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Localandglobaloptimality,RandR
n

minimizef(x),(1a)

subjecttox∈S,(1b)

S⊆R
n

non-emptyset,f:R
n
7→R∪{+∞}agivenfunction.
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Interestingpoints

(i)boundarypointsofS;

(ii)stationarypoints,thatis,wheref
′
(x)=0;

(iii)discontinuitiesinforf
′
.

Here:

(i)1,7;

(ii)2,3,4,5,6;

(iii)none.
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Globalandlocalminimum

�x
∗
∈SisaglobalminimumoffoverSifitattainsthelowest

valueoffoverS:

f(x
∗
)≤f(x),x∈S.

�x
∗
∈SisalocalminimumoffoverSifthereexistsasmall

enoughballintersectedwithSaroundx
∗

suchthatitisan

optimalsolutioninthatsmallerset:with

Bε(x
∗
):={y∈R

n
|‖y−x

∗
‖<ε}beingtheEuclideanball

withradiusεcenteredatx
∗
,weget

∃ε>0suchthatf(x
∗
)≤f(x),x∈S∩Bε(x

∗
).

�x
∗
∈SisastrictlocalminimumoffoverSiff(x

∗
)<f(x)

holdsaboveforx6=x
∗
.
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FundamentalTheoremofglobaloptimality

Considertheproblem(1),whereSisaconvexsetandfisconvexon

S.Then,everylocalminimumoffoverSisalsoaglobalminimum.

Proof.Supposethatx
∗

isalocalminimumbutnotaglobalone,

whilex̄isaglobalminimum.Then,f(x̄)<f(x
∗
).Letλ∈(0,1).By

theconvexityofSandf,λx̄+(1−λ)x
∗
∈S,and

f(λx̄+(1−λ)x
∗
)≤λf(x̄)+(1−λ)f(x

∗
)<f(x

∗
).Choosingλ>0

smallenoughthenleadstoacontradictiontothelocaloptimalityof

x
∗
.

Intuitiveimage:Ifx
∗

isalocalminimum,thenfcannotgodown-hill

fromx
∗

inanydirection,butifx̄hasalowervalue,thenfhastogo

down-hillsoonerorlater.Thiscannotbetheshapeofanyconvex

function.
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Weakcoercivity

S⊆R
n

non-emptyandclosed,f:S7→R.

�fisweaklycoercivewithrespecttothesetSifSisboundedor

thesequence{f(xk)}tendstoinfinitywheneverthesequence

{xk}⊂Stendstoinfinityinnorm.

Inotherwords,fisweaklycoerciveifeitherSisboundedor

lim
‖xk‖→∞

xk∈S

f(xk)=∞

holds.

�Theweakcoercivityoff:S7→Risequivalenttotheproperty

thatfhasboundedlevelsets.
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Existenceofoptimalsolutions,I:Weierstrass

Weierstrass’TheoremLetS⊆R
n

beanon-emptyandclosedset,

andf:S7→RbeacontinuousfunctiononS.Iffisweakly

coercivewithrespecttoS,thenthereexistsanon-empty,closed

andbounded(thuscompact)setofoptimalsolutionstothe

problem(1).

ConvexpolynomialsSupposef:R
n
7→Risconvexpolynomial;S

canbedescribedbyinequalityconstraintsgi(x)≤0,

i=1,...,m,whereeachfunctiongiisconvexandpolyhedral.

Theproblem(1)thenisconvex.Moreover,ithasanon-empty

(aswellasclosedandconvex)setofoptimalsolutionsifandonly

iffislowerboundedonS.
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Existenceofsolutions,II:TheFrank–Wolfe

TheoremwithspecializationtoLP

�Suppose

S={x∈R
n
|Ax≤b;Ex=d},

A∈R
m×n

,E∈R
`×n

,b∈R
m

,andd∈R
`
.

�TherecessionconetoSisthefollowingset,definingthesetof

directionsthatarefeasibleateverypointinS:

recS:={p∈R
n
|Ap≤0

m
;Ep=0

`
}.

Wealsosupposethatf(x):=
1

2x
T
Qx+q

T
x,x∈R

n
,where

Q∈R
n×n

isasymmetricandpositivesemi-definitematrixand

q∈R
n
.
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�Therecessionconetofistherecessionconetothelevelsetoff

foranyvalueofb(sameforeveryb!).Inthespecialcaseofthe

convexquadraticfunctionf,

recf={p∈R
n
|Qp=0

n
;q

T
p≤0}.

(Setofdirectionsthatnowhereareascentdirections.)

�Threeequivalentstatements:

(a)Theproblem(1)hasanon-empty(aswellasaclosedand

convex)setofoptimalsolutions.

(b)fislowerboundedonS.

(c)Foreveryvectorpintheintersectionoftherecessioncone

recStoSandthenullspaceN(Q)ofthematrixQ,itholdsthat

q
T
p≥0.Inotherwords,

p∈recS∩N(Q)=⇒q
T
p≥0.
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�ImprovementoverWeierstrass’Theorem:Ifin(1),fisconvexon

Swherethelatterisnon-empty,closedandconvex,thenthe

problemhasanon-empty,convexandcompactsetofoptimal

solutionsiffrecS∩recf={0
n
}.

�InterestingimplicationforLP:Supposefislinear.Three

equivalentstatements:

(a)Theproblem(1)hasanon-empty(polyhedral)setofoptimal

solutions.

(b)fislowerboundedonS.

(c)ForeveryvectorpintherecessionconerecStoS,itholds

thatq
T
p≥0.Inotherwords,

p∈recS=⇒q
T
p≥0.

�Corresponds(ofcourse)exactlytotheLPresultstofollow.

�Lowerboundednotenoughingeneral;cf.f(x)=1/xonx≥1.
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OptimalityoverR
n
,f∈C

1

�x
∗

isalocalminimumoffonR
n

=⇒∇f(x
∗
)=0

n
.

�ProofbyTaylorexpansion,contradiction.

�Direction⇐=nottrue:f(x)=x
3
,x=0.

�Letf:R
n
7→R∪{±∞}begiven.Letx∈R

n
beavectorsuch

thatf(x)isfinite.Letp∈R
n
.Wesaythatthevectorp∈R

n
is

adescentdirectionwithrespecttofatxif

∃δ>0suchthatf(x+αp)<f(x)foreveryα∈(0,δ].

�Sufficientcondition:Supposethatf:R
n
7→R∪{+∞}isinC

1

aroundapointxforwhichf(x)<+∞,andthatp∈R
n
.If

∇f(x)
T
p<0thenthevectorpdefinesadirectionofdescent

withrespecttofatx.
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OptimalityoverR
n
,f∈C

2

�x
∗
isalocalminimumoffonR

n
=⇒ 





∇f(x
∗
)=0

n
;

∇
2
f(x

∗
)ispositivesemi-definite.

�[Note:n=1:x
∗
∈Risalocalminimum=⇒f

′
(x

∗
)=0and

f
′′
(x

∗
)≥0.]

�

∇f(x
∗
)=0

n

∇
2
f(x

∗
)ispositivedefinite







=⇒

x
∗
isastrictlocalminimumoffonR

n
.

�[Note:n=1:f
′
(x

∗
)=0andf

′′
(x

∗
)>0=⇒x

∗
∈Risastrict

localminimum.]
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OptimalityoverR
n
,fconvexinC

1

�Letf∈C
1
,andfbeconvex.Then,

x
∗

isaglobalminimumoffonR
n

⇐⇒∇f(x
∗
)=0

n
.

�Proof.=⇒Globalminmeanslocalminmeansstationary.

⇐=Convexityoffyieldsthatforeveryy∈R
n
,

f(y)≥f(x
∗
)+∇f(x

∗
)
T
(y−x

∗
)

=f(x
∗
),

theequalityfromthepropertythat∇f(x
∗
)=0

n
,byassumption.
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Activeconstraints

Consider

minimizef(x),

subjecttox∈S.

S⊆R
n

non-empty,closed,convex,f:R
n
7→R∪{+∞}inC

1
onS.

�Feasibledirectionsatx
∗

dependonactiveconstraints.

�Letx∈S,whereS⊆R
n
,andthatp∈R

n
.Then,pdefinesa

feasibledirectionatxif

∃δ>0suchthatx+αp∈Sforallα∈[0,δ].
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�Suppose

S={x∈R
n
|gi(x)≤0,i∈I;gi(x)=0,i∈E}.

Supposex∈S.Thesetofactiveconstraintsistheunionofall

theequalityconstraintsandthesetofinequalityconstraintsthat

aresatisfiedwithequality,thatis,thesetE∪I(x),where

I(x):={i∈I|gi(x)=0}.

�Linearconstraints:gi(x):=e
T

ix−di(i∈E),gi(x):=a
T

ix−bi

(i∈I).

�Matrixnotation:S={x∈R
n
|Ex=d;Ax≤b}.

�Feasibledirectionsatx∈S:

{p∈R
n
|Ep=0

`
;a

T

ip≤0,i∈I(x)}.

�Fornonlinearconstraints:moretechnical!Later!
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Necessaryoptimalityconditions,I:VIP

�SupposeS⊆R
n
,f:R

n
7→R∪{+∞}isinC

1
aroundx∈Sfor

whichf(x)<+∞.

(a)Ifx
∗
∈SisalocalminimumoffonSthen∇f(x

∗
)
T
p≥0

holdsforeveryfeasibledirectionpatx
∗
.

(b)SupposethatSisconvexandthatfisinC
1

onS.Ifx
∗
∈S

isalocalminimumoffonSthen

∇f(x
∗
)
T
(x−x

∗
)≥0,x∈S.(2)

�Proof.(a)Taylorexpansionoffaroundx
∗

andproofby

contradiction.Similartounconstrainedcase.

(b)IfSisconvextheneveryfeasibledirectionpisapositive

scalartimesx−x
∗

forsomevectorx∈S.Theexpression(2)

followsfromthestatementin(a).
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Convexcase

�Wereferto(2)asavariationalinequality.

�SupposeS⊆R
n

isnon-emptyandconvex.Letf∈C
1

onS,

convex.Then,

x
∗

isaglobalminimumoffonS⇐⇒(2)holds.

�Proof.[=⇒]Aglobalminisalocalmin.Followsthenfromthe

aboveresult.

[⇐=]Theconvexityoffyieldsforeveryy∈Sthat

f(y)≥f(x
∗
)+∇f(x

∗
)
T
(y−x

∗
)

≥f(x
∗
).

Secondinequalityfrom(2).

�ComparewiththecaseS=R
n
!
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SeparationTheoremrevisited(proof)

�SupposethatC⊆R
n

isclosedandconvex,andthatthepointy

doesnotlieinC.Thenthereexistarealαandann×1vector

π6=0
n

suchthatπ
T
y>αandπ

T
x≤αforallx∈C.

�Proof.AssumeCisnonempty,anddefinethefunction

f:R
n
7→Rbyf(x)=‖x−y‖

2
/2.ByWeierstrass’Theorem

thereexistsaminimizerx
∗
,whichbytheaboveconditions

satisfies(y−x
∗
)
T
(x−x

∗
)≤0forallx∈C(since

−∇f(x
∗
)=y−x

∗
).Settingπ=y−x

∗
andα=(y−x

∗
)
T
x
∗

givestheresult.

�y6∈C:0<π
T
y−α=(y−x

∗
)
T
y−(y−x

∗
)
T
x
∗

=‖y−x
∗
‖
2
.

�x∈C:π
T
x≤α⇐⇒(y−x

∗
)
T
x≤(y−x

∗
)
T
x
∗

⇐⇒

(y−x
∗
)
T
(x−x

∗
)≤0.

�ThehyperplaneisatangenttoC,thenormalisy−x
∗
.
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Necessaryoptimalityconditions,II:Projection

�x
∗

isstationaryiff

x
∗

=ProjS[x
∗
−∇f(x

∗
)].

�Inotherwords,x
∗

isstationaryifandonlyifastepinthe

directionofthesteepestdescentdirectionfollowedbya

EuclideanprojectionontoSmeansthatwehavenotmovedat

all.(Ifnot,thenweobtainadescentdirectiontowardsthat

projectedpoint—basisfortheprojectionmethodinChapter12.)

�Proof.Writetheprojectionproblemas(z=x
∗
−∇f(x

∗
))

minimize
x∈S

h(x):=
1

2
‖x−z‖

2
.

Necessaryoptimalityconditions[∇h(x
∗
)=x

∗
−z]

(x
∗
−z)

T
(y−x

∗
)≥0,y∈S⇐⇒(2)!
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Necessaryoptimalityconditions,III:LP

�x
∗

isstationaryiff

minimum
x∈S

∇f(x
∗
)
T
(x−x

∗
)=0.

�Proof.Ifx
∗

doesnotminimize∇f(x
∗
)
T
(x−x

∗
)overx∈S

thentheoptimalvalue,∇f(x
∗
)
T
(x̄−x

∗
),isnegative,hence

p:=x̄−x
∗

feasibledescentdirection.(Zeroalwaysattainable,

bylettingx=x
∗
.)

�Methodbasis:givenxk∈S,findoutifwearestationaryby

minimizing∇f(xk)
T
(x−xk)overx∈S.Insomesense,wefind

thex∈Swhich“violatesoptimalitythemost.”Performaline

searchinthedirectionfromxktowardsthatpoint.Repeatuntil

convergence.

�Names:Frank–Wolfe,Simplicialdecomposition.Chapter12.
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Necessaryoptimalityconditions,IV:Normalcone

�Ifwewishtoprojectz∈R
n

ontoS,thentheresulting(unique)

projectionisthevectorxforwhichthefollowingholds:

[x−z]
T
(y−x)≥0,y∈S

thatis

[z−x]
T
(y−x)≤0,y∈S.

�Interpretation:theanglebetweenthetwovectorsz−x(the

vectorthatpointstowardsthepointbeingprojected)andthe

vectory−x(thevectorthatpointstowardsanyvectory∈S)is

≥90
◦
.So,theprojectionoperationhasthecharacterization

[z−ProjS(z)]
T
(y−ProjS(z))≤0,y∈S.(3)
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�Interestingwithz=x
∗
−∇f(x

∗
):

������ PSfragreplacements

S

y

x
∗
−∇f(x

∗
)

x
∗

NS(x
∗
)

Figure1:Normalconecharacterizationofastationarypoint.
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�SupposeS⊆R
n

isclosedandconvex.Letx∈R
n
.Then,the

normalconetoSatxistheset

NS(x):=







{v∈R
n
|v

T
(y−x)≤0,y∈S},ifx∈S,

∅otherwise.

�Characterizationofstationarypointatx
∗
,numberIV:

−∇f(x
∗
)∈NS(x

∗
).(4)

�Geometricinterpretation:theanglebetweenthenegative

gradientandanyfeasibledirectionis≥90
◦

(6∃feasibledescent

directions).

�Sisasubspace=⇒(4)statesthat∇f(x
∗
)isparalleltothe

normalofthesubspace!
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Characterizationofgloballyoptimalsolutions,

convexcase

�InR
n
:∇f(x

∗
)=0

n
.

�InS⊂R
n
,Sconvex?LetS

∗
denotethesetofoptimalsolutions.

�Thevalueof∇f(x)isconstantonS
∗
.Supposex

∗
∈S

∗
.Then,

S
∗

={x∈S|∇f(x
∗
)
T
(x−x

∗
)=0and∇f(x)=∇f(x

∗
)}.

�Proof.Letx
∗
∈S

∗
.Theconvexityoffgives

f(x)−f(x
∗
)≥∇f(x

∗
)
T
(x−x

∗
),x∈R

n
.

Letx̄∈S
∗
.Itfollowsthat∇f(x

∗
)
T
(x̄−x

∗
)=0.Substitute

∇f(x
∗
)
T
x
∗

for∇f(x
∗
)
T
x̄aboveandusef(x

∗
)=f(x̄)=⇒

f(x)−f(x̄)≥∇f(x
∗
)
T
(x−x̄),x∈R

n
,

whichisequivalenttothestatementthat∇f(x̄)=∇f(x
∗
).
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Near-optimality(ε-optimality)

�fconvexandinC
1

onS,Snon-empty,convex.Wishtofind

meanstoterminateanalgorithmwhenweare“near”asolution.

�The“Frank–Wolfe”subproblemis:

ȳ∈argminimum
y∈S

z(y):=∇f(x)
T
(y−x).

f(x)+z(ȳ)=f(x)+min
y∈S

z(y)≤f(x)+z(x
∗
)≤f(x

∗
)≤f(x).

�∴f
∗
∈[f(x)+z(ȳ),f(x)](lowerandupperboundsonf

∗
)

�Supposez(ȳ)≥−ε,ε>0small.

�f(x
∗
)≥f(x)+z(ȳ)≥f(x)−ε,thatis,

f(x
∗
)≥f(x)−ε,or,f(x)≤f

∗
+ε.(5)

Wecallx∈Ssatisfying(5)anε-optimalsolution.
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Contractionpropertyoftheprojectionoperation

�SupposeS⊆R
n

isclosedandconvex.LetP:S7→Sdenotea

vector-valuedoperatorfromStoS.WesaythatPis

non-expansiveif,asaresultofapplyingthemappingP,the

distancebetweenanytwovectorsxandyinSdoesnotincrease:

‖P(x)−P(y)‖≤‖x−y‖,x,y∈S.

�Foreveryx∈R
n
,itsprojectionProjS(x)isuniquelydefined.

TheoperatorProjS:R
n
7→Sisnon-expansive,andthereforein

particularcontinuous.

�Proof.Uniquenessfollowssincetheobjectivefunction

x7→‖x−z‖
2

isbothweaklycoerciveandstrictlyconvexonS

foreveryz∈R
n

(e.g.,Weierstrass+strictconvexity).



26

'

&

$

%

Next,takex
1
,x

2
∈R

n
.Then,bythecharacterization(3)ofthe

Euclideanprojection,

[ProjS(x
2
)−ProjS(x

1
)]

T
(x

1
−ProjS(x

2
))≤0,

[ProjS(x
1
)−ProjS(x

2
)]

T
(x

2
−ProjS(x

1
))≤0.

Summingthetwoinequalitiesyields

‖ProjS(x
2
)−ProjS(x

1
)‖

2
≤[ProjS(x

2
)−ProjS(x

1
)]

T
(x

2
−x

1
)

≤‖ProjS(x
2
)−ProjS(x

1
)‖·‖x

2
−x

1
‖,

thatis,‖ProjS(x
2
)−ProjS(x

1
)‖≤‖x

2
−x

1
‖.Sincethisistrue

foreverypair(x
1
,x

2
)∈R

n
,wehaveshownthattheoperator

ProjSisnon-expansiveonR
n
.Inparticular,non-expansive

functionsarecontinuous.(Why?)


