheset

epif:={(x,α)∈R
n+1

|f(x)≤α}.

TheepigraphofthefunctionfrestrictedtothesetS⊆R
n

is

epiSf:={(x,α)∈S×R|f(x)≤α}.

�Connectionbetweenconvexsetsandfunctions,infactthe

definitionofaconvexfunctionstemsfromthatofaconvexset!

�SupposethatS⊆R
n

isaconvexset.Then,thefunction

f:R
n
7→R∪{+∞}isconvexonSif,andonlyif,itsepigraph

restrictedtoSisaconvexsetinR
n+1

.
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ConvexitycharacterizationsinC
1

�C
1
:Differentiableonce,gradientcontinuous.

�Letf∈C
1

onanopenconvexsetS.

(a)fisconvexonS⇐⇒f(y)≥f(x)+∇f(x)
T
(y−x),x,y∈S.

(b)fisconvexonS⇐⇒[∇f(x)−∇f(y)]
T
(x−y)≥0,x,y∈S.

�(a):“Everytangentplanetothefunctionsurfacelieson,or

below,theepigraphoff”,or,that“afirst-orderapproximationis

belowf.”

�(b)∇fis“monotoneonS.”[Note:whenn=1,theresultin(b)

statesthatfisconvexifandonlyifitsderivativef
′
in

non-decreasing,thatis,thatitismonotonicallyincreasing.]

�ProofsuseTaylorexpansion,convexityandMean-valueTheorem.
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�Figure13illustratespart(a).
PSfragreplacements

f

f(x̄)+f
′
(x̄)(y−x̄)x̄
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′
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Figure13:Atangentplanetothegraphofaconvexfunction.
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ConvexitycharacterizationsinC
2

�LetfbeinC
2

onanopen,convexsetS⊆R
n
.

(a)fisconvexonS⇐⇒∇
2
f(x)ispositivesemidefiniteforall

x∈S.

(b)∇
2
f(x)ispositivedefiniteforallx∈S=⇒fisstrictly

convexonS.

�Note:n=1,Sisaninterval:(a)fisconvexonSifandonlyif

f
′′
(x)≥0foreveryx∈S;(b)fisstrictlyconvexonSif

f
′′
(x)>0foreveryx∈S.

�ProofsuseTaylorexpansionandconvexitydefinition.

�Notthedirection⇐=in(b)!f(x)=x
4
.

�Difficulttocheckconvexity;matrixconditionforeveryx.

�Quadraticfunction:f(x)=(1/2)x
T
Qx−q

T
xconvexonR

n
iff

Qispsd(QistheHessianoff,andisindependentofx).
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Convexityoffeasiblesets

�Letg:R
n
7→Rbeafunction.Thelevelsetofgwithrespectto

thevalueb∈Ristheset

levg(b):={x∈R
n
|g(x)≤b}.

�Figure14illustratesalevelsetofaconvexfunction.

PSfragreplacementsf

levf(b)

b

x

Figure14:Alevelsetofaconvexfunction.
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�Supposethatthefunctiong:R
n
7→Risconvex.Then,forevery

valueofb∈R,thelevelsetlevg(b)isaconvexset.Itismoreover

closed.

�Wespeakofaconvexproblemwhenfisconvex(minimization)

andforconstraintsgi(x)≤0,giareconvex;forconstraints

hj(x)=0,hjareaffine.
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Euclideanprojection

�TheEuclideanprojectionofw∈R
n

isthenearest(inEuclidean

norm)vectorinStow.Thevectorw−ProjS(w)isnormaltoS.

y

������

������

PSfragreplacements

S

w

ProjS(w)

z

ProjS(z)

Figure15:Theprojectionoftwovectorsontoaconvexset.
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Thedistancefunction

distS(x):=‖x−ProjS(x)‖,x∈R
n
,

isconvexonR
n
.

Proof.Letx
1
,x

2
∈R

n
,andλ∈(0,1).Then,for

w=λx
1

+(1−λ)x
2
,

distS(w)=‖(λx
1

+(1−λ)x
2
)−ProjS(λx

1
+(1−λ)x

2
)‖

≤‖(λx
1

+(1−λ)x
2
)−(λProjS(x

1
)+(1−λ)ProjS(x

2
))‖

≤λ‖x
1
−ProjS(x

1
)‖+(1−λ)‖x

2
−ProjS(x

2
)‖

=λdistS(x
1
)+(1−λ)distS(x

2
).

Firstinequality:λProjS(x
1
)+(1−λ)ProjS(x

2
)∈S,butitdoesnot

necessarilydefineProjS(λx
1

+(1−λ)x
2
)(itmayhavealonger

distance).Secondinequality:thetriangleinequality.


