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Overview

�Wanttoestablishthatx
∗

localminimumoffoverSimplies

thatawell-definedconditionholdsthatwecaneasilycheck.

�Thisispossiblewhenconstraintsarelinear,sincethesetof

feasibledirectionsthencanbestatedsimply.

�Withnon-linearconstraintsthingsbecomemorecomplicated.

�ConstraintqualificationsCQareneededtomakesurethatthe

well-definedconditionisanecessaryconditionforlocal

optimality.Rulesoutstrangecases.

�Underconvexity,theconditionturnsouttoalsoalways(under

noCQ)besufficientforglobaloptimality.

�IscalledtheKarush–Kuhn–Tuckerconditions.

�Karush:master’sstudentatUniv.ofChicago,1939.

Tucker/Kuhn:prof./Ph.D.studentatPrincetonUniv.,1951



2

'

&

$

%

�Ofcourse,agloballyoptimalsolutionmustthensatisfytheKKT

conditions.ButitisnotpracticaltosearchforallKKTpoints

andpickthebest.Itsuseisforcheckingthatanalgorithmhas

foundtherightsolution.

�Theuserhasalltheresponsibility!
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Cautionsneeded!

�CostlyerrorscanbemadeifoneignoresthatKKTconditions

arenecessary,butnotalwayssufficient.

�USAirForce’sB-2Stealthbomberprogram:Reaganism,1980s.

�Designvariables:variousdimensions,distributionofvolume

betweenwingandfuselage,flyingspeed,thrust,fuel

consumption,drag,lift,airdensity,etc.

�Objective:maximumrangeonfulltank.

�Modelfromthe1940swhichhadproducedB-29,B-52,etc.

�SolutiontotheKKTconditionsfound;specifieddesignvariable

valuesthatputalmostallofthetotalvolumeinthewing,

leadingtotheflyingwingdesignfortheB-2bomber.

�Billionsofdollarslater,foundthedesignsolutionworks,butits

rangetoolowincomparisonwithotherbomberdesigns.
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�Reviewcarriedout.Themodeliscorrect!

�But...ThemodelwasanonconvexNLP;thereviewrevealeda

secondsolutiontotheKKTsystem.

�Muchlesswingvolume!Lookslikeanairplane!Maximizesrange!

�Inotherwords,thedesignimplementedwastheaerodynamically

worstpossiblechoiceofconfiguration,leadingtoaverycostly

error.

�Stillflies.Why?Happensthatithasgoodpropertieswrt.radar

protection...
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Nicephotos,I
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Nicephotos,II
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Overview,cont’d

�Theconditionmustnotonlybeeasytocheck,itshouldalso

statesomethinguseful.

�Itiseasytostatesomecondition:Ifx
∗

isalocalminimumoff

overSthenitisalsofeasible.

�Completelyuseless,sinceitissatisfiedeverywhere.

�Thatiswhatweendupwithifwewantsomethingthatis

applicabletoeveryproblem.Weneedtogetridofsomeweird

problems,andthatisamainreasonforintroducingtheCQs.

�Webeginbystudyinganabstractproblemandprovidea

geometricoptimalitycondition.

�Next,westatethecorrespondingresultforanexplicit

representationofSintermsofconstraints.ThisistheFritzJohn

condition.
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�IntroducingaCQwethenobtaintheKarush–Kuhn–Tucker

conditions.

�ThereismorethanoneCQ,somemoreusefulthanothersin

particularcases.

�Linearindependenceoftheequalityconstraintsistheclassicone

fromtheLagrangemultiplierrule.Weextenditandshowothers.
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Geometricoptimalityconditions

Problem:
minimizef(x),

subjecttox∈S,
(1)

S⊂R
n

non-empty,closed;f:R
n
→RinC

1

�Idea:atalocalminimumx
∗

offoverSitisimpossibletodraw

acurvefromx
∗

suchthatitisfeasibleandfdecreasesalongit.

�Cannotworkwithfitself;descentismeasuredintermsof

directionalderivatives.Linearizef.

�Wemustalso“linearize”S.Reason:theconeoffeasible

directionsmaybetoosmalltobeuseful;also,itisdifficultto

stateitexplicitly.Wereplacetheconeoffeasibledirectionswith

thetangentconetoSatx
∗
.
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�TheconeoffeasibledirectionsforSatx∈R
n

is

RS(x):={p∈R
n
|∃δ̃>0suchthatx+δp∈S,0≤δ≤δ̃}.

�ThetangentconeforSatx∈R
n

is

TS(x):={p∈R
n
|∃{xk}⊂S,{λk}⊂(0,∞):lim

k→∞
xk=x,

lim
k→∞

λk(xk−x)=p}.

�ItholdsthatclRS(x)⊂TS(x)foreveryx∈R
n
.

�Supposethatforfunctionsgi∈C
1
,i=1,...,m:

S={x∈R
n
|gi(x)≤0,i=1,...,m}.

�Twofurthercones:

◦

G(x)={p∈R
n
|∇gi(x)

T
p<0,i∈I(x)},
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and

G(x)={p∈R
n
|∇gi(x)

T
p≤0,i∈I(x)}.

�Foreveryx∈R
n

itholdsthat
◦

G(x)⊂RS(x),and

TS(x)⊂G(x).

�So,
◦

G(x)⊂RS(x)⊂clRS(x)⊂TS(x)⊂G(x)foreveryx∈R
n
.
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Fourexamples,I

�S={x∈R
2
|−x1≤0,(x1−1)

2
+x

2
2≤1}.

�RS(0
2
)={p∈R

2
|p1>0}.

�TS(0
2
)={p∈R

2
|p1≥0}.

�TS(0
2
)=clRS(0

2
).
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1

−1

S

12

1

−1

S

TS(0
2
)

(a)(b)
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Fourexamples,II

�S={x∈R
2
|−x1≤0,−x2≤0,x1x2≤0}.

�RS(0
2
)=TS(0

2
)=S.
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Fourexamples,III

�S={x∈R
2
|−x

3
1+x2≤0,x

5
1−x2≤0,−x2≤0}.

�RS(0
2
)=∅.

�TS(0
2
)={p∈R

2
|p1≥0,p2=0}.
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1

1

1

1

(a)(b)
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Fourexamples,IV

�S={x∈R
2
|−x2≤0,(x1−1)

2
+x

2
2=1}.

�RS(0
2
)=∅.

�TS(0
2
)={p∈R

2
|p1=0,p2≥0}.
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12

1

(a)(b)
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Ageometricnecessaryoptimalitycondition

�Considertheproblem(1).Ifx
∗
∈Sisalocalminimumoffover

Sthen
◦

F(x
∗
)∩TS(x

∗
)=∅.

�Thisisanelegantcriterionforcheckingwhetheragivenpointis

acandidateforalocalminimum.Thereisacatchthough:

�ThesetTS(x
∗
)isnearlyimpossibletocomputeingeneral!

�Wewillcomputeotherconesthatwehopewillapproximate

TS(x
∗
)wellenough.

�Specifically,wewillusethecone
◦

G(x).
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Exampleproblem

�Considerthedifferentiable(linear)functionf:R
2
→Rdefined

byf(x)=x1.

�Then,∇f=(1,0)
T
,and

◦

F(0
2
)={x∈R

2
|x1<0}.

�x
∗

=0
2

isalocal(infact,evenglobal)minimuminproblem(1)

withSgivenbyeitheroneofExamplesI–IV.

�Easytocheckthatthegeometricnecessaryoptimalitycondition
◦

F(0
2
)∩TS(0

2
)=∅issatisfiedinallexamples(nosurprise,in

viewoftheabovegeometrictheorem).
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TheFritzJohnconditions

�Ifx
∗
∈SisalocalminimumoffoverSthenthereexist

multipliersµ
∗
∈R,µ∈R

m
suchthat

µ
∗
∇f(x

∗
)+

m∑

i=1

µi∇gi(x
∗
)=0

n
,(2a)

µigi(x
∗
)=0,i=1,...,m,(2b)

µ
∗
,µi≥0,i=1,...,m,(2c)

(µ
∗
,µ

T
)
T
6=0

m+1
.(2d)

�ProofviathegeometricnecessaryconditionsandFarkas’Lemma.

�What’sbadabouttheFritzJohnconditions?Itmaybepossible

tofulfill(2)ateveryfeasiblepointbysettingµ
∗

=0!Then,f

playsnorole,whichisbad.Wewilldevelopconditions

(constraintqualifications)whichensurethatµ
∗
6=0.
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Comments

�ThevectorµisavectorofLagrangemultipliers.Eachofthemis

associatedwithaconstraint,andwillbeshowntobeameasure

ofthesensitivityofthesolutiontochangesintheconstraints.

�Conditions(2a),(2c)areknownasthedualfeasibilityconditions.

�Condition(2b)isthecomplementaritycondition.Statesthatfor

inactiveconstraintsi6∈I(x
∗
),µi=0musthold.

�WilltakeacloserlookattheExamplesI–IV,butwaituntilthe

KKTconditionshavebeendeveloped.

�Wedothisbyintroducingconditionsthatbringeither
◦

G(x)or

G(x)tobetightenoughapproximationsofTS(x).
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TheKarush–Kuhn–Tuckerconditions

�Abadie’sCQ:Atx∈SAbadie’sconstraintqualificationholdsif

G(x)=TS(x).

�SatisfiedbyExampleIandIV.

�Assumethatatx
∗
∈SAbadie’sCQholds.Ifx

∗
∈Sisalocal

minimumoffoverSthenthereexistsµ∈R
m

suchthat

∇f(x
∗
)+

m∑

i=1

µi∇gi(x
∗
)=0

n
,(3a)

µigi(x
∗
)=0,i=1,...,m,(3b)

µ≥0
m

.(3c)

�Proofbyfirstnotingthat
◦

F(x
∗
)∩TS(x

∗
)=∅,whichduetoour

CQimpliesthat
◦

F(x
∗
)∩G(x

∗
)=∅.RestoftheproofbyFarkas’

Lemma.[Note:caseofm=0!]
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Comments

�Thestatementin(3a)isthatx
∗

isastationarypointtothe

Lagrangianfunctionx7→f(x)+µ
T
g(x)=f(x)+

∑m

i=1µigi(x).

�Thecondition(3)isthat−∇f(x
∗
)∈NS(x

∗
)holds.Thenormal

coneNS(x
∗
)isspannedbythenormalsoftheactiveconstraints.

2g =0

3

0

g =0

x

S

g =

(x) f∆ −

g2(x) ∆

g1(x) ∆

1
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ExampleI

�Abadie’sCQisfulfilled,thereforetheKKT-systemissolvable.

Indeed,thesystem









1

0


+



−1−2

00


µ=0

2
,

µ≥0
2
,

possessessolutionsµ=(µ1,2
−1

(1−µ1))
T

forevery0≤µ1≤1.

Therefore,thereareinfinitelymanymultipliers,thatallbelong

toaboundedset.

�Caseofanon-uniquedualsolutionµ.
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Equalityconstraints

Additionalconstraintshj(x)=0,j=1,...,`.

�KKTsystem:

∇f(x
∗
)+

m∑

i=1

µi∇gi(x
∗
)+

∑̀

j=1

λj∇hj(x
∗
)=0

n
,(4a)

µigi(x
∗
)=0,i=1,...,m,(4b)

µ≥0
m

.(4c)

�µi≥0forthe≤-constraints;λjissignfreefor=-constraints.

�Interpretation:Thecondition(4)isaforceequilibriumcondition.

�−∇f(x
∗
)isaforcetoviolatetheactiveconstraints.

�Theremainingtermsequalthisforce.µi≥0musthold(force

towardsfeasibility).λj?Cannotdeterminebefore-handinwhich

directionthesurfacemustmove.
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Otherconstraintqualifications

�SlaterCQ—existenceofinteriorpoint:Thefeasiblesetisconvex,

andthereexistsafeasiblepointsuchthateveryinequality

constraintissatisfiedstrictly.

�LinearindependenceCQ:Thegradientsofalltheactive

constraintsarelinearlyindependent.

�LinearconstraintsCQ:Alltheconstraintsareaffine/linear.

�Mangasarian–FromowitzCQ:Thegradientsofallthefunctions

hjarelinearlyindependent,andtheset
◦

G(x)∩H(x)is

non-empty,where

H(x)={p∈R
n
|∇hi(x)

T
p=0,i=1,...,`}.
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Convexityimpliessufficiency

�Assumethattheproblem(1)withthefeasiblesetSisconvex,

thatis,theobjectivefunctionfaswellasthefunctionsgi,

i=1,...,m,areconvex,andthefunctionshj,j=1,...,`,are

affine;also,allfunctionsareinC
1
.Assumefurtherthatfor

x
∗
∈StheKKTconditions(4)aresatisfied.Then,x

∗
isa

globallyoptimalsolutiontotheproblem(1).

�Proof.Chooseanarbitraryx∈S.Theconvexityofgi,

i=1,...,m,impliesthat

−∇gi(x
∗
)
T
(x−x

∗
)≥gi(x

∗
)−gi(x)=−gi(x)≥0,(5)

foralli∈I(x
∗
),andusingtheaffinityofthefunctionshj,

j=1,...,`,wegetthat

−∇hj(x
∗
)
T
(x−x

∗
)=hj(x

∗
)−hj(x)=0,(6)
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forallj=1,...,`.Usingtheconvexityoftheobjectivefunction,

equations(4a)and(4b),non-negativityoftheLagrange

multipliersµi,i∈I(x
∗
),andequations(5)and(6)weobtainthe

inequality

f(x)−f(x
∗
)≥∇f(x

∗
)
T
(x−x

∗
)

=−
∑

i∈I(x
∗
)

µi∇gi(x
∗
)
T
(x−x

∗
)−

∑̀

j=1

λj∇hj(x
∗
)
T
(x−x

∗
)≥0.

Sincethepointx∈Swasarbitrary,thisestablishestheglobal

optimalityofx
∗

in(1).

�Checkinterestingapplicationsinthenotesonthe

characterizationofeigenvaluesandeigenvectors!


